Chapter- 2
Relations and Functions

Introduction:

We are familiar with the concept of relationships between people. For example, a mother-
daughter relationship exists between P and Q if and only if Pis the mother of Q or Q is the
daughter of P.

In mathematics, we have many relations such as x < y, p is divisible by g, a = b?, volume V = x3
of a cube. Hence, we observe that every relationship involves a pair of objects or elements in a
particular order.

Ordered Pairs:

There are many common ways of pairing, relating, or associating elements or members of one or
more sets with each other. The states with their capitals can be associated through ordered pairs
like (Odisha, Bhubaneswar), (Bihar, Patna), (Maharashtra, Mumbai), etc.

Identifying an Ordered Pair:

An ordered pair is a pair of elements whose components are written according to a specific order,
separating them by a comma and enclosing the pair in small brackets. Let A and B be two sets.
Consider the pair (x, y), where x € Aandy € B. Then (x, y) is called an ordered pair. In an
ordered pair, the order in which the two elements occur is important. Thus (x, y) and (y, x) are
different ordered pairs.

Equality of Ordered Pairs:

Two ordered pairs (a, b) and (¢, d) are equal iffa = cand b = d.
Note: (a, b) = (b, a) iffa = b.

Example: Find x and y if (x + 3, 5) = (6, 2x + y)
So:x+3=5=>x=3 Also2x+y=5=>y=5-2x=5-6=-1
Example: If (a + 2, b — 3) = (5, 7), find the values of a and b.

Sol: Wehave,a+2=5andb—-3=7

=a=3and b = 10.
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Cartesian Product of Sets:

Let A and B be two non — empty sets. The set of all ordered pairs (a, b) wherea € Aand b € B is
called the Cartesian product of A and B. It is denoted by A X B.

Mathematically, A X B = {(a, b):a € Aand b € B}

We have B X A = {(a, b):b € Band a € A}

Since (a, b) # (b, a),soingeneral AX B # B X A, unless a = b.
We write, A X A as A?.

The Cartesian product three non —empty sets A, B, C is defined by
AXBxC=1{(a, b, c)ia€A, beB, ceC(C}

Note: The plane is represented in a form of set as R X R = R?.
Example: Let A = {1, 2, 3} and B = {3, 4}

Then A X B = {(1, 3), (1, 4), (2, 3), (2, 4), (3, 3), (3, 4)

Example: Let A = {a, b} and B = {x: x is a prime number less than 7}. Find A X B and B X A.
Show that A X B # B X A.

Sol: Given sets are A = {a, b} and B = {2, 3, 5}

So,Ax B ={(a, 2), (a, 3), (a, 5), (b, 2), (b, 3), (b, 5)}
and Bx A =1{(2, a), (2, b), (3, a), (3, b), (5, a), (5, b)}
Since, (a, 2) # (2, a) s0 A X B # B X A.

Note: If A X B is given, then we can find B X A from it, just by reversing the position of elements
of each ordered pair.

Example: If A = {—1, 1}, thenfind A X A X A.
Sol: AxA={(-1,-1), (-1, 1), (1, = 1), (1, 1)}
AxAxA={-1-1, -1), (-1, 1, —-1),(1, —-1,-1), (1,1, —1), (-1, —1, 1),

(-1,1,1),@Q, —-1,1), (1,1, 1)}
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Identifying two sets given their Cartesian Product:

In the Cartesian product A X B, A is the set of first components/elements and B is the set of
second components/elements.

Example: If A X B = {(7, 2), (7, 3), (7, 4), (2, 2), (2, 3), (2, 4)} then determine A and B.
Sol: A = set of first elementsof A X B = {7, 2}

B = set of second elements of A X B = {2, 3, 4}

Number of Elements in Cartesian Product of two Sets:

» If there are p elements in set A and g elements in set B, then there will be pg elements in
AXx B.i.e,ifn(A) =pandn(B) = q,thenn(4 X B) = pq.

» If Aand B are non-empty sets and either A or B is an infinite set, then A X B will also be an
infinite set.

> |IfeitherA=@orB = @,thenA X B = Q.

Example: Let A and Bbe two sets such that A X B contains 6 elements. If three elements of A X B
are (1, 3), (2, 5) and (3, 3), then find 4, B, and remaining elements of A X B.

Sol: It is given that (1, 3), (2, 5) and (3, 3) € A X B.

SoA={1, 2, 3}and B = {3, 5}

=AXxB ={1, 3), (1, 5), (2, 3), (2,5), (3, 3), (3, 5)}

Hence, the remaining elements of A X B are (1, 5), (2, 3), (3, 5).

Example: Let A = {1, 2} and B = {3, 4}. How many subsets will A X B have?
Sol: Heren(4) = 2andn(B) =2

So,n(A X B) = 4.

Hence, the total number of subsets of A X B is 2* = 16
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Graphical Representation of the Cartesian Product of two Sets:
Let A ={—1, 3, 4) and B ={(2, 3}. Represent the following products graphically i.e. by

(ii) A x A

Example:
lattices: (i) Ax B (ii) Bx A
SOLUTION (i) We have, A ={—1, 3, 4) and B={2, 3}.
AxB = {(-1,2),(-1, 3),(3, 2),(3, 3), (4, 2), (4, 3)}

In order to represent A x B graphically, we follow the following steps:

(a) Draw two mutually perpendicular lines one horizontal and other vertical.

(b) On the horizontal line represent the elements of set A and on the vertical line represent the

elements of set B. )
(c) Draw vertical dotted lines through points representing elements of A on horizontal line
and horizontal lines through points representing elements of B on the vertical line. Points of

intersection of these lines will represent A x B graphically as shown in Fig. 2.3.

4, 3)

(4.2)

- g

(ii) Clearly, BxA = {2, 3)x (-1, 3,4 = ((2,-1),(2 3),(2,4),(3,-1. (3, 3), (3, 4)
Here, we represent B on the horizontal line and A on vertical line. Graphical representatiqy, i

B x A is as shown in Fig. 2.4.
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DIAGRAMATIC REPRESENTATION OF CARTESIAN PRODUCT OF TWO SETS

[norder torepresent A x Bby an arrow diagram, we first draw Venn diagrfslms repl‘esinf;?frfi‘:s
A and B one opposite to the other as shown in Fig. 2.2. Now, we draw line segments g
from each element of A and terminating to each element of set B.

A = [1,3,5)and B = (g, b, then following figure gives the arrow diagram of Ax B.

A B
1 a
3

b
5

Some Theorems on Cartesian Product of Sets:
1. Forany three non — empty sets 4, B and C, we have
(i) AX(BUC)=(AXB)U(AXC)
(i) AX(BNC)=(AXB)N(AxC(C)
2. For any three non-empty sets A, B and C, we have AX (B—C) =(AXB)—(AX ()
3. If Aand B are any two non — empty sets,thenAXB=BX A< A=1B
4. IfAIB,thenAXAc(AXB)N (B XA)
5. IfAcB,thenA X C cB X C forany non —empty set C.
6. fAcBand(C cD,thenAXCcB XD
7. Foranynon-emptysets A, B, C,and D,wehave (AXB)N(C xXD)=(ANC)x(BND)
8. Foranythree sets A, B and C, we have
(YAXB'UC) =(AXB)N(AXC)
(iD)AX(B'NnC") =(AxB)U(AxC(0)

9. LetAandB be two non —empty sets having n elements in common, then A X Band B X A
have n? elements in common.

10. Let A be anon—-empty setsuchthat AX B =A X C.Then, B = C.
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Example: If A = {1, 3}, B = {2, 3}and C = {1, 2, 4}, then verify that
(DAX(BNC)=(AXB)N(AXC(C)

Sol: N C ={2).50,Ax (BnC) ={(1, 2), (3, 2)}

Again, AX B ={(1, 2), (1, 3), (3, 2), (3, 3)}

andA X C ={(1, 1), (1, 2), (1, 4), (3, 1), (3, 2), (3, 4)}

So,( AXB)Nn(AxC)={(1, 2), (3, 2)}.

Hence AX (BN C) = (AXB)Nn (AxC().

(i) AX(B—C)=(AXB)—(AXx0)

Sol: B—C = {3}.50,Ax (B—C) ={(1, 3), (3, 3)}

Again, AX B ={(1, 2), (1, 3), (3, 2), (3, 3)}

andAxC={(1,1),(12), (14,3 1,3 2,3 4}

So, (AXB)—(AxC) = {(1, 3), (3 3)}

Hence, AX (B—C) = (AXB) — (A% ()

(iiil)(AUB) X C = (AX C) U (B X ()

Sol: AUB = {1, 2, 3}

So,(AUB)xC={(1,1), (1, 2), (1, 4), (2,1),(2,2),(2,4), (31), (3, 2), (3, 4)}
Again, AX C={(1, 1), (1, 2), (1, 4), (3, 1), (3, 2), (3, 4)}

and BxC =1{(2,1), (2, 2),(2,4), (3 1), (3, 2), (3 4}
So,(AXxC)UuBxC)= {(1,1), (1, 2), (1,4, (2,1), (2 2),(2,4), (31), (3, 2), (3 4}
Hence, (AUB) XC =(AXC)U (B x ()

Example:

If A and B are any two non — empty sets, then provethat AX B = B X A < A = B.
Solution: Let A = B

SoAXB=AXA=BXA.
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Conversely, Let A X B = B X A. We have to show that A = B.
Let x is an arbitrary elementof Ai.e. x € A

= (x,y) e AXB,foranyy€EB = (x,yY)EBXA=x€B

Again, let y is an arbitrary element of Bi.e. y € B.

= (y,x) EBXA,foranyx€EA=(y,x) EAXB=y€EA

So,BCA ... ()]

From (I) and (ll), we get A = B.

Example: If A c B and < D, then provethat A X C < B X D.

Sol: Let (x, Y) EAXC=x €Aandy €C
=x€Bandy €D (sinccAcBandCcD)=(x,y) EBXD
Hence, A X C < B X D.

Example: For any sets 4, B, C,and D, provethat (AX B) N (C X D) = (AN C) X (BN D).
Sol: Let (x, y) E(AXB)N(C xD)< (x,y) € (AXxB)and (x,y) € (C xD)
<x€A, yEB,andxe(C, yeED<x€Aandx€e(C,yeEBandy €D
ox€e(AnC)andye(BND)<(x, y) E(ANC) X (BND)
Weget,(AXB)N(CxXxD)c(ANnC)x (BND)

and (ANC)X(BND)c(AxB)Nn(C xD)

Hence, (AXB)N(CxD)=(ANC) X (BND).

Example: If two non — empty sets 4 and B have m elements in common, then how many elements
do A X B and B X A have common?

Sol: Wehaven(ANB) =m

Nown((AxB)N(BxA)=n((AnB)x (BN A)) =n((AnB) X (ANB)) =m.m=m?
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Example: For any three sets 4, B, C prove that
(DAX(B'UC)Y =(AXB)Nn(AX0)
Sol: AX(B'UC) =AX((B)YN(C))=AxXx(BNC)=AXB)Nn(AxC)
(D)AX(B'NC"Y=(A%XB)U(Ax0)
Sol: Same as (i).
Relations
Let A and B be two sets. Then a relation R from A to B is a subset of A X B.
Thus R is a relation fromAtoB< Rc A X B.

The subset is derived by describing a relationship between the first element and the second
element of the ordered pairs in A X B. The second element is called the image of the first
element.

If R is a relation from a non — empty set A to a non —empty set B and if (x, y) € R, then we write
x R y and we say that x is related to y by the relation R.

If (x, y) ¢ R, then we write x R y and we say that x is not related to y by the relation R.
If A=Bi.e. Rc A XA, thenR is a relation defined on A.

Example: Let A = {0, 1, 2, 3}and B = {1, 3, 4}

Then A X B = {(0,1), (0,3), (0, 4), ...... (3, 4)}

R, = Equalto ={(1, 1), (3, 3)} R, = greater than = {(2, 1), (3, 1)}

Example: If A = {1, 2, 3}and B ={a, b, c}, thenR ={(1, a), (2, ¢), (1, a), (3, a)}, being a
subset of A X B, is a relation from A to B. Here (1, a) € R, so we write 1 R a.

Example: If A = {1, 2, 3, 4}and B = {5, 6, 7, 8}, then which of the following are relations from
A to B ? Answer.

@R, ={(1,5), (2 7, 3, 8)} (i) R, ={(6, 2), 3, 7), (4, 7}

Sol: Here A X B =
{(1,5),(,6), (1, 7), (1, 8),(2,5), (26), (2,7), (2, 8), (3,5), 3,6), 3, 7), (3, 8),

(4, 5), (4, 6), 4. 7), (4 8)}
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(i) Since, Ry < A X B, therefore R, is a relation from A to B.
(ii) Since, (6, 2) € R, but (6, 2)¢ A X B, therefore R, is not a relation from A to B.
Number of Relations

Let A and B be any two finite sets containing m and n elements respectively. Since each relation
from A to B is a subset of A X B, so the number of relations defined from A4 to B is 2™",

Example: If A = {a, b} and B = {2, 3, 4}, then find the number of relations from A to B.
Sol: We have n(4) = 2 and n(B) = 3.

So, the number of relations from A to B is 22%3 = 26 = 64.

Types of Relations

1. Empty / Void Relation: Since ® — A X B, so @ is a relation from A to B, which is called an
empty relation. It is the smallest relation in A X B.

2. Universal Relation: since A X Bc A X B, so A X B is a relation from A to B, which is called
the universal relation. It is the largest relation in A X B.

3. Identity Relation: LetA = {x. y, z}. Sol, = {(x, x), (v, ), (z, 2)}is called the identity
relation on A.

Domain and Range of a Relation:

Let R be a relation from a set A to a set B. Then the set of all first components of ordered pairs
belonging to R is called the domain of R, while the set of all second components of the ordered
pairs in R is called the range of R.

Thus,dom — R = {x:(x, y) € R}andrng — R ={y:(x, ¥) € R}

Example: IfA=1{1, 3,5, 7}, B={2, 4, 6, 8, 10} and letR = {(1, 8), (3, 6), (5, 2), (1, 4)} be
a relation from Ato B. Thendom — R ={1, 3, 5}andrng — R = {8, 6, 2, 4}

The inverse of a Relation:

Let A, B be two sets and let R be a relation from a set 4 to a set B. Then the inverse of R,
denoted by R™1, is a relation from B to A and is defined by R~ = {(y, x): (x, y) € R}.

From the above example, we get R~ = {(8, 1), (6, 3), (2, 5), (4, 1)}

So,dom — R ={8, 6, 2, 4}andrng — R ! ={1, 3, 5}
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Remember:

> IfRcAXB,thenR™ 1B XA.

» dom—-—R=rng—R 'andrng —R =dom — R™L.

> domain c A and range c B.

> The set B is called the co-domain of the relation R.

> range c co — domain

Representation of a Relation

A relation from a set A to a set B can be represented in any one of the following forms:

1. Roster Form: In this form, a relation is represented by the set of all ordered pairs belonging to
R.

Example: A relation R is defined from a set A = {2, 3, 4, 5} to a set B = {3, 6, 7, 10} as follows
(x, y) € R < x divides y. Express R as a set of ordered pairs and determine the domain and
range of R.

Solution: Here R = {(2, 6), (2, 10), (3, 3), (3, 6), (5, 10)}
So,dom — R ={2, 3, 5}andrng — R = {3, 6, 10}

2. Set — builder Form: In this form, we represent the relation R from set Ato setBasR =
{(x, y):x € A, y € B and the rule which relates the elements of A and B}

111

For example, if R is a relation from set A ={1, 2, 4, 5} and B = {1'5’2'5} such that R =

{(1.1), (2,%), (4,% ), (5,%)}, then in set-builder form, R can be written asR = {(x, y):x €

A,yEB,andy=§}

3. Arrow diagram: To represent a relation by an arrow diagram, we draw arrows from the first
component to the second component of all ordered pairs belonging to relation R.

For example, a relation R = {(1,3), (2, 5), (3, 6), (2, 6), (2, 3)}from setA ={1, 2, 3, 4} to
set B = {3, 4, 5, 6} can be represented by the following arrow diagram.
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v N A

B

A
1
2

3—
4

Example: Let R be the relation on the set N of natural ﬁumbers defined by
R ={(a, b):a+3b=12,a €N, b € N}. Find
(DR (ii) Domain of R (iii) Range of R (iv) R71
Sol: Wehavea+3b=12=a=12-3b
Putting, b = 1, 2, 3 respectively in the above relation, we geta =9, 6, 3
So (DR =1{(09, 1), (6, 2), (3, 3)} (ii)dom-R = {9, 6, 3}
(iiiyrng — R ={1, 2, 3} (iv)R"'={(1,9), (2, 6), (3, 3)}
Example: Let A = {1, 2, 3, 4, 5, 6}. Define arelation Ronset AbyR = {(x, y):y = x + 1}
(i) Depict this relation using an arrow diagram
(ii) Write down the domain, co-domain, and range of R.
Sol: Putting x = 1, 2, 3,4,5, 6 respectivelyiny = x + 1, wegety = 2, 3,4, 5, 6, 7 respectively.

But 7 ¢ A. Hence R = {(1, 2), (2, 3), (3,4), (4, 5), (5, 6)}
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Example: The following figure shows a relation R between the sets P and Q. Write the relation R
in (i) Roster form (ii) Set builder form. What are its domain and range?

Sol: (i) It is evident from the figure that

R=1{(093), (9,-3), (4 2), 4, —2), (25,5), (25, =5)}
(ii) The relation R in set-builder form is

R={(x, y):y*=x,x€P, y€Q}

The domain and range of R are {9, 4, 25} and

{=5, —3, =2, 2, 3, 5} respectively.
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Different Kinds of Relations
1. One - One Relation

Arelation R € A X Bis called one —on if (x4, ¥;) € R, (X3, ¥,) € Rtheny, =y, = x; = x,.

R, B

>

h CamScanner

2. One — Many Relation
Arelation R € A X B is called one —many if (x4, y;) € R, (x1,V,) € R for some x; € A

and y;,y, € B where y; # y5.
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3. Many — One Relation

A relation R c A X B is called many — one if (x;,y1) € R, (x3,¥1) € R for some y; € B and

X1,%X; € A where x; # x5.

I 4

2

3 6

4 » 8

5 10
A R, B

4. Many — Many Relation

A relation R — A X B is called many — many if it is both one —many and many — one.

1 4

2 &

3 3

4

5 »10
B R, B

Example: Determine the domain and range of the following relations.
(DR={(4x+3,1—x):x <4, x €N}
Sol: Here R = {(7, 0), (11, — 1), (15, —2), (19, —3)}

dom—-R ={7, 11, 15, 19}, rng —R={0, — 1, —2, — 3}

3y 2+x
(LL)R={(X+4, z_x):4SxS6,xEN}
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Sol: Here R = {(8, —3), (9, —1), (10, —2)}

So,dom—R = {8, 9,10}, mg —R={-3, -2, -2}
Example: Let A and B be the sets of real numbers. Define a relation R from A to B by
R={(x,y) EAXB: x*+y?=1and|x — y| = 1}. Find the domain and range of R.
Sol: Here R = {(1,0), (-1, 0), (0, 1), (0, — 1)}
So,dom—R=1{-1,0,1}, rmg —R={-1,0, 1}.

Example: Let R be the relation on the set Z of all integers defined by (x, y) ER< x —yis
divisible by n. Prove that

(i)(xx)ERVx€EZ

(ii))(x, Y VER=(y, x) ERVX,yEZ

(iii) (x, y) ERand(y,z) ER=(x,z2) ERVX,y,z€EZ

Sol: (i) Foranyx € Z,wehavex —x =0=0Xn

= x — x is divisible by n.

= (x, x) € R.Thus (x, x) € Rforallx € Z.

(ii) Let (x, y) E R.Then(x, y) €ER

= x — yisdivisiblebyn =>x —y =kn forsome k € Z

=>y—x=(—k)n=y—xisdivisiblebyn = (y, x) €R

Thus, (x,y) ER= (y, x) ERforallx, y € Z.

(iii) Let (x,y) € R and (y,z) € R. Then,

(x,y) €ER = x — yisdivisiblebyn = x —y = an forsomea € Z
(y,z) E R=y —zisdivisiblebyn =y —z = bnforsomeb € Z

~(x,y)€ERand(y,z) ER=>x—y=anandy —z = bn
>x—y+y—z=an+bn=>x—z=(a+b)n

= x — z is divisible by n. = (x,z) €R
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Thus, (x,y) € Rand (y,z) E R = (x,z) €ER.
Functions

The word ‘Function’ is derived from a Latin word meaning operation and the words
correspondence, mapping, and map are synonymous to it.

Function as a special kind of Relation

Let A and B be two non-empty sets. A relation f from Ato B i,e., a subset of A X B is called a
function from A to B if

(i) for each x € A there existy € B such that (x,y) € fi.e. dom — f = A.
(i)(x,y)Efand (x,2) E f >y =2z

In other words, a function f from a set Ato a set B associates each element of setAto a
unique element of B.

Thus a non-void subset f of A X B is a function from A to B if each element of A appears in
some ordered pair in f and no two ordered pairs in f have the same first component.

The function f from A to B is denoted by f : A — B.

If (x, y) € f, then we write y = f(x), where y is called the image of x under f and x is called
the pre-image of y. Also, y is called the value of f at x.

The function f: A - B can also be written as f = {(x, f(x):x € A}.

If y = f(x), then x is called an independent variable and y is a dependent variable.

/
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let A={1, 2, 3,4}and B={a, b, ¢, d, e} be two sets and let f;, f5, f5 and f, be rules
associating elements of A to elements of B as shown in the following figures:

e~}

A

|
QRO

We get f; is not a function from set A to set B, because there is an element 3 € A which is not
associated with any element of B.

Also, f, is not a function from A to B because an element 4 € A is associated with two elements ¢
and e in B. But f3 and f, are functions from A to B, because under f3 and f, each element in 4 is
associated with a unique element in B.

Description of a Function:

Let f: A — B be a function such that the set A consists of a finite number of elements. Then, f(x)
be described by listing the values which it attains at different points of its domain. For example, if
A ={-1, 1, 2, 3} and B is the set of real numbers, then a function f: A = B can be described as

f(=1)=3, f(1) =0, f(2) =%and f(3) =0. In case, Ais an infinite set, then f cannot be

described by listing the images at points in its domain. In such cases, functions are generally
described by a formula. For example f: Z — Z given by f(x) = x% + 1.

Number of Functions
If n(A) = p and n(B) = g, then the total number of functions defined from A to B is q”.

Example: If x, y € {1, 2, 3, 4}, then which of the following are functions in the given set?
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a) fi={( y):y=x+1}
Sol: We have f; = {(1, 2), (2, 3), (3, 4)}.

We observe that element 4 of the given set has no image. So f; is not a function from the given
set to itself.

b) f ={(x, ¥):x +y = 5}
Sol: We have f, = {(1, 4), (2, 3), (3, 2), (4, 1)}

We observe that each element of the given set has appeared as first components in one and only
one ordered pair of f,. So, f, is a function in the given set.

Domain, Co-domain, and Range of a Function:

Let f: A — B. Then the set A is known as the domain of f and the set B is known as the co-domain
of f. The set of all f — images of elements of A is known as the range of f or image set of A
under f and is denoted by f(4).

We have f(A) c Bi.e. range c co — domain.

Example: Let N be the set of natural numbers and the relation R be defined on N such thatR =
{(x, y):y = 2x, x, y € N}. What are the domain, co-domain, and range of f ? Is this relation a
function?

Sol: The domain of R is the set of natural numbers N. The codomain is also N. The range is the set
of even natural numbers. Since every natural number n has one and only one image, this relation
is a function.

Example: Let A = {—2, — 1, 0, 1, 2} and f: A - Z be given by f(x) = x? — 2x — 3. Find

(i) the range of f

(ii) pre-images of 6, — 3, and 5.

Sol: (i) We have f(x) = x% — 2x — 3.

Now f(=2) = (=2)2=2(=2)—-3=5, f(-1) = (-1)2=-2(-1)—-3=0
f(0)=0-2x0-3=-3, f(1)=1>-2x1-3=-4, f(2)=22-2%x2-3=-3
So,rng — f ={f(=2),f(=D), f(0), f(D), f(D}={-4 —3,0,5}

(ii) Let x be a pre-image of 6. Then f(x) = 6
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Ziv;‘”ﬁ — 1410 ¢ A.

=>x?2-2x-3=6=2x*-2x—-9=0=>x=
So there is no pre-image of 6.

Again let x be a pre-image of —=3. Then f(x) = -3 =>x? -2x -3 =-3=x>—-2x =0

=x =0, 2.Since 0, 2 € A4, so 0and 2 are pre-images of —3.

Let x be a pre-image of 5. Then f(x) =5 =x*—-2x—-3=5=x>—-2x—8=0
S>—-4)x+2)=0=>x=4, —2

Since —2 € Abut 4 ¢ A, so —2 is the pre-image of 5.

Equal Functions:

Two functions f and g are said to be equal if and only if

(i)dom — f =dom — g

(ii) co — domain of f = co — domain of g and

(iii) f (x) = g(x) for every x belongs to their common domain.

If two functions f and g are equal, then we write f = g.

Example: Find the domain for which the function f(x) = 2x? — 1 and g(x) = 1 — 3x are equal.
Sol: We have f(x) = g(x)

=2x2—-1=1-3x

=2x24+3x-2=0=>(x+2)2x—-1)=0=>x = -2,

Thus, f(x) and g(x) are equal on the set {—2,%}

Example: Isg = {(1, 1), (2, 3), (3, 5), (4, 7)} a function? If this is described by the formula,
g(x) = ax + B, then what values should be assigned to @ and 8 ?

Sol: Since no two ordered pairs in g have the same first component, so g is a function such that
g =1,92)=39B3)=5 9@ =7

It is given that g(x) = ax + B

Sog(l)=1and g(2) =3
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>a+f=1and2a+ =3

Solvingwegeta =2, f = —1

REAL FUNCTIONS

A function f: A = B is called a real-valued function if B is a subset of R (set of real numbers)
If A and B both are subsets of R, then f is called a real function.

Example: f: R = R given by f(x) = x? + 3x + 7 is a real function.

Example: If for non —zero, a f(x) +b f (i) = %— 5, where a # b, then find f(x).
Sol: We haveaf(x)+bf(§)=%—5 ..... (i)

Replacing x by%we getaf G) +bf(x) =x—5... (i)

Multiplying (i) by a and (ii) by b and then subtracting, we get
azf(x)+abf<%)—abf<%)—bzf(x) = a(%—S)—b(x—S)

= (a2=bD)f(x) =g —5a — bx +5b

%—Sa —bx+5b 1 (a )
a+b

= W= =Gy e\

Example: If f(x) = x + %, prove that [f(x)]3 = f(x3) +3 f G)

. — 1 3) — .34 L 1
SoI.Wehavef(x)—x+x Sof(x®) = x +x3and f(x)—x+x

Now[f(x)]3=(x+§)3 x3+xi3+3(x+§)=f(xs)+3f(i)

3f(x)+1
f(x)+3

Example: If f is a real function defined by f(x) = E, then prove that f(2x) =

Sol: We have, f(x) = % = ;Z;: = i:ii: [ Applying componendo and dividendo]

FOO+1
fo-1

_ 14+f(%)
T 1-f(x)

—X=X

. -1 2x—1
Since f(x) = % so f(2x) = 2;1
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1+f(x)
{1—f(x)}_1 242 (0)-1+f(x)

T S T s
_ 3fen
= f(2x) = FGO+3

Domain and Range of Real Functions

The domain of the real function f(x)is the set of all those real numbers for which the
expression for f(x) assumes real values only. In other words, the domain of f(x) is the set of all
those real numbers for which f(x) is meaningful.

The range of a real function y = f(x) is the set of all real values taken by f(x) at points in its
domain. To find the range of f(x), we may use the following algorithm.

Step-1: Puty = f(x)
Step —lI: Solve the equation y = f(x) for x. Let x = g(y)
Step-Ill: Find the values of y for which x is real. The set of values of y is the range of f.

Example: Find the domain of the following functions:

1
@ fx) = =

Sol: Here f(x) assumes real values for all real values of x except for the values of x satisfying
x+2=0i.e.x=-2.

Hence dom — f = R — {2}
()f(x) = x> +2x+7

Sol: Here f(x) is real or can be defined for all real values of x.
Sodom — f = R.

x24+3x+5

(i) f(x) = 2 _3:12

Sol: Here f(x) is a rational function of x. We get f(x) assumes real values for all x except for all
those values of x forwhichx? —3x+2=0i.e. (x—1)(x—2)=0i.e. x =1, 2.

Hence dom — f = R — {1, 2}.

(i) f(x) = vx =2
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Sol: Here f(x) assumes real values for all x satisfyingx —2>0=x > 2
=X € [2, )

Hence, dom — f = [2, »)

W)f(x) =

1
Vi—x
Sol: Here f(x) assumes real values for all x satisfyingl —x >0=x < 1=x € (—o,1]
Hence, dom — f = (—o0, 1]
W) f(x) = Va—-x?
Sol: Here f(x) assumes real values for all x satisfying4 —x?> > 0 =>x%2 < 4
>x-2)x+2)<0=>x€[-2, 2]

Hence, dom — f = [-2, 2]

(wii) f(x) = 9

Sol: Here f(x) assumes real values for all x satisfyingx? —9 > 0= x%2 > 9
=>x<-30rx>3=>x € (~,—3)orx € (3, ©)=>x € (—0,-3) U (3, »)
Hence dom — f = (—00,—3) U (3, x)

Example: Find the domain and range of the following functions:
O fe) =222

3—x
Sol: Here f(x) is defined for all x satisfying3 —x # 0i.e. x # 3.
Hence dom — f = R — {3}

Lety=f(x):>y=g:>3y—xy=x—2:x(y+1)=3y+2

3y+2
=>x ==
y+1
Here x assumes real values for all y excepty + 1 =01i.e. y = —1.

Hence,™mg — f = R — {—1}.
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@) f(x) =

1
Vvx —5

Sol: We havef(x) = L

Vx—5

Here f(x) takes real values for all x satisfyingx —=5>0=x >5=x € (5, )
So, dom — f = (5, )

: 1
Agalnforanyx>5,wehavex—5>O:ﬁ>0:f(x)>02y>0

Hence rng — f = (0, o)

X
1+ x2

@fx) =
Sol: Here f(x) takes real values for all x € R. Hence, dom — f = R.

Lety = f(x). Then

y=fx)=>y= ﬁ:xzy—x+y=0:>x=

1+4/1-4y?

2y

So, x will assume real values, if 1 —4y? > 0andy # 0
=4y —1<0andy #0

2 1
=y =3 <Oandy =+ 0

:>—% Sysiandy;to

11

syel-33]-10

Also,y =0forx =0

Hencerng — f = [—%,ﬂ
(@) f) = =2

iv) f(x) = 3

Sol: We have f(x) = 9;2__39

Here f(x) is not defined forx —3 =0i.e. x = 3.

Therefore, dom — f = R — {3}
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Let f(x) =y
x2-9
Theny=;:y=x+3
We get y takes all real values except 6 when x takes values in the set R — {3}.

Thereforerng — f = R — {6}

3
2 —x2

() f(x) =
Sol: For f(x) to be real, we have 2 — x? # 0 = x # +/2

So,dom — f =R — {—V/2, V2}

3
2—x2

Let f(x) =y.Theny = f(x) =y = =2y —x*y =3

=>x?y=2y—-3=>x= ¢ /23;—_3
We get x will take real values other than —v'2 and V2, if? >0
=y € (—oo, O)UE,OO)

Hencerng — f = (=, 0) U E ,oo)

(i) f(x) =

1—x2

1
1—x2

Sol: We havef(x) =

Here f(x) is defined for all x € R except for which 1 — x? # 0 = x = +1.
So,dom — f =R —{-1, 1}
Let f(x) = y. Then

— 1 —x2=t,2-1_1_
fO=y=>—F=y=>1-x =S =x=1-2=

-1 -1
y_ :>x=i y_
y y

Here x will take real values, ifyT_1 >0=>y<0ory=>1

=y € (-0, 0) U[1, )
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Hence, rng — f = (—o0, 0) U [1, o)

2

. — X
WiDf() = T3
x2
Sol: We have, f(x) = ——

Clearly, f(x) is defined for allx € R asx? + 1 # 0 forany x € R.

So,dom — f = R.

x2
1+x2

2

Let f(x) =y.Theny = =>y+xly=x

2(1—vy) = 2 - Y =+ [
=>x*(1-y)=y=x X + ="

Here x will take real values, if% >20=>0<y<1

=y €[0,1)

Hence,™mng — f = [0, 1)

Different Real Functions and their Domain, Range with Graphs

1. Identity Function:

The function f: R — R defined by f(x) = x for all x € R is called the identity function.
Heredom — f =rng — f = R.

The graph of the identity function is a straight line passing through the origin and equally inclined
to the coordinate axes.

Y’
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2. Constant Function:

If k is a fixed real number, then a function f(x) = k for all x € R is called a constant function.
Heredom — f =R andrng — f ={k}

The graph of a constant function is a straight line parallel to x — axis, which is above or below

x — axis according to k is positive or negative. If k = 0, then the straight line is coincident to x —
axis.

I}

fx) =k

X' (@) X

YI
3. Polynomial Function:

A function f:R — R defined by f(x) = ay + a;x + ax>+ ..+ a,x", where n € N and
ag, a4, --., n arereal constants and ay # 0 is called a polynomial function in x of degree n.

Ifn=1, f(x) = a, +a;x, ay # 0is called a linear function.
Ifn =2, f(x) = ay + a;x + a,x?, a, # 0is called a quadratic function.

The functions defined by f(x) = 2x*—x%2+5, g(x) = x° ++V3x? —3 are examples of

5
polynomial functions, whereas the function defined by h(x) = xz + 3x — 2 is not a polynomial
function.
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Consider f(x) = 4x — 2 f(x) =x*+2y—3x+5
¥
X X
} >X
3
-2 vx2+2_|/—3x+5=0 :
Yl

4. Rational Functions:

A function which can be expressed as the quotient of two polynomial functions is called rational
function i.e., r(x) = %, where f(x) and g(x) are polynomial functions of x defined in a

domain and g(x) # 0, is a rational function.

x342x4+3  2x+1
X%+x+1 " x2+4

For example, f(x) = %(x # 0), are rational functions.

Graph of f(x) = %is shown in the figure.

O
>y
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5. Modulus Function:

x, whenx =0

is called the modulus function or
—x, whenx <0

The function f(x) defined by f(x) = |x| = {

absolute value function.
Heredom—f =Rand rng—f = R* ={x € R:x = 0}.

The graph consists of two half-lines, one in the first quadrant bisecting the axes and the other in
the second quadrant, bisecting the axes where the origin is included in the graph.

Y

= N

Y'Y
Properties of Modulus Function:
(i) Forany € R, Vx2 = |x|.
(ii) If a is a positive real number then
*<a*olx|<ae-a<x<aandx’>2ad’<|x|>2aex < —aorx > a.
@) Ix yl < x|+ |yl
() lx £yl = [Ix| = Iyl|

(v) |x]? = x%
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6. Signum Function:

x| 0 1,ifx>0
The function f:R — R defined by f(x) =13 x’ x#0_ 0, if x=0 is called the signum
0, x=0 -1, if x<0

function.

It is also denoted by sgn (x).
Heredom— f =Randrng — f ={ —1, 0, 1}.
The graph of the signum function is as shown below.

y

©0,1)

(Or - 1)

7. Greatest Integer Function:

A function f: R — R be defined by f(x) = [x] is called the greatest integer function,
where[x] =n,n<x<n+1 neZ.

Heredom — f =Randrng —f =7

The graph of the greatest integer function is shown in the figure.
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Yy
Properties:
(i) x and [x] have the same sign for all x.
(ii) The graph lies within the first and third quadrant.
(ii) [x] <x<[x]+1, x€ER
(wyn<x<n+l<s[x]=nn€Z,andx €R.
W)x—-1<[x]<x,x€R.
(w)[-n]=-[n],neZ
(vii) [-x] = —[x] -1, x €R
(viid)[x+n] =[x]+n,n€Z x€ER

(ix) [[x]] = [x]

{ E,1),6 xee‘ZZ

(x) [x] + [-x] =
Example: If f be a real-valued function defined by f(x) = x — [x], then compute
(i) f(25)=25—-[25]=25-2=05

(i)f(=3.7) = =37 — [-3.7] ==3.7 —(—=4) = —3.7+4=0.3
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Example: State true or false. If [x]? — 5[x] + 6 = 0, then x lies in the interval [2, 3].

Sol: True

Example: Draw the graph of the following functions. Also, determine their domain and range.
@Of)=2 fx)=-2 (@@)fx)=I[x—3]

Example: Let f: R — R defined by f(x) = 1 — x? for all x € R* .Find its domain and range. Also,
draw its graph.

3
Example: Draw the graph of f(x) = x? .Also, find its domain and range.

Sum, Difference, Product, and Quotient of Functions

Let f:A = Rand g: B = R be two real functions. Let D = AN B. Then, we define addition,
subtraction, multiplication, and quotient of two real functions as follows:

(i) Addition: (f + g): D — R be defined by (f + g)(x) = f(x) + g(x) forall x € D.
(ii)Subtraction: (f — g): D — R be defined by (f — g)(x) = f(x) — g(x) forallx € D.
(iii) Scalar Multiplication : (af): A — R be defined by (af)(x) = a f(x) forall x € A.

(iv) Multiplication: (f.g): D — R be defined by (f.g)(x) = f(x).g(x) forallx € D.

(v)Reciprocal : ( ) C - R be defined by( )(x) = mfor alx e C=A—-{x:f(x) =0}

_ f® . =
(vi) Quotient: ( ) D, — R be defined by( ) (x) = m )for allx €Dy = D —{x: g(x) = 0}
Example: Let f, g:R = R be defined by f(x) = 2x +5, g(x) =x+3,find f + g, 2f, 5, %,é.

Sol: (f+g)x)=f(x)+g(x) =2x+5+x+3=3x+8

F-g@)=fx)—gx)=2x+5-x—3=x+2

2AHx)=2f(x)=22x+5) =4x+10

f _f(x) 2x+5
<_)(x)_g(x)_ x+3’

Fo=r=zrsveer-{-

x # —3i.e.,x €ER—{-3}
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(1)(x)=i= L vxeR-{-3)
g glx) x+3

Example: Let f and g be real functions defined by f(x) = Vx + 2 and g(x) = V4 — x?. Then,
find each of the following functions:

Of+g GDfg Dy @) ff

Sol: Here f(x) is defined for all x satisfyingx +2>0=x > -2 = x € [-2, )
So, dom — f = [—2, ) = A(say)

Again, g(x) is defined for all x satisfying4 —x2 > 0=>x?2 <4 =x € [-2, 2]
So,dom — g = [—2, 2] = B (say)

NowD =ANB = [-2, 2]

O F+)=fx)+gx)=Vx+2+V4—x2,x€D

() (f@) = f(x).g(x) = Vx+2xV4—x2=(x+2)V2—x,x €D

(] ) ovx+2 1 g e
(lll)(g)(x)_g(x)_m_M'xED {—2,2}=(-2, 2)

() (FG) = FEOF@) = (FGP = (ViF2) =x+2, x € [~2, )

Example: Let f(x) = v/x and g(x) = x be two functions defined over the set of non — negative

real numbers. Find (f + 9)(®), (f = 9)(), (f) (o) and (£) (o).
Sol: We have (f + ¢)(x) = f(x) + g(x) =Vx + x

fF=9@) =f(x)—gl) =Vx+x

N|w

FP@) =f(x). gx) = Vx.x = x

f _ o Vx_ —
(g)(x)— 0= x x 2z, x#0.

Concept of Exponential and Logarithmic Functions
Exponential Function:

A function f: R = R defined by f(x) = a* (a > 0, a # 1) is called the exponential function.
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Heredom — f = Randrng — f = R, = (0, o).

1 . .
2%, 3%, —, .. etc. are examples of exponential functions.

IR
As a > 0 and a # 1, so have the following cases.
Case—1: Whena > 1.

We get the values of y = f(x) = a* increase as the values of x increase.

Case ll: When 0 < a < 1.

In this case, the values of y = f(x) = a* decrease with the increase in x and y > 0 for all x € R.

v=a“,0<a<l YA

©,1)
S~

Y'Y

Note: We have 2 < e < 3. (e = 2.718281 ...., is an irrational number)
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Therefore, the graph of f(x) = e* is identical to that of f(x) = a* fora > 1 and the graph of
f(x) = e *isidentical to thatof f(x) =a*for0 <a < 1.

Properties: Let f(x) = a*, (a>0,a # 1)
O fx+y)=a*¥ = a*.a” =f(). fB)

(Df(x—y)= a7 = Z—z = %
DY = (@) = a¥ = f(xy)
() f(x)=1ex=0
Wf)f(=x) =f(0) =1

Logarithmic Function:

A function f:(0,00) - R defined by f(x) = log,x (a>0,a+ 1) is called a logarithmic
function.

We have log, x = y ifand only if a¥ = x.
Heredom — f = R, andrng — f = R.

Asa > 0and a # 1, so we have the following cases.
Casel: Whena > 1

YA .
S(x) = l()g" X, a >

Xr o/ (1,0) X

Y'y
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Casell: When0<a<1

(1.0)

flx)=log,x,0<a<1

Properties:
(i)log,1 =0,wherea>0,a+1
(ii) log,a =1, wherea>0,a # 1

(iii) log,(xy) = logglx| + log,ly|, wherea >0, a # 1andxy > 0

(iv) log, (i) = log,|x| — log,|y|, wherea >0, a # 1 and % >0

(v) log,(x™) = n log,|x|, wherea >0, a # 1and x™ >0
(vi) log,n x™ = % log, x, wherea >0, a# 1andx >0
(vii)x'°8aY = ylo8aX wherea >0,a# 1, x>0, y >0

(viii) log, x = 1 wherea > 0,a#landx >0, x # 1.

logya’
Notes:

(i) Functions f(x) = log, x and g(x) = a* are inverse of each other. So, their graphs are mirror
images of each other in the line mirror y = x.

(ii) If a = e, then log, x (written as Inx) is the inverse of an exponential function to the base e.
i.e., Inx=yox=2¢v.

Example: If f(x) = 2%, then what is the range of f?

Sol: Hererng — f = R,

Example: Fill in the blank. If f(x) = log, x, then f(x) < 0 for x lies in the interval _____.

Sol: (0, 1).
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