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Example: Prove that cos34 4+ cos 54 + cos7A + cos15A = 4 cos4A cos5A cos 6A
Sol: LHS = cos 34 + cos54 + cos7A + cos15A
= cos 154 + cos5A + cos7A + cos3A

154 + 54 154 — 54 7A + 34 74 — 34
=2cos|——|cos|——— |+ 2cos| ——— | cos| ———

2 2 2 2

= 2cos10A cos5A4 + 2cos5A4 cos 24
= 2 cos 54(cos 104 + cos 24)

104 + 24 104 — 24
= 2cos 54 {2 cos (T) cosS <T>}

= 2cos5A.2cos6Acos4A
= 4 cos4A cos5A cosb6A = RHS
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Example: If a sinx = b sin(x +2?n) = csin (x +4?n), prove that ab + bc + ca = 0.
Sol: We have a sinx = b sin(x +2?n) = csin (x +4?n) = k (say)
= sin(x+2—n),5= sin(x+4—ﬂ)
3 c 3
= sinx +sin(x +§) + sin(x +4?n)
{sin (x + 4?”) + sinx} + sin (x + 2?”)
= Zsin(x+2?n)cos%n+sin(x+2?n)

- +1+1) = —sin(x+2—n) +sin(x+2—ﬂ)
b ¢ 3 3
ab+bc+ca) -0
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alxolxma =
I
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x~ = alx|xs|xRI®
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abc

ab+bc+ca=0
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C0S 9°+sin 9°
Example: Prove that —————— = tan 54°
C0s 9°—sin 9°

Sol: RHS = tan 54° = tan(45° + 9°)

_ tan 45° 4+ tan 9°
" 1 — tan45°tan9°

sin 9°
I+ 500 _ €0s9° +5in9°
sin9°  ¢c0s9° — sin 9°
cos 9°

= LHS
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nx sin3x Sin9x 1
Example: Prove that + + == (tan27x — tanx)
0S3x coS9x cos27x 2
sinx sm3x Sin9x
Sol: LHS =

c0S3x coS9x c0S27x
1 <2 sinx cosx 2 sin3xcos3x 2 sin9x cos9x>

+ +
coS3x cosx cos9x cos3x cos27x cos9x

1/ sin(x + x) sm(3x +3x) sin(9x + 9x)

E( 053x cosx cos9x cos3x co27x cos9x>
1 sin2x sinbx sin18x
: )
1
-3t:

c0S3x cosx cos9x coS3x + coSs27x cos9x
in(3x — x) sm(9x —3x) sin(27x — 9x)
0S3x coSx cos9x cos3x cos27x cos9x

g

g0

PUBLIC SCHOOL




1 /sin3xcosx — cos3x sinx Sin9x cos3x — cos9x sin3x sSin27xcos9x — cos27xsin9x
+ +
c0S3XxXCcoSXx cos9x cos3x c0S27x cos9x

1
= E{(tanSx — tanx) + (tan9x — tan3x) + (tan27x — tan9x)}

1
=3 (tan27x — tanx) = RHS
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Example: Prove that cos2a cos 28 + sin?(a — ) — sin*(a + B) = cos2(a + B).
Sol: LHS = cos2a cos 2 + sin?(a — ) — sin*(a+ B) = cos2(a + B)

= cos2acos2fB +sin(a—B+a+pB)sin(la—L—a—p)

= cos2acos2f — sin2asin2f

= cos(2a + 2p)

=cos2(a+ B) = RHS
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Example: If « and (8 are the solutions of the equation a tanx + b secx = c, show that

tan(a + ) = %

Sol: We have, a tanx + b secx = c ... (i)

= ¢ —atanx = bsecx

= (c—atanx)?*= b?sec’x

= ¢?+ a’*tan’x — 2ac tanx = b?*(1 + tan’x)

= tan®x (a? — b?) — 2ac tanx + (c¢? — b?) = 0 ... (ii)

It is given that a and S are the solutions of the given equation (i). Therefore tana and tanf are
roots of the equation (ii).

S __ 2ac q _ c?—b?
o, tana + tanf = —_pzan t;ma tanf = Py
tana+tan 2ac
Hence tan(a + = =
( p) 1-tana tanf a2—c?
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Example: Prove that : cos A cos (g — A) cos (g + A) = %cos 3A
Sol: LHS = cos A cos (% — A) cos (% + A)

= %cosA {2cos (g - A) oS (E + A)}

3
=%COSA [cos(g+A+g—A)+COS(g+A _%+A)]
1

= A[ 27T+ ZA]
=5 cosA |cos 3 cos

_1 A{ 24 1}—1 Acos24A - A
= 5054 jcos 7§ = 5 cosAcos 7 €0S

1 1 1 1
= — 2co0s 2A cosA — 1 CosA = 1 (cos3A + cosA) — ZCOSA

4
-1 3A+1 A - A—1 3A = RHS
=z cos 7 €08 7 C0sA =7 cos34 =
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Note : We have cos A cos (g — A) cos (g + A) = %cos 3A
SmﬂbdyﬁnAﬂn(g-—A)ﬁn(%+¢0::%$n3A

and tan A tan (g — A) tan (g + A) = tan 34

Example: If three angles A, B and C are in A. P., prove that cotB =

Sol: Since4A,Band C areinA.P.,so2B=A+C

A-C A+C

__ sinA-sinC __ 2sin——cos—
Now, RHS = cos C—cos A 2 Sin% sin%
A+C 2B
= cot 5 = cot - = cotB = LHS

SinA —sinC

CosSC—cCOs A
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Example: If A, B and C are the angles of a triangle, then prove that
sin?A + sin?B + sin®C — 2 cosAcos B cosC = 2

Sol: LHS = sin?A + sin®B + sin?C — 2 cosA cos B cos C

= 1-—cos?A+1— cos?B + sin?C — 2 cosAcosB cosC

=2 — cos?A — (cos?B — sin*C) — 2 cosAcosB cosC

=2 — cos?A —cos(B + C) cos(B—C) — 2cosAcosBcosC

=2 — cos?A+cosAcos(B—C)—2cosAcosBcosC [sinceA+B+C = m]
=2 —cosA[cosA — cos(B —C)] —2cosAcosB cosC

=2 —cosA[—cos(B+C)—cos(B—C)]—2cosAcosBcosC
=24 cosA [cos(B + C) + cos(B—C)] — 2cosAcosB cosC
=2+ cosA[2cosBcosC] — 2cosAcosBcosC

=2 =RHS
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Trigonometric Ratios of Multiple and Submultiple Angles

If A is any angle, then angles 2A4,3A,4A,...etc are called multiple angles and the angles

I
I

4
2374’
Trigonometric Ratios of angle 24 in terms of that of angle 4

(i) sin 24 = sin(4 + A) = sinA cosA + cosA sinA = 2 sinA cosA

... etc are called sub - multiple angles of A.

.. ] ) 2 sind cos?4  2tanA 2 tanA
(ii) We have sin2A4 = 2 sinA cosA = = — = -
COSA sec“A 1+ tan“A

(iii) cos 24 = cos(A + A) = cosA cosA — sind sinAd = cos?A — sin’A
(iv) cos 24 = cos?A — sin?A = cos?A — (1 — cos?A) = 2cos*A — 1
(v) cos 24 = cos?A — sin’A =1 —sin?A — sin?A =1 — 2sin®A
cos’A — sin®A _ 1—tan’A

cos2A + sin2A 1+ tan2A s

g0

PUBLIESEHOL

(vi) cos2A = cos?A — sin’A =




1—cos2A

(vii) We have cos 24 = 1 — 2sin?A = sin?A = .

1+cos 24

(viii) We have cos2A4 = 2c0s?A — 1 = cos?A = -

tan A + tand 2 tanA

ix)tan 24 = tan(4 + A) = =
(ix) tan an( ) 1—tanAtanA 1 - tan?A
1 —cos 24

2 4 _
(x) tan” A = 14cos 24
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Trigonometric Ratios of the Angle A in terms of Angle g

Replacing A by% in the relations of multiple angles of 24 , we obtain

(i) sind = 2sin% cos =

i) sind = stC(j:Z
2tan7

(ii) sind = Y]
1+tan27

A .4

(iii) cosA = COSZE— szi

A
(iv) cosA = 2 cos? 5 1

A
(v) cosA = 1 — 2 sin? >

g
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1-— tanzé
(vi) cosA = ———=

1+ tanzé
A 1—cosA
‘e . 2_= It
(vii) sin ZA 1+2 .
cos
2_= It
(viii) cos > El
Ztani
(ix) tanA = y)
1—tan?=
2
A 1 —cosA
tan? == ———
(x) tan 2 1+ cosA
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Trigonometric Ratios of Angle 34 in terms of Angle A

(i) sin 34 = 3 sind — 4sin34

Sol: sin 34 = sin(A4 + 24) = sinA cos2A + sin2A cosA

= sind (1 — 2sin®4A) + (2 sinA cosA)cosA

= sinA — 2sin3A + 2 sinA (1 — sin?A)

= sinA — 2sin3A + 2 sinA — 2 sin3A = 3 sind — 4sin3A
(ii) cos3A = 4cos3A — 3 cosA

3 tanA — tan3A
1 — 3tan?A

(iii) tan3A =
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. . . . A
Trigonometric Ratios of Angle 4 in terms of Angle 3

Replacing A by é in the above formulae, we obtain

Y sind = 3 i A 4 sin? A

(i) sinA = 3 sin 3 sin” | 3
A A

(ii) cosA = 4 cos? 3 — 3 cos 3

3 tan (%) — tan3 (é)

1 — 3 tan? (é)

(iii)tanA =

S0
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. A A, )
Value of sin 5 and cosE in terms of sin4

We have (cos% + sin%) 2= cos? g + sin2§+ 2 sin%cos% =1+ sinA
= cosé + siné = +m
Similarly, cos— — sm— = +m
By adding (1) and (2) and subtracting , we have
2cos§= +v/1 + sind + V1 — sind and
A

Zsiniz +V1+ sind + V1 — sinA

A . A ) o .
There are 4 values of cos> and sin—, when A is not known but sind is given. If 4 is known, then

o A . A A . A . . .
definite S|gn of cos - + sin~ and cos— —sin- may be obtained in the following manner.

A n A A T A
cosE+sm— \/_sm< 2), cosE—sm— \/_cos< 2)

:>\/_sm( ) mand\/_cos( )=im
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Note:

. A
SIn—- =
2

COoS —

A
tan—-
2

N

N

\

\

1—cosA

1-cosA

. if % lies in quadrant I or 11

2

1+cosA

> if% lies in quadrant 1 or IV

1+cosA
2

if% lies in quadrant 11 or 111

1—cosA

ifé lies in quadrant I or 111
1+cosA 2

1—-cosA
1+cosA

if% lies in quadrant 1l or IV

ifé lies in quadrant 111 or IV
2
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Example: If sind = %, where 0° < A < 90°, find the values of sin2A4, cos2A, tan2A.

Sol: We have sin4 = E where 0° < 4 < 90°
Since cos?A =1 — Sln

So, cosA = V1 — sin?A = / —

- tand = SmA
an cosA 4 s a g
Now, sin2A = 2 sinA cosA ZE'E_E

, 3\* 7
co0s2A=1—-2sin“A=1-2 T _ﬁ

3
tan 24 = 2 tanA B ZXZ _24
an _1—tan2A_1 PNZ 7
e )
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1+sin260+cos20
Example: Prove that — = cotf
1+sin26 —cos20

1+sin260+cos20 _ (1+cos20)+sin26 2c05%0+2 sinb cosb

Sol: LHS = = =
1+sin26 —cos20 (1—co0s260)+sin26 2 sin20+2 sinb cos

__ 2cos0 (cosB+sinf) _
"~ 2sinf (cos@+sinf) cotd = RHS

sin 5x —2 sin3x+sinx

Example: Prove that = tanx
COS 5x—cosx

sin 5x —2 sin3x+sinx sin 5x+sinx—2 sin 3x
Sol: LHS = =

. COS 5X—CO0SX . €c0S5x—Ccosx
2 sin3x cos2x — 2sin3x  sin3x( 2 cos2x — 1)

— 2 sin3x sin2x N — 2sin3x sin2x
1 — cos2x 2 sin®x
= _ = , = tanx = RHS
sin2x 2 sinx cosx

g
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Example: Prove that (1 + cos %) ( 1+ cos %n) (1 + cos 5?”) (1+ COS%I) =

7T T T

Sol: We have cos? = COS ( T — 5) = — COSE
51 3w 3w
Alsocos?=cos T -y =—cos?

T 3 5 7T
LHS = (1+cos§) 1+cos? (1+cos?)(1+cos?)

= (1 + cosg) ( 1+ COS%> <1 - COS%) (1 B Cosg)

T 3 T 3
= — 2_ — 2___ = in2 — in2 —
(1 cos 8) (1 cos 8) sin 3 sin 3

Vs 3T
1—cosz 1—cosT 1 1

=t x = (1-5)(1+5) =1 (1-3) =5 =rHs

1
8
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Example: Prove that cos?x + cos? (x + g) + cos? (x — g) — %
Sol: LHS = cos?x + cos? (x + %) + cos? (x - g)

_ 1+c052x+ 1+c052(x+%)+ 1+c052(x—%)
2 2

2
1 2T 2T
=§ 3 + cos2x + cos 2x+? + cos 2x—?

1 2T
= 5[3 + cos2x + 2COSZXCOS?

1 1
==13 2 2cos2 —=
2[ + cos2x + 2 cos 2x ( 2)]

1 3
=5 [3 + cos 2x — cos 2x] =§=RHS
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Example: Find the value of tan%

T T
Sol: Let x = P Then 2x = "
2 tanx T 2 tang 2 tang
Now,tan2x = ———=tan- = —5 => 1 = —5
1- tan?x 4 1— tan2§ 1— tan2§
T T
= 1— tan?-==2tan-
T 8 T 8
= tan2§+ 2tan§ —1=0
T -2 +V/4+4 -2+42+2
= tang = . = . =-1+ V2

Since % lies in the first quadrant so tan% is positive.

Hencetan§=—1+ V2=+2 -1

g0

g

PUBLIESEHOL



w

3T .. . X X X
Example: If tanx = 7 <x< P find the values of sin-,cos> and tan; .

. 37 . .
Sol: Sincem < x < — » SO COSX is negative.

T X 31T .X . o X . .
Also, > < > < ~ sosinzis positive and coszis negative.

9 25
Nowsec’x =1+ tan’x=1+=—==
16 16

2 16 4
= (0S°X = — = (C0SX = —=
25 5

4
. X 1—cosx 1+; 3
Now sin> = / = 2 =

X 1+ cosx

coso=— |—F =

. X
X Slnz
tan- = ¥ = 3
2 cosz
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Example: Show that 2 sin?f + 4 cos(a + B) sina sin 8 + cos 2(a + 8) = cos 2a
Sol: LHS = 2 sin?p + 4 cos(a + B) sina sin B + cos 2(a + )

= 2sin?f + 2cos(a + B) (2sinasinB) + cos 2(a + )

= 2sin?p + 2 cos(a + B){cos(a — B) — cos(a + B)} + cos2(a + B)

= 2sin?f + 2 cos(a + B) cos(a — ) — 2 cos?(a+ B) + 2 cos?* (a + ) — 1

= 2sin?pB + 2( cos?a — sin?p) — 1

= 2sin?pB + 2 cos?a — 2sin?f —1

= 2cos’a — 1 = cos2a = RHS
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Example: Prove that V3 cosec 20° — sec 20° = 4

Sol: LHS = /3 cosec 20° — sec 20°

_ V3 1 _ V3 cos20° — sin 20°
"~ sin20° cos20° sin 20° cos 20°

2(£c0520° —1sin20°)
_ 2 2

% 2 sin 20° cos 20°

4 (sin 60° cos 20° — cos 60° sin 20°) 4 sin40°

= _ = —— =4=RHS
sin 40° sin 40°

g
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Example: Prove that cos 20° cos 40° cos 60° cos 80° = %
Sol: LHS = cos 20°cos 40° cos 60° cos 80°

1
= > cos 20° cos 40° cos 80°
1
= 7 cos 20°cos( 60° — 20°) cos(60° + 20°)

1 .
= =05 20° (cos%20° — sin? 60°)

2
_1 20° 220° 3 _1 20° (4 220° —3)
= 5 cos cos 2) = gcos cos
1
=3 (4 cos3 20° — 3 cos20°)
_1 600_1 1_1—RHS
8N T8 2716

g
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Example: If sin(6 + a) = a and sin(6 + B) = b, prove that cos 2(a — f) — 4ab cos(a — )
=1-—2a?— 2b?

Sol: Now cos(f + a) = /1 — sin?2(6 + a) = V1 — a?

Also cos(8 + B) = /1 — sin2(8 + B) = V1 — b2

We have cos(a — ) = cos{(6 + a) — (68 + B)}

= cos(8 + a) cos(6 + B) + sin(8 + a) sin(6 — B)

= vV1—a?JV1—-b2+ab=ab+ V1 —a?— b2+ a?h?

. cos2(a — B) — 4ab cos(a — B) = 2 cos?(a — B) — 4ab cos(a — B)

= 2 {ab+ \/1—a2—b2+a2b2}2—1 — 4ab {ab+ \/1—a2—b2+a2b2}

= 2 {ab+2ab\/1—a2—b2+a2b2 +1—az—b2+azb2}—1—4a2b2

—4ab+/1— a? — b2 + a2b?
=2-—2a*—-2b>—-1=1-2a? - 2b?
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Example: If cosO =

Sol: We have cosf =

=

U

B

cosa —cos f8
2

6
, prove that tan— = + tan 2 cot
1—cosa cos B 2 2

cosa —cos 8
1—cosa cos f3

0
2
1-tan®>  cosa —cos B

1+ tanzg "~ 1—cosa cos B

[ [
2 2
(1_ tan 5)"'(1”5‘” 5) __ (cos a —cos B)+(1—cosa cos B)

(1_ tanzg)—(1+tan2§) (cos @ —cos B)—(1—cosa cos )

2 __ 1+4cosa —cosp —cosa cosf
-2 tanzg - (14cosa —cosf —cosa cosf)
2
1 (1+4cosa)(1—-cosp)

tanzg " (1-cosa)(1+cosp)
0 a

tan?2 = tan?2 cot?L
2 2 2

0
tan—-= + tangcotﬁ
2 2 2

g
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Example: Prove that sin3x sin3x + cos 3x cos3x = cos32x

Sol: LHS = sin3x sin3x + cos 3x cos3x

=2 (sin3x 4sin3x + cos 3x 4cos3x)
1
=3 {sin 3x (3 sinx — sin3x) + cos 3x (cos3x + 3 cosx)}

1
=2 {3 sin3x sinx — sin? 3x + cos?3x + 3 cos 3x cosx}

1

= Z{3(cos 3x cosx + sin3x sinx) + (cos?3x — sin?3x)}
1

=3 {3 cos(3x — x) + cos 2(3x)}
1

=3 ( 3 cos2x + cos 3(2x))

1
=2 4 cos32x = cos® 2x = RHS

g
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Example: Prove that

tan 5x+tan 3x

———— =4 cos2x cos4x
tan 5x —tan 3x

tan 5x+tan 3x

Sol: LHS = ——
tan 5x —tan 3x
sins5x | sin3x . .
__ cossx | cos3x sin5x cos 3x+cos 5x sin3x
sinsx | sin3x sin 5x cos 3x —cos 5x sin3x
COS 5x C0S3x

sin(5x + 3x) _ sin8x

sin(5x — 3x)  sin2x
2 sin4x cos 4x

sin 2x
2 (2 sin 2x cos 2x) cos 4x

= RHS

sin 2x
= 2cos2x cos4dx

g
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COS 5x+cos 4x

Example: Prove that —————— = —(cos 2x + cosx)
1—-2cos 3x

cos 5x+cos 4x sin3x (cos 5x+cos 4x
Sol: LHS = = ( )

1-2cos3x sin3x (1 —2 cos 3x)

(2 sin 37x cos 37x) (2 cos 97x cos %)

sin 3x — 2sin3x cos 3x
4 5in 3% cos 3 c0s 2% cos &
sin —-C0S —-C0s—-C0s 5

sin 3x — sin 6x

2sin 3 005 cos Zcos® 4 5in 3 c0s 3 cos X cos
_ sin=5-€0S =~ €0S - C0S 5 _ sin~5-€0S =~ C0S - C0S 5
. . 3x — 6x 3x + bx : 3x O9x
251n(T) cos (T) 2 sin (— 7) CoS -
. 3x 3x O9x X
4sm7c0570057c057 3x X
= 9x = -2 CoS—-CoS = = —(cos2x + cosx) = PHC

—2sin (STx) Cos >~

g0
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0 1—e a cos 0 —e
Example: If tan— = |—tan—, provethat cosa = ———
2 1+e 2 1—ecosf
1- tanzg
Sol: We have cosa = ———=
1+ tanZE
= cosa =
1+ ﬂ t 22
1-e 2
(1—e)—(1+e)tan2§ (1—tan2§) —e ( 1+ tanzg)
= cosa = —y —>Cosa = 8 -8
(1-e)+(1+e)* (1+ tan22) —e (1 - tan22)
1- tanzg
—9 — e
1+tan?z . ) 20
= cosa = 5 [ Dividing numerator and denominator by 1 + tan 5]
1-—-tan<s
1-e——%
1+ tanzf
0
cos 6 —e . 1-tan?
= cosa@a = ————— [sincecosd = ——
1-ecosf 1+ tanZE
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