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Chapter- 12 

Introduction to 3 – D Geometry 
Introduction: 

We introduce a coordinate system in three–dimensional space by choosing three mutually perpendicular 

axes as a frame of reference. The orientation of the reference system will be right-handed in the sense that if 

you stand at the origin with your right arm along the positive 𝑥 − 𝑎𝑥𝑖𝑠  and your left arm along the 

positive𝑦 − 𝑎𝑥𝑖𝑠, your head will then point in the direction of positive 𝑧 − 𝑎𝑥𝑖𝑠. 

Coordinates of a Point in Space 

 

Let 𝑋′𝑂𝑋,  Y′OY and 𝑍′𝑂𝑍 be three mutually perpendicular lines intersecting at 𝑂 such that two of them 

𝑖. 𝑒. , 𝑌′𝑂𝑌 and 𝑍′𝑂𝑍 lies in the plane of the paper and the third 𝑋′𝑂𝑋 is perpendicular to the plane of the 

paper and is projecting out from the plane of the paper.  

Let 𝑂 be the origin and the lines 𝑋′𝑂𝑋,  𝑌′𝑂𝑌 and 𝑍′𝑂𝑍 be  𝑥 − 𝑎𝑥𝑖𝑠,  𝑦 − 𝑎𝑥𝑖𝑠, and 𝑧 − 𝑎𝑥𝑖𝑠 respectively. 

These three lines are also called the rectangular axes of coordinates. The planes containing the lines 

𝑋′𝑂𝑋,  𝑌′𝑂𝑌  and 𝑍′𝑂𝑍  in pairs determine three mutually perpendicular planes 𝑋𝑂𝑌,  𝑌𝑂𝑍, and 𝑍𝑂𝑋  or 

simply 𝑋𝑌,  𝑌𝑍, and 𝑍𝑋 which are called rectangular coordinates planes. 

 

Let 𝑃 be a point in space. Through 𝑃 draw three planes parallel to the coordinate planes to meet the axes in 

𝐴,  𝐵, and 𝐶 respectively. Let 𝑂𝐴 = 𝑥,  𝑂𝐵 = 𝑦and 𝑂𝐶 = 𝑧. These three real numbers taken in this order 

determined by the point 𝑃 are called the coordinates of the point 𝑃, written as (𝑥,  𝑦,  𝑧). Here 𝑥,  𝑦,  𝑧 are 

positive or negative according to as they are measured along with positive or negative directions of the 

coordinate axes. 
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Conversely, given an ordered triad (𝑥,  𝑦,  𝑧)of real numbers, we can always find the point whose coordinates 

are (𝑥,  𝑦,  𝑧) in the following manner. 

(𝑖) Measure 𝑂𝐴,  𝑂𝐵,  𝑂𝐶 along 𝑥 − 𝑎𝑥𝑖𝑠,  𝑦 − 𝑎𝑥𝑖𝑠, and 𝑧 − 𝑎𝑥𝑖𝑠 respectively. 

(𝑖𝑖) Through points 𝐴,  𝐵,  𝐶 draw planes parallel to the coordinate planes 𝑌𝑂𝑍,  𝑍𝑂𝑋, and 𝑋𝑂𝑌 respectively. 

The point of intersection of these planes is the required point 𝑃. 

To give another explanation about the coordinate of a point 𝑃 we draw three planes through 𝑃  parallel to 

the coordinate planes. These three planes determine a rectangular parallelepiped which has three pairs of 

rectangular faces, 𝑖𝑧.  𝑃𝐵′𝐴𝐶′,  𝑂𝐶𝐴′𝐵 ; 𝑃𝐴′𝐵𝐶′,  𝑂𝐴𝐵′𝐶 ; 𝑃𝐴′𝐶𝐵′,  𝑂𝐴𝐶′𝐵 . Then we have 

𝑥 = 𝑂𝐴 = 𝐶𝐵′ = 𝑃𝐴′ = Perpendicular distance from 𝑃 on the 𝑌𝑂𝑍 plane 

𝑦 = 𝑂𝐵 = 𝐴′𝐶 = 𝑃𝐵′ =  Perpendicular distance from 𝑃 on the 𝑍𝑂𝑋 plane 

𝑧 = 𝑂𝐶 = 𝐴′𝐵 = 𝑃𝐶′ = Perpendicular distance from 𝑃 on the 𝑋𝑂𝑌 plane 

Thus, the coordinates of point 𝑃 are the perpendicular distances from 𝑃 on the three mutually rectangular 

coordinate planes 𝑌𝑂𝑍,  𝑍𝑂𝑋, and 𝑋𝑂𝑌 respectively.  

Alternatively, to find the coordinates of a point 𝑃 in space, we first draw perpendicular 𝑃𝑀 on the 𝑥𝑦 −

𝑝𝑙𝑎𝑛𝑒 with 𝑀 as the foot of this perpendicular. Now from the point 𝑀, we draw perpendicular 𝑀𝐿 on 𝑥 −

𝑎𝑥𝑖𝑠 with 𝐿 as the foot of this perpendicular. If 𝑂𝐿 = 𝑎,  𝐿𝑀 = 𝑏and 𝑃𝑀 = 𝑐, then we say that 𝑎,  𝑏, and 𝑐 

are 𝑥,  𝑦, and 𝑧 coordinates, respectively, of the point𝑃 in space. In such a case, we say that the point 𝑃 has 

coordinates (𝑎,  𝑏,  𝑐).   

Conversely, if we are given the coordinates (𝑎,  𝑏,  𝑐) of a point 𝑃 and we have located the point, then first fix 

the point 𝐿 on 𝑥 − 𝑎𝑥𝑖𝑠 such that 𝑂𝐿 = 𝑎. Now, find a point 𝑀 on perpendicular to 𝑥 − 𝑎𝑥𝑖𝑠 at point 𝐿 such 

that 𝐿𝑀 = 𝑏. We can say that 𝑀 has coordinates (𝑎,  𝑏) in 𝑥𝑦 − 𝑝𝑙𝑎𝑛𝑒. Having reached the point 𝑀,  we 

draw the perpendicular on 𝑥𝑦 − 𝑝𝑙𝑎𝑛𝑒 at point 𝑀 and locate a point𝑃 on this perpendicular such that 𝑃𝑀 =

𝑐. The point 𝑃 so obtained has the coordinates (𝑎,  𝑏,  𝑐). 

Thus, there one–to–one correspondence between the points in space and the ordered triplets (𝑥,  𝑦,  𝑧) of 

real numbers. 
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Sign of Coordinates of a Point 

The three axes 𝑋′𝑂𝑋,  𝑌′𝑂𝑌 and 𝑍′𝑂𝑑𝑖𝑣𝑖𝑑es the space into eight compartments known as octants. The 

octant having 𝑂𝑋,  𝑂𝑌, and 𝑂𝑍 as its edges are denoted by 𝑂𝑋𝑌𝑍. Similarly, the other octants are denoted by 

𝑂𝑋′𝑌𝑍,  𝑂𝑋𝑌′𝑍,  𝑂𝑋′𝑌′𝑍,  𝑂𝑋𝑌𝑍′,  𝑂𝑋′𝑌𝑍′,  𝑂𝑋𝑌′𝑍′,  𝑂𝑋′𝑌′𝑍′.  The signs of the coordinates of a point 

depend upon the octant in which it lies. 

The following table shows the signs of coordinates of points in various octants. 

 

If a point 𝑃 lies in 𝑥𝑦 − 𝑝𝑙𝑎𝑛𝑒 ,  then 𝑧 − 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒  of 𝑃 is zero. Therefore, the coordinates of a point on 

𝑥𝑦 − 𝑝𝑙𝑎𝑛𝑒 are of the form (𝑥,  𝑦,  0) and we may take the equation of 𝑥𝑦 − 𝑝𝑙𝑛𝑎𝑒as 𝑧 = 0. Similarly, the 

coordinates of any point in 𝑦𝑧 and 𝑧𝑥 − 𝑝𝑙𝑎𝑛𝑒𝑠 are of the forms  (0,  𝑦,  𝑧) and (𝑥,  0,  𝑧) respectively and 

their equations may be taken as 𝑥 = 0 and 𝑦 = 0 respectively. 

If a point lies on the 𝑥 − 𝑎𝑥𝑖𝑠, then its 𝑦 and 𝑧 − 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒𝑠 are both zero. Therefore, the coordinates of 

an on 𝑥 − 𝑎𝑥𝑖𝑠 are of the form (𝑥,  0,  0) and we may take the equation of 𝑥 − 𝑎𝑥𝑖𝑠as 𝑦 = 0,  𝑧 = 0. 

Similarly, the coordinates of a point on 𝑦 and 𝑧 − 𝑎𝑥𝑒𝑠 are of the form (0,  𝑦,  0) and (0,  0,  𝑧) respectively 

and their equations may be taken as 𝑥 = 0,  𝑧 = 0 and 𝑥 = 0,  𝑦 = 0 respectively.  



[INTRODUCTION TO 3 – D GEOMETRY] | MATHEMATICS| STUDY NOTES 

 

ODM Educational Group Page 4 
 

Distance between two Points 

The distance between the points 𝑃(𝑥1, 𝑦1, 𝑧1) and 𝑄(𝑥2, 𝑦2, 𝑧2) is given by 

|𝑃𝑄| =  √(𝑥2 − 𝑥1)2 + (𝑦2 − 𝑦1)2 + (𝑧2 − 𝑧1)2 

Iis𝑂 be the origin and 𝑃(𝑥,  𝑦,  𝑧) is a point in space, then 

|𝑂𝑃| = √𝑥2 + 𝑦2 + 𝑧2 

The distance of any point 𝑃(𝑥,  𝑦,  𝑧) from the 𝑥 − 𝑎𝑥𝑖𝑠 is √𝑦2 + 𝑧2 

Similarly, the distance of 𝑃 from 𝑦 − 𝑎𝑥𝑖𝑠 is √𝑥2 + 𝑧2 and the distance of 𝑃 from 𝑧 − 𝑎𝑥𝑖𝑠is √𝑥2 + 𝑦2. 

Example: Find the distance between the points 𝑃(1,  − 3,  4)and 𝑄(−4,  1,2). 

Sol: The distance 𝑃𝑄 between the points 𝑃(1,  − 3,  4) and 𝑄(−4,  1,  2) is 

𝑃𝑄 =  √(−4 − 1)2 +  (1 + 3)2 + (2 − 4)2 =  √45 = 3√5 𝑢𝑛𝑖𝑡𝑠. 

Example: Show that the points 𝑃(−2,  3,  5),  𝑄(1,  2,  3), and 𝑅(7,  0,  − 1) are collinear. 

Sol: We know that the points are said to be collinear if they lie on a line. 

Now 𝑃𝑄 =  √(1 + 2)2 + (2 − 3)2 + (3 − 5)2 =  √14 

𝑄𝑅 =  √(7 − 1)2 + (0 − 2)2 + (−1 − 3)2 = 2√14 

𝑃𝑅 =  √(7 + 2)2 + (0 − 3)2 + (−1 − 5)2 = 3√14 

Thus 𝑃𝑄 + 𝑄𝑅 = 𝑃𝑅. 

Hence, 𝑃, 𝑄, and 𝑅 are collinear. 

Example Are the points 𝐴(3,  6,  9),  𝐵(10,  20,  30)  and 𝐶(25,  − 41,  5),  the vertices of a right-angled 

triangle? 

Sol: By, the distance formula, we have 𝐴𝐵2 =  (10 − 3)2 + (20 − 6)2 + (30 − 9)2 = 686 

𝐵𝐶2 =  (25 − 10)2 + (−41 − 20)2 + (5 − 30)2 = 4571 

𝐶𝐴2 =  (3 − 25)2 + (6 + 41)2 + (9 − 5)2 = 2709 

We find that 𝐶𝐴2 + 𝐴𝐵2 ≠ 𝐵𝐶2. 

Hence, the triangle 𝐴𝐵𝐶 is not a right-angled triangle. 
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Example: Find the equation of the set of points 𝑃 such that 𝑃𝐴2 + 𝑃𝐵2 = 2𝑘2, where 𝐴 and 𝐵 are the points 

(3,  4,  5) and (−1,  3,  − 7) respectively. 

Sol: Let the coordinates of point 𝑃be (𝑥,  𝑦,  𝑧). 

Here 𝑃𝐴2 =  (𝑥 − 3)2 + (𝑦 − 4)2 + (𝑧 − 5)2 

𝑃𝐵2 = (𝑥 + 1)2 + (𝑦 − 3)2 + (𝑧 + 7)2 

By the given condition 𝑃𝐴2 + 𝑃𝐵2 = 2𝑘2, we have 

(𝑥 − 3)2 + (𝑦 − 4)2 + (𝑧 − 5)2 =  (𝑥 + 1)2 + (𝑦 − 3)2 + (𝑧 + 7)2 

2𝑥2 + 2𝑦2 + 2𝑧2 − 4𝑥 − 14𝑦 + 4𝑧 = 2𝑘2 − 109. 

Example: Determine the point in 𝑥𝑦 − 𝑝𝑙𝑎𝑛𝑒  which is equidistant from three points 

𝐴(2,  0,  3),  𝐵(0,  3,  2)and 𝐶(0,  0,  1). 

Sol: We know that 𝑧 − 𝑐𝑜𝑜𝑟𝑑𝑖𝑛𝑎𝑡𝑒 of every point on 𝑥𝑦 − 𝑝𝑙𝑎𝑛𝑒 is zero. So, let 𝑃(𝑥,  𝑦,  0) be a point on 

𝑥𝑦 − 𝑝𝑙𝑎𝑛𝑒 such that 𝑃𝐴 = 𝑃𝐵 = 𝑃𝐶. 

Now, 𝑃𝐴 = 𝑃𝐵𝑃𝐴2 = 𝑃𝐵2 

 (𝑥 − 2)2 + (𝑦 − 0)2 + (0 − 3)2 = (𝑥 − 0)2 + (𝑦 − 3)2 + (0 − 2)2 

 4𝑥 − 6𝑦 = 02𝑥 − 3𝑦 = 0 … (1) 

Again, 𝑃𝐵 = 𝑃𝐶𝑃𝐵2 = 𝑃𝐶2 

 (𝑥 − 0)2 + (𝑦 − 3)2 + (0 − 2)2 = (𝑥 − 0)2 + (𝑦 − 0)2 + (0 − 1)2 

 −6𝑦 + 12 = 0𝑦 = 2 .  

Putting 𝑦 = 2in (1), we get 𝑥 = 3 

Hence, the required point has the coordinates (3,  2,  0) 

Example: Show that the points 𝐴(1,  2,  3),  𝐵(−1,  − 2,  − 1),  𝐶(2,  3,  2) and 𝐷(4,  7,  6) are the vertices of 

a parallelogram 𝐴𝐵𝐶𝐷, but it is not a rectangle. 

Sol: To show 𝐴𝐵𝐶𝐷 is a parallelogram we need to show the opposite sides are equal. 

Now, 𝐴𝐵 =  √(−1 − 1)2 + (−2 − 2)2 + (−1 − 3)2 = 6 

𝐵𝐶 =  √(2 + 1)2 + (3 + 2)2 + (2 + 1)2 =  √43 

𝐶𝐷 =  √(4 − 2)2 + (7 − 3)2 + (6 − 2)2 = 6 

𝐷𝐴 =  √(1 − 4)2 + (2 − 7)2 + (3 − 6)2 =  √43 
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Since 𝐴𝐵 = 𝐶𝐷and 𝐵𝐶 = 𝐷𝐴, so, 𝐴𝐵𝐶𝐷 is a parallelogram. 

Now, it is required to prove that 𝐴𝐵𝐶𝐷 is not a rectangle. For this, we show that diagonals 𝐴𝐶  and 𝐵𝐷 are 

unequal. 

We have 𝐴𝐶 =  √(2 − 1)2 + (3 − 2)2 + (2 − 3)2 =  √3 

𝐵𝐷 =  √(4 + 1)2 + (7 + 2)2 + (6 + 1)2 =  √155 

Since, 𝐴𝐶 ≠ 𝐵𝐷, so, 𝐴𝐵𝐶𝐷 is not a rectangle. 

Example: Find the equation of the set of the points 𝑃 such that the distances from the points 𝐴(3,  4,  − 5) 

and 𝐵(−2,  1,  4) are equal. 

Sol: If 𝑃(𝑥,  𝑦,  𝑧) be any point such that 𝑃𝐴 = 𝑃𝐵 

 𝑃𝐴2 = 𝑃𝐵2 

 (𝑥 − 3)2 + (𝑦 − 4)2 + (𝑧 + 5)2 = (𝑥 + 2)2 + (𝑦 − 1)2 + (𝑧 − 4)2 

 10𝑥 + 6𝑦 − 18𝑧 − 29 = 0. 

Section Formulae 

Internal Division 

Let 𝑃(𝑥1, 𝑦1, 𝑧1) and 𝑄(𝑥2, 𝑦2, 𝑧2) be two points in space and let 𝑅 be a point on the line segment 𝑃 and 𝑄 

such that it divides the join of 𝑃  and 𝑄  internally in the ratio 𝑚 : 𝑛 . Then, the coordinates of 𝑅  are 

(
𝑚𝑥2+𝑛𝑥1

𝑚+𝑛
,  

𝑚𝑦2+𝑛𝑦1

𝑚+𝑛
,  

𝑚𝑧2+𝑛𝑧1

𝑚+𝑛
) 

External Division 

Let 𝑃(𝑥1, 𝑦1, 𝑧1) and 𝑄(𝑥2, 𝑦2, 𝑧2) be two points in space and let 𝑅 be a point on the line segment 𝑃 and 𝑄 

such that it divides the join of 𝑃 and 𝑄  externally in the ratio 𝑚 : 𝑛. Then, the coordinates of 𝑅  are 

(
𝑚𝑥2−𝑛𝑥1

𝑚−𝑛
,  

𝑚𝑦2−𝑛𝑦1

𝑚−𝑛
,  

𝑚𝑧2−𝑛𝑧1

𝑚−𝑛
) 

Notes: 

➢  If 𝑅 is the midpoint of the segment joining  𝑃(𝑥1, 𝑦1, 𝑧1) and 𝑄(𝑥2, 𝑦2, 𝑧2), then the coordinates of 𝑅 

are (
𝑥1+𝑥2

2
,  

𝑦1+𝑦2

2
,  

𝑧1+𝑧2

2
) 

➢ The coordinates of the point 𝑅  which divided 𝑃𝑄  in the ratio 𝑘: 1 , are given as 

(
𝑥1+𝑘𝑥2

1+𝑘
,  

𝑦1+𝑘𝑦2

1+𝑘
,  

𝑧1+𝑘𝑧2

1+𝑘
) 

➢ If the vertices of a ∆ 𝐴𝐵𝐶 are 𝐴(𝑥1, 𝑦1, 𝑧1),  𝐵(𝑥2, 𝑦2, 𝑧2)  and 𝐶(𝑥3, 𝑦3, 𝑧3),  then the centroid of a 

∆𝐴𝐵𝐶 is 𝐺 (
𝑥1+𝑥2+𝑥3

3
,  

𝑦1+𝑦2+𝑦3

3
,  

𝑧1+𝑧2+𝑧3

3
) 
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Example: Find the coordinates of the point which divides the line segment joining the points (1,  − 2,  3) and 

(3,  4,  − 5) in the ratio 2 : 3(𝑖) internally (𝑖𝑖) externally. 

Sol: Let 𝑃(𝑥,  𝑦,  𝑧) be the point that divides the line segment joining 𝐴(1,  − 2,  3) and 𝐵(3,  4,  − 5) 

internally in the ratio 2 : 3. Therefore 

𝑥 =  
2 × 3 + 3 × 1

2 + 3
=

9

5
,   𝑦 =  

2 × 4 + 3(−2)

2 + 3
=

2

5
 ,   𝑧 =  

2(−5) + 3 × 3

2 + 3
= −

1

5
  

Thus, the required point is (
9

5
,

2

5
,  −

1

5
). 

(𝑖𝑖)  Let 𝑃(𝑥,  𝑦,  𝑧)  be the point that divides the line segment joining 𝐴(1,  − 2,  3)  and 𝐵(3,  4,  − 5) 

externally in the ratio 2 : 3. Therefore 

𝑥 =  
2 × 3 − 3 × 1

2 − 3
= −3,   𝑦 =  

2 × 4 − 3(−2)

2 − 3
= −14,   𝑧 =  

2(−5) − 3 × 3

2 − 3
= 19 

Therefore, the required point is (−3,  − 14,  19) 

Example: Using, the section formula, prove that the three points (−4,  6,  10),  (2,  4,  6) and (14,  0,  − 2) 

are collinear. 

Sol: Let 𝐴(−4,  6,  10),  𝐵(2,  4,  6) and 𝐶(14,  0,  − 2) be the given points. Let the point 𝑃 divide 𝐴𝐵 in the 

ratio 𝑘 : 1. Then coordinates of the point 𝑃 are (
2𝑘−4

𝑘+1
,  

6𝑘+6

𝑘+1
,  

6𝑘+10

𝑘+1
) 

Let us examine whether, for some value of 𝑘, the point 𝑃 coincides with point 𝐶. 

On putting 
2𝑘−4

𝑘+1
= 14, we get 𝑘 = −

3

2
 

When 𝑘 = −
3

2
, then 

4𝑘+6

𝑘+1
=  

4(−
3

2
) + 6

−
3

2
 + 1

= 0  and  
6𝑘+10

𝑘+1
=

6(−
3

2
) + 10

−
3

2
 + 1

= −2 

Therefore, 𝐶(14,  0,  − 2) is a point that divides 𝐴𝐵 externally in the ratio of 3: 2 and is the same as 𝑃. Hence  

𝐴,  𝐵,  𝐶 are collinear. 

Example: Find the ratio in which the line segment joining the points (4,  8,  10) and (6,  10,  − 8) is divided 

by the 𝑦𝑧 − 𝑝𝑙𝑎𝑛𝑒. 

Sol: Let 𝑦𝑧 − 𝑝𝑙𝑎𝑛𝑒 divide the line segment joining 𝐴(4,  8,  10) and 𝐵(6,  10,  − 8) at 𝑃(𝑥,  𝑦,  𝑧) in the ratio 

 𝑘 : 1. Then the coordinates of 𝑃are (
4+6𝑘

𝑘+1
,  

8+10𝑘

𝑘 + 1
,  

10 −8𝑘

𝑘+1
). 

Since 𝑃 lies on the 𝑦𝑧 − 𝑝𝑙𝑎𝑛𝑒, its 𝑥 − 𝑐𝑜𝑜𝑟𝑑𝑖𝑎𝑛𝑡𝑒 is zero. 𝑖. 𝑒. ,  
4+6𝑘

𝑘+1
= 0 

 𝑘 = −
2

3
 

Therefore, 𝑦𝑧 − 𝑝𝑙𝑎𝑛𝑒 divide 𝐴𝐵 externally in the ratio of 2 : 3. 
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Example: The centroid of a triangle 𝐴𝐵𝐶 is at the point (1,  1,  1). If the coordinates of 𝐴 and 𝐵 are (3,  −

5,  7) and (−1,  7,  − 6) respectively, find the coordinates of the point 𝐶. 

Sol: Let the coordinates of 𝐶 be (𝑥,  𝑦,  𝑧) and the coordinates of the centroid 𝐺be (1,  1,  1). Then 

𝑥 + 3 − 1

3
= 1 𝑖. 𝑒. ,  𝑥 = 1 

𝑦 − 5 + 7

3
= 1 𝑖. 𝑒. ,  𝑦 = 1 

𝑧 + 7 − 6

3
= 1 𝑖. 𝑒. ,  𝑧 = 2 

Hence, coordinates of 𝐶 are (1,  1,  2) 

Example: Find the coordinates of the points which trisect the line segment 𝐴𝐵, given that 𝐴(2,  1,  − 3)and 

𝐵(5,  − 8,  3). 

Sol: Let 𝑃 and 𝑄 be the points which trisect 𝐴𝐵. Then 𝐴𝑃 = 𝑃𝑄 = 𝑄𝐵. 

Therefore 𝑃 divides 𝐴𝐵 in the ratio of 1: 2 and 𝑄 divides it in the ratio of 2: 1. 

As 𝑃 divides 𝐴𝐵 in the ratio of 1: 2, so coordinates of 𝑃 are  

(
1 × 5 + 2 × 2

1 + 2
,  

1 × (−8) + 2 × 1

1 + 2
,  

1 × 3 + 2 × (−3)

1 + 2
) = (3,  − 2,  − 1) 

Since 𝑄 divides 𝐴𝐵 in the ratio of 2: 1, so coordinates of 𝑄 are  

(
2 × 5 + 1 × 2

2 + 1
,  

2 × (−8) + 1 × 1

2 + 1
,  

2 × 3 + 1 × (−3)

2 + 1
) = (4,  − 5,  1) 

Example: The midpoints of the sides of a triangle are (1,  5,  − 1),  (0,  4,  − 2)and (2,  3,  4). Find its vertices. 

Sol: Let 𝐴(𝑥1, 𝑦1, 𝑧1),  𝐵(𝑥2, 𝑦2, 𝑧2) and 𝐶(𝑥3, 𝑦3, 𝑧3) be the vertices of the given triangle and let 𝐷(1,  5,  −

1),  𝐸(0,  4,  − 2) and 𝐹(2,  3,  4) be the midpoints of the sides 𝐵𝐶,  𝐶𝐴, and 𝐴𝐵 respectively. 

𝐷is the midpoint of 𝐵𝐶
𝑥2+𝑥3

2
= 1,  

𝑦2+𝑦3

2
= 5,  

𝑧2+𝑧3

2
= −1 

 𝑥2 + 𝑥3 = 2,  𝑦2 + 𝑦3 = 10,  𝑧2 + 𝑧3 = −2 … (𝑖) 

𝐸is the midpoint of 𝐶𝐴
𝑥1+𝑥3

2
= 0,

𝑦1+𝑦3

2
= 4,  

𝑧1+𝑧3

2
= −2 

 𝑥1 + 𝑥3 = 0,  𝑦1 + 𝑦3 = 8,  𝑧1 + 𝑧3 = −4 … (𝑖𝑖) 

𝐹is the midpoint of 𝐴𝐵
𝑥1+𝑥2

2
= 2,  

𝑦1+𝑦2

2
= 3,  

𝑧1+𝑧2

2
= 4 
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 𝑥1 + 𝑥2 = 4,  𝑦1 + 𝑦2 = 6,  𝑧1 + 𝑧2 = 8 … (𝑖𝑖𝑖) 

Adding the first three equations in (𝑖),  (𝑖𝑖)and (𝑖𝑖𝑖), we obtain 

2(𝑥1 + 𝑥2 + 𝑥3) = 2 + 0 + 4𝑥1 + 𝑥2 + 𝑥3 = 3 

Solving the first equations in (𝑖),  (𝑖𝑖) and (𝑖𝑖𝑖)with 𝑥1 + 𝑥2 + 𝑥3 = 3, we obtain 

𝑥1 = 1,  𝑥2 = 3,  𝑥3 = −1. 

Adding second equations in (𝑖),  (𝑖𝑖)and (𝑖𝑖𝑖), we obtain 

2(𝑦1 + 𝑦2 + 𝑦3) = 10 + 8 + 6𝑦1 + 𝑦2 + 𝑦3 = 12 

Solving second equations in (𝑖),  (𝑖𝑖) and (𝑖𝑖𝑖)with 𝑦1 + 𝑦2 + 𝑦3 = 12, we obtain 

𝑦1 = 2,  𝑦2 = 4,  𝑦3 = 6. 

Adding the last three equations in (𝑖),  (𝑖𝑖)and (𝑖𝑖𝑖), we obtain 

2(𝑧1 + 𝑧2 + 𝑧3) = −2 − 4 + 8𝑧1 + 𝑧2 + 𝑧3 = 1 

Solving the last equations in (𝑖),  (𝑖𝑖) and (𝑖𝑖𝑖)with 𝑧1 + 𝑧2 + 𝑧3 = 1, we obtain 

𝑧1 = 3,  𝑧2 = 5, 𝑧3 = −7. 

Thus, the vertices of the triangle are 𝐴(1,  2,  3),  𝐵(3,  4,  5)and 𝐶(−1,  6,  − 7). 

 

 

 

 

 

 

 


