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Idea of limit & Limit of polynomial and rational function

Definition of Limit:- If f(x) approaches to a real number 7, when x approaches to a
(through lesser or greater values to a) i.e if f(x)— ¢, when x—a, then ¢ is called limit

of the function f(x) . In symbolic form, it can be written aslimf(x)=.

X—a

Algebra of Limits:-
Sometimes two or more functions involving algebraic operations such as addition,
subtraction, multiplication and division are given, and then to find the limit of these

functions involving algebraic operations, we use the following theorem.
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Let f and g be two real functions with common domain D, such that lim f(x) and

X—ra

lim g(x) exists. Then

X—a

(a) Limit of sum of two functions is sum of the limits of the functions.

i.e lim (f+g)(x)=lim f(x)+lim g(x)

Xx—a X—>a X—a

(b) Limit of difference of two functions is difference of the limits of the function

i.e lim (f—g')(x):lxi_rg f(x)—lim g(x)

(c) Limit of product of a constant and one function is the product of that constant and

limit of a function,

i.elim|cf(x)[=climf(x), where cis a constant.

X—ra x—»a

(d) Limit of product of two functions is product of the limits of the function, i.e

legl [ f(x).g(x)] =lim f(x).lim g(x)

x—>a Xx—ra

(e) Limit of quotient of two functions is quotient of the limits of the functions, i.e @
_f(x) limf(x) , EBM
lim ——= = x=2 ,where limg(x)=0 PUBLIC SCHOOL

x—ra g(x) ||m g(x) x—a



Limits Of Polynomial Function

A function f is said to be a polynomial function, if f(x) is zero function or if

f(x)=a, +aXx+a,x’ +.oo... +ax", where a/s are real numbers and a_#0.

Method to find limit of a polynomial:-
To find the limit of given polynomial, we use the algebra of limits and then put the
limit and simplify. It can be understand in the following way.

We know that, lim x=a. Then lim x* =lim (xx)=lim x.limx =a.a=a’

K—*a X—*a X—¥a X—*a K—*a

Similarly, limx" =a"

K—*a
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Example:-1

Evaluate the limits lim (4)(3 _2x? —x+1)
X—*

Solution:-

lim (4)(3 —2x° —x+1)

Xx—3

. 3 . 2 . N
=4limx" —=2lim x" =lim x+lim1
x—3 x—3 Xx—+3 X—*3

~4(3)’-2(3)'-3+1=108—-18-2-88

A

gom

PUBLIC SCHOOL



Limits Of Rational Functions

A function f is said to be a rational function, if f(x):% where g(x) and h(x) are
X

polynomial functions such that h(x)=0.

Then, Iimf(x):Iimw
Xx—>a x—*a h(x)

limg(x) g(a)

limh(x) h(a)

X—*a

However, if h (a) = 0, then there are two cases arise,

(i) g(a)=0 (ii) g(a)=0

In the first case, we say that the limit does not exist. In the second case, we can find

limit. Limit of a rational function can be finding with the help of following methods. VM
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Direct Substitution Method:-

In this method, we substitute the point, to which the variable tends to in the given

limit. If it gives us a real number, then the number so obtained is the limit of the

function and if it does not give us a real number, then use other methods.

Example:-

Find the limits of the following

2 _ . ~1) +3%°
i) im X2 (ii) fim u
x—32 X_|_3 x——1 (x4+1)
Solution:-

2
(i) ”m)( 4 :4—4:O

—=0
x>2 ¥+ 3 2+3 5

(x=1)+3x*  (—1-1)"+3(-1)" (=2)" +3(1) _4+3_7

(i) lim = -

ot (X4+1)2 ((_1)“+1)2 (1+1)2

22
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Factorisation Method:-

Let lim LX)
x—a g(X)

reduces to the form %, when we substitute x = a. Then we factorise f(x)

and g(x) and then cancel out the common factor to evaluate the limit.

Method to determine the limit by using factorisation method:-

Step — |

Step — I

Step —1ll

Step—1V

. . . _ f(x)
write the given limit as lim ——~
x—ra g(x)

If limf(x)=0 and limg(x)=0, then go to next step, otherwise use direct

X—a X—*a

substitution method.

Factorise f(x) and g(x), such that (x—a) is a common factor and write given

limit as Iimm
}Ha(x_a)&(x)

Cancel the common factor(s) then limit obtained in step Il becomes

fi (%)

lim———-
x—ra gl(x)

Use direct substitution method to obtain limit.

g0
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Example:- 1

4x> -1
Evaluate lim
H% 2x—1

Solution:-

On putting x:%, we get the form g . So, let us first factorise it

- 2o 2x+1)(2x -1
Consider, lim X ~1_j; (2x+1)(2x-1)
"‘_’1 2){_1 x—)l (2)(—1)

2 2

=1lim (2x+1):2(1]+1:2
. 2

X——
7
g
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Example:- 2

2
X" —4
Evaluate Iim T E—
x=2| X© —4X° +4X

Solution:-
On putting x = 2, we get the form %so, let us first factorise it.

2 ' -

- -4 X+2)(x—2

Consider, lim— X - :Iim( ) i )
x=22 X" —4X° +4x  x2 x(x—z)

(x+2)  2+2
-2x(x—-2) 2(2-2)

:% which is not defined.

2 —
.-.Iim{ax—él} does not exist.
X
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Rationalisation Method:-
If we get % form and numerator or denominator or both have radical sign, then we
rationalise the numerators or denominator or both by multiplying their to remove %

form and then find limit by direct substitution method.

g
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Example:- 1

Evaluate lim —M

x—0 X

Solution:-

When x = 0, then the expression

V2+x-42

becomes of the form %. So we will

rationalising the numerator by multiplying and dividing its conjugate i.e V2 +x ++2

NRCITE (V2+x=¥2)(V2+x++2)

e X ol x(m+ﬁ)

. 2+X-2 . 1 1
=lim =lim

X0 X(\/2+X +\5) =0 24x+42 242
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Evaluation of Limit by Using standard Rules

By using Some standard Limits:-

If the given limit is of the form lim>~—2
X—a x_a

, then we can find the limit directly by using

the following theorem.

Theorem:- Let n be any positive integer. Then limX "2 —pa™t

X—ra X 7a

Proof:- We known that x"—a"= (x —a)(x"’1 +ax" P+ +a" x+a"t )

n n

X —a n-1 n—2

On dividing both sides by (x—a), we get

X—a

. X"=a" _ _ _ _
Thus, lim zllm(x“ rax" 2+ +a" x+a" 1)

X—a X — a X—a

=a"+ a(a”‘2)+ vta@aa+am?
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Example:-1

10
X —1024
Evaluate lim————
x—32 X—2
x" —1024 0
Solve:- When x = 2, the expression — become of the form 5
X_
10 10 10
X —1024 X —2
Now, lim———— =lim———=10x2""=5120
x=22 X —2 x22 X —2
Example:-2
. ox=2
Evaluate lim
xezi/;_ 3 2
Solution:-
X—2 1 1 1
li = - — _3(3
xl_rg X2 _o13 ! X113_21/3 1(21/3_1) 1 (2_213) ( )
im——— = — X
x—2 X—2 3 3

S0
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Example:- 3

5
X —32
Evaluate lim—;
x—=2 X _8
Solution:-
x> —2°
Cox*-32 o x*-20 o, x =2 x =2
li = =lim =lim =i
x=2 X° —8 =2y =23 o2 x3-23 xok2 x—2  x=2 x—2
X—2
=5x2°1 +3x2%!
:5><2‘1'+3><22:5X24:Esz:E
3x2* 3 3

g
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Example:-4

+1/3
2x+4 —2
Evaluate Iim( )
n—s2 }{_2

Solve:-

Put 2x+4=y,theny >8asx —2

C (2x+4)" =2 V3 2
s dim

x—2 X —2

—lim-Y p
—8 —

sy TR,
2

X—r8

S0
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Limits of Trigonometric Functions

Three important limits are

sinx

(i) lim——=1
x—0 X

(ii) |im1_cﬂ:[}
x—0 X

(iii) fim2"X _ 4
x—0 X

Where x is measured in radian

A
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Method to determine the limit of trigonometric Function:-
Step — | First, check that given variable tends to zero or not. If yes, then go to step

Il, otherwise put x=a+h in the given function such that as x —»a,thenh—0
Step—1I Put the limit in given function, if % form is obtained, then we go to next

step. Otherwise, we get the required answer.
Step-llI Simplify the numerator and denominator to eliminate those factors which

becomes 0 on putting the limit.

Step—1V Now, convert the result obtained in step lll, in the form of ?ortane

Step—-V Substitute the value of standard limit of trigonometric function as

obtained in step IV and simplify it.

g
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Example:- 1

Evaluate lim6cosecH

5—0

Solution:-

\ , 0
limBcosecH =lim——
6—0 Ei—}ﬂsinﬂ

1 1
=lim =—=1
s—-0SinNO 1

0

Example:- 2

Evaluate Iimsm?’x
x—0 5}(
Solution:-
. sin3x _ . sin3x ., 3 sin3x 3 ., sin3x
lim =lim =lim—. =—.lim
x>0 5x x>0 x=>05  3x 5 x>0 3x
5X X —
3
3
:—){1 = —
5

A
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Example:- 3

x—0

. Sin2x + sin6x
Evaluate lim| ————
sin5x —sin3x

Solution :-

lim
x—0

{sin2x+sin6x J
sin5x —sin3x

x—0

, (25in4xcos3x }
=lim| ————
2cos4xsinx

=lim
x—0

( sindxcos2x )
cos4xsinx

x=0 | 4x sinx Ccos 4x

sindx X 1 '
:Iim{ X X COS2X % x4}

. sindx .
=4 x |lim x lim
4x—0 4x x—0

1 1
JX lim COSZXX%:(4X1X1X1X—):4
2x—0 lim cos4x 1
4x—0

sinx

g
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Example:- 4

~ tanx®
Evaluate Iim

x—0 KO

Solution :-

Example:- 5

. 1-—cosdx
Evaluate Iim

x—0 X

Solution:-

1—cos4dx

lim
x—0 X

~2sin’2x X
=|lim——x —
x—0 X X

x—0

2X

, sin2x )’
=lim?2 xAXx=2x1x0=0
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Example:- 6

tan2x —sin2x

Evaluate Iim .

x—0 X

tan2x —sin2x

Solution:- Iim :

x—0 X
Sin2x \
—SIin2X
_ |im-£9os2Xx
x—0 }{3

SIN2X —SiN2X.COs 2X

=lim :
x—0 X~.C0S2X

r

sin2x(1—cos2x)

=lim .
x—0 X .COS2X

tan2x

=lim x lim

n—0 X x—0 X

. tan2x .
=2.lim x 21im
*x—0 2}( *x—0

=2(1)x2(1)" =4

2

|

2sin’ x

Sinx

X

f
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Example:-7

sinx

Evaluate Iim
x—)JTT[ —X

Solution:-Put 7—x=y,y > 0asx > 7

sinx

Therefore lim
H—*TT Tc _X

:”mmnm—y)
y—0 y

. sin
:hm——i
y—0 y

=1

A
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Evaluation of Trigonometric Limits By Factorisation

Sometimes, trigonometric limits can be evaluated by factorisation method.

Example:- 8 (cosecx—2)(cosecx+2)

= ITn'} 5
x—7/6 COSecx —
 cot’x-3 ( )
Evaluate |im ———

x=7/6 COSECX —2 :
= lim (cosec x+2)

x—T/6
Solution:-
T
5 =cosec—+2=2+2=4
, cot"x—3 6
lim —
x—=T/6 COSeCcX —2

cosec’x—1-3

x—1/6  COSecx—2

. cosec’x—4
= |lim ———
x—1/6 COSEecx —2

g0
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Limits Of Exponential Functions

A function of the form of f(x)=¢" is called exponential function

To find the limit of a function involving exponential function, we use the following

theorem.

X

-
Theorem lim

x—0 X

=1

Method to find the limit of exponential functions:-

If gives function has exponential term, then we convert the given theorem in the form

X X

e -1 e =1
of and then use the theoremlmg =1,
X X—> X

g
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Example:- 1

. o e™ 1
Find the value of Ilim

*—0 x
Solution:-

Ce¥-1 . e™-1 3
lim =|lim X —
x—»0 X x—0 X 3

3x
~3lim&—1
x—0 3}( (1)

Let h=3x. Then h—>0asx—0

Now, from eq. (1) we get

Ix h
-1 e —1
31im =3lim
x=0 ¥ h—=0 h

=3x1=3

Example:- 2

et g’
Evaluate lim
x—3 X—3

Solution:-

X 3
. e'—e
We have lim

x—3 X—3

On put h=x—-3 we get

Cer_ed eht3 _ g3
lim =lim
x=3 X—3 h—0 h

e e’
—lim

h—0 h

h

., e —
—e’lim
h—0

—e’x1=¢’
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HEADING FOR THIS PAGE(Font: Calibiri, Colour:RED, Size:22)
Sub-heading(If required) (Font: Calibri, Colour : Black , Size:18)

log (1+X

Theorem:- Iim . ( ):1

x—0 X

From here you can ty|

log (1—x

Note:- Iim B ):1
x—0 —X

Corollary:-
. . log_ (1-x) oL A -1
(1) lim — =1 (i) lim - =loga

g
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Limits Of Logarithmic Functions

log (1+x

Theorem:- IimL:1

x—0 X

log (1—x
Note:- IimLﬂ

x—0 —X

Corollary:-
. . log_ (1-x) oooa—1
(i) Ll_rng—l (ii) lim » =loga

Method to find the limit of logarithmic Function:-

If given function involves logarithmic function, then we convert the given function in

I 1 I 1
M and then use the theorem IimM:1

X x—0 X

the form of

S0

PUBLIC SCHOOL



Example:- 3

log (1+2x
Evaluate Iim Al )
x—0 X
log (1+2x) 2
Solve:- We have, lim S| )><—
x—0 X 2
log (1+2x
 2li %= (12 24)
x—0 2}(

On putting h = 2x we get
log (1+2x log (1+h |
_olim 8 (12X) . log.(1+h) 1o, W
*x—0 X h—0 h M
PUBLE SHOL




Example:- 4 14x—1

=lim- _
0 J1+x +1)log(1+x
. V1l+x-1 ( ] g(1+%)
Evaluate lim .
0]og(1+x) I' X
=11m- :
, 0 J1+x +1]log(1+x
Solution:- ( Jlog (1)
1 1 1 1
vi+x-1 = lim _ = xl=—=
lim =0 log(1+x) 1+1 2
olog(L+x) (V1+0+1) S(X )
On multiplying numerators and denominator by v1+x+1 we get
o NVI+x-1 y1+x+1
lim X . |
log(1+x) ( 1+x+1) VM
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Example:- 5

Evaluate Iim —1
01 +x —1

Solution:-

lirm —1

01 +x —1

2% _q («.#1+}{+1)
= lim

X0 1+K—1X(M+1)

= lim _1><{«\;‘1+x+1}

wx—0 »

:Iimzx ><I|m(~..a’1+x +1)

wx—»0 » wx—»0

=(log2)=x2=2log2

S0
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EXISTENCE OF LIMITS
Concept Of Left Hand And Right Hand Limits

Left hand limit:- A real number 7, is the left hand limit of function f(x) at x = a, if the

values of f(x) can be made as close as ¢, at points closed to a and on the left of a.

Symbolically, it is written as LHL= Ilim f(x)=1¢,.

x—ra

In other words, we can say that LHL=Ilim f(x)=1¢, is the expected value of f at x = g,

when we have the values of f near x to the left of a. This value is called the left hand
limit of f(x) at a.

Right hand limit:- A real number ¢, is the right hand limit of function f(x) at x = a, if the
values of f(x) can be made as close as ¢, at point closed to a and on the right of a.

Symbolically, it is written as RHL=Iimf(x)=/(,. In other words, we can say that,

K—>a

RHL=lim f(x)= ¢, is the expected value of f at x = a, when we have the values of f near x

X—a

to the right of a. This value is called the right hand limit of f(x) at a.

g0
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Existence of Limit:-
If the right hand limit and left hand limit coincide (i.e same), then we say that limit
exists and their common value is called the limit of f(x) at x = a and denoted it by

limf(x).

X—a

Method to solve the left hand and right hand limits of a function:-
With the help of following steps, we can find the left hand and right hand limits of a
function easily.

Step — | For left hand limit, write the given function as Iim f(x) and for right hand limit,

x—a

write the given function as lim f(x).

Xx—ra

Step — Il For left hand limit, put x=a—h and change the limit x >a by h—0. Then, limit

obtained from step | is Ihimf(a—h). Similarly, for right hand limit, put x=a+h and

change the limit x »a~ by h—0. Then, limit obtained from step | is lim f(a+h). &
Step — Il Now, simplify the result obtained in step — Il i.e lim f(a—h) or lim f(a+h). M
g ol PUBIGSEHOO




Example:- 1

Ix—3 )
Suppose the function is defined by f(x)= ‘x—3" ifx =3
0, ifx =3
(i) Find the left hand limit of f(x) at x =3
(ii) Find the right hand limit of f(x) at x =3
Solution:-
|><—3\
(i) Given, f(x)=4, 3’ X3
O, ifx=3
Left hand limitatx =3 is
) ) . ‘x—3‘
I f = T T T 1
fim 700 = fim 3 ()

On putting x=3-h and changing the limit x—>3"byh—0 in eq. (i) we get

lim f(x)= lim =3y L @

x—3" ®x—3" X—3 h—0 h E‘m
h

= lim f(x) —Ilm—:—l PUBLlCSCHUUL
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(ii) Right hand limitat x =3 is

‘X—3‘ .
lim f(X)=lim—— e, I
0=l "

On putting x=3+h and changing the limit x -3~ by h— 0 in equation (ii) we get

- x=3 |
lim f(x)=lim ——=lim—
x—3 =37 X—3 h—0 K
= lim f(x):IimH:Iim—zl

g
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Example:-2

Evaluate the left hand and right hand limits of the following functions at x = 2,

. H ?
x+5, ifx>2" Does L'anf(x) exist:

Solution:-

f(x):{2x+3, ifx <2

2x+3, ifx<2

Given f(x)= X+5, ifx>2

LHL = lim f(x)=lim2x+3

x—2" x—2"

=lim|2(2-h)+3|=2(2-0)+3

h—0

[Putting x=2—h and when x—27, then h—0]

=4+3=7

RHL = lim f(x)

x—27

= lim (x+5)

x—2"

=lim(2+h+5)=2+0+5=7

h—0

Puttingx=2+handx—2",then h—0

LHL of f(atx=2)=RHL of f(atx=2)

limf(x) exists and it is equal to 7.

K—2

g
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DERIVATIVE AT A POINT

Suppose fis a real valued function and a is a point in its domain. Then, derivative of f

f(a+h)-f(a)
h

at 0 is defined by im provided this limit exists

The derivative of f(x) at a is denoted by f'(a)

g

S0

PUBLIC SCHOOL



Example:- 1
Find the derivative of f(x)=4x+5 atx = 3.
Solution:-

f(a+h)—f(a)

Givenf(x)=4x+5. We know that, at x=a, f'(a)=Iim

h—0

i f3h)—£(3)

PE)=lin
. 4(3+h)+5—(4x3+5)
=1lim
h—0 h
12+4h+5-17 4h

= LI m H = LI m T =4 m
—0 —0
IBLESCHOI



GEOMETRICAL MEANING OF DERIVATIVES

X

Consider a graph of a function y=f(x): o

From Fig.1 we see, that for any two points A and B of the
function graph:

S(x)

S (x5 +Ax) — f(xp)
Ax

where a- a slope angle of the secant AB.

So, the difference quotient is equal to a secant slope. If to fix the

point A and to move the point B towards A, then Ax will

=fanac
o

unboundedly decrease and approach 0, and the secant AB will approach the tangent AC. Hence, a
limit of the difference quotient is equal to a slope of a tangent at point A. Hence it follows: a
derivative of a function at a point is a slope of a tangent of this function graph at this point. ‘®
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First Principle Of Derivative
f(x+h)-f(x)

Suppose f is a real valued function, the function defined by lim , Wherever

the limit exists, is defined to be the derivative of f at x and is denoted by f'(x). This

definition of derivative is called the first principle of derivative.

f(x+h)—f(x)

Thus, f'(x)=lim

h—0

ay and

Sometimes f'(x) is denoted by di[f(x)]orif y=f(x) then it is denoted by ;
X X

referred to as derivative of f(x), or y with respect to x. It is also denoted by D[f(x)].
Note:-

Derivative of at x = a is also given by substituting x = a in f'(x) and it is denoted by

df
aor—

o
or| — | .
dx|, dx / _,

d

—f(x)

dx
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Example:- 1

Find the derivative of f(x):1 from first principle.

X

Solution:-

We have f(x):1

X
. . f(x+h)—f(x)
By using first principle, f'(x):llrrg "
11
() —limX+h X
() =limxh

_jim Y x—(x+h) i ~h
T hooh x(x+h) T hooh x(x+h)

S0
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Example:-2
Find the derivative of e*, using first principle.
Solution:-
Let f(x)=¢€". By using first principle of derivative, we have

f(x+h)—f(x) e e

R L

e*(e" -1 e" -1
lim ( ):e"‘lim( ):e“xlze"
h—0 h h—0 h

g
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Example :- 3
Find the derivative of the function logx, by using first principle.

Solution:-
Let f(x)=logx

By using first principle of derivative, we have

f(x+h)—f(x log(x+h)—logx
£1(x) = lim X =00 log(xh) ~log
h—0 h h—0 h
Iog[x+hJ Iog[1+hj
. X . X
—lim =lim X —
h—0 h h—0 h X
X

g
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Example:-4

Find the derivative of the following function by using first principle.

(i) sin x (ii) sec x (iii) tanx
Solution:-

(i) Let f(x)=sinx

By using first principle of derivative, we have

_ f(x+h)=f(x)  sin(x+h)-sinx

f'(x)=lim =lim
h—0 h h—0 h
x+h+x} .{x+h—x}
2cos .Sin
, 2 2
=lim
h—=0 h

l:ﬁnC—ﬂnD:ZGB(C;D)xsm(C;DJ}

( h] . h
2COS| X+— |.sIn—
2 2

=|im
h—0 h

—limcos| x+— [.Iim
h—0 2 h—)(]
2

h—0

h
:Iimcos(wr—}xl
2

=cos(x +0)=cosx

d .
—(sinx)=cosx
o SinX)

. h
sin—
2
h
2

S0
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(ii) Let f(x)=secx
By using first principle of derivative, we have

f'(x):limf(x+h)_f(x)

h—0

1:'(x):”msec(x +h)—secx

h—0 h
1 1
__cos(x+h) cosx
=lim
h—0 h

cosx —cos(x+h)

=lim .
h=0h x cosX.cos(x +h)

,(x+x+h] ,(x—x—hJ
—2sin .sin

. 2 2
=lim

h—0 h.cosx.cos(x+h)

o)

C
[ cosC—cosD=-2 sin( :

=lim
-0 h.cosxcos(x+h)
[ h h
sin| X +— sin—
, 2 : 2
=lim—— Jim———=
h=0cos(x +h).cosx h=0 h
2
sinx
= —x1
cos’ X
sinx 1
= . = tanx.secx
COSX COSX

a3} d)
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(ii) Let f(x)=tanx

_jimt sin(x+h—x)
Then, by first principle of derivative, we get "0 | cos(x+h)cosx
fI(X)_limf(x+h)_f(x) [ SinACDSB—COSASiﬂBZSin(A—B)]
_h—}D h .
. sinh 1
=lim——-.lim ,
tan(X+h)—tanx =0 h h=0cos(x+h)cosx
=[im
h—0 h 4 1

B “cos(x+0)cosx

1| sin(x+h) } s'nx}

=lim—
h—}ﬂh_cos(x+h) COS X

1 2
=——— =Sec" X
cos” X

dx @

80

PIBLCSEHOL
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1 s'n(x+h)cosxsinxcos(x+h)} Hence, f'(x)or —(tanx)=sec’x

h—0h cos(x+h)cosx
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ALGEBRA OF DERIVATIVE

Algebra of Derivative of Functions:-
Let f and g be two functions such that their derivatives are defined in a common
domain. Then,

(a) Derivative of sum of two functions is sum of the derivatives of the functions.
—[f(x )+g(x) ]——f(x +—g( )

(b) Derivative of difference of two functions is difference of the derivatives of the

functions.

10080 = f(x) -~ g(x)

g
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(c) Derivative of product of two functions is given by the following product rule.

{10800 ] =100+ ) ().

This is also known as Leibnitz product rule of derivative.

(d) Derivative of quotient of two functions is given by the following quotient rule.

d{fm}g(x)d‘j{f(x)f(x)d‘j{g(x)

dx| g(x) [g(x)]z ,8(x)#0
Note:- % c.f(x)]:cd—if(x)

g
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Theorem :- Derivative of f(x)=x"isnx"" for any real number n.

Example:- 1

Differentiate 2x® —4x*> +6x+8 w.r.t x
Solution:-

Let y=2x> —4x* +6x+8

On differentiating both sides w.r.t x we get

dy_o¢d

i (2)(3 —4x2+6x+8)
X dx

d o d,, _d . d
:Za(x )—45()& )+6—(x)+—(8)

=2(3x*)-4(2x)+6(1)+0

—6x° —8x+6

S0
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Example:-2

. d
If u=7t*-2t>-8t-5, then find d—fattzz.

Solution:-
We have u=7t"-2t° -8t-5
On differentiating both sides w.r.t x we get

j—?:%[?t“—zﬁ—at—ﬂ

=7(4t")-2(3t*)-8(1)-0
=28t —6t* -8

Now, (%L:zs(z) _6(2) -8

=224-24-8=192

S0
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Example :-3

Differentiate the following functions w.r.t x (ax+b)(cx+d)’

Let y=(ax+b)(cx +d)2

On differentiating both sides w.r.t x we get = (ax+b)2c(cx+d)+a(cx+d)
d—yz(ax+b)£(cx+d)2+(cs+d)2i(ax+b) —(cx+d)[2c(ax+b)+a(cx+d)]
dx dx dx

_ =(cx+d)(2acx +2bc+acx +ad
:(ax+b)d£(c2x2+d2+2cxd)+(cx+d)2(a><1+0) (cx+d)(2acx+2be +acx +ad)

X
=(cx +d)(3ax +2bc +ad)

=(ax+b)(c*(2x)+0+2cx1xd)+(cx+d) xa
=(ax+b)(2c +2¢cd) +a(cx +d)’ m
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Example:-4

2
. . X" +3Xx—9
Differentiate . w.r.t. x
X" —9x+3

Solution:-

x> +3x—9

Let v =
Y x? —9x+3

On differentiating both side w.r.t x, we get

dy d|x*+3x-9
dx dx| x*—9+3

g
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X

{(x2 9x+3)[d°l(x2 +3x 9_)}(><2 +3x9)dd(x2 —9x +3)}

(x2 —9x +3)2

[(xz —9x+3)(2x+3-0)—(x +3x—9)x(2x—9+0)]

(x2 —9x +3)2

[()c2 f9x+3)(2x+3)72x(x2+3x79)+9(x2 +3x79)]

(x2 —9><+3)2

[Zx(x2 —9x+3-x" —33:(+9)+(3x2 —27x+9+9x’ +27x—81)}

(xz —9X+3)2

2x(-12x+12) +(12x* - 72

(xz —9x+3)2

-2 +24x+12x7 72
(x2 —9){+3)2

_12¢° £ 24x 72 :—12(x2—2><+6) M
(¢-oxe3] (03] PULE SHOI
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DERIVATIVE OF TRIGONOMETRIC FUNCTIONS

To find the derivative of trigonometric functions, we use the algebra of derivative and the

following formulae.

(a) i(sinx):cosx
dx

(b) i(t:osx):—sinx

dx

d 2
C) —(tanx)=sec" X
(¢) (tanx)

d
d) —(secx)=secx.tanx
(d) S fsecx)

d 2
€) —(cotx)=-—cosec’x
(¢) =(cotx)

(f) di(cosecx) = —COS eCcX.cotx
X

gom
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Example:- 1
Find the derivative of following functions.
(@) x*cosx (b) x*secx (c) xtanx
Solution:-
(a) Let y =x*cosx
On differentiating both sides w.r.t x we get

dy _d /., y_.2 9 d /s
dx_dx(x cosx) X dx(cosx)+cosxdx(x )

=x*(—sinx)+cosx(2x)

= 2XxcosX —x*sinx

S0
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(b) Let y=x’secx (c) Let y=xtanx

On differentiating both sides w.r.t x, we get On differentiating both sides w.r.t x, we get
dy d
dy d o =—(xtanx)
L=~ (x’secx
dx dx( ) - o
dy d ¢
dy ,d d/ s —=X—( tanx) +tanx—(x)
=L =x’—(secx)+secx—(x
=xsec’ x+tanx(1)

—x>.secxtanx + secx(?»cz)

; ) =xsec’ X+ tanx
=x>.secxtanx +3x° secx

g
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Example:-2

If y:{l_tanx}, then show that dy =2 .
1+tanx dx 1-+sin2x
Solution:-

1-—-tanx
We have, y=
1+tanx

On differentiating both sides w.r.t x we get

g (1= tanx).di(l—tanx) —(1—tanx).i(1+tanx)
X

dx

dx (1+tanx)2

(1+tanx)(fseczx)f(1 ftanx)(seczx)

(1+tanx)2

—2sec’x -2

(1+tam()2 (coszx)(1+tan2x+2tanx)

-2 -2

: ' in’ inx| 1+sin2x
(COSJX) 14 S|n2x , 2sinx ( )
Cos*X  COSX
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DERIVATIVE OF COMPOSITE FUNCTIONS

To study derivative of composition functions, we start with illustrative example, say we want
find the derivative of f where f(x)=(2x+1)’.

. PN 3 1A.2 .
Now ) _d@x+1) _d(8x’ +1227 +6x+1)

=245 + 24x+6=6(2x + 1)
dx dx dx

We observe that , if we take g(x) =2x+1 and 7(x) = x’

W) _ 1y - dhog) dg()

Then f(x)=hoe(x)=2x+1) =
f(x) = hog(x) = (2x+1) = == Te)  dx

d2x+1) L d@x+1)

= F(x)=3x2x+1)V x2=6(2x+1)
St ) - F() ( ) ( )

A

gom
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CHAIN RULE

Let f be the real valued function which is composition of two functionsu &v. i.e. f =uov.
Where u &v are differentiable functions and uov is also differentiable function.

df  duov duov dv , L .
= _f - = x —, Provided all the derivatives in the statement exists.
dx  dx dv  dx

g
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Example:-1

Find @y of y= sin(:c2 + 1)
dx ‘

Solution:- Given y = sin(:c2 +1)

- dy _ d(sin(x” +1))
dx dx

—

dy d(sin(x’ +1)) y d(x* +1)
dx d(x> +1) dx
dy

— = = cos(x? + 1) x 2x
»

Example:2

Find @ of y =log(tan x)

dx
Solution:- Given y = log(tan x)

N dy _ d(log(tan x))

dx dx:
dy d(log(tanx)) dtanx
= = X
dx: d tan x dx
dy 1 5
—> — = X Sec” x
dx tanx

g
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Example:-4
Example:-3 P

. dy ) .
. . Find —of y={x"+x+1
Find d—1 of y :esul(xz) dx ( ]
dx ]
Solution:- Given y = (:n:2 +x +1)4
: N '
Solution:- Given y = SIET) Ly _ d(x* +x+1)°
dx dx
. 0
1 sI(x<)
_dy _de ) dy  dx?+x+1)* d(x2+x+1)
= = < = 5 . 3%
dx dx dv  d(x"+x+1) dx
G2 o W 4ix? e ) .
. dy ) d(esm(x )) d5111(:r“)xd(x2) :>d3t‘ Ax®+x+1)" xQ2x+1)

. g X
dx dsm(x”) d(x?) dx

g

dv (w2
— @ o_ 85111(2& ) X cos(x2 )% 2x
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Example:-5

dy 1
Find < of V=
d.:\‘ \."Ia 2 — xZ
- . l
Solution:-Given y = ———=
va  —x°

dy d(a’ —:\*2)_%
= =

dx dx
. 2 2\Hh 2 2
j@zd(aj,\)j Xd(a xX7)
dx da”—x7) dx
j%:%l(az —,\‘2)_% x (—2x)

Example:-6

. 1% .
Find = of y =sin’ x
dx

Solution:-Given y =sin” x

dx dx

N dy d(s:.in3 x)

dy d (5i113 1.) d sin x

— = _ X
dx d sin x dx

. 2
=3sIN” X XCOSX
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Example:-7

. dy
Find d_ of y =log(secx + tan x)
N

Solution:-Given that y =log(sec x + tan x)

dy  d(log(secx + tan x))

dx dx:
dy d(log(secx +tanx)) d(secx+ tanwx)
= X
dx d(secx + tan x) dx
dy 1 )
= = X (sec x.tan x +sec” :r)= secx

dx secx+tanx

S0
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Example:-8

., dy -

dx

Solution:-Given that y = ¢™>*

dy d(exsiux )
dx N dx

—

) RETIR e
jd},:d(e, | )X d(xsin x)
dx  d(xsinx) dx

dy - |
f— ? — E.TS]I]_T y {ICDS Y+ <in x}
X
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Example:-9

., dy :
Find d—1' of y=cos(x*).sin(x")
X

Solution:-Given vy = cos(x”).sin(x")

dy d(cos x.sin :\"3)
f— =

dx dx

dy d(cos x.sin :\"3)
f— =

dx dx

RIS )3

dy 3d(smx) i M(cosx) (i
D= 008N = XSl ———X

d B dy de'

dy e fsin By
= . (cos Y Xcos r )sz - (sm r Xsm r b\
!

dy ) )

oo (3,0
—J: (cos X ) 3x —(smx ) 3
dx

g
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Example:-10

Find ﬁof b sin(ax + b)
dx "~ cos(ex+d)

. . sm(ax+b
Solution:-Given that y = ¥
cos(cx+d)

J sin(ax +b)
dy cos(ex+d)

= =
dx dx
cos(ex + d) x d(sin(ax + b)) ) d(ax+b) sin(ax + ) x d(cos(cx +d)) y d(ex+d)
- d_} B d(ax +b) dx d(ex+d) dx
dx cos’(ex +d)

— dy  cos(ex+d)xcos(ax +b)xa+sm(ax+b)xsm(ex +d)xc |

dx cos’(ex +d) m
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