Introduction

The word trigonometry is derived from the Greek words “trigon” and “metron” means the
measurement of triangles. It is the branch of mathematics that deals with the measurement of
the sides and the angles of a triangle and the problems allied with angles.

The Hindu mathematicians Aryabhatta, Varahamihira, Brahmagupta, and Bhaskara have a lot of
contributions to Trigonometry.

Currently, Trigonometry is used in many areas such as the science of seismology, designing
electrical circuits, describing the shape of an atom, predicting the height of the tide in the
ocean, analyzing musical tones, and studying the occurrence of sunspots, forecasting
fluctuations in the stock market.

Angles
An angle is considered as the figure obtained by rotating a given ray about its endpoint.

The revolving ray is called the generating line of the angle. The initial position OA is called the
initial side and the final position OB is called the terminal side. The endpoint O is called the
vertex of the angle.

\

Initial side A

Sense of an Angle: The sense of an angle is determined by the direction of rotation of the initial
side into the terminal side. The sense of an angle is said to be positive or negative according to
the initial side rotates in the anticlockwise or clockwise direction to get to the terminal side.
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Negative angle
-9 A

0
o Positive angle A

Right Angle: If the revolving ray starting from its initial position to final position describes one-
quarter of a circle, then we say that the measure of the angle formed is a right angle.

A

v

Systems of Measurement of Angles

There are three systems for measuring angles

(i) Sexagesimal or English System or Degree measure:
In this system, the unit of measurement is the degree.
1 right angle = 90 degrees(90°)

1° = 60 minutes(60")

1" = 60 seconds(60')

th
If a rotation from the initial side to the terminal side is (ﬁ) of a revolution, the angle is said

to have a measure of one degree.
So 1 complete rotation = 360°

The angles of measures 180°, 270°, 420°, —420°, — 30° are shown in the following figures.
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(i) Circular System or Radian Measure:

One radian, written as 1€, is the measure of an angle subtended at the center of a circle by an

arc of length equal to the radius of the circle.

ODM Educational Group Page 3




P

Points to Remember:
» Radian is a constant angle.

» The number of radians in angle subtended by an arc of a circle at the center is equal to
arc

radius

Relations between Degrees and Radians

Consider a circle with center O and radius r. Let A be a point on the circle. Join OA and cut off
an arc OP of length equal to the radius of the circle. Then ZAOP = 1¢. Produce AO to meet
the circle at B.

~ Z AOB = astraight angle = 2rightz

We know that the angles at the center of a circle are proportional to the arcs subtending them.

ZAOP arc AP ZAOP r 2 right angles 180°
- = = — =— =D /LAOP = —/——M— = 1= —
ZLAOB arc APB 2 right angles nr
180°

A

= mwradians = 180°.

Hence one radian =

-
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Points to Remember:

»  2mradians = 360°
»  Allintegral multiples ofg are called quadrant angles.
»  We have 1 radian = 57° 16'22" (approx) and 1° = 0.01746 radians

»  The angle between two consecutive digits of a clock is 30°(= gradians)

> The hour hand rotates through an angle of 30° in one houri. e. G) °in one minute.

»  The minute hand rotates through an angle of 6° in one minute.

Conversion of Degree into Radians and vice — versa

. T
Radian measure = 5 X Degree measure

180 .
Degree measure = — X Radian measure

The relation between degree measure and radian measure of some common angles are

tabulated below.

Degree 30° 45° 60° 90° 180° 270° 360°
i E w w T 3m 2
Radian 6 4 3 2 2
Example: Find the radian measure corresponding to the following degree measures:
(i) 340°
. 340° = Ty - (17m)°
Sol: 340° = (340 X ) ¢ = ( . )
(ii) 40° 20’
°20" = Do o (121} _ (128, 7\ _ (121
Sol: 40°20 _(40+3) _(3 ) _( 3 X180) _(540)
(iii) 5°37'30"
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Sol: We have 30" = (ﬂ)’ - (l) '

60 2
x5 =0
= X = = (=
2 60 8
(3x) =)
X — - (=
8 180 32

Example: Find the degree measure corresponding to the following radian measures:
o (%)
Sol: (i—g)e =
@ )

sor () = (5 %) = (£) = (222) =22 (tx ) =230

(iii) 6°

o

So, 37'30" = (37%)' _ (E)

2

o

w70 = () = (2) -

o

o= (612) = (27 x) = (22)'= (29 = (343 )

T
= 343° (% x 60) = 343° (%) = 343° (38 %) = 343°38' (% x 60)” — 343°38'11"

o

Example: Find the length of an of a circle of radius 5 cm subtending a central angle measuring
15°.
Sol: Let [ be the length of the arc subtending an angle 6 at the center of a circle of radius r.
T c
(%)

(o4
Herer = 5cmand 8 = 15° = (15 x%) =

T l 5
cl=-D>—=-=1==— cm.
r 12 5 12

Example: The angles of a triangle are in the ratio 3:4: 5, find the smallest angle in degrees, and
the greatest angle in radians.

Sol: Let the three angles be 3x, 4x, and 5x degrees. Then
3x +4x + 5x = 180° = x = 15°

So, the smallest angle = 3x = 45° and
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The greatest angle = 5x = 75° =75 X % = i—;r radians

Example: The minute hand of the watch is 35 cm long. How far does its tip move in 18 minutes?

(Usem = 2z )
7
Sol: The minute hand of a watch completes one revolution in 60 minutes.

Therefore, the angle traced by a minute hand in 60 minutes = 360° = 2 rad
So, angle traced by the minute hand in 18 minutes = 2w X g rad = 3?71 rad
Let the distance moved by the tip in 18 minutes be [, then

=76 =35 x> =21lr=21x>=66cm.

Example: Find the angle between the minute hand of a clock and the hour hand when the time
is7:20 AM.

Sol: We know that the hour hand completes one rotation in 12 hours while the minute hand
completes one rotation in 60 minutes.
So, angle traced by the hour hand in 12 hours = 360°
= Angle traced by the hour hand in 7 hrs 20 min.
360 _ 22\

i.e.? hrs = (? X ?) = 220°

Also, the angle is traced by the minute hand in 60 min=360°.

<]

= Angle traced by the minute hand in 20 min= (% X 20) = 120°

Hence, the required angle between two hands= 220° — 120° = 100°

Example: The wheel of a railway carriage is 40 cm in diameter and makes 6 revolutions in a
second; how fast is the train going?

Sol: Diameter of the wheel = 40 cm = Radius of the wheel = 20 cm
Circumference of the wheel = 2nr = 2 X 20 = 40t cm
Number of revolutions made in 1 second = 6

So, distance covered in 1 second = 40w X 6 = 240 m cm
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=~ Speed of the train = 240w cm/sec.

Example: A circular wire of radius 3 cm is cut and bent to lie along the circumference of a hoop
whose radius is 48 cm. Find the angle in degrees which is subtended at the center of the hoop.

Sol: Given that circular wire is of radius 3 cm, so when it is cut then its length = 2n X3 =
6mcm.

Again, it is being placed along a circular hoop of radius 48 cm.
Here [ = 6m cm is the length of the arc and r = 48 c¢m is the radius of the circle.

Therefore, the angle 8, in radian, subtended by the arc at the center of the circle is given by

_ arc 671_71_2250
Radius 48 8 7
TRIGONOMETRIC FUNCTIONS
er
/ P(x, )
#
/ y
la 3) "
2 O x M »X
[
JV Y'

Let X'OX and Y'OY be the coordinate axes and let a revolving line starts from OX in the
anticlockwise direction and trace out an angle < XOP = 6.

From P, draw PM10X.
Let in the right-angled triangle POM, OM = x, PM = y and OP = .
There are six possible ratios among three sides of a triangle.

These six ratios are called trigonometrical ratios and defined as follows:

. PM oM X
sinf=—=2 cosf = — ==
opP T opP r

PM oM x

tang = — =2 cot =—==
oM X PM y
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opP r opP r
secd = — =- cosec = — =-—
PM X PM y
Hence, the trigonometrical ratios of an angle are the numerical quantities. Each one of them

represents the ratio of the length of one side to another side of a right-angled triangle. The

functions sin@, cos@, tan@, cotf, sech, and cosecf are called trigonometric functions.

. 1 1 1
We define cosecd = —, sec = —, cotd = —
sinf cos6 tanf
iné 6
Also, tanf = 2 and cotf = <=
cosf sinf
Values of Trigonometric Functions
' ]
| i
_T_t. T E .1__]: ﬂ 27T
. 0 6 1 3 2 B 2
Trigonone-
tric Function
. 1 1 J3
V3 1 1
oS N M - N S R e 0 !
tan 0 L 1 \/g not 0 not 0
V3 - | defined defined
not 2 not not
cosec 3 2 2 —_= 4 _
defined V2 J3 1 “defined L defined
2
sec 1 —= 2 not = not
75| 2 2 | defined 1 | definea | 1
not 1
cot ) V3 1 = ot not
defined 73 O |defined| 9 | defined
Trigonometric Identities
An equation involving trigonometric functions which is true for all these values of the
variable for which the function is defined is called a trigonometric identity.
We have the following three identities among trigonometrical ratios:
(i) sin?6 + cos?6 =1
(ii) sec? — tan?6 =1
(iii) cosec?8 — cot?6 =1
These are called “Pythagorean Identities”.
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Signs of the Trigonometric Ratios / Functions

The signs of six trigonometric ratios depend on the quadrant in which the terminal side of
the angle lies. The length OP = r always positive.

Thus sinf = % has the sign of y, cosf = % has a sign of x. The sign of tanf depends on the

signs of x and y and similarly, the signs of other trigonometric ratios are decided by the
signs of x and/or y.

In the first quadrant: We have x > 0 and y > 0.
So, sinf = % > 0 and cosf > 0.
Thus in the first quadrant, all trigonometric ratios are positive.
In the second quadrant: We have x < 0 and y > 0.
. y 7%
So, sinf =;> 0 and cos@ =;< 0

Thus in the second quadrant sine and cosecant functions are positive and all others are
negative.

In the third quadrant: We have x < 0 and y < 0.
So, sinf =%< 0 and cos@ =§< 0

Thus, in the third quadrant, all trigonometric functions are negative except tangent and
cotangent.

In the fourth quadrant: We have x > 0 and y < 0.
So, sinf =%< 0 and cos@ =§> 0

Thus, in the fourth quadrant, all trigonometric functions are negative except cosine and
secant.

The above rule is known as ASTC Rule.
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I I

i +) All

(+) sin x and cosec x )
(-) cos x, tan x,cot x, cosec x

b'e o X
(+) tan x and cot x (+) cos x and sec x
(-) sin x, cos x, sec x cosec X (-) sin x, tan x, cot x, cosec X

I v

Points to Remember:

Since sin%6 + cos?6 =1, so, |sinf| < 1 and |cosO| < 1
= —1<sinf<land—1<cosf <1

Also, 0 < sin’0 <1, 0<cos’60<1

. 1
Since, cosec = ) therefore cosecf = 1 or cosec < —1

. 1
Since, sec 0 = -l therefore sec = 1 or sec < —1

Domain and Range of Trigonometric Functions
sintR = [—1, 1]
cos:R - [—1, 1]
tan:R — {(Zn +1)3, ne Z} - R
2
cot:R—{nm,n€Z} >R
T
sec: R — {(Zn + 1)5, ne Z} - (=00, —1]U[1, o)

cosec: R—{nm, n € Z} » (=00, —1]U[1, )
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. . . 12 . .
Example: Find sinx and tanx, if cosx = — 5 and x lies in the third quadrant.

Sol: We know that sin’x + cos?x = 1 =sinx = + V1 — cos?x

In the third quadrant sinx is negative.

. > . 122 5
So, sinx = —V1—cos?x=>sinx=— |1— (—-=) =——
13 13
-5
sinx T2 5
and tanx = — = tanx = 13/_12 =—
cosx — 12
13
. . . P 2veé L
Example: Find all other trigonometric ratios, if sinx = e and x lies in quadrant I11.

Sol: We know that sin?x +cos’x =1 = cosx = + V1 —sin?x

In the third quadrant cosx is negative.

- , 24 1
s cosx = —V1 —sin?x = cosx = — 1_E=_§

In the third quadrant tanx is positive.

-2v6
So, tanx = = = tanx = 5 /_1 =2v6
COSX -
5

1

1 5 1
Now, cosecx = — = —— secx = =-5 cotx =
’ sinx 2V6 cosx tanx = 2V6

1+tanx+cosecx

Example: If secx = V2 and 37” < x < 2w, find the value of

1+cotx —cosecx

1

1
Sol: We have secx = V2 = cosx = — = —
secx 2

It is given that x lies in the fourth quadrant in which sinx is negative.
So, sinx = —V1—cos?x=— |1 —+=——
’ > \ﬁ?

1
= cosecx =—= —+/2
sinx

sinx
and tanx = =
cosx

1
-= xV2 =—-1=cotx = —1
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. l+tanx+cosecx _ 1-1-—v2
" 1+cotx —cosecx  1-1+vVZ

-1

Example: Prove the following. sec?8 + cosec?8 > 4.

Sol: We have sec?6 + cosec?0 = 1+ tan?6 + 1 + cot?6
=2+ tan®0 + cot?0

=2+ tan?0 + cot?0 — 2 tanf cotf + 2 tanb coth

=2+ (tanf — cotf)? + 2

=4+ (tanf — cotf)? = 4 [since (tanf — cotf)? = 0]
Values of Trigonometric Functions at Allied Angles

Two angles are said to be allied when their sum or difference is either zero or multiples of g

The angles allied to 8 are —9,% +0, T+ 9,37” + 0, 2m + 0, etc.

Trigonometrical Ratios of (—8)

Y

N
P(x,y)

S 590 ]
o | S

Pl(xa_Y)

N

YI

Suppose a revolving line OP makes an angle +6 with OX by revolving in the anticlockwise
direction and angle (—8) by revolving in clockwise directions (position OP").

Let L POM = 6.InAPOM, OP =71, OM =x, PM =y.
Now produce PM to P’ such that PM = MP'. Join OP'.
Hence AOMP = AOMP'

= MP = MP'and OP = OP'
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If we consider the sign of these distances, then P’'M = —PM

Also, we have Z P'OM = —60,0M = x, OP' =rand P’'M = —y

InA P'OM,sin(—8) = i I\f =-2=_"2_ _ing
op r op
cos(—0) = O—M, =X=2%2_ cos8 ,tan(—6) = PM - Y= P tang
oP r oP oM x oM
Similarly, cosec(—0) = —cosec, sec(—8) = sech and cot(—60) = —cotd

Trigonometrical Ratios of g— 0

Let ~ ACB =§, /ABC = 0

= L BAC = % — 8, which is the complementary angle of 6.
In AABC, sin (% - 9) = % = cosf

cos (E— 0) = £ = sinf

2 ~ AB
tan (g— 9) = % = cotl

Trigonometrical Ratios of g+ 0

sin (E + 9) = sin <§ - (—6)> = cos(—0) = cos0O
T T ) .

cos (E + 9) = cos <E — (—9)) = sin(—60) = —sinb

s T
tan (E + 9) = tan (E — (—9)) = cot(—0) = —cotb
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Trigonometrical Ratios of ™ + 0

. R _ n .
51n(n—9)—51n<2+2 6>—cos(2 6)—51710

Similarly, cos(m — 8) = —cosf and tan(r — 8) = —tan6

. . (T W fis ,
Also, sin(mr + 8) = sin (5 +5+ 9) = cos (5 + 9) = —sinf
Similarly, cos( + 8) = —cosf and tan(mr + 6) = tané

. . . 3
Trigonometrical Ratios of ?” +0

(3 o) = si T o) = T o) — p
sm(7— )—sm T+ 5~ ——sm(E— )——cos

Similarly, cos (32—n — 9) = —sin6f and tan (37” — 9) = cot0

Also, sin (%ﬂ + 9) = sin (n + §+ 9) = —sin (g + 9) = —cosf
Similarly, cos (371: + 9) = sinf and tan (37” + 9) = —cotf
Trigonometrical Ratios of 2 + 0

sin(2mr — 0) = sin(n + m) = —sin(m — ) = —sind
Similarly, cos(2m — 0) = cos6 and tan(2w — 60) = tanf

Again, sin(2m + 0) = sin(2n - (—9)) = —sin(—0) = sinf
Similarly, cos(2m + 8) = cosf and tan(2mw + 6) = tanf

To remember the above results we adopt the following technique.

n—1

i) 1y , .
(i) sin (n— n 9) _ {( 1) nz cos8, if n be an odd integer
(—=1)2 sinf, if n be an even integer

n+1

(if) cos (nf + 0) _ {(—1) 2 sinf,if nbe an odd integer

n
(=1)2 cos@, if nbe an even integer

— cotl,if nbe an odd integer
tan,if n be an even integer

(iii) tan (ng + 9) = {
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Periodic Functions

A function f(x) is said to be a periodic function if there exists a positive real number T such
that f(x + T) = f(x) for all x. Here T is called the period of f.

Periodicity of Trigonometric Functions
(i) sinx, cosx, secx, cosecx are all periodic with period 2.
(ii) tanx and cotx are periodic with period 7.

(iii) sin™x, cos™x, sec™x, cosec™x are periodic with period 2 and 7, according to n is
odd or even.

(iv) tan™x, cot™x are periodic with period 7 for n being odd or even.
(v)|sinx|, |cosx|, |secx|, |cosecx|, |tanx|, |cotx| are periodic with period 7.
Even and Odd Functions

A function f(x) is said to be an even function if f(—x) = f(x) for all x and is said to be odd

if f(—x) = —f(x) forall x.
sine and tangent are odd functions, where cosine is an even function.
Example: Evaluate the following:

. 31m
(l)SlnT

. 31w . T . T
Sol: sin— = sin (107‘[ + —) =sin— =
3 3 3
.. 71
(ii) cos—
6
71T T T T
Sol:cos—=cos(2 ><—+—)=—cos— = ——
6 2 6 6

(iii) sin <— Z?Tn>

Sol:sin(—zs—n) = —sin(zs—n) = —sin(12 ><E+E) = —sinZ = —
4 4 2 4 4

19n)

(iv) tan (T
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191

SoI:tan(T) =tan(12 xg+§) =tan§= V3

(v) cot (— %)

157 151 T T T
SoI:cot(—T) = —cot (T) = — cot(7 X 2 + Z) = —tanz =-1
Example: Evaluate the following:

(i) tan 480°
Sol: tan 480° = tan == = tan(S X =+ E) = —cot= = —/3
’ 3 2 6 6
(ii) cos(—1710°)
Sol: cos 1710° = coslng =0
Example: Prove that cos510° cos330° + sin390° cos120° = —1

Sol: LHS = c0s510° cos330° + sin390° cos120°

cos(5 X 90° + 60°) cos(3 X 90° + 60°) + sin(4 x 90° 4+ 30°) cos (1 X 90° + 30°)

= (—=1)3sin60° (—1)? sin60° + (—1)? sin30° (—1)! sin30°

2
, 1 . V3 31
= —sin®60° — sin“30°=—|—=| — (g) =—-—==-1=RHS
2 2 4 4
cos(m+x)cos (—x
Example: Prove that () ,(r 1d cot?x
sin(m—x) cos(—+x)
2
cos(m+x)cos (—x) —COSX COSX cos?x 2
Sol: LHS = = = — = —— = cot“x = RHS.
sin(m—x) cos(5+x) sinx (—sinx) sin“x
cos(2m+x)cosec(2m+x)tan (§+x)
Example: Prove that — =
sec(5+x)cosx cot (m+x)
COS(Z”"‘.X)COSeC(ZT["‘x)tan (E+x) cosx cosecx (—cotx
Sol: LHS = - 2" (SO _ 1 = RHS
sec(5+x)cosx cot (m+x) — cosecx cosx cotx
. cot54° tan 20°
Example: Find the value of
tan 36° cot70°
cot54° tan 20° cot (90° —36° tan20° tan 36° tan20°
Sol: + = ot ) = —1+1=2
tan 36° cot70° tan 36° cot(90°-20°) tan36°  tan20°

ODM Educational Group Page 17




Example: State the sign of sin201° + cos201°

Sol: Since 201° lies in 3" quadrant, so sin201° < 0 and c0s201° < 0
Thus sin201° + cos201° < 0

Example: Find the value of sin1°.sin2° sin3° ....sin 200°.

Sol: sin1°.sin2°. sin3° ....sin 200° = 0, since sin180° =
Trigonometric Functions of Compound Angles

The algebraic sums of two or more angles are generally called compound angles and the
angles are known as the constituent angles.

For example, if A, B, C are three angles then A+ B, A+ B+ C, A—B + C, etc. are
compound angles.

Trigonometric Ratios of Sum and Difference of two angles

Let the rotating line start from initial line OX and trace out £ X0S = Z A in the
anticlockwise direction and let the rotating line further rotates to trace out £ SOP = /B .

Sothat L XOP = Z(A+ B)
Draw PM 1| OX and PQ 1 0S. Againdraw QL L PM and QN 1 0X.

Then £ QPL = 180° —90° — £ PQL = 90° = (90° — A) = A

« sin(A + B) = sin £ POM =22 = PLHIM _ PL¥QN,_ PL QN
oP OP oP opP opP

= 2L PQ | ON 99 _ rosAsinB + sinA. cosB = sinA cosB + cosA sinB .... @Y
PQ 0P ' 0Q oP

1

l)

- (D)
A+DB

> \W
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ON-MN _ON MN _ ON LQ

oM
cos(A+B)=—=
( ) opP oP oP OP OP OP

— 9N 0¢_Le Pq

= . .— = c0SA cosB — sinA sinB .... (2)
0Q '0oP PQ OP

PM PL+LM ON+PL QN+PL
tan(A+B) =— = = =
oM oM ON-MN ~ ON-LQ
QN PL QN PL
— ON ON _ ON ON_ _ tan A+tanB (3)
1-Le 1-Le PL 1-tanA.tanB
ON PL ON

Replacing B by (—B) in (1), (2) and (3) we have
sin(A — B) = sinA cos(—B) + cosA sin(—B) = sinA cosB — cosA sin B

cos(A — B) = cosA cos(—B) — sinA sin(—B) = cosA cosB + sinAsinB

tanA+tan (—-B) __  tanA-tanB
1-tanA tan (—B) 1+tanA tanB

tan(A — B) =

Similarly, it can be proved that

cotA cotB —1
cotB+cotA

cotA cotB+1
cotB—cotA

cot(A+B) = and cot(A — B) =

More Useful Result:
(i) sin(A4 + B) sin(4 — B) = sin?A — sin’B = cos?B — cos?A
(ii) cos(A + B) cos(A — B) = co0s*A — sin’B = cos*B — sin’A

(iii) sin(A+ B + C)
= sind cosB cosC + cosA sinB cosC + cosA cosB sinC — sinAsinBsinC

(iv)cos(A+ B + C)
= c0SA cosBcosC — cosA sinB sinC — sinA cosBsinC — sinAsinBcosC

tanA+tanB+tanC—tanA tanB tanC
1—tanA tanB—tanB tanC —tanC tanA

(WtanA+B+C) =
Example: Find the value of sin 15°.
Sol: We have sin 15° = sin (45° — 30°)
= sin 45° c0s30° — cos45° sin30°

V3-1
22

1 1
— —X-=
2 2

X

Nl"‘
NS
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sin (x+ tanx+tan
Example: Prove that — x+y) 24
sin (x—y) tanx —tany
sin (x+ sinx cosy+cosx sin
Sol: LHS = ShG4Y) - St cosywcosy sty
sin (x—y) sinx cosy —cosx siny

sinx cosy , cosx siny
cosx cosy ' cosxcosy __ tanx+tany RHS

sinx cosy cosxsiny — tanx —tany
COSX COSy  COSX COSY

Example: Prove that cos G + x) + cos G - x) = V2 cosx
Sol: LHS = cos G + x) + cos G — x)

7T - 7T .
— cosx + sin— sinx)

I T
= (cos— cosx — sin— sinx) + (cos 2 2

4 4

T 1
= 2COSZ cosx =2 X — X cosx = V2 cosx = RHS

V2
Example: Show that tan3x tan2x tanx = tan3x — tan2x — tanx

Sol: We know that 3x = 2x + x

So, tan 3x = tan (2x + x)

tan2x+tanx

= tan3x = ———
1—tan2x tanx

= tan3x — tan3x tan2x tanx = tan2x + tanx
= tan3x — tan2x — tanx = tan3x tan2x tanx

Example: Prove that tan 75° + cot 75° = 4.
Sol: LHS = tan 75° + cot 75° = (2+\/§)+ﬁ=2+\/§+2—\/§=4=RHS

Example: If tand = %and tanB = % show that cos2A = sin 2B

5
101
tanA+tanB st3 -
Sol: We have tan(4 + B) = = 235 = 6/5:1
1-tanA tanB 1—=X= z
273
6
w

= A+B==4=2 —B
4 4

Now cos 2A = cos 2 G - B) = Cos (g - ZB) = sin 2B
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Example: If tanA — tanB = x and cotB — cot A = y, prove that cot(A — B) = -+

KRl
Ir

Sol: We have cotB — cotA =y

1 1 tanA —tanB _

tanB tanA tanA tanB

X x
—— =y = tand tanB = -
tanA tanB y
142
1 1+tanA tanB y x+y 1 1
Now cot(4 — B) = = = Y= -4
tan(4-B) tanA—tanB x xy x y

Example: If A+ B = g, prove that (1 + tanA)(1 + tanB) = 2

Sol: We have A + B =%

= tan(A+ B) = tang

tanA+tanB
1-tanA tanB B

tanA + tanB = 1 — tand tanB
tanA + tanB + tanA tanB =1
1+ tanA + tanB + tanA tanB = 2

(1 + tanA) + tanB(1 + tanA) = 2

L

(1+ tanA)(1 + tanB) = 2

Example: If angle 6 is divided into two parts such that the tangent of one part is k times the

. - . k .
tangent of other and ¢ is their difference, then show that sinf = k—i sing

Sol: Let = a + S . Then tana = k tanf

tana k
= = -
tanf 1
tana+tanf k+1 . ..
= ——— = — (Applying componendo and dividendo
tana —tanf k-1 ( pplyIng P )
— sina cosp+cosasinf _ k+1
sina cosf —cosa sinf T k-1

sin (a+p) _ k+1
sin (a—p) T k-1
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sinf _ k+1

sin ¢ T k-1
. k+1 .
= sinf = —— Sing

Maximum and Minimum Values of Trigonometrical Expressions

The maximum and minimum values of a siné + b cos6 are Va? + b? and —va? + b?
Example: Find the maximum and minimum values of 7 cos@ + 24 sin6.

Sol: Herea = 24 and b =7

So,Va? +b? = V242 +72 = 25

Thus the maximum and minimum values of 7 cos@ + 24 sinf are 25 and —25 respectively.
Transformation Formulae
We have sin(A + B) = sinA cosB + cosA sinB ... (i)
sin(A — B) = sinA cosB — cosA sinB ... (ii)
cos(A + B) = cosA cosB — sinA sinB ... (iii)
cos(A — B) = cosA cosB + sinA sinB ... (iv)
Adding (i) and (ii), we obtain
sin(A + B) + sin(4 — B) = 2 sinA cosB
Subtracting (i) from (i), we obtain
sin(A + B) — sin(4A — B) = 2 cosA sinB
Adding (iii) and (iv), we obtain
cos(A+ B) + cos(A— B) = 2 cosA. cosB
Subtracting (iii) from (iv), we obtain
cos(A — B) — cos(A + B) = 2 sinA sinB

In above formulae A > B

ODM Educational Group Page 22




Formulae to transform the sum or difference into products

letA+B=CandA—B =D.Then, A = C*TD and B = C%D

Substituting the values of A, B, C and D in the above formulae, we get

sin C + sinD = 2sin (%) cos (%)

) sin ()
=) eos ()

cosD — cosC = 2 sin (C: )sm( )

sinC — sinD = 2 cos(
cosC + cosD = 2 cos(

Or, cosC — cosD = — 2sin (C:D) sin (CzD)

D—

Or, cosC — cosD = 2sin (CJFTD) sin (TC)

Example: Convert each of the following products into the sum or difference of sines and
cosines.

(i)2sin 50 cos6O
Sol: 2 sin 50 cos@ = sin(56 + 8) + sin(560 — 0) = sin 66 + sin 40
(ii) cos75° cos 15°

Sol: cos75° cos 15° = %( 2c0s75° cos 15°) = %{ cos(75° + 15°) + cos(75° — 15°)}

= %(cos 90° + cos 60°)
Example: Express each of the following as a product:

(i) sin 660 — sin 260

Sol: sin 660 — sin 260 = 2 sin (60;29) cos (60;29) = 2sin 260 cos 460

(ii) cos 68 — cos 86

Sol: cos 60 — cos 860 = 2 sin (89;69) sin( 89;69) = 2sin70 sin 0

Ccos 7x+cos 5x

Example: Prove that ———— = cotx
sin7x —sin 5x
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S~ 5 2 Cos7x+5x Cos7x—5x

cos 7x+cos 5x — cosx

. _ _ 2 2 — —

Sol: LHS = = ey — —— = cotx = RHS
2

sin7x —sin 5x 2 cos sinT sinx

sin 5x—2sin 3x+sinx

Example: Prove that = tanx
COS5x —cosx

sin 5x—2 sin 3x+sinx sin5x+sinx—2 sin3x
Sol: LHS = =
COS 5X —COS X Ccos 5x—cosx

2 sin3x cos2x —2 sin3x _ sin3x(cos2x —1)
- — 2sin3x sin2x - sin3x sin2x

1—-cos2x 2 sin®x
= - = - = tanx = RHS

sin2x 2 sinx cosx

Example: Prove that cos18° — sin18° = V2 sin27°
Sol: LHS = c0s18° — sin18°

= cos(90° — 72°) — sin18°

= sin72° — sin18°

2 sin (72:180) cos (7202180) = 2sin 27° cos 45°

1
= 2sin27° — = /2 sin27° = RHS
V2

Example: Prove that sin10° sin30° sin50° sin70° = %

Sol: LHS = sin10° sin30° sin50° sin70°

= s5in30° (sin10° sin50°)sin70°

1
=3 (sin50° sin10°) sin 70°

= % X %( 2 sin50° sin10°)sin70°
= i [{cos(50° — 10°) — cos(50° + 10°)}sin70°]

= i{(cos40° — cos 60°) sin 70°}
= i (sin70° cos 40° — sin70° cos 60°)

=1 ( sin70° cos40° — 1 sin70°)
4 2
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= % (25in70° cos40° — sin70°)

= % {sin(70° + 40°) + sin(70° — 40°) — sin70°}

= = (5in110° + sin 30° — sin70)

= 2 {sin(180° — 70°) +3 — sin70°}

== (sin70°+2 —sin70°) =2 x> = =RHS
Example: Prove that sinx + sin (x + ?n) + sin (x + 4?“) =0

Sol: LHS = smx+sm(x+2?n)+sm( )
xt Lt xt Loy
=Sinx+25in< 32 3>cos< 3 3>

= sinx + 2 sin(mw + x) cos (— g) = sinx + 2 (—sinx) cosg

. . 1 . 5
=sinx — 2 sinx — = sinx — sinx = 0 = RHS

sin 5A—sin7A+sin8A —sin4A
c0S4A+c0Ss7A —cos5A—cos8A

Example: Prove that = cot64
sin 5A—sin7A+sin8A —sin4A
c0S4A+c0s7A —cos5A—cos8A

Sol: LHS =

Sin8A—sin4A —( sin7A—sin5A)
c054A—c0s8A —(cos5A —cos7A)

2 CO0S6A Sin2A—2c0Ss6A sinA
2 sin6A sin2A-2 sin6A sinA

c0s6A (sin2A—sinA)
Sin6A(sin2A—sinA)

= 584 _ ot64 = RHS
sin 64

Example: Prove that cos3A + cos 54 + cos7A + cos15A = 4 cos4A cos5A cos 64
Sol: LHS = cos 3A + cos5A + cos7A + cos15A

= coSs 154 + cos5A + cos7A + cos3A

154+54 154-54 7A+34 7A-34
= 2cos( 5 )cos( > )+2cos( 5 )cos( > )

ODM Educational Group Page 25




= 2cos104 cos54 + 2 cos5A cos 24

= 2 cos 5A(cos 104 + cos 24A)

— 9 cos5A {2 cos (10A2+2A) cos (10A—2A)}

2

= 2cos5A. 2 cos 64 cos 44

= 4 cos4A cos5A cos 64 = RHS

Example: If a sinx = b sin(x+2?n) = csin (x+4?n), prove that ab + bc + ca = 0.
. . 21 . 4T
Sol: We have a sinx = b sm(x+?) = csin (x+?) =k (say)
:E=sinx, E=sin(x+2—”), E=sin(x+4'—ﬂ)
a b 3 c 3
= E+E+E=sinx+sin(x+£)+sin(x+4—”)
a b G 3 3
= E+E+E= {sin(x+4—n)+sinx}+sin(x+2—n)
a b c 3 3
= E+E+E=Zsin(x+2—7T)cosz—”+sin(x+2—n)
a b c 3 3 3
= k(1+l+l) =—sin(x+2—n)+sin(x+2—”)
a b c 3 3

— k ( ab+bc+ca) -0

abc

= ab+bc+ca=0

€c0S 9°+sin9°

Example: Prove that = tan 54°

Cc0s 9°—sin9°
Sol: RHS = tan 54° = tan(45° + 9°)

tan 45° + tan 9°
1 — tan45° tan 9°

sin 9°
1+ C0s9° €0s9°+sin9°
sin9° = ¢0s9° — sin 9°
cos 9°

= LHS

sinx sin3x sin9x
Example: Prove that s

1
==(tan27x — tanx)
s3x c0s9x cos27x 2

sinx sin3x sin9x

Sol: LHS =

cos3x cos9x coSs27x
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2 sin3x cos3x

_ 1 (2 sinx cosx
2 \cos3x cosx

2 sin9x cos9x)

c0s9x cos3x c0S27x c0S9x

sin (3x+3x)

2

sin2x

_ 1 ( sin (x+x)
c0S3x cosx

sin (9x+9x))

c0s9x cos3x c027x cos9x

sinéx

_1 (
- 2 c0S3x cosx

sin18x )

c0s9x cos3x c0Ss27x cos9x

sin (9x—3x)

2

l{sin (B3x—x) n

c0S3x cosx

sin (27x—-9x) }

c0s9x cos3x c0S27x cos9x

Sin9x cos3x —cos9x sin3x

2

1 (sin3xcosx—0053x sinx
c0s3xcosx

Sin27xcos9x—cos2 7xsin9x)

c0Ss9x cos3x c0S27x coS9x

= %{(taan — tanx) + (tan9x — tan3x) + (tan27x — tan9x)}

= % (tan27x — tanx) = RHS

Example: Prove that cos2a cos 28 + sin?(a — ) — sin*(a + B) = cos 2(a + B).

Sol: LHS = cos2a cos 23 + sin?(a — B) — sin?(a + B) = cos 2(a + B)

cos2acos2fB +sin(a—B+a+pB)sin(a—p—a—p)

= cos 2a cos 2 — sin2a sin 2f3

cos(2a + 23)

cos2(a+ B) = RHS

Example: If @ and S are the solutions of the equation a tanx + b secx = c, show that

tan(a + B) =

2ac

a2—c2

Sol: We have, a tanx + b secx = c ... (i)

=
=
=

=

tan?x (a?

¢ —atanx = bsecx
(¢ —atanx)? = b%sec?x
c? + a’tan®x — 2ac tanx = b*(1 + tan®x)

—b?%) — 2actanx + (c? — b%) = 0 ... (ii)

It is given that a and 8 are the solutions of the given equation(i). Therefore tana and tanf are

roots of the equation(ii).
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2ac c?-b?
So, tana + tanfi = ——-and tana tanf = ——-

tana+tanf _  2ac

Hence tan(a + B) =

—tanatanf . ai-c?

Example: Prove that: cos A cos (3 — ) cos (3 +4) = cos 34
Sol: LHS = cosAcos (5 — 4)cos (5 +4)

= ~cos A{2cos (3 — A) cos (3 + 4)}

=2cosA [cos(2+4+2—4) +cos(5+4 —Z+4)]

cosA [cos 2?7: + cos ZA]

N |-

= lcosA {cos 2A —l} = lcosA cos 24 — L cosA
2 2 2 4
1 1 1 1
= 2 cos 2A cosA — B CoSA = " (cos3A + cosA) — ZcosA
1 1 1 1
=-cos34A+-cosA —-cosA =-cos34A = RHS
4 4 4 4
Note: We have cos 4 cos (E — A) cos (E + A) — cos 3A
3 3 4
A . . (T . (T NI
Similarly sinA sin (5 — A) sin (5 + A) = ;sin 34

and tan 4 tan (g = A) tan (g + A) =tan 34

Example: If three angles A, B and C are in A. P., prove that cot B = Sind —sin€

cosC—cos A

Sol: Since 4, Band C arein A.P.,,so2B=A+C

] ] . A-C ___A+C
sind —sinC _ 2SIn——Cos——
cosC—cos A 2 sin—A;rCsinA—;C

Now, RHS =

A+C 2B
= cot (T) = cot (?) =cotB =LHS
Example: If A, B, and C are the angles of a triangle, then prove that
sin?A + sin®B + sin?C — 2 cosA cos B cos C = 2

Sol: LHS = sin?A + sin?B + sin*C — 2 cosA cos B cos C
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= 1—cos?A+1— cos?B + sin?C — 2 cos AcosB cosC

=2 — cos*A — (cos?B — sin?C) — 2 cosA cos B cos C

=2 — cos?A —cos(B + C)cos(B — C) —2cosAcos B cosC

=2 — cos?A+ cosAcos(B—C)—2cosAcosBcosC [sinccA+B+C = m]

=2 —cosA[cosA —cos(B—C)] —2cos Acos Bcos C

=2 —cosA[ —cos(B+C)—cos(B—C)]—2cosAcosBcosC

=2+ cosA [cos(B+C) + cos(B—C)] — 2cos Acos Bcos C

=2+ cosA[2cosBcosC] — 2cosAcosBcosC

=2 =RHS

Trigonometric Functions of Multiple and Submultiple Angles

If Ais any angle, then angles 24, 34, 44, ... etc are called multiple angles and the angles
Jr30q - etcare called sub - multiple angles of A.

Trigonometric Ratios of angle 24 in terms of that of angle 4

(i) sin2A = sin(4 + A) = sinA cosA + cosA sinA = 2 sinA cosA

2sinAcos*A _ 2tanA _ 2tanA
CoSA sec?A 1+ tan?A

(ii) We have sin2A = 2 sinA cosA =

(iii) cos 24 = cos(A + A) = cosA cosA — sinA sinA = cos?A — sin’A
(iv) cos 24 = cos?A — sin?A = cos?A — (1 — cos?A) = 2cos?A—1

(v) cos 24 = cos?A — sin?A =1 — sin?A — sin?A = 1 — 2sin®A

. . cos?A — sin?A 1-tan®A
(vi) cos2A = cos?A — sin*A = —— =
c0s2A+sin2A 1+tan?A
s . . 1—cos2A
(vii) We have cos 24 = 1 — 2sin?A = sin’A = —
1+cos24
(viii) We have cos24 = 2co0s*A — 1 = cos?A = .
. tan A+tanA 2 tanA
(ix)tan24 = tan(A + A) = =
1—-tanA tanA 1- tan2A
1—cos24
(x) tan? A =
1+cos 24
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Trigonometric Ratios of the Angle A in terms of Angle g
Replacing A by% in the relations of multiple angles of 24 , we obtain

N . A A
(i) sinA = ZsmgcosE

A

(ii) sind = 2
+

(iii) cosA = cos? % - sinzg
(iv) cosA = 2 cos? :; -1

(v) cosA=1-2 sinzg1

1- tan?2
Vi) cosA = 2
( ) 1+ tan22
.oy . 2A _ 1-cosA
(vii) sin ~
A A
(viii) cos?2 = X
2 2
A
2 tan-
(ix) tanA = i
1—tan25
(x) tanz é — 1-cosA
2 1+cosA

Trigonometric Ratios of Angle 34 in terms of Angle A
(i) sin34 = 3 sind — 4sin3A
Sol: sin 34 = sin(A + 24) = sinA cos2A + sin2A cosA
= sind (1 — 2sin?A) + (2 sinA cosA)cosA
= sind — 2sin3A + 2 sinA (1 — sin?A)
= sinA — 2sin3A + 2 sinA — 2 sin3A = 3 sinA — 4sin3A
(ii) cos3A = 4cos3A — 3 cosA

3 tanA- tan3A
1-3tanZ4

(iii) tan3A =

ODM Educational Group Page 30




Points to Remember:

1—cosA
. A 2
1. sin—-=
2 1—cosA
2
( 1+cosA
A 2
2. COS—= A
2 14+cosA
\ 2
( 1—-cosA
A 1+cosA
3. tan—-= A
2 1—cosA
\ 14+cosA

if % lies in quadrant I or 11

ifé lies in quadrant 111 or IV
2

if% lies in quadrant 1 or IV

if% lies in quadrant 1l or 11

ifg lies in quadrant 1 or 111

if%1 lies in quadrant Il or IV

Example: If sind = %, where 0° < 4 < 90°, find the values of sin2A, cos2A, tan2A.

Sol: We have sin4 = % where 0° < A < 90°

Since cos?A = 1 — sin?A

. 9 4
So,cosA = V1—sin?A= [1— ==-
25 5
SinA 3
s tanA = ==
COSA 4
B v 3 4 24
Now, sin24 = 2 sinA cosA = 2.-.- =—
55 25
. 9 3 2 7
c0s2A=1—-2sin“A=1-2 (=) =—
5 25
2 tanA 2 %3 24
an "
tan 24 = = ==
1-tanZA _ (i) 7
4
1+sin26+cos260
Example: Prove that ————— = cotf
1+sin26 —cos26
Sol: LHS = 1+sin26+cos26 _ (1+cos26)+sin26 2c0s20+2 sin6 cos@
: " 1+sin26 —cos26 (1—co0s20)+sin26 T 25in26+2 siné cosd
2 cosO (cosB+sin6
= ( ) = cotd = RHS

2 sinf (cosf+sinh) o
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sin 5x —2 sin3x+sinx

Example: Prove that = tanx
cos5x—cosx

sin5x —2 sin3x+sinx sin 5x+sinx—2sin 3x

Sol: LHS = =
CcosS5x—cosx c0S5x—cosx
2 sin3x cos2x —2 sin3x _ sin3x( 2 cos2x—1)
- — 2 5in3x sin2x - — 2sin3x sin2x
1—cos2x 2 sin?x
= - = - = tanx = RHS
sin2x 2 sinx cosx

Example: Prove that (1 + cos g) ( 1 + cos 3?”) (1 + cos 5?7:) (1+ cos%ﬂ ) = %

71T T T
Sol: We have cos— = cos(n — g) = —cosy

5w 3T 3T
Also cos—-=cos(m ——~)=—cos—

LHS = (1 + cosg)(l +c053§) (1 +c055§)(1+cos7§ )

= (1 +cosg)(1 +cos3§) (1 —cos%n) (1 —cosg)

T 3T . T . 3T
(1 — coszg) (1 — cos? ?) = sin? 3 sin? =

8
- L (o)) (1) s

Sol: LHS = cos?x + cos? (x + g) + cos? (x - g)

1+cos2x  1+cos 2(x+§) 1+cos Z(x—g)
2 2 2

1 21

:E[3+c052x+cos(2x+%ﬂ>+cos(2x—?>]

= l[3 + cos2x + 2c052xcosz—n]
2 3

:% [3+c052x+2c052x ( —%)]

=% [3 + cos2x — cos 2x] =%=RHS
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Example: Find the value of tang

Sol: Let x = =. Then 2x = ~
8 4

2t 2 tan 2 tan”

anx 13 = 5

Now, tan 2x = =tan- = 8 = 8
1- tan?x 4 1- tan?= 1- tan?=

= 1— tan?Z=2tanZ
8 8

:>tan2§+2tan§ —-1=0

:>tang= _2i24+4= _Zi;zﬁ=—1i V2

Since g lies in the first quadrant so tang is positive.
Hencetangz —14+V2=+2 -1

3 3m . .
Example: If tanx = T <x< ?” find the values of smg, Cosg

. 3T . .
Sol: Since < x < 5 SO COS X is negative.

T X 31 . X . " X . .
Also, 2 < 5 < ~ sosinzis positive and cosz is negative.

9 25
Nowsec’x =1+ tanx=1+—=2=
16 _ 16
) 16 4
= C0S*X = — =>(CoSX = —~-
25 5
. X 1—-cosx 1+- 3
Now sin= = = |—= =
2 \I 2 2 10

X 1+ cosx 1
coS— = — = = —
2 2 710
X
x sinz
tanz = == -3
cosx

X
and tan; .

Example: Show that 2 sin?p + 4 cos(a + ) sina sin § + cos 2(a + B) = cos 2a

Sol: LHS = 2 sin?p + 4 cos(a + B) sina sin  + cos 2(a + f3)

= 2sin?f + 2 cos(a + B) (2sina sin B) + cos 2(a + B)
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= 2sin?B + 2 cos(a + B){cos(a — B) — cos (a + B)} + cos 2(a + B)
= 2sin?p + 2 cos(a + B) cos(a — B) — 2 cos?(a + B) + 2 cos? (a + B) — 1
= 2sin?p + 2( cos?a — sin?B) — 1
= 2sin?p + 2 cos?a — 2sin*f —1
= 2cos?a — 1 = cos 2a = RHS
Example: Prove that /3 cosec 20° — sec 20° = 4
Sol: LHS = /3 cosec 20° — sec 20°

V3 1 +/3c0s20° -sin20°
sin 20° cos20° sin 20° cos 20°

2(§cos 20° —%sin 20°)

%2 sin 20° cos 20°

4 (sin 60° cos 20° —cos 60° sin 20° 4sin40°

sin 40° sin 40°

Example: Prove that cos 20° cos 40° cos 60° cos 80° = 1—16
Sol: LHS = cos 20° cos 40° cos 60° cos 80°

1

= > cos 20° cos 40° cos 80°

= %cos 20° cos(60° — 20°) cos(60° + 20°)

= %cos 20° (cos?20° — sin? 60°)
1 o 2 o 3 1 o 2 o

= =cos 20 (cos 20° — —) ==c0s20° (4 cos- 20° —3)
2 4 8

= % (4 cos3 20° — 3 cos 20°)

—Lcos60° =+ . 1= 1_RHS
2 2 4

L
2
- 0
Example: If cosf = w, prove thattan-= + tan = cot
1-cosacosf 2 2

cosa —cosf

B
2

Sol: We have cosf =
1-cosacosf3

[
1- tanZE __ cosa—cosp
j— 20— -
1+ tan?> cosa cosf
0 0
N (1— tan25)+(1+tan25) _  (cosa —cosB)+(1—cosa cos )
(1_ tanzg)—(1+tanzg) (cos @ —cos B)—(1—cosa cos )
N 2 _ 14+cosa —cosf} —cosa cosf
-2 tanzg — (1+cosa —cosf —cosa cosf)
2
1 (1+4cosa)(1—cospB)
j— g —
taan (1—cosa)(1+cosp)
0 a
= tan? 5= tan? > cot? g

= tangz itanzcotﬁ
2 2 2

Example: Prove that sin3x sinx + cos 3x cos3x = cos32x
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Sol: LHS = sin3x sin3x + cos 3x cos3x

= % (sin3x 4sin®x + cos 3x 4cos3x)

(3 sinx —sin3x)

= {sin 3x

cos3x+3 cosx
+ cos 3x (—)}

4

= % {3 sin3x sinx — sin? 3x + cos?3x + 3 cos 3x cosx}
= %{3(cos 3x cosx + sin3x sinx) + (cos?3x — sin?3x)}
=~ {3 cos(3x — x) + cos 2(3x)}

= i (3 cos 2x + cos 3(2x))

= % 4 cos32x = cos?® 2x = RHS

tan 5x+tan3x
Example: Prove that ————— = 4 cos 2x cos 4x
tan 5x —tan 3x

tan 5x+tan 3x
Sol: LHS = —
tan 5x —tan 3x

sin5x | sin3x

—  COS5x  coS3x _—
sin5x | sin3x

cos5x cos3x

sin5x cos 3x+cos 5x sin3x

sin 5x cos 3x —cos 5x sin3x

__ sin(5x+3x) __  sin8x
" sin (5x—3x) " sin2x
__ 2sin4xcos4x

- sin 2x

__ 2(2sin2xcos2x) cos4x
- sin 2x

= 2 cos 2x cos 4x

= RHS

CcOs 5x+cos 4x
Example: Prove that —————

= —(cos 2x + cosx)
1-2cos3x

cos5x+cos4x _ sin3x (cos5x+cos 4x)

Sol: LHS =

1-2cos3x  sin3x (1 —2cos3x)

.. 3% 3x. 9x X.
(2 sin—- cos7) (2 cos—- COSE)

sin3x —2sin3x cos 3x

4 sin3—x cos3—x cosg—x cosE

— 2 2 2 2
sin 3x —sin 6x

4sin3—x cos3—x cosg—x cos> 4sin3—x cos3—x cosg—x cos>
2 2 2 2 2 2 2 2

- . 3X—6X 3x+6x\ . 3x 9x
2 sm(T) COS(T) 2 51n(—7) cos—-
4sin37x cos%x cos%x cosg 3x x
= —2=—2 COS—C0S> = —(cos2x + cosx) = RHS

2 sin(sx) cos
2 2

6 1—e a cosf —e
Example: If tan; = /Etang , provethatcosa = ——

1—-ecosf
1- tanzg
Sol: We havecosa = ———%
1+ tanZE
1- 11+TZ tanzg
—>Ccosa = —————5
1+ H—etanzg
1-e 2
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(1—e)—(1+e)tan2§ (1—tan2§) —e ( 1+ tanzg)
= Cosa = ranZo = Ccosa = ~ =
(1-e)+(1+e)" % (1+ tan22) —e (1 - tan23)
1—tanzg —e
[
1+ tan?z . . 20
=>cosa= ————3 [ Dividing numerator and denominator by 1 + tan E]
1-t >
1—e an 5
1+ tanzi
20
cos @ —e . 1-tan*;
= cosa = ———— [sincecos = ——
1-ecosf 1+ tanZE

Trigonometric Equations
Definition

The equations involving trigonometric functions of unknown angles are called trigonometric
equations.

1. . . A
cosx = =, sinx = 0, tanx + secx = —/3 etc. are trigonometric equations.

The solution of a Trigonometric Equations

A solution of a trigonometric equation is the value of the unknown angle (i. e. variable) that
satisfies the equation.

. . . 1 ] N L e 5 .
Consider the equation sinx = > This equation is satisfied by x = %,?netc. So, these are its

solutions.

Solving an equation means to find the set of all values of the unknown angle which satisfy the
given equation.

Solutions of trigonometric equations are of two types.
Principal Solution

The solution of a trigonometric equation for which the value of unknown angle says x lies
between 0 and 2 i.e., 0 < x < 2m is called its principal solution.

Example: Find the principal solutions of the following equations.

(i)sinx = ?

. 3 ) . 3
Sol: We have known that smg = \/2—— and sm?n = sin (7‘[ — g) = \/2——
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L . T 27T
Therefore, principal solutions are 3 and 5

(ii) tanx = ——

V3

Sol: We know that tang = =

1

T T
Thus tan (n —g) = —tang =-7F

and tan (271' —E) = —tanZ = ——
6 6

1w 1

51
Thus tan? = tanT =-5

L . 51 11w
Therefore, principal solutions are - and -~
General Solution

Since the trigonometric functions are periodic, so if a trigonometric equation has a solution, it
will have infinitely many solutions. We know that the values of sinx and cosx repeat after an
interval of 2 and the values of tanx repeat after an interval of m.

A solution of a trigonometric equation, generalized through periodicity, is known as the general
solution.

In other words, the expression involving integer n which gives all solutions of a trigonometric
equation is called the general solution.

The general solution of a trigonometric equation can find out with the help of the following
rules:

1) For any real number x, sinx =0=>x=nm,n€Z

2) For any real number x, cosx =0 =>x = (2n+ 1)% ,NEZ

3) For any real numberx, tanx =0=>x=nn,n€ Z

4) For any real number x, cotx =0=x = 2n + 1)% ,NEZ

5) Foranyreal numbersxandy, sinx =siny=x=nn+ (-1)"y, n€Z
6) Foranyreal numbersxandy,cosx =cosy =>x=2nntty,n €Z

7) If x and y are not odd multiples of g, thentanx = tany=>x =nn+y,n€Z
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Points to Remember:

1) Since secx = 1 or secx < —1, therefore secx = 0 does not have any solution. Similarly,
cosecx = 0 has no solution.

2) The equation cosecx = cosec y is equivalent to sinx = siny. Thus cosec x = cosecy
and sinx = siny have the same general solution.

3) Since tanx =tany <> cotx = coty . So, general solutions of cotx = coty and
tanx = tany are same.

4) Since ecx =secy < cosx = cosy. So, the general solutions of cosx = cosy and
secx = tany are the same.

Example: Find the general solutions of the following equations:
(i)2sinx+1=0

Sol: We have sinx = —%

Again consider sinx = —% = sin (— %)

So, the general solutionisx =nr + (—1)",n€Z

(i) tan 2x = /3

Sol: We have tan 2x = /3

:>tan2x=tan§ :>2x=nn+§, nez

nmoow
= x = 7+g,nEZ

(iii) cos (3;) =

1
2
Sol: We have cos (%x) = §:> cos (%x) = cosg

3x

T anm 2T
:>7=2n7r i;,nEZ =x =

— +t—,n€e’z
3 9
Example: Solve sin2x — sindx + sin6x = 0

Sol: The given equation can be written as

sinbx + sin2x — sindx =0
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= 2sin4xcos2x —sin4x =0
= sin4x (2cos2x —1) =0
So, sindx =0or2cos2x —1=0

. 1
= sindx =0 orc052x=5

. T
= sin4x =0 orcos2x = cos >

= 4x = nmwor2x = 2nn ig,nEZ

nm
:x=Torx=nni ,NEZ

ENE)

Example: Solve 2 cos?x + 3 sinx = 0
Sol: The given equation can be written as 2 (1 — sin?x) + 3 sinx = 0
= 2sin’x —3sinx —2=0
= (2sinx+ 1)(sinx—2) =0
. 1 .
= sinx = —-orsinx = 2
But sinx = 2 is not possible.
. B I\ . o i n7m
Sosinx = —-=sinx = sin—=x =nn+ (-1) o nE Z
Example: Solve sin3x + cos 2x = 0

Sol: The given equation can be written as cos 2x = — sin 3x

= c052x=cos(§+3x>:>2x=2nnig+3x,nEZ

=  2x—3x=2nm 1>

= —Xx = 2nm ig

= x=—2nn¢g,nEZ

Example: Solve 2tanx — cotx = —1

Sol: The given equation becomes 2 tanx — L =1

tanx
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= 2tan’x — 1= —tanx=2tan’x+tanx—1=0

= (tanx + 1)(2tanx—1) =0

= tanx +1=0or2tanx —1=0
= tanx = —1 or tanx =%
Now,tanx=—1:>tanx=tan( —%):>x=nn+(—g)=nn —%,nEZ

1 1
and tanx = 3= tanx = tan a, where tana = >

1
:x=nn+a,wheretana=;andneZ

Problems on Trigonometric Equations

Example: Solve: tanx + tan 2x + tan 3x = tanx tan 2x tan3x
Sol: We have tanx + tan 2x + tan 3x = tanx tan 2x tan3x
= tanx + tan 2x = —tan 3x + tanx tan 2x tan3x

= tanx + tan 2x = —tan 3x ( 1 — tanx tan 2x)

tan x+tan 2x
= ——————— = —tan 3x
1—-tanxtan2x

= tan(x + 2x) = —tan 3x
= tan3x +tan3x =0
= 2tan3x=0:>tan3x=0:3x=nn,neZ:>x=n3—",nEZ

Example: Solve: 2 tan?x + sec?x = 2for0 < x < 2m

Sol: We have 2 tan?x + sec?x = 2 = 2 tan’x + 1 + tan?x = 2

—3tan’x=1=tanx = + —

V3
1 T 7T
If we take tanx = —, then x = —or—
V3 6 6
. 1 51 11w
Again, if we take nx = — =, thenx = —or—
gain, V3’ 6 6
. . . . mw 5m 7w 11w
Therefore, the possible solutions of the given equation are x = Pl and -
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General Solutions of Trigonometrical Equations of some particular form

(i) sin®x = sin?y

= 2sin’x = 2sin’y = 1 —cos2x = 1 — cos 2y

= co0s2x = cos 2y

= 2x=2nm t2y,n€z

= x=nnty,n€Z

Similarly

(ii) cos?x = cos’y=>x=nn+y,n€’z

and (iii) tan’x = tan’y=> x=nn+y,n€zZ
Example: Solve: 7 cos?x + 3sin’x = 4

Sol: We have 7 cos?x + 3sin’x = 4

= 3(1— cos?x) + 7 cos’x = 4

= 4cos’x =1

2 1 2T
= €0s°x =-= cos 3

= x=nn +t

wla

,NEZ

Example: Solve: 8157W"% 4+ 81¢0s** =30, 0 < x < 7.
Sol: We have 815in°x 4 g1¢0s*x = 30

= 8lsin2x + 811—Sin2x =30

81

— g1sin®x 4 —_ =30
8151‘". X

= y+ i—l = 30, where y = 815in°%
= y2-30y+81=0
= (y=-27)(y—-3)=0=>y=270ry=3

Now y = 27 = 815W** = 27
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Wl

in2 . . 3 . o T
= @) = 3P =dsinfx=3=sin*x == sins=>x=nr &

andy = 3 = 815n°x = 3

oS

in2 . . 1 . T
= (BYH)S"* = 3l 5 45in’x=1= sm2x=z= sng: x=nm +
T s
Hence, x = nm i; orx =nn ig,nEZ

Trigonometric Equations of the form

a cosx + b sinx = ¢, where a, b, ¢ € R such that |c| < Va? + bZ2.

Example: Solve: V3 cosx + sinx = 2

Sol: Dividing both sides by /(\/5)2 + 12 = 2, we obtain

LIS SR )
> CoSx 2Slnx—2

s . . T 1 T T
— C0SX COS—+ SinxsIn— = — cos(x ——) = COS—
6 6 V2 6 4

jx—gzznﬂ,‘ i%,nEZ=>x=2nTti%+%,nEZ

51 T
= x=2nrt+§or,x=2nrt —E,nEZ

Example: Solve: V2 secx + tanx = 1

Sol: We haveV?2 secx + tanx = 1

V2 sinx
CoOSX = COSX

=1=+2 + sinx = cosx

= cosx — sinx = 2
Dividing throughout by /12 + (=1)2 = v/2, we obtain

1 1
— COSX =

sinx = 1= cosx cos= sinxsin= =1
N7 V2 - 4 4

= cos(x+%)=c050 :>x+%:2n7t +0,nez

:>x=2n7r—%,nEZ
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Example: Solve: 4 sinx sin 2x sin4dx = sin3x

Sol: We have 4 sinx sin 2x sin4x = sin3x

= 4 sinx sin(3x — x) sin(3x + x) = sin 3x

= 4[sinx (sin? 3x — sin®x)] = sin3x

= 4 sinx sin? 3x — 4 sinx = 3 sinx — 4sin3x

4sinx sin®?3x —3sinx = 0=>sinx(4sin?3x —3) =0

y

= sinx=0o0r4sin’3x —3=0
. . 9 3
= sinx = 0 or sin 3x=z

Now,sinx =0=>x=nm,n€Z

2
. 3 . V3 . . T
and sin® 3x === sin? 3x = (7) = sin?3x = sin? 3

=3x =mm i%:x=% +-,mez

o ll

Example: Solve: cot?x + i +3=0.
sinx
Sol: We have, cot?x +—— +3 = 0
sSinx

= cosec’x —1+ 3 cosecx +3=0
= (cosecx + 2)(cosecx +1) =0

= cosecx+2=0orcosecx+1=0
Now,cosecx+2=0:>;+2=0
sinx
= sinx=—%=sin(—%):>x=nﬂ+ (=D (—§)=nn+ (—1)”+1%,nEZ
and cosecx +1 =0 :>,L+1:0
sinx

= sinx = —1 = sin (—%):Mc=mn+ (™ (—g)zmn+ (—1)m+1§,mEZ
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