Chapter- 10

Straight Lines

Introduction to Two Dimensional Geometry
The system which helps us to locate the position of an object is called the coordinate system.

The two-dimensional coordinate system is introduced on a plane with the help of two straight lines namely X'0X
and Y'0Y. These two lines are known as x — axis and y — axis respectively and the two lines taken together are
called the coordinate axes or the axes of coordinates.

The x — axis is horizontal and is directed from left to right and the y — axis is vertical, which is directed from
bottom to top. These two axes are mutually perpendicular to each other at a point O called the origin.
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Coordinate Plane:

The coordinate axes divide the plane into four parts. These four parts are called quadrants, G th part) numbered

I, 11, 111, IV anticlockwise from OX. Thus, the plane consists of the axes and four quadrants, is known as XY —
plane or Rectangular Cartesian coordinate plane or Euclidean plane and is denoted by R X R or R?.

i.e. RXR={(x, y):x, yER}
Coordinates of a Point in the Cartesian plane

Let P be any point in a plane. If the distance of P from the y — axis is x and the distance of P from the x — axis is
y, the coordinates of a point P are (x, y). Here x is called the x — coordinate or abscissa and y are called
y —coordinate or ordinate.

Thus, for a given point, the abscissa and ordinate are the distances of the given point from the y — axis and x —
axis respectively.
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The coordinates of a point on the x — axis are of the form (x, 0) and a point on the y — axis are of the form

(0, ¥). Thus, if the abscissa of a point is zero, it would lie somewhere on the y — axis and if its ordinate is zero it
would lie on the x — axis.

The coordinates of origin O are (0, 0).

There is one to one correspondence between the set of points and the set of ordered pairs of real numbers.

\/ A
% ( - P \
> Y fs
F X Y
"%
y (ordinate
\l7 hy \
AV 5 &x
Y4 W
O} +— X —>
L (abscissa)
\ ¥4
{

Sign Convention of Coordinates:

) 1~

a2
11 I
QUADRANT | QUADRANT
(_/ +) (+, +)
X' .
- 0
I v
QUADRANT | QUADRANT
(_I _) (+/ _)
'Yl

ODM Educational Group Page 2




Distance between two Points
The distance between any two points in the plane is the length of the line segment joining them.

The distance between two points P (x4, y;) and Q (x5, V) is given by

IPQl = V(2 — x1)? + (v —¥1)?

The distance of any point P(x, y) from the originis |OP| = \/m
The distance of any point P(x, y) from the x — axis is |y|.

The distance of any point P(x, y) from the y — axis is |x|.

Example: Find the distance between the following points.

()2, —3)and (-7, 0)

Sol: The given points are P(2, —3) and Q(—7, 0).

So, |PQl = /(=7 — 2)%2 + (0 + 3)2 = 3V10 units

(ii) P(acosa, a sina) and Q(a cosp, a sinf)

sol: |PQ| = /(acosp — acosa)? + (asinf — asina)?

= Ja? (cosp — cosa)? + a%(sinf — sina)?

= a+/cos?f + cos?a — 2cosacosf + sin?f + sin2a — 2 sina sinf

= a+/(cos2B + sin2B) + (cos?a + sin?a) — 2( cosa cosp + sina sinf)

=a\/1+1—2cos(a—ﬁ)

= a+/2{1 — cos(a — )}
=a\/2 XZSinz(a;B)
=2asin(a;ﬁ)

Section or Division Formulae

Internal Division:

The coordinates of the point P which divides the line segment joining the points A(x,y;) and B(x5,y,) internally
in the ratiom :n are
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(mx2+nx1 my2+ny1)
m+n ' m+n

External Division:

The coordinates of the point P which divides the line segment joining the points A(x;,y;) and B(x,,y,) externally
in the ratiom :n are

(mxz—nx1 myz—nY1)
m-n ' m-n

Example: Find the coordinates of the point which divides the join of (=1, 7) and (4, — 3) in the ratio 2 : 3 (i)
internally (ii) externally.

Sol: Let the given points are A(—1, 7) and B(4, — 3).

(i) Here, P divides AB internally in the ratio 2 : 3. So, the coordinates of P are

2x4+3%(—1) 2x(=3)+3x7\ .
( 243 2+3 )l'e"(l’ 3)

(ii) Here, P divides AB externally in the ratio 2 : 3. So, the coordinates of P are

(2><4—3><(—1) 2X(—3)—3x7

20, 292 e, (- 11, 27)

Midpoint Formula

If P be the mid-point of the line segment joining the points A(xy, y;) and B(x,,y,), then the coordinates of P are

(x1+x2 J’1+3’2)
2 72

Example: Without using distance formula, show that the points (=2, — 1), (4, 0), (3, 3) and (—3, 2) are the
vertices of a parallelogram.

Sol: Let the given points are A(—2, — 1), B(4, 0), C(3, 3) and D(-3, 2).

Now, mid-point of AC is (_2;3, _12+3) = G , 1)

and mid-point of BD is (42;3 OZLZ) = G 1)

We get mid-point of AC = mid-point of BD. Thus mid-points of both diagonals are coinciding with each other.
Hence, the points A, B, C, D are vertices of a parallelogram.

The centroid of a Triangle

If G is the centroid of a triangle whose vertices are (x1,y;), (x2,¥,) and (x3,y3) , then coordinates of G are

(x1+x2+x3 3&"‘3’2‘*‘3’3)
3 ’ 3
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The centroid divides each median in the ratio 2: 1.

Example: If the vertices of a triangle are P(1, 3), Q(2, 5) and R(3, —5), then find the centroid of a A PQR.

Sol: The coordinates of the centroid G are (1+:+3, 3+:_5) = (gg) =(2,1)

Area of a Triangle

If A(x;,y1), B(x2,¥2) and C(x3,y3) are the vertices of an A ABC, then the area of the triangle is

[[x1 (72 — ¥3) + x2(y3 — y1) + x3(y1 — y2)] |

N =

NOTE:
» The area of any triangle is always non —negative

» If the points 4, B, C are collinear, then the area of the triangle is zero.

le.x;(y2 —¥3) + x(y3 —y1) + x3(y1 —¥2) =0

» Using area formula, we can determine the area of any polygon of n sides.

Example: Find the area of an AABC, whose vertices are A(6, 3), B(—3, 5) and C(4, — 2).

Sol: Area of the triangle ABC = % [6(5+2)+ (—3)(—2—-3)+4(3—-5)|

1 49
=3 |6 X7 —3(=5)+4(-2)| = — S units

Example: For what value of k are points (k, 2 — 2k), (—k + 1, 2k), (—4 — k, 6 — 2k) are collinear.
Sol: Since the points are collinear, so x1 (¥, — y3) + x,(y3 —y1) + x3(y1 —y,) =0

= kQQk—6+2k)+ (—k+1)(6 =2k —2+2k) + (-4 — k)(2— 2k — 2k) = 0

= 4k? -6k —4k+4+4k*+14k—-8=0

= 8k?+4k—4=0

= 2k?+k-1=0

= Rk-1Dk+1)=0

= k= % , —1
Hence, the given points are collinear for k = %or k=-1.

The slope of a Line and Angle between two Lines
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The inclination of a Line
A straight line is a curve, such that all the points on the line segment joining any two points of it lies on it.

An angle 8 made by the line with positive x — axis in an anti-clockwise direction is called the angle of inclination of
a line. A line in coordinate plane forms two angles with the x — axis, which are supplementary. Thus 0 < 9 <
180°.

The inclination of the x — axis or any line parallel to the x — axis is 0°.

The inclination of the y — axis or any line parallel to the y — axis is 90°.

4Y
5%
X/ 3 6 :,)/
O \
¥ Y,

Slope or Gradient of a Line

If @ is the angle of inclination of a line [, then tan@ is called the slope or gradient of the line [ and it is denoted by
m.

i.e.m=tané
The slope of the x — axis ism = tan0° = 0
The slope of a line when 8 = 90° is not defined i.e., the slope of the y — axis is not defined.

The slope of a line is positive or negative according to the line leans to right or left.

Example: The slope of a line whose inclination is 150° is tan150° — \/%_

Example: Find the slope of the line making inclination of 60° with the positive direction of the x — axis.
Sol: Here inclination of the line is 8 = 60°. Therefore, the slope of the line is m = tan60° = V3
The slope of a Line Joining two Points

Let A(x1, y1) and B(x,, y,) be two given points. Then the slope of the line segment joining AB is

V2=

Xy — X1
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Example: Find the slope of a line joining two points A(1, 2) and B(3, —4).

Sol: The slope of the line = %_12 =-3

Example: Find the angle between the x — axis and the line joining the points (3, — 1) and (4, — 2).

241
4-3

Sol: The slope of the line = —1.

If @ is the angle between the x — axis and the given line, then tanf = —1
=60 =135°

Example: A ray of light coming from the point (1, 2) is reflected at a point A on the x — axis and then passes
through the point (5, 3). Find the coordinates of point A.

Sol: Let the coordinates of point A be (x, 0). From the figure, the slope of the reflected ray is given by tanf = ;—x

(D)

Again, the slope of the incident ray is given by tan(r — 8) = —

2
—1

(i1)

= —tan9=—i:>tan9=
x—1

From (i) and (ii) =2

om (i) and (i), we get — = —

= 3x—3=10—2x:>x=15—3

Therefore, the required coordinates of the point A are (? , 0).

The angle between Two Lines

Let [; and [, be two lines and their inclination are 8; and 8, respectively. Then, their slopes are m; = tan6f, and
m, = tan 92.
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If 8 is the angle between [; and [,, then tanf = + Ll
1+ mym,
For acute angle, we take tanf = Ll
1+mym,

For obtuse angle, we take ¢ = m — 0

Example: Find the angle between the lines joining the points (0, 0), (2, 3) and (2, — 2), (3, 5).

Sol: We have m; = slope of the line joining (0, 0) and (2, 3) = 2_0 = %

| o

m, = slope of the line joining (2, —2)and (3, 5) = % =7

b 7-2
I 6 is the angle between them then, tanf = + —2 L = + < 23> = % (2)

Example: If the angle between two lines is % and the slope of one of the lines is %, find the slope of the other line.

Sol: We know that the acute angle 8 between two lines with slopes m; and m, is given by

mp,—m

1+ mim,

1
Letm; ==,m, =m,0 =2

2 4
Now, putting these values, we get

2m-1 2m-1 2m-1
| =>+1= = =1lor =-1

2+m 2+m 2+m

2m—1
=1=
2+m

Vs
tan— =
4

Condition of Parallelism of Lines
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If two lines of slopes m; and m, are parallel, then the angle 8 between them is 0°.

~tanf =tan0° =0

mo—m
#: 0:>m1 :mz
1+m1m2

Thus, two lines are parallel if and only if their slopes are equal.

Example: What is the value of y so that the line through (3, y) and (2, 7) is parallel to the line through (—1, 4)
and (0, 6)?

Sol: Let A(3, y), B(2, 7), C(—1, 4) and D(0, 6) be the given points.

Then m; = slope of the line AB = 7%33/ =y-7

6—4
0-(-1) 2

and m, = slope of the line CD =

Since, AB and CD are parallel,so,m; =m, =>y—-7=2=y =9.
Condition of Perpendicularity of Two Lines

If two lines of slopes m; and m, are perpendicular, then the angle 8 between them is 90°.

1
~tanf = tan90° = 0

my;—-m 1
/2 71 —=>mm, = —1
1+ mim, 0

Thus, two lines-are perpendicular if and only if the product of their slopes is —1.

Example: Line through the points (=2, 6) and (4, 8) is perpendicular to the line through (8, 12) and (x, 24). Find
the value of x.

Sol: Slope of the line through the points (=2, 6) and (4, 8) ism; = 4?;_62) = %
. . : 24-12 _ 12
Slope of the line through the points (8, 12) and (x, 24) ism, = s — i
Since, the two lines are perpendicular, som;m, = —1
X =—1=x=4
37 x-8

Collinearity of Three Points

If A, B, C are three points in XY —plane, then they will be collinear i. e. will lie on the same line if and only if the
slope of AB = slope of BC.

Example: Prove that the points A(1, 4), B(3, —2), C(4, —5) are collinear.
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Sol: Now, slope of AB = % =-3
-542
4-3

-3

Also, slope of BC =

Since, the slope of AB = slope of BC, so points A, B and C are collinear.

Various Forms of Equation of a Line

Locus and Equation to a Locus

Locus: The curve described by a moving point under given geometrical condition(s), is called locus of that point.
Equation of the Locus of a Point:

The equation of the locus of a point is the relationship that is satisfied by the coordinates of every point on the
locus of the point.

A straight line is a curve, such that all the points on the line segment joining any two points of it lies on it.

e >
The Straight Lines

Various Forms of Equation of Line

The equation of a straight line is the relation between x(the abscissa) and y (the ordinate) which is satisfied by the
coordinates of each and every point on the line and is not satisfied by the coordinates of any point which does not
lie on the line.

Equation of Line Parallel to x — axis or Equation of a horizontal line

Let L be a straight line parallel to the x — axis at a distance a from it, then the equation of the line Lisy = a or
y = —a.

The choice of the sign will depend upon the position of the line according to the line is on the positive or negative
side of the —axis.

The equation of the x — axisisy = 0.
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Example: Write down the equation of a line parallel to the x — axis and at a distance of 6 units above the x —
axis.

Sol: The equation of a line parallel to the x — axis and at a distance of 6 units above the x — axisisy = 6.
Equation of Line Parallel to y — axis or Equation of vertical Line

Let L be a straight line parallel to the y — axis at a distance b from it, then the equation of the line Lisx = b or
x = —b.

The choice of the sign will depend upon the position of the line according to the line is on the positive or negative
side of the —axis.

The equation of the y — axisis x = 0.

XI < et : S| Ve

v Y’

Example: Find the equation of the lines parallel to the axes and passing through the point (=3, 5).
Sol: The equation of a line parallel to the x — axis and passing through (=3, 5)isy = 5.
The equation of a line parallel to the y — axis and passing through (=3, 5) is x = —3.

Example: Find the equation of a line that is equidistant from the lines x = —4 and x = 8.
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Sol: Since the given lines are both parallel to the y — axis and the required line is equidistant from these lines, so it

is also parallel to the y — axis and its distance from the y — axis is% (—4 + 8) = 2 units.

Hence, its equationis x = 2.
Two-point Form of a Line

The equation of a line passing through two points (x;,y;) and (x5, y,) is

Y2—W
X2 —Xq

y—y1 = (x—xq1)

P1 (XI,/)/])/
X < - K

s

\'4
Yl

Example: Find the equation of the line joining the points (=1, 3) and (4, — 2).

Sol: By two —point form, the equation of the line is
—-2-3
- 3= —(x— (-1
y D)
= y—-3=—-(x+1)
= y—-3=—-x-1

= x+y—-2=0

Example: If A(2, 1), B(=2, 3) and C(4, 5) are the vertices of a AABC, then find the equation of the median
through the vertex C.

Sol: Let F be the midpoint of side AB and CF is a median through C.

Now, coordinates of F are (2+(2_2), 122) i.e. (0, 2).

So, the equation of the median CF is givenbyy —5 = i%i (x—4)

ODM Educational Group Page 12




=3x—4y+8=0.

Point Slope Form

The equation of the straight line having slope m and passes through the point (x,, V) is
Yy = Yo =m(x = Xo)

Example: Find the equation of the line passing through (—4, 3) and having slope %
Sol: Given,m = slope of the line = %and X9 = —4 and y, = 3.
Therefore, the equation of the lineisy — 3 = % (x - (—4))

= 2y—-6=x+4=>x—-2y+10=0.

Example: If the line joining two points A(2, 0) and B(3, 1) is rotated about A in an anti-clockwise direction
through an angle of 15°. Find the equation of the line in a new position.

Sol: The slope of line AB is given by m = ;%(2)

=tanf = 1= 0 = 45°

After rotation of the line AB about A is anticlockwise direction through an angle of 15°, the slope of the line AC in a

new position is given by m; = tan(45° 4+ 15°) = tan 60° = /3.
Therefore the equation of the new line ACisy — 0 = /3(x — 2)
=+3x —y—2J/3=0.

Slope Intercept Form

Suppose a line L with slope m cuts the y — axis at a distance c from the origin. ( distance c is called the
y —intercept of the line).

Then the equation of the line isy = mx + c.

If a line L with slope m cuts the x — axis at a distance d from the origin i. e. Makes x —intercept d, then the
equation of line Lisy = m(x — d).
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NOTE: If the line passing through the origin then ¢ = 0.

Therefore, the equation of the line passing through the origin is y = mx, where m is the slope of the line.

Example: Find the equation of the line which has slope % and cuts — off an intercept —5 on the y — axis.
Sol: Given, m = slope of the line = % and ¢ = —5.
Hence, the required equation of the lineis y = %x —5=>x—-2y—10=0.

Intercept Form

The equation of a line which cuts — off intercepts a and b on the x — axis and y — axis respectively, is E + % =1.

[ o

AY

\\ B(

[
’ Pxy)

o A, 0)
X'« 4 N\

O 2 N
Y 2 4
\ //

Example: Find the equation of the lines which cuts —off intercepts on the axes whose sum and product are 1 and

—6 respectively.
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Sol: Let a and b be the intercepts of the line x — axis and —axis, respectively.

Then the equation of the line is % +% =1..(0)

Given, sum of intercepts a + b = 1 ... (ii) and product of intercepts, ab = —6 ... (iii)
On putting the value of b from (ii) in (iii), we geta(l —a) = —6
=a’—a—-6=0=>a=3o0r-2.

From (iii), whena = 3, b = —2 and when a = —2, b = 3. Hence the required lines are§+ _12 =1and _iz +§ =
1=>2x—-3y—6=0and3x—2y+6=0.

Example: Find the equation of the line which passes through the point (—4, 3), the portion of the line intercepted
between the axes is divided internally in the ratio 5 : 3 by this point.

Sol: Let the line intersects x — axis and y — axis respectively at A(x, 0) and B(0, y)

5X0+3x _ 3x 32
Then—4= ——=>—=—4=x=——
543 8 1 3

5Xy+3x0 5 24

and 3 = y—:>—y=3:y=—

5+3 8 5

. . 32 24 4
Thus the intercepts on the coordinate axes are — = and - respectively.

Hence, the required equation of the line is é + zyj =1
3 5

=9% —-20y+96=0
Normal Form or Perpendicular Form of a Line

The equation of a straight line upon which the length of the perpendicular i. e. Normal from the origin is p and this
perpendicular makes an angle a with the positive direction of the x — axis is

xcosa +ysina=p

. 1 cosa
Here slope of line = — = ——
tana sina
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Example: The perpendicular distance of a line from the origin is 7 cm and its slope is —1. Find the equation of the
line.

Sol: Here slope(m) = — taim =—1l=tana =1= a = 45°

Thus the required equation of the line is x cosa + y sina = p
= xcos45°+ ysin45° =7
1 1
= x\/—5+y.ﬁ—7:>x+y—7\/7—0.

General Equation of a Line

An equation of the form Ax + By + € = 0, where 4, B, C € R, VA% + B? # 0 is called general linear equation or
general equation of the line.

Different Forms of Ax + By + C =0
The general equation of a line can be reduced into various forms of the equation of the line, which are given below.

Slope Intercept Form

c

If B+ 0,then Ax + By + C = O can bewrittenasy=—%x+(—E)

A c
wherem = —=-andc=—-

B B
Intercept Form

_ : x y__ —_¢ p__C
IfC;t0,thenAx+By+C—Ocanbewrlttenas_C/A+_C/B—1,wherea— o b=-=

Normal Form

Let x cosw + y sin w = p be the normal form of the line represented by the equation
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Ax+By+C=0

orAx + By = —C

. A B c
Thus, both the equations are same and therefore — = — = ——
coSsw Sinw Y4
A . B
= CoSw = —?pand sinw = —Tp
2 2
. . A B
Since sin*w + cos’w =1, so, (— ?p) + (— ?p) =1
A2p2 32p2 2 CZ I

c2 c? =P = P T T g
Therefore, cosw = + 4 and sinw = =+ 5

! — AZ+BZ — AZ+BZ

Thus the normal form of the equation Ax + By + C = 0is cosw + y sinw = p, where

A b B Cc oy
cosw = =+ T She = I and p= =+ NyEEE (p should be positive)

To transform the general equation of a line to the normal form, we use the following steps.

(' )I Shift the constant term to the RHS and make it positive.

(i) Divide both sides by \/(coef ficient of x)2 + (coefficient of y)?
The equation so obtained is in the normal form.

Example: Transform the equation of the line 3x + 2y — 7 = 0 to

(i) slope-intercept form and also find the slope and y —intercept.

(i) intercept form and the intercepts on the coordinate axes.

(iii) normal form and also find the inclination of the perpendicular segment from the origin on the line with the
axis and its length.

Sol: (i) Given equationis3x + 2y —7 =0

It can be writtenas2y = -3x+ 7=y = —; x+%

which is the required slope-intercept form where slope m = — ; and y —interceptc = %
(i) Given equation can be rewritten as 3x + 2y =7

= 7i/3 + 73/1—2 = 1, which is the required intercept form of the given line.
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Here x —intercept = %and y —intercept = %
(iii) Given equationis3x + 2y —7=0 =3x+ 2y =7
On dividing both sides by V32 + 22 = /13, we get

3

7 L . . .
N + \/__ == which is the required normal form of the given line.

3 .
Here cosw = —, sinw = Since cosw and sinw both are positive, so w is in the first quadrant

Ve Fendp = 7
and is obtained from tan w = %

Example: Equation of a lineis 3x — 4y + 10 = 0. Find it's (i) slope (ii) x-intercepts (iii) y —intercepts.
Sol: (i) Given equation 3x — 4y + 10 = 0 can be writtenasy = %x + ; (1)
Comparing (1) with y = mx + ¢, we have slope of the given lineism = %.

(ii) Equation 3x — 4y + 10 = 0 can be written as 3x — 4y = —10

X
= “10/3 + - (2)
. o y | 10 7 5
Comparing (2) with o + . 1, we have x — interceptasa = — ey and y — intecept as b = >

The angle between Two Lines, having General Equations

Let, general equations of lines be A;x + B;y + C; = 0and A,x + B,y + C, = 0.

. . A
Then the slope of given lines are m; = — B—l andm, = — =
1

_A1 A
Let 6 be the angle between two lines, then tanf = + —2—L = + (E1_52
1+ mym, 21 22

Example: Find the angle between the linesy —v3x —5=0andV3y—x + 6 = 0.

Sol: Given linesarey = v/3x+5.. (1) andy = % x —2v3..(2)

The slope of a line (1) is m; = /3 and slope of the line (2) ism, =

5l

ma—mq

The acute angle 8 between two lines is given by tanf =
1+ mym,

1
RN

1
1+\/§X\/—3_

1

Putting the value of m; and m,, we get tanf = =5

= 0 =30°
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Hence, the angle between the two lines is either 30° or 180° — 30° = 150°.
Condition for two lines to be Parallel

If the lines A;x + B1y + C; = 0 and A,x + B,y + C, = 0 are parallel, then their slopes are equal

. A A A A
lem=my=>—-——==—"2= == =2
By B, By B,

Condition for two lines to be Perpendicular

If the lines A;x + B;y + C; = 0 and A,x + B,y + C, = 0 are perpendicular, then the product of their slopes is —1.
ive.myxmy=—1= (= 2)x (= 22) = 1= 4,4, + BB, = 0.

1 2

Example: A line passing through the points (a, 2a) and (—2, 3) is perpendicular to the line 4x + 3y + 5 = 0. Find
the value of a.

Sol: Let m,; be the slope of the line joining A(a, 2a) and B(—2, 3).

3-2a

Thenm, =

Let m, be the slope of line 4x + 3y + 5 = 0. Thenm, = —g.

Since, the given lines perpendicular so, m;.m, = —1

3-2a 4
= X (——) =-1
a+2 3

= 8a—12=3a+6

Point of Intersection of Two Lines

Lines Parallel and Perpendicular to a Given Line

Line Parallel to a Given Line

The equation of a line parallel to a given line Ax + By + C = 0 is Ax + By + k = 0, where k is a constant.
Example: Find the equation of the line which is parallel to 3x — 2y + 5 = 0 and passes through the point (5, — 6).
Sol: The equation of any line parallel to the line3x — 2y +5=03x -2y + k=0 ...(1)

This passes through (5, —6),s03(5) —2(—6)+k =0

= k=-27.
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Putting k = —27 in (1), we obtain 3x — 2y — 27 = 0 as the required equation.
Line Perpendicular to a Given Line
The equation of a line perpendicular to a given Ax + By + C = 0is Bx — Ay + k = 0, where k is a constant.

Example: Find the equation of the straight line that passes through the point (3, 4) and perpendicular to the line
3x+2y+5=0.

Sol: The equation of a line perpendicularto 3x + 2y +5=0is2x — 3y + k= 0.. (1)

This passes through the point (3, 4)

S0,3X2 —3X4+k=0=>k=6

Putting k = 6 in (1), we obtain 2x — 3y + 6 = 0 as the required equation.

Example: Find the equation of the line perpendicular to x — 7y + 5 = 0 and having x —intercept 3.
Sol: The equation of a line perpendiculartox — 7y +5=0is7x + y+ k =0 .. (1)

Its x —intercept is 3. So it passes through the point (3, 0) on the x — axis
Thus7x3+0+k=0=k=-21

Putting k = —21in (1) we obtain 7x + y — 21 = 0 as the equation of the required line.

Point of Intersection of Two Lines

Let the equations of two lines be A;x + By + C; = 0 and A,x + B,y + C, = 0.

Suppose these two lines intersect at a point P(x,, v;). Then (x4, y,) satisfies each of the given equations.
So A1x1 + By, + C; =0and Ayx, + Byy, + C, = 0.

By cross — multiplication we get

Blc2 - BZC1 ClAZ - CZAl

T 4B, — 4,8, 7' T AB,—AB,

Hence, the coordinates of the point of intersection of the given lines are

(Blcz—Bzc1 ClAz—CzAl)
A1B;—A;B; ' A1B;—A;Bq

Concurrent Lines
Three lines are said to be concurrent if they pass through a common point i.e. They meet at a point.

Thus, if three lines are concurrent, the point of intersection of two lines lies on the third line.
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Let Ayx + B;y+ C; =0, A4,x + B,y + C, = 0and A;x + B3y + C3 = 0 be three lines.
Then the condition for which these three lines are concurrent is
A1(B,C5 — B3Cy) + B1(CyA3 — C3A;) + C1(AyB; — A3B;) = 0.

Example: Show that the linesx —y — 6 = 0, 4x — 3y — 20 = 0 and 6x + 5y + 8 = 0 are concurrent. Also, find
their common point of intersection.

Sol: The given linesarex —y—6 =0... (1)
4x —3y—20=0..(2)and6x +5y+8=0..(3)

Solving (1) and (2) by cross — multiplication, we get

X 1
=—2 = =>x=2andy =—4
20-18 —24+20 —3+4

Thus, the first two lines intersect at the point (2, — 4).

Puttingx =2andy = —4in(3),weget6 X2 +5%x(—4)+8=0

Thus the point (2, — 4) lies on the line (3).

Hence, the given lines are concurrent and their common point of intersection is (2, — 4).

The distance of a Point from a Line

The distance of a point from a line is the length of the perpendicular drawn from the point to the line.
The distance of the point (x;,y;) from the line Ax + By + C =0 is

e |Ax1+By1+C|
VAZ + B2

c

The distance of origin from the line Ax + By + C = 0isd = |\/ﬁ

Example: Find the distance of the point (2, — 3) from line 2x — 3y + 6 = 0.
Sol: Required distance of the point from the line
= The perpendicular distance from a point to the line

2x2-3(=3)+6| 19
J22+ (=32 | Vi3

Example: Find the points on the x — axis whose perpendicular distance from the line 4x + 3y = 12is 4.

Sol: Given points are on the x — axis. So, let its coordinates be (a, 0)
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Then, the length of the perpendicular from (a, 0) to the line 4x + 3y — 12 = 0 is 4.

4a+3x0-12| _

Mool i

|40{—12
5

7

| =4
= |4a—12] =20
= 4a —-12= 120
= 4a=12+20=-8, 32
= a=-2,8
Hence the required points are (8, 0) and (-2, 0)
Equations of lines passing through a given point and making a given angle with a line

The equations of the straight lines which pass through a given point (x4, y;) and make a given angle a with the
given straight line y = mx + c are

m+ tana

Yy=Y1= 50— (X = x1)

T 1¥mtana

Example: Find the equations of two straight lines through (7, 9) and making an angle of 60° with the line x —

V3y—2vV3=0.

Sol: We know that the equations of two straight lines which pass through a point (x4,y1) and make a given angle «
withy = mx + ¢ are

m+t tana

Y=YV1= oo (X = x1)

T 1¥mtana

1

Here,x1 =7,y,=9, a = 60°and m = (Slope of the linex —\/3y — 24/3 = 0) =5

So, equations of required lines are

\%+ tan 60° \/%— tan 60°
y—9=1—(x—7) and y—9=1—(x—7)
1 —\/—_tan60° 1+ —=tan60°
3 V3

1

or, y —9) (1 - \/§tan 60°) = (% + tan 60°) (x—7)
and, (y — 9) (% + tan 60°) = (1 - %tan 60°) (x—=7)
or, 0 = (% +3) (x=7) and (y —9)(2) = (% ~V3) @ -7)

or,x—7 =0 and, x+\/§y=7+9\/§.
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Hence, the required lines are x = 7 and x + v/3y=7+9+/3.
Distance between Two Parallel Lines

The distance between two parallel lines y = mx + ¢; and y = mx + ¢, is given by

C1—C2

1= A

If the lines are given in the general form

i.e.Givenlinesare Ax + By + C; =0and Ax + By + C, = 0,

C1—C2

VA2+B?

then distance between these linesis d =

Example: Find the distance between the parallel lines 3x —4y + 9 = 0 and 6x — 8y — 15 = 0.

Sol: Given linesare 3x — 4y +9 = 0 and

6x—8y—15=0=3x—4y— 2 =0
15
. . _ C1—Cy _ 9+7 R E .
So, the required distance = Tl = Zrca7| - 10 units.

Example: Find the equations of lines parallel to 3x — 4y — 5 = 0 at a unit distance from it.
Sol: Equation of any line parallel to 3x —4y — 5= 0is

3x—4y+1=0 (1)
Puttingx = —1in3x — 4y — 5 = 0, we get y = —2. Therefore, (—1, —2) is a point on

3x —4y — 5 = 0. Since the distance between the two lines is one unit. Therefore, the length of perpendicular
from (—1,—2) to 3x — 4y + [ = 0 is one unit.

BX=1—4X=-2+1/

[5+A
- =

i.e. 0

1=

— 54+ =5=5+A=%5 = A=0lor — 10.

Substituting the values of Ain (1), we get 3x — 4y = 0 and, 3x — 4y — 10 = 0 as the equations of the required
lines.

Family of Lines passing through the intersection of Two Lines
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The equation of the family of lines passing through the intersection of the lines
ax+byy+ci=0andayx+b,y+c, =0is
(a1x + b1y + c1) + A(azx + b,y + c;) = 0, where Ais a parameter.

Example: Find the equation of the straight line which passes through the point (2, —3) and the point of
intersection of the linesx + y+4 =0and3x —y —8 = 0.

Sol: Any line through the intersection of the linesx + y + 4 = 0 and 3x — y — 8 = 0 has the equation
x+y+4)+1B8x—y—-8)=0 ..(1)
This will pass through (2, —3), if
2-3+4)+4(6+3-8)=0
= 34101=0 bl=-3.
Putting the value of 4in (1), the equation of the required line is 2x —y — 7 = 0.

Example: Find the equation of the straight line which passes through the point of intersection of the straight lines
x + 2y =5and 3x + 7y = 17 and is perpendicular to the straight line 3x + 4y = 10.

Sol: The equation of any line through the intersection of the lines
x+2y—5=0and3x+7y—=17=0is
(x+2y—5+ABx+7y—17) =0
or, x(3A+1)+y(7A+2)—-(171+5)=0 ..(1)
This is perpendicular to the line 3x + 4y = 10.

~ Product of their slopes = —1

(Y=t =

7142 4

Putting this value of 4in (1), the equation of the required line is 4x — 3y + 2 = 0.
Distance Form of a Line

The equation of the straight line passing through (x4, y1) and making an angle 6 with the positive direction of the
X=X1 _ Y=V

X-axis is =
cos@ sin @

= r, where r is the distance of the point (x, y) on the line from the point (x4, ¥;).

NOTE 1 The equation of line is

X=X1 _ Y=Y1 _
cos @ sin 6
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=>x—x;=rcosf andy—y, =rsinf =x=x;+rcosf and y =y, +rsiné.

Thus, the coordinates of any point on the line at a distance r from the given point (x4, y,) are (x; +rcos8,y; +
rsin @). If P is on the right side of (x,, y1), then r is positive and if P is on the left side of (x4, y,), thenris
negative.

Since different values of r determine different points on the line, therefore the above form of the line is also called
parametric form or symmetric form of a line.

NOTE 2 In the above form one can determine the coordinates of any point on the line at a given distance from the

given point through which it passes. At a given distance r from the point (x4, y1) on the line % = % there are

two points viz. (x; + rcos8,y; + rsinf) and (x; —rcos8,y; —rsinf).

Example: In what direction a line be drawn through the point (1,2) that its point of intersection with the line x +

y = 4 s at a distance \/?gfrom the given point.

Sol: Let the line drawn through A(1,2) makes an angle 6 with the positive direction of the x-axis and intersects the

line x +y = 4 at P such that AP = \/?g. Then, the coordinates of P are given by

x__l—y__z—‘/_gsz1+\/§c059,y=2+\/§sin9

cos®  sin@ 3
So, the coordinates of P are <1 + \Ecos 0,2+ \/gsin 9).

Clearly, point P lies on the linex +y = 4.

1+\Ecos@+2+\ésin9=4

= cosf +sinf =\E

= (cos@ +sinf)? = %

- 1+sin29=§

— sin20 ==

T 51
= 29=—or,29=?
T 51
= 0==,=

12712

. .. T 5T . .
Hence, the line drawn makes an angle whose measure is either 5T, with the x-axis.
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Shifting of Origin

Let O be the origin and let x’Ox and y'Oy be the axis of x and y respectively. Let 0" and P be two points in the
plane having coordinates (h, k) and (x, y) respectively referred to X'0X and Y'OY as the coordinate axes. Let the
origin be transferred to 0’ and let X'0'X and Y'0'Y be new rectangular axes. Let the coordinates of Preferred to
new axes as the coordinate axes be (X, Y).

Then,
ON=X,PN=Y, OM=x,PM=y,0L=nhand, 0O'L =k.
Now, x=0M =0L+LM =0L+0'N=h+X
and, y=PM=PN+NM=PN+O0'L=Y+k
x=X+handy =Y +k.

Thus, if (x,y) are the coordinates of a point referred to old axes and (X,Y) are the coordinates of the same point
referred to the new axis, then

x=X+handy=Y+k

1"

Y
. P(x, y)
Y

X — X *'— I X
S RS RR) ( A =T AT o2 0 P ...........' ....... -.......rg...l.\]:..-“ ------------------- T

O'(h, k) y

|

K 1
h L : -

) I N

Y Y!

i.e., (0Old x — coordinate) = (New x — coordinate) + h
and, (0ld y — coordinate) = (New y — coordinate) + k

If therefore the origin is shifted at a point (h, k) we must substitute X + h and Y + k for x and y respectively.
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The transformation formula from new axes to old axesis: X =x—h, Y =y —k
The coordinates of the old origin referred to the new axes are (—h, —k).
Example: If the axes are shifted to the point (1, —2) without rotation, what do the following equations become?
D2x2+y*—4x+4y =0 (i)y*—4x+4y+8=0
Sol: (i) Substitutingx =X+ 1, y =Y + (=2) =Y — 2 in the equation 2x? + y2 —4x + 4y = 0,
we get
20X+ 12+ (Y —2)2-4X+1D)+4Y —-2)=0 =2X?2+Y?2=6
(ii) Substitutingx = X + 1, y = Y — 2 in the equation y? — 4x + 4y + 8 = 0, we get

Y—2)2—4X+1)+4(Y—-2)+8=0 = Y2=4X

Example: At what point the origin be shifted, if the coordinates of a point (4, 5) become (-3, 9)?
Sol: Let (h, k) be the point to which origin is shifted. Then,
x=4, y=5 X=-3,Y=9
x=X+handy=Y+k = 4=-3+hand5=9+k
= h=7andk = -4

Hence, the origin must be shifted to (7, — 4).
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