Chapter- 13

LIMIT AND DERIVATIVES

Fundamental of Limits:-

Definition of Limit:- If f(x) approaches to a real number £, when x approaches a (through lesser or
greater values to a) i.e if f(x) » ¢, when x — a, then € is called the limit of the function f(x).In

symbolic form, it can be written as lim f(x) = €.
x—-a

Algebra of Limits:-

Sometimes two or more functions involving algebraic operations such as addition, subtraction,
multiplication, and division are given, and then to find the limit of these functions involving algebraic
operations, we use the following theorem.

Let f and g be two real functions with common domain D, such that lim f(x) and lim g(x) exists.
x—a xX—a

Then
(a) The limit of the sum of two functions is the sum of the limits of the functions.
i.e lim(f + g)(x) =lim f(x) + lim g(x)

x—=a X—a x—a
(b) Limit of the difference between two functions is the difference between the limits of the function
i.e lim(f — g)(x) = limf(x) — limg(x)

xX—a X—-a xX—a
(c) Limit of the product of a constant and one function is the product of that constant and limit of a
function,
i.e lim[c. f(x)] = climf(x), where cis a constant.

xX—a x—a
(d) Limit of the product of two functions is the product of the limits of the function, i.e

lim[f(x).g(x)] = limf (x).limg(x)

xX—a x—a x—a
(e) Limit of the quotient of two functions is the quotient of the limits of the functions, i.e

L f) _ bmfx) )
xoa9G)  limg(o)’ where lim g(x) # 0

Limits of polynomial function:-

A function f is said to be a polynomial function if f(x) is a zero function or if

f(x) =ay+ ax +ax?+........ +a,x", where aj’s are real numbers and a,, # 0.

Method to find the limit of a polynomial:-

To find the limit of a given polynomial, we use the algebra of limits and then put the limit and

simplify. It can be understood in the following way.
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We know that, limx = a. Then limx? = lim(x.x) = limx.limx = a.a = a?
x—-a x—-a x—-a x—-a x—-a

Similarly, limx™ = a™
x—a

Example:-1

Evaluate the limits lin;(4x3 —2x%2—x+1)
x—

Solution:-

lim(4x3 — 2x2 —x + 1)

x—3

= 4limx3 — 2limx? — limx + lim1
x-3 x—3 x-3 x-3

=4(3)*-2(3)?-3+1=108—-18—-2 =188
Limits of Rational Functions:-

()

A function f is said to be a rational function, if f(x) = i( ]

where g(x) and h(x) are polynomial
functions such that h(x) # 0.

_ g(x)
Then, llmf(x) llm ve

limg(x) g(a)
llmh(x) ~ h(a)

However, if h (a) = 0, then there are two cases arise,

(i) g(a) # 0 (i) g(a) = 0

In the first case, we say that the limit does not exist. In the second case, we can find a limit. The limit
of a rational function can be found with the help of the following methods.

Direct Substitution Method:-

In this method, we substitute the point, to which the variable tends to in the given limit. If it gives us
a real number, then the number so obtained is the limit of the function and if it does not give us a

real number, then use other methods.

Example:-

Find the limits of the following

oo (x—1)%+3x2
(I) il_rle x+3 (“) li 1 (x*+1)2
Solution:-

(umE=2=22-2_9

x—2 x+3 2+3 5
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(i) Li (x=1?+3x* _ (-1-1*+3(-1)* _ (-2)*+3(1) _ 4+3 _ 7
N M Dz - (CD 02 +D2 . 22 1

Factorization Method:-

Let lim% reduces to the formgwhen we substitute x = a. Then we factorize f(x) and g(x) and
xX—a

then cancel out the common factor to evaluate the limit.
Method to determine the limit by using the factorization method:-

Step -1 write the given limit as limLx)
x—a g(x)

If limf(x) =0 and limg(x) =0, then go to the next step, otherwise use the direct
x—-a x—-a
substitution method.
Step—1I Factorise f(x) and g(x), such that (x — a) is a common factor, and write the given limit

as
T (x—a)f1(x)

x—a (x—a)g(x)

Step -l Cancel the common factor(s) then the limit obtained in step Il becomes lim%
xX—a 1
Step - IV Use a direct substitution method to obtain a limit.
Example:- 1
4x2%-1

Evaluate lin}

xo=
2

2x—-1
Solution:-

. 1 0 . .
On putting x = > we get the form p So, let us first factorize it

2— —-—
Consider, lim L - lim @xr1@x"1)
xol 2x-1 ot (2x-1)
2 2
] 1
= lim(2x + 1) =2(—>+1=2
1 2
x—z
2
Example:- 2
2_
Evaluate lim %]
x—2 Lx°—4x<+4x

Solution:-

. 0 . .
On putting x = 2, we get the form 559, let us first factorize it.

. . . (x+2)(x-2)

Consider, lim——— = —_—
xo2 X3—4x2+4x x5 x(x-2)2

o (x+2) 242 4

v x(x=2)  2(2=2) 0

which is not defined.
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. x2—4 .

~ lim [7] does not exist.
x—=2 Lx3—4x%+4x

Rationalization Method:-

0 . . . . .
If we getaform and numerator or denominator or both have a radical sign, then we rationalize the

numerators or denominator or both by multiplying them to remove g the form and then find the limit

by direct substitution method.

Example:- 1
Evaluate lim Y222
x-0 x

Solution:-

VZTE-V2
X

When x = 0, then the expression becomes of the form %. So we will be rationalizing the

numerator by multiplying and dividing its conjugate i.e V2 + x + /2
CV2+x—V2 . (V2+x—-V2)(V2+x ++/2)
~lim = lim
x50 x x=0 x(V2 +x ++2)
| 2+x—2 ] 1 1
= lim = lim =
=>0x(V2+x+2) 02+ x+V2  2V2

By using Some standard Limits:-

n_,n
If the given limit is of the form lim xx Z , then we can find the limit directly by using the following
x—a -
theorem.
e . xM—am n—1
Theorem:- Let n be any positive integer. Then lim =na""".

x—-a xX—a

Proof:- We have known that x™® — a™= (x — a)(x™ ! + ax™%+.... +a" ?x + a™ 1)

By dividing both sides (x — a), we get xn:zn B )

X

. xN—am . _ _ _ _
Thus, lim—— = lim(x™ ! + ax™ %+.....+a" %x + a™ 1)
x—-a X—a x—-a

=a" ' +a(@ ?)+....4a" 2a+ a"?!

Example:-1

. x19-1024
Evaluate lim ————
x—2 xX—2

10

. 2 0
Solve:- When x = 2, the expression xxT4 becomes of the form 5

x10-1024 . x10-210

x—2 x—2 X—

=10 x 210-1 = 5120

Now, lim
x—2
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Example:-2

Evaluate llm 3\/_ \/_

Solution:-
x—2 1 1 1
i = AR 2B - T T~ 327)
m—=3 3@ zx @)
Example:- 3
Evaluate llm — 32
x-2 X
Solution:-
5_ 5 5-25 5_55 3_53
X 5-2 Y x°-2> 4. x°—2
gcl—r]zl x3-8 _fcl—>2 x3-23 ill?% x_3:§3 - xlgl?z x—2 gcl—trzl x—2
=5x251+3x231
5x2* 5 20
=5x2%+3x%x2%= = x22=""
3x2%2 3 3
Example:-4
1/3_
Evaluate llmM
x-2 xX—2
Solve:-
Put 2x + 4 = y, theny — 8asx — 2
Rx+d1B -2 yU3_2
”x—>2 X —2 _ylféy—él 2
-
1/3 _ (g)1/3 1/3 _g1/3
= 2[im¥ = 2[imy—

x—8 y—4—4 x—8 y—8

=2 1 (23)—% — 2 (2)—2 — 2 X
3 3’ 3
Limits of Trigonometric Functions:-

Three important limits are

sinx

(i) lim == =1

(ii) liml‘“’” =0
x—0

(iii) lim 2222 = 1
x—0

Where x is measured in radian
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Method to determine the limit of trigonometric Function:-
Step -1 First, check that the given variable tends to zero or not. If yes, then go to step Il,

otherwise put x = a + h in the given function such that as x — a, thenh - 0
Step—1i Put the limit in a given function, if%the form is obtained, then we go to the next step.

Otherwise, we get the required answer.
Step-lll Simplify the numerator and denominator to eliminate those factors which become 0

on putting the limit.

. . ) in 6 6
Step— IV Now, convert the result obtained in step lll, into the form of % or taTn

Step—-V Substitute the value of the standard limit of a trigonometric function as obtained in
step IV and simplify it.
Example:- 1

Evaluate lim@ cos e c6
-0

Solution:-

lim6 cos e cO = lim—
6-0 -0 sin @

o YA
sing T 17
2]

Example:- 2

sin 3x

Evaluate lim
x—0

Solution:-

sin 3x

. . sin3x . 3 sin3x 3
lim =lim——= = lim-. =,
x=0 5% x-0 5xx;  x-05 3x 5 x50 3x

Example:- 3

. tanx®
Evaluate lim ——
x—-0 X

Solution:-

. tanx® . tan—-
lim =lim—=22 =1
x-0 X x-0 T4

Example:- 4

(sin 2x+sin 6x)

Evaluate lim | = :
sin 5x—sin 3x

x—0

Solution:-
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. sin 2x+sin 6x . 2 sin4x cos 3x . sin4x cos 2x
lim(——————) = lim(————) = lim |————
x—0 \sin5x—sin 3x x—0 \ 2cos4xsinx x—0 \ cosdxsinx

~ (Ssin4dx X 1
=llm{ X X cos2x X ><4}

x—0( 4x sinx cos 4 x
. sindx X ] 1 1
=4 X lim xllm(_ )xllmc052xx_—=<4x1x1x1x—)=4
4x->0 4x x—0 \Sinx 2x-0 lim cos4x 1
4x—-0
Example:- 5
Evaluate lim =252
x—0 X
Solution:-
~ 1—cos4x
lim———
x—0 X
_ 2sin?2x  x
=lim—— X —
x-0 X X
) sin 2 x\?
=llm2< >><4x=2><1><0=0
x—0 2x
Example:- 6

. tan2x-sin2x
Evaluate lim —————
x—0 X

. . tan2x-sin2x
Solution:- [im————
x—0

x3
sin2x
— ] cos2xsin2
= llm—3
x—-0 X

sin 2x—sin 2x.cos 2x

= lim

x—0 x3.cos 2x
- sin2x(1—cos2x)
= lim 3
x—0 XxX>.coS2x
. tan2x . 2sin?x

= lim X lim—

x-=0 X x-0 X

. 2
. tan2x . sin x
= 2.lim X lem( )
x—0 2X x—0 \ X

=2(1)x2(1)?*=4
Example:- 7

. Sinx
Evaluate lim ——
x-m T—X

Solution:-Putm —x =y,y > 0asx > m

sinx

Therefore lim
x->m T—X
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sin(m —y)
m—
y-0 y

siny

= lim
y=>0 'y

=1
Evaluation of Trigonometric Limits by Factorisation:-

Sometimes, trigonometric limits can be evaluated by the factorization method.

Example:- 8

] cot? x-3
Evaluate lim ———
X—T /6 COS ecx—2

Solution:-

- cot?’x—3
im ———
x—m/6 COSecx — 2

_ cosec?x—1-3

x—m/6 COSecx—2

_ cosec’x—4

x—T/6 COSecx—2

~ (cosecx —2)(cosecx +2)
= lim
x—T/6 (cosecx —2)

= lim (cosecx + 2)
x-1/6

T
=cosecE+2=2+2=4

Limits of Exponential Functions and Logarithmic Functions:-
Limits of Exponential Functions:-
A function of the form f(x) = e* is called the exponential function

To find the limit of a function involving an exponential function, we use the following theorem.

e*—1

=1

Theorem lim
x—0

Method to find the limit of exponential functions:-

If the given function has an exponential term, then we convert the given theorem into the form of

eX—1 . e¥-1
and then use the theoremlim =1.
x-0 X
Example:- 1
. . e3*_1
Find the value of lim
x->0 X
Solution:-
e¥ -1 e*—-1 3

lim = lim X —
x—0 X x—0 X
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e3%—1

= 3lim .
x—0 x (1)

Leth =3x. Then h = Oasx —» 0

Now, from eq. (1) we get

3x __ eh -1
3lim = 3lim =3x1=3
x-0 X h—-0
Example:- 2
X_p3
Evaluate lim 2
x—3 Xx—3
Solution:-
X_,3
We have lim &=
x-3 -
On put h=x-3 we get
eX — @3 eh+3 _ 3
lim——— = 1lim
x-3 X —3 h—0 h
. eled —e3
= lim
h—0 h
h
et—1
= e3lim =e3x1=¢3
h—0 h
Theorem:- limM =1
x—0 X
Note:- limM =1
x—0 —-X
Corollary:-
W 1. loge(1=x) vy g. a¥—=1
i)lim————==1 i) lim—— =loga
(i) lim = (if) Lim — 9

Method to find the limit of logarithmic Function:-

If the given function involves a logarithmic function, then we convert the given function into the

loge(1+x) loge(1+x) 1

X

form of and then use the theorem lirré
X—

Example:- 3

. log.(1+2x)
Evaluate [im —9e—*=%
x—0

. lo 1+2x
Solve:- We have, llmL X

2
x—0 x 2

- log.(1 + 2x)
=2lim———
x—0 2x

On putting h = 2x we get
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log,(1+ 2x log,(1+h
i 09T 20 _ o9t
x—0 X h—-0 h

Example:- 4
Evaluate lim Lx—]

x—0 log(1+x)
Solution:-

Vvi+x—1

lim
x-0 log(1 + x)
By multiplying numerators and denominators by v1 + x + 1 we get

I \/1+x—1>< vi+x+1
im
0log(l+x)  (Vi+x+1)

_ lim 1+x-1
x=0 (\/1+_x + 1) log(1+x)
= lim ad
%0 (V14 x+1)log(1+x)
= lim L = 1 X LES l
(VI+0+1)x~0 log(1+x) 1+1 2
X
Example:- 5
Evaluate llm\/% .
Solution:-
lim — 2 -1
=201 4+x~1

2% —1 (MH)

=i
x%l\/1+x— 1 (Vi+x+1)
2x
= lim x{\/1+x+1}
x—0
2*¥ -1
= lim X llm(\/l + x4+ 1)
x—0

= (log2)x2=2log?2
Concept of Left hand and right hand limit:-
Left-hand limit:- A real number ¢, is a left-hand limit of the function f(x) atx = a if the values of
f(x) can be made as close as #; at points close to a and on the left of a. Symbolically, it is written as

LHL = lim f(x) = ;.
x—a
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In other words, we can say that LHL = lim f(x) = £, is the expected value of f atx = a when we
x—->a~

have the values of f near x to the left of a. This value is called the left-hand limit of f(x) at a.
Right-hand limit:- A real number £, is a right-hand limit of function f(x) atx = a if the values of
f(x) can be made as close as ¥, at point close to a and on the right of a. Symbolically, it is written as

RHL = limj(x) = #£,. In other words, we can say that, RHL = lim+f(x) = €, is the expected
x—-a x—-a

value of f atx = a, when we have the values of f near x to the right of a. This value is called the
right-hand limit of f(x) at a.

Existence of Limit:-

If the right-hand limit and left-hand limit coincide (i.e same), then we say that limit exists and their

common value is called the limit of f(x) atx = a and denoted by lim f(x).
xX—a

Method to find the left-hand and right-hand limits of a function:-
With the help of the following steps, we can find the left-hand and right-hand limits of a function
easily.

Step — | For left-hand limit, write the given function as lim f(x) , and for right-hand limit, write the
x-a~
given function as lim f(x).
x—-at

Step — Il For the left-hand limit, put x = a — h and change the limit x - a~ by h — 0. Then, the limit

obtained from step | is ;lingf(a — h). Similarly, for the right-hand limit, put x = a + h and change the
limit x > a* by h = 0. Then, the limit obtained from step | is ;lin(%f(a + h).
Step — Il Now, simplify the result obtained in step — Il i.e ;lirréf(a —h) or ;lirréf(a + h).

Example:- 1

[x—3|

Suppose the function is defined by f(x) = {x—3 » fx#3
0, ifx=3

(i) Find the left hand limit of f(x) atx = 3
(ii) Find the right hand limit of f(x) atx = 3

Solution:-

[x—3|

(i) Given, f(x) = {H , ifx#3
0, ifx=3

~ Left-hand limit at x =3 is

lim f(2) = lim ] (1)

x—3~ x—3

ODM Educational Group Page 11




On putting x = 3 — h and changing the limit x = 37 byh — 0 in Eq. (i) we get

, g lx=3l .l

)= lim oo = im
h

=>xl11§1_f(x) = llmm -1

(ii) Right-hand limit at x = 3 is

[x—3|

llm f(x) = ll ................................. (ii)

-3+ x-3

On putting x = 3 + h and changing the limit x > 37 by h = 0 in equation (ii) we get

|x—=3] [h|
llmf(x) = llm+ — %1—»0 -

= llmf(x) —llm - —lm&h 1

Example:-2
Evaluate the left-hand and right-hand limits of the following functions at x = 2, f(x) =

{2x+3, ifx <2

: -
X+5, ifx>2 Does il_T)erf(x) exist?

Solution:-

. 2x +3, ifx <2
GIVenf(x):{x+5 ifx>?2

LHL= lim f(x) = lim2x + 3
xX—2~ xX—2~
= ;lirré[Z(Z —h)+3]=2(2-0)+3

[Putting x = 2 — hand whenx — 27, then h — 0]
=44+3=7
RHL=xli72n+f(x)

=)

=£irr&(2+h+5)=2+0+5=7

Putting x =2 + handx — 2*,then h - 0
LHL of f(atx = 2) = RHL of f(at x = 2)

lirrzlf(x) exists and it is equal to 7.
X—

ODM Educational Group Page 12




Derivative and the first principle of Derivative:-
Derivative at a point

Suppose f is a real-valued function and a is a point in its domain. Then, the derivative of f ata is

He=ID provided this limit exists.

defined by ;ll_T)ré
The derivative of f(x) at a is denoted by f'(a).
Example:- 1

Find the derivative f(x) = 4x + 5atx = 3.

Solution:-

fla+h)—f(a)
h

e fBHR) =)
“f3) = [im n

- 43+h)+5—-(4x3+5)
lim

Givenf(x) = 4x + 5. We know thatatx =a, f'(a) = ;lirré

h—0 h
12+ 4h+5—-17 4h
= lim =lim—=4
h-0 h h—0 h

Geometrical meaning of derivative. Consider a graph of a function y=f(x):

¥

Jlm+hx)

From Fig.1 we see, that for any two points A and B of the

function graph:
grap Flm)

where a- a slope angle of the secant AB.

So, the difference quotient is equal to a secant slope. If to
fixpoint A and move point B towards A, then Axwill
unboundedly decrease and approach 0, and the secant AB will o %o xo+dx X
approach the tangent AC. Hence, a limit of the difference Fig 1

guotient is equal to a slope of a tangent at point A. Hence it follows: a derivative of a function at a
point is a slope of a tangent of this function graph at this point.

|

First Principle of Derivative:-

f(x+h)—f(x)
h

Suppose f is a real-valued function, the function defined by ;ling , Wherever the limit exists,
-

is defined to be the derivative of f at x and is denoted by f’(x). This definition of derivative is called

the first principle of the derivative.

f(x+h)—f(x)

Thus, f'(x) = ;li_r)% -
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Sometimes f’(x) is denoted by;—x[f(x)]orify = f(x) then it is denoted byZ—zand referred to as

derivative of f(x)or y w.r.t x. It is also denoted by D[f (x)].
Note:-

A derivative of at x = a is also given by substituting x = a in f(x) and it is denoted by

—f(x) |a or— or (Zi)xm.

Example:-2

Find the derivative of f(x) = % using the first principle.
Solution:-

We have f(x) = %

By using the first principle, f'(x) = ;lm&w

h
11
“ [0 = timEER X
N, x—(x+h)
h—>0h[ x(x + h) ] h—»oh[x(x+h)
-1 —1

= l . 00000 . -
~ 12 x(x + h) ~ X2

Example:- 3
Find the derivative of e*, using the first principle.
Solution:-

Let f(x) = e*. By using the first principle of derivative, we have

ooy fe+h)—f)  e*h—e¥
) = i = =

X h_1 h_1
limwzexlimuzexxlzex
h—-0 h h—-0

Example:-4

Find the derivative of the function log x, by using the first principle.
Solution:-

Let f(x) = log x

By using the first principle of derivative, we have

f(x+h)— f(x) - log(x+h)—logx
= lim
h h—-0 h

fx) = lim
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x+h h
log log(1+=) 1
h—0 h h—0 h X
X
1 1
=1X—-—=-
X x

Example:-5

Find the derivative of the following function by using the first principle.
(i) sin x (ii) sec x (iii) tanx

Solution:-

(i) Let f(x) = sinx

By using the first principle of derivative, we have

flx+h)—f(x) _ sin(x+ h) —sinx
= lim
h-0 h
2 cos (M) sin (w)

R 7 2
T n

C+D C—-D
-'-sinC—sinDchos( > )x.sw'n( > )]

fGx) = lim

_ lichos (x +%).sin%

h—0 h

h sini
= lim cos (x + —) Adim
h-0 2

h
= limcos (x +—) X1
h—0 2

cos(x +0) =cosx
T (sinx) = cosx
(ii) Let f(x) = secx

By using the first principle of derivative, we have

fx+h)—f(x)
h
, ~ sec(x+h) —secx
0 = =
11
_ ;}_’fg cos(x + i;l) COS X

fr@x) = lim
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cos x — cos(x + h)
im
h-0h X cos x.cos(x + h)

—2sin (X_HZC—-l_h) .sin (HZC—_h)

h=0 h.cos x.cos(x + h)

~(C+D\ ((C—-D
:-cosC—cosD=—2$m< > >sm< )]

2
— lim —2sin (x + %) . (— sin%)

h>0 h.cos x cos(x + h)

sin (x + %) _ sin%

= lim :
n-0 cos(x + h).cosx h>0 h

sinx
= > X 1
coSs? x
sinx 1
= . =tanx.secx
COSX COSX

(i) Let f(x) = tanx

Then, by the first principle of derivative, we get

fGx+h) — f(x)

h
- tan(x + h) — tanx
= lim
h-0 h

B 1|sin(x +h) sinx
iy cos(x +h)  cosx

fx) = Lim

_l' 1
R

sin(x + h) cos x — sinx cos(x + h)

cos(x + h) cos x

1lsin(x+h—x)

lim—
e h|cos(x + h) cos x
[~ sinAcos B — cos Asin B = sin(A — B)]

sinh

= lim— 1

gzl—r»% cos(x + h) cos x
1 1
“cos(x + 0) cos x

1 2
= I sec™ Xx
cos“ X

d
Hence, f’(x)ora(tan x) = sec?x
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Algebra of Derivative of Functions:-
Let f and g be two functions such that their derivatives are defined in a common domain. Then,

(a) The derivative of the sum of two functions is the sum of the derivatives of the functions.
d d d
L) +g@] == f @) + = g(x)
(b) The derivative of the difference between two functions is the difference of the derivatives of the
functions.
d d d
L) - 9] == f(x) — = g(x)
(c) The derivative of the product of two functions is given by the following product rule.
d d d
LIF®).900] = £ = g(x) + g(0) = £ (2).
This is also known as the Leibnitz product rule of the derivative.
(d) The derivative of the quotient of two functions is given by the following quotient rule.

d [f(x) 9@ ()~ f ()eg ()
dx Llgol — lg(0)]?

Note:- :—x [c.f(x)] = c:—xf(x)

Theorem:- Derivative of f(x) = x™ is nx""! for any real number n.

,g(x) #0

Example:- 1

Differentiate 2x3 — 4x% + 6x + 8 w.r.tx
Solution:-

lety = 2x3 —4x2 + 6x + 8

On differentiating both sides w.r.t x we get

d d
%z%(2x3—4x2+6x+8)

= 2%@3) — 4;—x(x2) + 6%(9() +;—x(8)
=203Bx?) —-42x)+6(1)+0
=6x>—8x+6
Example:-2
Ifu = 7t* — 2> — 8t — 5, then find T at t = 2.
Solution:-
We haveu = 7t* — 2t3 — 8t — 5

On differentiating both sides w.r.t x we get
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du_ d [7t* — 2t3 — 8t — 5]

dt  dt

= 7(4t3) — 2(3t2) —-8(1)—-0
=28t3 -6t -8

Now, (%)t=2 = 28(2)% — 6(2)% - 8
=224 —-24—-8=192

Example:-3

Differentiate the following functions w.r.t x (ax + b)(cx + d)?

Solution:-

Lety = (ax + b)(cx + d)?

On differentiating both sides w.r.t x we get

Z—Z = (ax + b) ;—x (cx + d)? + (cs + d)? ;—x (ax + b) (using product rule of derivatives)

d
= (ax + b)a(czx2 +d? + 2cxd) + (cx + d)?(ax 1+ 0)

= (ax+b)(c?2x)+ 0+ 2cx1xd)+ (cx+d)> xa
= (ax + b)(2c?x + 2cd) + a(cx + d)?
= (ax + b)2c(cx + d) + a(cx + d)?
= (cx+ d)[2c(ax + b) + a(cx + d)]
= (cx + d)(2acx + 2bc + acx + ad)
= (cx +d)(3ax + 2bc + ad)
Example:-4

x243x-9
x2-9x+3

Differentiate Ww.r.t. X

Solution:-

x%43x-9

Let Y= x2-9x+3

On differentiating both sides w.r.t x, we get
dy d[x*+3x-9
dx dx|x2—-9+3

{(x2 —9x + 3) [%(xz+3x—9)]—(x2+3x—9)cgl—x(x2—9x+3)}

- (x? —9x + 3)?
C[(x*=9x+3)(2x +3-0) = (x* +3x — 9) X 2x — 9 + 0)]
B (x? — 9x + 3)2
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_ [(* = 9x +3)(2x +3) — 2x(x* +3x — 9) + 9(x* + 3x — 9)]

(x? —9x + 3)?
[2x(x? —9x +3 —x?—3x+9) + (3x% — 27x + 9 + 9x2 + 27x — 81)]

- (x%2 —9x + 3)?

2x(—12x + 12) + (12x% — 72)
- (x? —9x + 3)?

—2x% + 24x + 12x%2 — 72
B (x2 — 9x + 3)2
—12x% 4+ 24x —72 —12(x* —2x+6)
- (x? —9x + 3)2 - (x? —9x + 3)?

The derivative of Trigonometric Functions:-

To find the derivative of trigonometric functions, we use the algebra of derivative and the following

formulae.
(a) i(sin X) = CcoSx (b) i(cos X) = —sinx (c) i(tan x) = sec®x
dx dx dx
d d
(d) :—x (secx) = secx.tanx (e) " (cotx) = —cosec?x (f) = (cosecx) = —cosecx.cotx
Example:- 1

Find the derivative of the following functions.
(a) x% cos x (b) x3 sec x (c) x tan x
Solution:-
(a) Let y = x% cos x
On differentiating both sides w.r.t x we get

dy
dx

= :—x (x? cos x) = x? :—x (cos x) + cos x:—x (x?)
= x%(—sinx) + cos x (2x)
= 2xcosx — x?sinx

(b) Lety = x3secx
On differentiating both sides w.r.t x, we get

dy

_4 /.3
oo (x> secx)

d d d
=>—y— X —(secx)+secx—(x )
dx dx

= x3.sec x tan x + sec x (3x?)
= x3.secxtanx + 3x% secx
(c)Lety =xtanx

On differentiating both sides w.r.t x, we get
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dy

d
= (xtan x)

dy d d
I =X T (tanx) + tanx T (x)

= xsec?x + tanx (1)
= xsec’x + tanx

Example:-2

-2

Ify =

{1—tanx

d
}, then show that =% =
1+tanx dx

1+sin2x’
Solution:-

1-tanx

We have, y =

1+tanx

On differentiating both sides w.r.t x we get

d @+tan x) (1 tanx) — (1 — tan x) (1 + tan x)

dx (1 + tan x)?
_ (1 +tanx)(=sec® x) — (1 — tanx)(sec? x)
(1 + tan x)?
_ —2sec’x -2
(1+tanx)? (cos?x)(1+tan?x + 2tanx)
-2 —2

sinfx | 2sinx) (1+sin2x)
cos?x = coSXx

(cos? x) {1 +

DERIVATIVE OF COMPOSITION FUNCTIONS (CHAIN RULE)

To study the derivative of composition functions, we start with an illustrative example, say we
want to find the derivative of f where f(x) = (2x + 1)3.

df(x) _ d(2x+1)3 d(8x +12x24+6x+1)
dx dx dx

Now

= 24x% + 24x + 6 = 6(2x + 1)2

We observe that, if we take g(x) = 2x + 1 and h(x) = x3

_ _ 3 df(x) Jix) = Gho9@ | dg@)
Then f(x) = hog(x) = 2x+1)° = =fl(x) = e X =
d(2x+1)° Ld@x+D)

doxan g Sl =3x @+ DT x2=6x+ 1)

The advantage of such observation is that it simplifies the calculation of finding the derivative.
CHAIN RULE

Let f be the real-valued function which is a composition of two functionsu & v. i.e. f = uov.
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Where u&v are differentiable functions and uov is also a differentiable function?

d duov duov dv . . . . .
a _ = X —, Provided all the derivatives in the statement exists.
dx dx dv dx

PROBLEMS
Example:-1
Lody o
Find ™ if y = sin(x* + 1).

SR . 2 dy _ d(sin(x?+1))
Solution:- Given y = sin(x* +1) = —=———

dy _ d(sin(x*+1))  d(x*+1) dy _ 2
dx . d@ZeD) o T, = cos(x"+1)X2x
Example:2

Lo dy
Find ﬁ, if y=1log(tanx).

Solution:- Giveny = log(tanx) = 2 = dlegltany)

dx dx
d d(log(tanx dtanx d 1
2y - Zloglranz)) =2 = X sec’x
dx dtanx dx dx tan x

Example:-3
Find 2 if, y = esin(@®)
dx

. : in(x2 dy  d(esme®
Solution:- Giveny = esin@") = & — 4771

dx dx
d d sin(xz) dsi 2 d 2 d . 2
By _Ue ), MO o A 5 D sinG?) x cos(x2) X 2%
dx d sin(x2) d(x2) dx dx
Example:-4

Find Z—z if y=(x2+x+1)*

dy _ d(x?+x+1)*

. _ (2 4
Solution:- Given y = (x* +x + 1)* = — —

dy _ d(x?+x+1)*  d(x2+x+1) N dy

=7 — 2 3
dx d(x2+x+1) dx dx 4(x*+x+1)° x(2x+1)

Example:-5

oy 1
Find 2 1t Y = T

. . 1 d d(a?-x2)" /2
Solution:-Given y = ——= ﬁ = %
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2_,2\"1Y 2_.2 _ _
d _dermx) 2o deoxt) L8 2lg2 _ x2) e x (—2x)=—2—

dx d(a?-x2) dx dx 2 (a2-x2)z
Example:-6

. dy . . 3

Find =, ify =
d —ify =sin”x
. . , d d(sin®x d d(sin3x dsinx ,
Solution:-Given y = sin3x = dy _ d ) =2 = ( , ) X =3sin?x X cosx
dx dx dx dsinx dx

Example:-7

Find Z—z, if y=Ilog(secx + tanx)

dy _ d(log(secx+tanx))
dx dx

Solution:-Given that y = log(secx + tanx) =

dy _ d(log(secx+tanx))  d(secx+tanx)

dx d(sec x+tanx) dx

d 1
2 - x (secx.tanx + sec? x)=sec x
dx sec x+tanx

Example:-8

., dy . ;
Find —y, if y = e*st¥
dx

dy _ d(exsinx)

(i — pXSsinx
Solution:-Given that y = e =2 -

dy _ d(e*sin¥) % d(x sin x) A dy

= e¥SINX x {x cos x + sinx}

dx d(xsinx) dx dx
Example:-9
Lo ady __ sin(ax+b)
Find dx’ if y = cos(cx+d)
. b 4 {sin(ax+b)}
Solution:-Given that y = S2@*b) _, 47 _ leostex+d)
cos(cx+ad) dx dx
d
N
dx

cos(cx + d) x d(‘g?éjﬁ_-;)b)) X d(a;c);l— b) _ sin( ax + b) X d(C;(SC(xCiCI_ ‘g)d)) N d(w:i;_ d)

- cos?(cx +d)

dy cos(cx+d) xcos(ax +b)xa+sin(ax +b) Xsin(cx +d) Xc¢
dx cos?(cx +d)

Example:-10

Find Z—z, if y=cos(x3).sin(x?)
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. . . d d 3 sinx3
Solution:-Given y = cos(x3).sin(x3) = ﬁ = (Coszxsmx )

d d(cos x3 .sin x3 d d(sinx3) dx3 d(cos x3) dx3
Y = ( ):>—y=cosx3 ( )x + sinx3 ( )

Zdx dx dx dx3 dx dx® " dx

d d
= % = (cos x3)(cos x3)3x% — (sinx3)(sinx3)3x? > d_ic} = (cos x3)?3x% — (sin x3)?3x?
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