Introduction:

An algebraic expression consisting of two terms, connected by + or - sign is called a binomial
expression.

. 2 1 . . .
The terms like a + b, x — ByZ,; —= etc are binomial expressions.

Binomial Theorem:

The binomial theorem refers to the expansion of integral power of such a binomial i. e., of the form
(x+y)" (a+b)", (3x + 4y)" etc.

The binomial expansion for the case n = 2 was used by the Greek mathematician Euclid. However,
Omar Khayyam, the Arab mathematician is credited with the binomial expansion for higher natural
numbers. Later Sir Isaac Newton generalized the binomial theorem for negative integral and
fractional indices.

In earlier classes, we have already studied that
@ @+b’=1

(ii)(a+b)l=a+b

(iii)(a + b)?> = a® + 2ab + b?

(iv)(a + b)® = a® + 3a?b + 3ab? + b3

w)(a + b)* = a* +4a®b + 6a*b?* + 4ab® + b*

The coefficients in the above expansions follow a particular pattern as given below:
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We also observe that each row is bounded by 1 on both sides. Any entry, except the first and last, in
a row is the sum of two entries in the preceding row, one on the immediate left and the other on
the immediate right. The above pattern or structure of numbers is known as Pascal’s triangle.
(Blaise Pascal (1623 — 1662))

The above coefficients can be written in a combinatorial form as

e’ e e i aA 7C4 o &

8 ~ ,
G Rl CRE c, ®c, ¢, . 5o
(Pascal triangle) s

Binomial Theorem for any Positive Integral Index:

If a and b are any two real numbers, then for any positive integer n, we have
(a+b)* ="Coa™b® +"C;a™ b +"C, a™ %b% + .-+ "C,, a’b"

= (@a+b)"="Coa™ +"CLa" b +"C,a"?h* + -+ "C b = Y yng a"Th"

where "Cy, "C;, "Cy, ..., "C, are called binomial coefficients. These binomial coefficients can also be
written as Cy, Cy, Cs, ..., C,,.

Some Important Observations:

1. The total number of terms in the expansion of (a + b)" isn + 1.

2. In each term of the expansion, the sum of the indices of a and b is the same and is equal to the
indexofa+ bi.e.,n.

3. In the successive terms of the expansion, powers of the first quantity a go on decreasing by 1
whereas the powers of the second quantity b increase by 1.
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4. The binomial coefficients of terms equidistant from the beginning and end are equal.

Particular Cases of Binomial expansion:
1. Expansion of (a — b)™ :
We have
(a—Db)" = ne,a™— ne,a™ b+ ng,a" ?b* — -+ (=D " ng, a™"h" + -+ (=1)"n¢, b"
2. Expansion of (1 + x)™:
Replacing a by 1 and b by x , we have
(1+2)" = ne, + ne,x + ne,x® + -+ nex” + -+ ne x"
3. Expansion of (1 — x)™:
Replacing x by —x, we get
(1=x)"= ng, — ne,x+ ne,x? + -4+ (D" nex” + -4+ (=1)" ng x"
4. Expansion of (a + b)" + (a — b)" :
(a+b)"+(a—b)" = Z[ncoa" + ng,a™ ?b* + ng, a" b + - ]
5. Expansion of (a + b)" — (a — b)" :

(a+b)" = (a—b)" = 2[nc,a™ b + ng,a™3b3 +-- |

Points to Remember:

1. If nis odd, then (a + b)"* + (a — b)" and (a + b)"™ — (a — b)™, both have (nTH) terms.

2. If nis even, then (a + b)" + (a — b)" has (g + 1) termsand (a + b)" — (a — b)" hasgterms.

Example: Find the number of terms in the expansion of the following:
(1) (2x —3y)°

Sol: The number of termsis 9 + 1 = 10.

(@) (1 + 2)*

Sol: The number of termsis 4 + 1 = 5.

(iii) (1 + 5V2x)° + (1 — 5v2x)°
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Sol: The number of terms is % =5,

()Bx+y)° - Bx—y)°

Sol: The number of terms isg = 4.

) (1 + 2x + x?)?°

Sol: The number of terms in the expansion of (1 + 2x + x2)2% = (1 + x)*%is 41.
Example: Expand (x2 + 2y)° by binomial theorem.

Sol: Using the binomial theorem,

(x? +2y)° = 5¢,(x*)* + 5¢,(x*)*(2y) + 5¢,(x»)*(2y)* + 5¢,(x*)?(2y)* + 5., (x*) (2y)*
+ 5¢,(2y)°

= x10 + 5x8 (2y) + 10x°(4y?) + 10 x* (8y3) + 5x2 (16 y*) + 32 y°

= x194+10x% y + 40 x®y? + 80 x* y> + 80 x%2y* + 32y°

4
Example: Using the binomial theorem, expand (Z?x - i) J

2x
Sol: We have,
(=21 b e (B ) 48 B -4 )@Y 4 )
3 2x) = TG\3 C1\3 2x G2\ 3 2x G \'3 ) \2x Ca \2x
16x* 8x3 3 4x2 9 2x 27 81
= —4X—X—4+6X—X—=4X—X—+
81 27 2x 9 4x2 3 8x3 = 16x*
16 16 9 81
=—x*——x*+6-S+
81 9 x2 16x%

Example: Using the binomial theorem, expand {(x + ¥)® + (x — y)°} and hence find the value of

(VZ+15+(Z-1)"}.

Sol: We have, (x +¥)° + (x —y)° = 2{5,,x° + 5.,x%y? + 5., x'y*}
= 2(x° 4+ 10x3y2 + 5 xy*)

Putting x = V2 and y =1, we get

(VZ+1)" + (V2 - 1) =2{(V2)" +10 (v2)" + 52} = 2(4v2 + 20 V2 + 5V2) = 58V2
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General Term in a Binomial Expansion:
The (r + 1)th term is called the general term of the expansion (a + b)™ and it is denoted by T}, ;.

Thus T 1= nc, a "b"

3a 12
Example: Find the 9" term in the expansion of ( xz) .

Sol: The 9" term =Ty = 12¢, (2)12_8 (3_)8

x2

4 8,8
=495 (5) 1= 495 x 3% x

9
Example: Find the 6™ term in the expansion of (? - %) .

Sol: The 6™ term = Ty = 9, (4x)9_5 (_ i)5

2x
4.4 5
_ 9C ( )5 _ OX8X7X6X5 4*x* 5 — _504—0
5 54 25x5 5x4x3x2x1 5% 25x5 x

’i
Example: Find the coefficient of 5" term in the expansion of (g — 3y) .

Sol: The 5" term = T = 7c4( ) (—3y)*

7X6X5x4 - x3
= X — x 81y* =105x3y*
4x3x2x1 . 27

Thus, the coefficient of the 5 term is 105.
Example: Find a, if 17" and 18" terms in the expansion of (2 + )*° are equal.
Sol: We have, T;; = 50, 2076 a'® = 50, x 23* x a'®

and, Tyg = 50,2507 a7 = 50, x 233 x a7

17

It is given that the 17" and 18™ terms are equal.
i. e. T17 = T18

34 o 16 _ 33 17
= 50¢,, X 2°* X a™® = 50¢, X2 Xa

50! 50!
= X a
16!34! 17!33!

17X2
=>a= =1.
34
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Middle term(s) in a Binomial Expansion:

We know that, the binomial expansion of (a + b)™ hasn + 1 terms. So, for middle terms, there are
two cases.

Case — 1: If nis even, then the total number of terms (i.e.,n + 1) is odd. In this case, there is only

one middle term which is the (g + 1) th term.

Case — 2: If nis odd, then the total number of terms (i.e.,n + 1) is even. In this case, there are two

middle terms, which are ("TH) th term and (nTH) th term.

20

2
Example: Find the middle term in the expansion of (% - %)

Sol: Here n = 20, which is even. So, (? + 1) thtermi.e.,11th termis the middle term.

20-10

(— 1)10 = 20¢,,x"°

2
Hence middle term = T;; = 20610 (%) 2x

e
Example: Find the middle terms in the expansion of (Sx - %) .

Sol: Here n = 7, which is odd.

So, % th and 7:—3 thi.e.,4th and 5th terms are two middle terms.

3\ 3
Now first middle term = T, = 7., (3x)" 3 (_%) L NS 1%

: 7-4 2\ 35 s
and the second middle term = Ts = 7., (3x) (— ?) =— x.

10
Example: If the middle term of (i +x sinx) isequalto 7 é, then find the value of x.
Sol: Here n = 10, which is an even number.

So, the middle term is given by (12—0 + 1) thtermi.e., 6th term.

1\10-5 1
Now, Ts = 10, (;) (x sinx)® = 10, = x5sin®x = 252 sin®x

Given that middle term = 7% = —

. 252 sin°x = 2—3
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= sin’x =

. g 1
= SIin"x = —
8. 252 32

. 1 . T T
= sinx = =sin- = x =nw + (—1)"3,71 €Z

Example: Show that the middle term in the expansion of (1 + x)?™ is ! '3'5"""(271_1) 2"x™, wheren

n
is a positive integer.

Sol: As 21 is even, the middle term of the expansion (1 + x)?" is (Zz—n + 1) thi.e.,(n+ 1)th term.

Now, Tpiq1 = 2n¢, (1)*" " x™ = 2n¢ x™

_ @n)! 5 1.2345...02n-2)(2n-1)(2n) X"

nin! nin!

_ {135..02n-DH2.46...2n-2)(2n)} 5,
- nin! x

_ {13s..@2n-1)}{1.23..(n-1)(M)}2"
- nin! x

_ {135.@n-D}ni2" ,n = 13 5...(2n-1) onn

nin! n!

Example: Prove that the coefficient of the middle term in the expansion of (1 + x)?" is equal to the
sum of the coefficients of the middle terms in the expansion of (1 + x)?* 1.

Sol: As2nis even, so the expansion of (1 + x)?" has only one middle term which is (27n+

1) thi.e.,(n+ 1)thterm.

The (n + 1)th termiis 2n. x".
So, the coefficient of the middle term in the expansion of (1 + x)?" is 2nc,.

Similarly, (2n — 1) being odd, the other expansion has two middle terms.

Middle terms are (2n—21+1) th and (2n—21+3) thi.e.,nthand (n + 1)th terms.

n-—1

Now, T, = 2n—1,,_, x and Tpyq = 2n— 1 x™

So, the coefficients of two middle terms in the expansion of (1 + x)?" ! are 2n — 1¢,_, and
2n — 1Cn'

~ The sum of these coefficients= 2n—1,  + 2n—1, = 2n—1+ 1.,

= 2n¢, = Coefficient of the middle term in the expansion of (1 + x)?"n,
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Example: Find the value of k for which the coefficients of the middle terms in the expansion of
(1 + kx)* and (1 — kx)°® are equal.

Sol: In the expansion of (1 + kx)*, middle term = 4, (kx)* = 6k*x?
In the expansion of (1 — kx)®, middle term = 6., (—kx)? = —20 k3x3

It is given that: coefficient of the middle term in (1 + kx)* = coefficient of the middle term in
(1 — kx)®.

S6k?= —20k3=2k=0k= ——

10

Equidistant Terms:

In the binomial expansion of (a + b)"™, the (r + 1)th term from the end is{(n+1) —r} =
(n —r + 1)th term from the beginning.

The (r + 1)th term from the end in the expansion of (a + b)™ is same as the (r + 1)th term from

the beginning in the expansion of (b + a)™.

25
Example: Find the 11" term from the end in the expansion of (Zx - xiz) .

Sol: The given expansion contains 26 terms.

So, the 11" term from the end = (26 — 11 + 1)th term from the beginning i.e., 16 term from the
beginning.

1115
» Required term = Ty4 = 25, (2x)*7%° (_ _)

xZ
_ 10 10, DY 2t
= 25, x 20 xx10x C22= _ 25, x I

Example: Find n, if the ratio of the fifth term from the beginning to the fifth term from the end in

n
the expansion of (W + %) isV6 : 1.

1 4 n—4 1

Sol: Clearly, the fifth term from the beginning = Ts = ng, (‘{/f)n_4 (75) =ng X2+ X 3

The fifth term fromtheend = (n + 1 — 5 + 1)th term from the beginning

= (n — 3)th term from the beginning

n—(n-4) 1 \"4 1
SO, Tn_g = ncn_4 (W) (%) = ncn_4 X 2 X 371?
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o T, V6
It is given that —=— = —
Tpz 1
n—4
Ne,X2 4 X7 n-4 4 n—4 4 1
5 ——3 =6 = 2+ X 3 4 = 62
Ney_y X2X =
3 4

1
=> (2 x3)7 1= (2x3):
2o sn-8=2=n=10.
4 2

Example: If O be the sum of odd terms and E that of even terms in the expansion of (x + a)™,
prove that

(l) 02 _ EZ — (xZ _ aZ)n
(ii) 40E = (x + a)*™ — (x — a)*"
(iii)2(0> + E?») = (x + &) + (x — a)*"

Sol: We have, (x + a)" = ng x"a’ + ng,x™ 'a’

+ ne,x"?a® + -+ ne_ x*a™' +ng x%a"
= (ne,x"a® + ne,x"%a? + ) + (nex™ tat + nex3ad + ) =0+E .. (1)
and
(x —a)" = ng,x"a® —=ne x"ta + ne,x"2a? — -+ ne,  xN(=1)" a4+ ne, x°(=1)"a"
= (ne,x"a’ + ng,x"2a? + ) — (nex™ tal +npx"ad + ) =0 —E ... (2)
(i) Multiplying (1) and (2), we get
x+a)*"(x—a)"=(0+E)O—-E)
= (x%—a?)" = 0% — B2
(ii) We have, 40E = (0 + E)? — (0 — E)?
= 40E = {(x + a)"}* — {(x — a)"}*
= 40E = (x + ) — (x — a)™"
(iit) Squaring (1) and (2)and then adding, we get
{(x+a)" P+ {(x—a)"}* = (0+E)*+ (0 —E)?

> (x+a)™+ (x—a)®™ =2(0% + E?)
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Some More Problems Related to Binomial Theorem:

(Finding the Coefficient for a given index of the variable)

11
Example: Find the coefficient of x1? in the binomial expansion of (Zx2 - z) , when x # 0.

11
Sol: Suppose (r + 1)th term contains x1° in the binomial expansion of (sz - z)

Now, Ty.pq = 11¢, (2x%)17 (- z)r = (=111, 20177, 37 %2237 ()
If T,,q, contains x1°, then 22 —3r = 10 =r = 4.
So, (4 + 1)th i.e. 5th term contains x1°
Puttingr = 4 in (i), we get
Ts = (—1)*11,,20179.3% %10 =11, x 27 x 3* x x1°
~. Coefficient of x1® =11, x 27 x 3*
Example: Find the coefficient of x%y3 in the expansion of (x + 2y)°.
Sol: Suppose x°y3 occurs in (r + 1) term of the expansion of (x + 2y)°
Now, Tri3 = 9¢, X (x)°77 X (2y)" =9, x 2" x x777 x y"
This will contain x°y3, if
9—r=6andr=3=r=3
9!

. . 9X8X7X6!
«. Coefficient of x®y3 = 9., x 23 = —x 23 = ———
316! 316!

X8 =672
Example: Find the coefficient of x*° in the expansion off (1 + 2x + x2)?7
Sol: We have (1 + 2x +x2)?7 = {(1 +x)?}?”" = (1 + x)>*
Suppose x*° occurs in (r + 1)th term in the expansion of (1 + x)°%.
Now, T4y = 54¢ x"

For this term to contain x*°, we must have r = 40

So, the coefficient of x** = 54, .
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11
Example: Prove that there is no term involving x© in the expansion of (sz — %) , Wwhere x # 0.

11
Sol: Suppose x° occurs in (r + 1)th term in the expansion of (Zx2 - 3)

i
Now, Tpey = 11, (2x2)11°7 (—%) = 11, (—1)7 21177 37 522737

For this term to contain x®, we musthave 22 —3r =6 =>r = %, which is a fraction.
But, 7 is a natural number. Hence, there is no term containing x®.
(Finding the term independent of the variable)

1710
Example: Find the term independent of x in the expansion of (3x2 - %) .

Sol: Let (r + 1)th term is independent of x in the given expression.

3

_ 1\" _ 1\" _ y
Now, Typy = 10,(3x2)10°7 (= =) = 10, 31077 (=32) 22757 (D)
This term will be independent of x, if 20 —5r = 0 = r = 4.

So, (4 + 1)th i.e.5th term is independent of x.

Puttingr = 4 in (i), we get

1)4 _ 10X9x8X7 _ 729 _ 76545
T 4ax3x2x1 16 8

Ty = 10¢,3° (=3

. 76545
Hence, the required term = .

10
Example: Find the value of a so that the term independent of x in (ﬁ + ;—2) is 405.

10
Sol: Let (r + 1)th term in the expansion of (\/E + %) be independent of x.
X

— T T
Now, Ty = 10o, (VX) (5) = 102" a" .. ()
This will be independent of x, if 5 —g— 2r=0 =5 —52—T= 0=>r=2

Puttingr = 2 in (i), we get: Ty = 10,a?

It is given that the term independent of x is equal to 405.
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~ 10¢,a* =405 = 45a* =405 = a®* =9 = a= +3.
(Problems based on Consecutive terms or Consecutive Coefficients)

Example: The coefficients of three consecutive terms in the expansion of (1 + x)™ are in the ratio
1:7 : 42. Find n.

Sol: Let the three consecutive terms be rth, (r + 1)th, and (r + 2)th terms. Their coefficients in
the expansion of (1 + x)™ are n¢,_,n¢,, and n¢_, , respectively.

Itis given thatng__ i n¢

T

:ncr+1=1:7:42

ne,.— 1 r 1 .
Now, —/— === =-=>n—-8r+1=0..()
ne, 7 n-r+1 7
ne 7 r+1 1 L.
and, —fF-=—>>—==-=2n-7r—6=0.. (ii)
NCryq 42 n-—r 6

Solving (i) and (ii), we getr = 7 and n = 55.

Example: If the coefficients of a"~1,a”,a"*?!

A.P. provethatn®? —n(4r +1) +4r2 -2 = 0.

in the binomial expansion of (1+ a)" are in

Sol: The coefficients of a”~%,a” and a”*? in the binomial expansion of (1+a)*are ne,_,,Nc,,and

ne,,, respectively.
Itis given that n¢,_,,n¢,,andne  arein A. P.
So,2n¢, = ne,_, + neg,,,

T n—-r

Nne,_ nc.
=2 = Cr—1 THL o D —

ne, ne, n-r+1 r+1

r(r+1)+n-r)(n-r+1)

=2= (n-r+1)(r+1)

>2n—-r+Dr+D)=rc+D)+n-rNn-r+1)
S2nr—2r2+2n+2=r’+r+n? -2nr+ri+n—r
S>n—4dnr—-n+4r2-2=0>n>-nl@r+1)+4*>-2=0.

Example: Find an approximation of (0.99)° using the first three terms of its expansion.
Sol: We have (0.99)° = (1 —0.01)°

= 5¢, — 5¢,(0.01) + 5c2(0-01)2 —5¢, (0.01)3 + 504(0-01)4 — 5S¢, (0.01)°

=1-5x(0.01) + 10 x (0.0001) — 10 x (0.000001) — (0.0000000001)
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=1-0.05+0.001 =0.951
Example: Which is larger (1.01)1°00000 5 10,000 ?
Sol: We have (1.01)1000000 — (1 4 ,01)1000000
= 1000000, + 1000000, (0.01) + 1000000, (0.01)% + -+ 1000000, .. (0.01)1000000
=1+ 1000000 x (0.01) + other positive terms
=14 10000 + other positive terms
= 10001 > 10000.
~ (1.01)1000000 = 10000.

Example: Using, binomial theorem, prove that 6™ — 5n always leaves the remainder 1 when divided
by 25.

Sol: We have, 6™ —5n = (1+5)" —5n

= ng, + n¢, (5) + n¢,(5)* + ne,(5)° + -+ ng, (5)" - 5n
=145n+ ng,(5)%*+ ng,(5)° + -+ ng,(5)" —5n

= 6" =5n—1=ng,(5)%*+ nc,(5)° + -+ n,, (O

= 6" —5n—1= 5%(ng, + ng, X5+ ng, X 5%+ -4 ng X 5"72)
= 6" —5n—1 = 25 X aninteger

= 6" —5n = 25 X aninteger +1

= 6" — 5n leaves the remainder 1 when divided by 25.
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