Chapter- 03
Trigonometric Functions

Measuring of Angles in Radians and Degrees
Introduction:

The word trigonometry is derived from the Greek words “trigon” and “metron” means the
measurement of triangles. It is the branch of mathematics that deals with the measurement of
the sides and the angles of a triangle and the problems allied with angles.

The Hindu mathematicians Aryabhatta, Varahamihira, Brahmagupta, and Bhaskara have a lot of
contributions to Trigonometry.

Currently, Trigonometry is used in many areas such as the science of seismology, designing
electrical circuits, describing the shape of an atom, predicting the height of the tide in the ocean,
analyzing musical tones, and studying the occurrence of sunspots, forecasting fluctuations in the
stock market.

Angles:
An angle is considered as the figure obtained by rotating a given ray about its endpoint.

The revolving ray is called the generating line of the angle. The initial position OA is called the
initial side and the final position OB is called the terminal side. The endpoint O is called the vertex
of the angle.

O =
s, Initial side A
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The measure of an Angle: The measure of an angle is the amount of rotation performed to get
the initial side.

Sense of an Angle: The sense of an angle is determined by the direction of rotation of the initial
side into the terminal side. The sense of an angle is said to be positive or negative according to
the initial side rotates in the anticlockwise or clockwise direction to get to the terminal side.

B

0

Positive angle A

‘ositive angle

Negative angle
-0 A

B
egative angle

Right Angle: If the revolving ray starting from its initial position to final position describes one-
guarter of a circle, then we say that the measure of the angle formed is a right angle.

ﬁx
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Systems of Measurement of Angles:
There are three systems for measuring angles
(i) Sexagesimal or English System or Degree measure:
In this system, the unit of measurement is the degree.
1 right angle = 90 degrees(90°)
1° = 60 minutes(60")
1" = 60 seconds(60")
1 \th
If a rotation from the initial side to the terminal side is (%) of a revolution, the angle is said to
have a measure of one degree.
So 1 complete rotation = 360°

The angles of measures 180°, 270°, 420°, —420° — 30° are shown in the following figures.

2702,
<«
¢ A

~~ o
180°
24 o A B
) "Afigle of measure 180° (ii) Angle of measure 270°
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(v} Angle of measure - 30°

(it) Centesimal or French System:

In this system, 1 right angle = 100 grades
1 grade = 100 minutes (100")

1 minute = 100 seconds (100"")

(iii) Circular System or Radian Measure:

One radian, written as 1€, is the measure of an angle subtended at the center of a circle by an arc
of length equal to the radius of the circle.
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Remember:
> Radian is a constant angle.

> The number of radians in angle subtended by an arc of a circle at the center is equal to
arc

radius

Proof: Consider a circle with center O and radius r.Let £ AOQ = 6¢ and letarc AQ = L. Let P be

a point on the arc AQ such that arc AP = r. Then £AOP = 1¢.Since angles at the center of a
A0Q _ arcAQ

circle are proportional to the arcs subtending them, so — =
AOP arc AP

arc AQ
arc AP

¢ l .
:»4AOQ=( xl) :9=;radlans

Relations between Degrees and Radians:

Consider a circle with center O and radius r. Let A be a point on the circle. Join OA and cut off an
arc OP of length equal to the radius of the circle. Then ZAOP = 1¢ . Produce AO to meet the
circle at B.

~ £ AOB = astraight angle = 2 right angles
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We know that the angles at the center of a circle are proportional to the arcs subtending them.

AOP arc AP AOP r 2 right angles 180°
. 22 & : =1 o gop = 219RTAnges qc _
AOB arc APB 2right angles nr 4 T

] 180° i
Hence one radian = S = mwradians = 180°.

-

Some Points to Remember:
> 21 radians = 360°

> Allintegral multiples of%are called quadrant angles.

> When an angle is expressed in radians, the word radian is generally omitted.
>  We have 1radian = 57° 16'22" (approx) and 1° = 0.01746 radians

> Radian measures of angles and real numbers can be considered as the same.

. . D G
»  The relation between the three systems of measurement of an angle is o= T

> The angle between two consecutive digits of a clock is 30°(= %radians)

> The hour hand rotates through an angle of 30° in one houri. e. G) °in one minute.
»  The minute hand rotates through an angle of 6° in one minute.
Conversion of Degree into Radians and vice — versa:

. Y
Radian measure = T80 X Degree measure
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180 .
Degree measure = — X Radian measure

The relation between degree measure and radian measure of some common angles are tabulated

below.
Degree 30° 45° 60° 90° 180° 270° 360°
i i i i n 3 2
Radian 6 4 3 2 2

Example: Find the radian measure corresponding to the following degree measures:

(i) 340°
Sol: 340° = (340 x =) ¢ = (”Tn)c
(if) 40° 20’
s 0720 = (30+ )= (2) = (25" = (2

(iii) 5°37'30"

. m _ (30 "_ 1Y,
Sol: We have 30" = (60) = (2)
75 1\ _ (5
(F xa) =)

45 7 \¢ m\¢

(Fxm) =)

Example: Find the degree measure corresponding to the following radian measures:
. 2m\€

® (%)

Sol: (i—’;)c= (i—:x %") = 24°

o

So,37'30" = (37%)' = (7—5)

2

o

- 5°37'30" = (5 g) - (%5) _

e)
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sor (£) = (5 %22) = (5] = (222) =22 (t60) = 22050

(iii) 6°

o o o o

SOI:6C=(6X1:_;O) — (@x7x6) s (M) - (ﬂ) = (343 %)

22 11 11

= 343° ( 7 X 60)0 = 343° (420)0 = 343° (38 2 ) = 343° 38’ ( 2 X 60)” = 343°38'11"
N 11 - 1/ 11) 11 N

Example: Find the length of an of a circle of radius 5 cm subtending a central angle measuring
15°.
Sol: Let [ be the length of the arc subtending an angle 6 at the center of a circle of radius r.
Cc
TL'
)

Cc
Herer = 5cmand 6 = 15° = (15 x%) =

Example: The angles of a triangle are in the ratio 3: 4:5, find the smallest angle in degrees,
and the greatest angle in radians.

Sol: Let the three angles be 3x, 4x, and 5x degrees. Then
3x +4x + 5x = 180° = x = 15°

So, the smallest angle = 3x = 45° and

The greatest angle = 5x = 75° =75 X % = i—’; radians

Example: The minute hand of the watch is 35 cm long. How far does its tip move in 18

minutes? (Use T = % )
Sol: The minute hand of a watch completes one revolution in 60 minutes.
Therefore, the angle traced by a minute hand in 60 minutes = 360° = 2w rad

So, angle traced by the minute hand in 18 minutes = 2w X 2—? rad = 3?" rad

Let the distance moved by the tip in 18 minutes be [, then

l=r6 =35 x3?”=21n=21><§=66cm.
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Problems on Measurement of Angles

Example: Find the angle between the minute hand of a clock and the hour hand when the
timeis 7: 20 AM.

Sol: We know that the hour hand completes one rotation in 12 hours while the minute hand
completes one rotation in 60 minutes.

So, angle traced by the hour hand in 12 hours = 360°

= Angle traced by the hour hand in 7 hrs 20 min.

.22 360 22\
i.e.= hrs = (— X —) = 220°
3 12~ 3

Also, the angle is traced by the minute hand in 60 min=360°.

o

= Angle traced by the minute hand in 20 min= (% X 20) = 120°

Hence, the required angle between two hands= 220° — 120° = 100°

Example: A horse is tied to a post by a rope. If the horse moves along a circular path always
keeping the rope tight and describes 88 meters when it has traced out 72° at the center, find
the length of the rope.

Sol: Let the post be at point P and let PA be the length of the rope in a tight position. Suppose
the horse moves along the arc AB so that £ APB = 72° and arc AB = 88 m.

Let r be the length of the rope i.e. PA = r meters.

Here § = 72° = (72 x 1%)6 - (%”)C and [ = 88 m

1 2w 88 5
S0, = —>—= —=7r =88 X—="70metres
r 5 r 2T

Example: The moon’s distance from the earth is 360,000 km and its diameter subtends an
angle of 31’ at the eye of the observer. Find the diameter of the moon.
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Sol: Let AB be the diameter of the moon and let E be the eye of the observer. Since the
distance between the earth and the moon is quite large, so we take diameter AB as arc AB.

Let d be the diameter of the moon.

Then d = arc AB.

<]

We have, 8 = 31’ = (%) = (% X%)C

Also, r = 360000 kms

arc 31 T d

radius 60 180 360000

= d= (E X —— X 360000) kms = 3247.62 kms
60~ 180

Hence, the diameter of the moon is 3247.62 kms.

Example: The wheel of a railway carriage is 40 cm in diameter and makes 6 revolutions in a
second; how fast is the train going?

Sol: Diameter of the wheel = 40 cm = Radius of the wheel = 20 cm
Circumference of the wheel = 2rtr = 2m X 20 = 40w cm

Number of revolutions made in 1 second = 6

So, distance covered in 1 second = 40mr X 6 = 240 m cm

-~ Speed of the train = 240w cm/sec.
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Example: A circular wire of radius 3 cm is cut and bent to lie along the circumference of a
hoop whose radius is 48 cm. Find the angle in degrees which is subtended at the center of the
hoop.

Sol: Given that circular wire is of radius 3 cm, so when it is cut then its length = 2r X 3 =
6mrcm.

Again, it is being placed along a circular hoop of radius 48 cm.
Here [ = 6m cm is the length of the arc and r = 48 c¢m is the radius of the circle.

Therefore, the angle 9, in radian, subtended by the arc at the center of the circle is given by

_ arc 67'[_71_2250
Radius 48 8 7
TRIGONOMETRIC FUNCTIONS
e Y‘}
f
& & P(x, y)
7,
/ y
. 0 R
x4 Of x M »X
[Fi;
Jv Y!

Let X'0OX and Y'OY be the coordinate axes and let a revolving line starts from 0X in the
anticlockwise direction and trace out an angle XOP = 0.

From P, draw PMOX.
Let in the right-angled triangle POM, OM = x, PM = y and OP = .
There are six possible ratios among three sides of a triangle.

These six ratios are called trigonometrical ratios and defined as follows:

. . PM oM X
sinsinf =—=2 cosf = — ==
oP 1 op T

PM oM «x

tang = — =2 cot =—==

oM X PM y
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OP r opP r
secf = — =- cosecl = —=-
PM  x PM y

Hence, the trigonometrical ratios of an angle are the numerical quantities. Each one of them

represents the ratio of the length of one side to another side of a right-angled triangle. The

functions sinf, cos8, tanf, cotf, secl, and cosec are called trigonometric functions.

. 1 1
We define cosec = —, secf = —, cotl =
sin6 cosf tané
ind )
Also, tanf = I and cotd = ==
cos@ sinf
Values of Trigonometric Functions:
{
" n n n s . = 2m
. 6 4 3 2 2
Trigonome-
tric Function
. 1 1 . 8
J3 1 1
cos 1 T -\./E > 0 -1 0 1
tan 0 L 1 I8 not 0 not 0
N3 - | defined defined
not 2 not not
cosec X 2 2 - 4 -
defined V2 73 L P gefined L | defined
2
sec 1 = p) not " not
73| V2 £ | defimed L aetined 1
not 1
cot . V3 1 —_ = not not
defined 3 0 | aefinea 0 defined

Trigonometric Identities:

An equation involving trigonometric functions which is true for all these values of the variable

for which the function is defined is called a trigonometric identity.

We have the following three identities among trigonometrical ratios:
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(i) sin®8 + cos?8 =1
(ii) sec? — tan?6 =1
(iii) cosec?8 — cot?6 =1
These are called “Pythagorean Identities”.
Signs of the Trigonometric Ratios / Functions

The signs of six trigonometric ratios depend on the quadrant in which the terminal side of the
angle lies. The length OP = r always positive.

Thus sinf = % has the sign of y, cosf = % has a sign of x. The sign of tanf depends on the

signs of x and y and similarly, the signs of other trigonometric ratios are decided by the signs
of x and/or y.

In the first quadrant: We have x > 0 and y > 0.

So, sinf = % > 0 and cos6 > 0.

Thus in the first quadrant, all trigonometric ratios are positive.
In the second quadrant: We have x < 0 and y > 0.

So, sinf =%> 0 and cos@ =§< 0

Thus in the second quadrant sine and cosecant functions are positive and all others are
negative.

In the third quadrant: We have x < 0 and y < 0.
So, sinf =%< 0 and cos@ =§< 0

Thus, in the third quadrant, all trigonometric functions are negative except tangent and
cotangent.

In the fourth quadrant: We have x > 0 and y < 0.
So, sin@ =%< 0 and cos@ =§> 0

Thus, in the fourth quadrant, all trigonometric functions are negative except cosine and
secant.
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The above rule is known as ASTC Rule.

I I

+) All
(+) sin x and cosec x )
(-) cos x, tan x,cot x, cosec x
X' o X
(+) tan x and cot x (+) cos x and sec x
(-) sin x, cos x, sec x cosec X (=) sin x, tan x, cot x, cosec x

0T v

Note:
Since sin%6 + cos?6 =1, so, |sinf| < 1 and |cosO| < 1
=5 —1<sinf<land—1<cosf8 <1

Also, 0 < sin*6 <1, 0<cos?0<1
Since, cosec = ﬁ, therefore cosecf = 1 or cosec < —1
Since, cO = ﬁ , therefore sec6 = 1 or sec < —1
Domain and Range of Trigonometric Functions
sintR - [—1, 1]
cos:R - [—1, 1]
tan:R — {(2n+ 1)%, ne Z} - R
cot:R—{nm,n€ Z} > R

s
sec: R —{(2n+ 1)5, ne Z} — (=0, —1]U[1, )
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Variations in Values of Trigonometric Functions in different quadrants:

cosec: R—{nm, n € Z} - (—», —1]U[1, )

—
Trigonometric
. I quadrant II quadrant III quadrant IV quadrant
Sfunction
sine increase from | decreases from decreases from increases from
Oto1l 1to0 Oto-1 -1to0
PP decreases decreases from increases from increases from
from1to0 0to-1 -1to0 Oto1l
increases increases from increases from increases from
tangent
from 0 to o —oto0 0 to oo —oto0
decreases decreases from decreases from decreases from
cotangent
from oo to 0 Oto—oo wto 0 0to—o0
" increases increases from decreases from decreases from
secan
from 1 to «© —ootol —1to—o o tol
decreases decreases from decreases from decreases from
cosecant
from oo to 1 1to —ooto-1 —1to—o0
. . . 12 . . .
Example: Find sinx and tanx, if cosx = — 5 and x lies in the third quadrant.
Sol: We know that sin’x + cos?x = 1= sinx = + V1 — cos?x
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In the third quadrant sinx is negative.

J z : 122 5
So,sinx = —V1—cos2x=>sinx=— |1— (—=) =—=
13 13
. -5 5
sinx .
and tanx = — = tanx = 2 = —
cosx —_— 12
13
. . . . 2V6 .
Example: Find all other trigonometric ratios, if sinx = - and x lies in quadrant I11.

Sol: We know that sin?x + cos’x =1 = cosx = + V1 —sin?x

In the third quadrant cosx is negative.

25 5

- , 24 1
ncosx =—V1l—sinx=cosx =— |[1—==—=

In the third quadrant tanx is positive.

) -2v6
sinx
So, tanx = — > tanx = —=— = 26
cosx 1
5
Now, cosecx = 1 _ > Secx = ! _ 5 cotx = =t
’ T sinx  2V6 T cosx T tanx  2V6

1+tanx+cosecx

Example: If secx = V2 and %ﬂ < x < 2m, find the value of

14+cotx —cosecx

1 1
Sol: We have secx = V2= cosx = — =—
secx 2

It is given that x lies in the fourth quadrant in which sinx is negative.
So, sinx = —V1 — cos?x = — |1 —+= ——
’ > \/?

1
= cosecx =—= —+/2
Sinx

sinx
and tanx =
coSsx

1
=-= xV2 = -1 cotx = —1

1+tanx+cosecx _ 1-1-v2
1+cotx —cosecx  1-1+V2

Example: If x is any non — zero real number, show that cosf and sin6 can never be equal to

1
X+ -
X
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Sol: We have the following cases:

The case I: When x > 0.

| 1o = ¢/
Inthlscase,wehavex+x—(\/§) + 2\/§ﬁ+2\/§\/z

> xto= (\/E—%)ZH > 2

Case ll: When x < 0.Letx = —y.Theny >0
. 1__ _l__ 1

Inthlscasex+;— y AN (y+ )

But, y +-22 = —(y+3) <-2 Sx+: <-2
’ y - v/ = x T

-'-x+§ > 2 forx > Oandx+§ < —2forx <0
But, —1 < sinf@ < 1and —1 < cosf@ < 1 for all 9.
Hence sinf and cos@ cannot equal to x + ifor any non —zero x.
Example: Prove the following. sec?8 + cosec?8 > 4.
Sol: We have sec?6 + cosec?0 = 1+ tan?6 + 1 + cot?6

=2+ tan®6 + cot?0

=2+ tan?0 + cot?0 — 2 tanf cotf + 2 tanb coth
=2+ (tanf — cotf)? + 2

=4+ (tan® — coth)? > 4 [since (tan® — cotf)? = 0]
Trigonometric Functions of Complementary and Supplementary Angles
Values of Trigonometric Functions at Allied Angles

Two angles are said to be allied when their sum or difference is either zero or multiples of g

The angles allied to 6 are —6,% +0, t+ 6,%” + 0, 2m + 0, etc.

Trigonometrical Ratios of (—0)
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Suppose a revolving line OP makes an angle +6 with OX by revolving in the anticlockwise
direction and angle (—8) by revolving in clockwise directions (position OP").

Let £ POM = 6.InAPOM, OP =r, OM = x, PM = y.
Now produce PM to P’ such that PM = MP'. Join OP'.
Hence AOMP = AOMP'

= MP = MP'and OP = OP'

If we consider the sign of these distances, then P’'M = —PM

Also, we have £ P'OM = —6 ,0M = x, OP' =rand P'M = —y

.. P'M PM .
InAP'OM,sinsin (—0) = — = Y= == _sing
op r op
_gy = OM _x_oM_ gy =PM_ _y_ _PM_ _
cos cos (—0) = 5 1 0P cosf , tan tan (—0) oM ; oM tan6
Similarly, cosec(—0) = —cosecB, sec sec (—0) = sec and cot cot (—8) = —cot

Trigonometrical Ratios of g— 6
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Let 2 ACB =§, LABC = 60

= £ BAC = g — 0, whichis the complementary angle of 8
In A ABC,sin sin (g — 9) = % = cos0
T AC .
cos coS (E - 9) =15~ sinf

tan tan (E - 9)

_BC _ 0
> _A_C_CO

Trigonometrical Ratios of % +60

sin sin (g + 9) =sin sin (; - (—9)> =cos cos (—0) = cos6

T
cos (E + 9) =cos cos (g - (—9)> =sin sin (—0) = —sinf

<% — (—9)) =cot cot (—0) = —cotb

Trigonometrical Ratios of 7 + 6

sin sin (r — 0) =sin sin §+ 57 =Co0S coS (i_ )—sm

Similarly, cos cos (m — 8) = —cos0 and tan tan (m — 8) = —tanf
Also, sin sin (m + 0) =sin sin (% + % + 6) =co0s coS (g + 6) = —sinf

Similarly, cos cos (m + 8) = —cos0 and tan tan (i + 8) = tanf
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Trigonometrical Ratios of 37" +6

. (3m | U _ .. (T _
sin sin (7—6> =sin sin (T[-I- 5—9) = —sinsin (2—9) = —cos0

Similarly, cos cos (37" - 9) = —sinf and tan tan (32—” - 9) = cotf
Also, sin sin (37” - 9) =sin sin (n + §+ 6) = —sinsin (g ¢ 9) = —cosf
Similarly, cos cos (32—" + 9) = sinf and tan tan (37” + 9) = —cotl
Trigonometrical Ratios of 2w + 6
sinsin (2w — 6) =sinsin (n+ n—6) = —~sinsin (m—0) = —sinfd
Similarly, cos cos (2m — 6) = cos6 and tan tan (2m — 0) = tané
Again, sin sin (2m + 0) =sin sin (2n — (—6)) = — sin sin (—6) = sinf
Similarly, cos cos (2 + 8) = cos6 and tan tan (2m + 6) = tan6
To remember the above results we adopt the following technique.
. . . n
(i) sin sin (ni + 9)
n-1 n
= {(—1) 2 cos6, if nbe an odd integer (—1)2 sin@, if n be an even integer
) 7T
(i) cos cos (nz + 6)

n+1 n
={(—1) 2 sin6,if nbe an odd integer (—1)2 cos@, if n be an even integer

T
(iii) tan tan (ni + 9) = {— cotB,if n be an odd integer tan®,if n be an even integer

Periodic Functions:

A function f(x) is said to be a periodic function if there exists a positive real number T such
that f(x + T) = f(x) for all x. Here T is called the period of f.

Periodicity of Trigonometric Functions:
(i) sinx, cosx, secx, cosecx are all periodic with period 27.

(ii) tanx and cotx are periodic with period m.
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(iii) sin™x, cos™x, sec™x, cosec™x are periodic with period 27 and m, according to n is odd
or even.

(iv) tan™x, cot™x are periodic with period = for n being odd or even.
(v)|sinx|, |cosx|, |secx|, |cosecx|, |tanx|, |cotx| are periodic with period 7.
Even and Odd Functions

A function f(x) is said to be an even function if f(—x) = f(x) for all x and is said to be odd

if f(—x) = —f(x) forall x.
sine and tangent are odd functions, where cosine is an even function.

Example: Evaluate the following:

. . . 31m
(i) sin sin —
3
Sol: sin sin 22X =sin sin (107‘[ + E) —sinsin T=¥
: 3 3/ 37 2
.. Virs
(i) cos cos "
Sol: cos cos n =C0S C0S (2 X E+E) = —coscos = = _¥3
’ 6 2 6) 6 2
s 25w
(iii) sin sin (— —)
4
Sol: sin sin (—Zz—”) = —sinsin (Z?Tﬂ) = —sinsin (12 ><§+%) = % = —\/%
] 197
(iv) tan tan (T)
197\ _ T, M\ __ T _
Sol: tan tan (T) =tan tan ( 12x-+ §) =tantan 7 = V3
157
(v) cot cot (— —)
4
Sol:cot cot (— 1‘%") = — cot cot (%”) = — cot cot (7 X g + %) = —tantan % =-1

Example: Evaluate the following:

(i) tan tan 480°
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Sol: tan tan 480° =tan tan 8?" =tan tan ( 5 X g + g) = — cot cot % =—/3

(ii) cos cos (—1710°)
Sol: cos cos 1710° =cos cos 12—” =0
Example: Prove that cos510° cos330° + sin390° cos120° = —1
Sol: LHS = c0s510° cos330° + sin390° cos120°

=cos cos (5 X 90° + 60°) cos cos (3 X 90° + 60°) +sin sin (4 X 90° + 30°) cos (1 x 90°
+30°)

= (—1)3 sin60°. (—1)? sin60° + (—1)? sin30° (—1)* sin30°

V3\Y /¢ 3 1
- — 2 o __ f a2 (o} — — —_— — —_ = —_——_—— = —1 =RH
sin“ 60 sin“ 30 <2> (2) 1712 S

coscos (m+x) cos (—x
Example: Prove that — (i) (n )_ = cot?x
sinsin (m—x) coscos (§+x)
coscos (m+x) cos (—x —COSX COSX cos?x
Sol: LHS = — (n) = — — = —— = cot?x = RHS.
sinsin (T—x) coscos (5+x) sinx (—sinx) sin‘x
coscos (2n+x) cosec(2m+x)tan (E+x)
Example: Prove that - 2~ =
secsec (E+x)cosx cot (m+x)
coscos (2m+x) cosec(2m+x)tan (=+x) cosx cosecx (—cotx
Sol: LHS = : 270 (“Cot™) _ 1 = RHS
secsec (5+x)cosx cot (m+x) — cosecx cosx cotx
. cotcot 54° tantan 20°
Example: Find the value of
tantan 36° cotcot 70°
cotcot 54° tantan 20° cot (90° —36° tan20° tantan 36° tan20°
Sol: = ot ) = =1+1=2
tantan 36° cotcot 70° tantan 36° cotcot (90°—20°) tan36° tan20°

Example: State the sign of sin201° + cos201°

Sol: Since 201° lies in 3™ quadrant, so sin201° < 0 and c0s201° < 0
Thus sin201° + c0s201° < 0

Example: Find the value of sin1°.sin2°. sin3° ....sin sin 200°.

Sol: sinl°.sin2° sin3° ....sin sin 200° = 0, since sin180° = 0
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Trigonometric Functions of Compound Angles

The algebraic sums of two or more angles are generally called compound angles and the
angles are known as the constituent angles.

For example, if A, B, C are three angles then A+ B, A+ B+ C, A— B+ C, etc. are
compound angles.

Trigonometric Ratios of Sum and Difference of two angles:

Let the rotating line start from initial line OX and trace out £ X0S = £ A in the anticlockwise
direction and let the rotating line further rotates to trace out £ SOP = 4 B.

Sothat 2 XOP =2 (A+ B)
Draw PM 1 OX and PQ L 0S. Againdraw QL L PM and QN L1 OX.
Then £ QPL = 180° —90° — 2 PQL =90°—(90°—A) =A

. . PM  PL+LM _ PL+QN _ PL
~sinsin(A+ B) = sin £ POM = — = = o _ R
0P 0P op op

QN
+ oP

= 2L PQ | OV 99 _ osAsinB + sind. cosB = sinA cosB + cosA sinB .... @Y
PQ "OP = 0Q oP

AY

sl

N

(A+B)_0M_ ON-MN _ON MN _ON LQ
cos cos ~OoP_ 0P _OP OP 0P OP
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_oN 00 _ 10 PO

= . .— = c0SA cosB — sinA sinB .... (2)
0Q '0oP PQ'OP

PM _ PL+LM _ QN+PL _ QN+PL

tantan (A+B) =Gu = —0o8 =~ ON—MN . ON-LQ

QN PL QN , PL

__ ON'ON _ ON'ON __ tantan A-+tanB (3)
1_ﬂ 1_ﬂ E 1-tanA. tanB
ON PL'ON

Replacing B by (—B) in (1), (2) and (3) we have
sin sin (A — B) = sinA cos cos (—B) + cosA sin sin (—B) = sinA cosB — cosA sin sin B
cos cos (A — B) = cosA cos cos (—B) — sinA sinsin (—B) = cosA cosB + sinAsinB

tanA +tan (—B) _  tanA —tanB
1—tanAtan (—B) 1+ tanA tanB

tantan (A—B) =

Similarly, it can be proved that

cotA cotB —1

cotA cotB+1
cotB+cotA

cotB—cotA

cotcot(A+B) = and cot cot (A—B) =

More Useful Result:
(i) sin sin (A + B) sinsin (A — B) = sin?A — sin?B = cos’B — cos?*A
(ii) cos cos (A + B) cos cos (A— B) = cos?A —sin’?B = cos?B — sin’A

(iii) sinsin(A+ B + C)
= sindA cosB cosC + cosA sinB cosC + cosA cosB sinC — sinAsinBsinC

(iv) cos cos(A+ B + C)
= c0SA cosBcosC — cosA sinB sinC — sinA cosBsinC — sinAsinBcosC

tanA + tanB + tanC — tanA tanB tanC
1 — tanA tanB — tanB tanC — tanC tanA

(W) tantan(A+B+C) =

Example: Find the value of sin sin 15°.
Sol: We have sin sin 15° = sin (45° — 30°)
=sin sin 45° cos30° — cos45° sin30°

1 3 1 1
:—Xﬁ— — X =
) V22
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_ V3-1
= 55
sin (x+y tanx+tan
Example: Prove that — @y _ ¥
sin (x—y) tanx —tany
sin (x+y sinx cosy+cosx siny
Sol: LHS = SR . _ R
sin (x—=y) sinx cosy —cosxsinsiny
sinx cosy , cosx siny
tanx+tany
__ COSXCOSY COSXCOSY __ _
T sinxcosy _cosxsiny T tanx —tany = RHS

Ccosx cosy Cosx cosy

s

Example: Prove that cos cos (% + x) +cos cos (Z — x) = 2 cosx

Sol: LHS = cos cos (g + x) +cos cos (g - x)

T T T T
= (cos cos 7 cosx —sin sin 2 sinx) + (cos cos 7 60% +sin sin 2 sinx)

T 1
= 2COSCOSZCOSX=2 X — X cosx = V2 cosx = RHS

V2

Example: Show that tan3x tan2x tanx = tan3x — tan2x — tanx
Sol: We know that 3x = 2x + x

So, tan tan 3x = tan (2x + x)

tan2x+tanx

= tantan3x = ————
1—tantan 2x tanx

= tan3x — tan3x tan2x tanx = tan2x + tanx
= tantan 3x — tan2x — tanx = tan3x tan2x tanx

Example: Prove that tan tan 75° 4+cot cot 75° = 4 .

Sol: LHS =tan tan 75° +cot cot 75° =(2+\/§)+ﬁ=2+\/§+2—\/§=4=
RHS

Example: If tand = %and tanB = g, show that cos2A = sin 2B

1,1
tanA+tanB _ 3 t3
1—tanA tanB 1—

Sol: We have tan tan (A + B) =

I
oo
I
—_
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T

> A+B=2=24=% -B
4 4

Now cos cos 2A = cos cos 2 (% — B) =co0S coS (g — ZB) =sin2B

Example: If tanA — tanB = x and cotB —cot cot A = y, prove that cot cot (A — B) = i +
1

y

Sol: We have cot cot B—cotcot A=y

tanB tanA - tnA tanB

1 1 tanA —tanB _

X

X
——— =y >tandAtanB = -
tanA tanB y

Now cot cot (A—B) =

X
1 _ 1+tanAtanB __ 1 +§ _ xty
x

tantan (A—B) ~ tanA—tanB xy T x

1
y
Example: If A+ B = g, prove that (1 + tanA)(1 + tanB) = 2

Sol: We have A + B =%

= tantan (A + B) =tantan %

tantan A+tanB _

1-tanA tanB

= tanA + tanB = 1 — tanA tanB

= tanA + tanB + tanA tanB = 1

= 1+ tanA + tanB + tanA tanB = 2
= (1+ tanA) + tanB(1 + tanA) = 2
= (1+ tanA)(1 + tanB) = 2

Example: If angle 6 is divided into two parts such that the tangent of one part is k times the

. - . k+1 .
tangent of other and ¢ is their difference, then show that sinf = kL sing

Sol: Let = a + f . Then tana = k tanf

tana _ k
tanf 1
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% (Applying componendo and dividendo)

tana+tanf
tana —tanf -

sina cosp+cosasinf _ k+1

sina cosf —cosa sinf T k-1

sin(a+p) _ k+1
sin (a—p) =
sinsin 6 k+1

= ~ = —
sinsin ¢ k-1

= sinf = 2 sin
k-1 ¢
Maximum and Minimum Values of Trigonometrical Expressions

The maximum and minimum values of a sinf + b cos6 are Va? + b? and —va? + b?
Example: Find the maximum and minimum values of 7 cos@ + 24 sin6.

Sol: Herea = 24 and b =7

So,Va? +b? = V242 +72 = 25

Thus the maximum and minimum values of 7 cos@ + 24 sinf are 25 and —25 respectively.

Transformation Formulae
We have sin sin (A + B) = sinA cosB + cosA sinB ... (i)
sin sin (A — B) = sinA cosB — cosA sinB ... (ii)
cos cos (A+ B) = cosA cosB — sind sinB ... (iii)
cos cos (A — B) = cosA cosB + sinA sinB ... (iv)
Adding (i) and (ii), we obtain
sinsin (A+ B) +sinsin (A —B) = 2 sinA cosB
Subtracting (i) from (i), we obtain
sinsin(A+ B) —sinsin(A—B) = 2 cosA sinB

Adding (iii) and (iv), we obtain
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cos cos (A+ B) +coscos (A—B) =2 cosA. cosB

Subtracting (iii) from (iv), we obtain
cos cos (A—B) —coscos (A+ B) = 2 sinA sinB
In above formulae A > B

Formulae to transform the sum or difference into products

letA+B=CandA— B =D.Then, A = % and B = %

Substituting the values of A, B, C and D in the above formulae, we get

} . .. (C+D C—-D
sin sin C + sinD = 2 sin sin 5 €oS €OS >

+D C—-D
sinC — sinD = 2 cos cos ( ) sin sin ( )

N

C+D C—-D
cosC + cosD = 2 cos cos( )cos cos( > )

=)sinsin (~7)
sin sin 2

. . (C+D c—
Or, cos cos C — cosD = —ZSmsm( > )smsm( > )

cosD — cosC = 2 sin sin (

Or, cosC — cosD = 2 sin sin (C%D) sin sin (DT_C)
Example: Convert each of the following products into the sum or difference of sines and cosines.
(i)2 sin sin 50 cos6O

Sol: 2 sin sin 56 cosf =sin sin (50 + 6) +sin sin (560 — 0) =sin sin 66 +sin sin 46

(ii) cos75° cos cos 15°

Sol: c0s75° cos cos 15° = %( 2¢0s75° cos cos 15°) = %{ cos(75° + 15°) +cos cos (75° —
15°) }

=3 (cos cos 90° +cos cos 60°)

Example: Express each of the following as a product:
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(i) sin sin 668 —sin sin 26

66—29) (69+29

2 > ) = 2 sin sin 26 cos cos 40

Sol: sin sin 60 —sin sin 20 = 2 sin sin (

(ii) cos 60 —cos cos 80

Sol: cos 60 —cos cos 80 = 2 sin sin (89+69) sin sin ( 89;69) = 2 sin70 sin sin 6

coscos 7x+coscos 5x
Example: Prove that — — = cotx
sin7x —sinsin 5x

7 5 2c0scos 232 coscos XX
€0SCOS 7X+C0SCOS 5% c cosx
Sol: LHS = — —= = e 25— = —— = cotx = RHS
sin7x —sinsin 5x 2c0Scos > sinsin sinx
sinsin 5x—2sinsin 3x+sinx
Example: Prove that = tanx
€0SC0S 5x —C0Sc0S X
sinsin 5x—2sinsin 3x+sinx sin5x+sinx—2 sin3x
Sol: LHS = =
€0SCOS 5X —C0SCOS X c0ScoSs 5x—cosx
2 sin3x cos cos 2x — 2 sin3x sin3x( cos2x — 1)
— 2 sin sin 3x sin2x sin3x sin2x
1 —cos cos 2x 2 sin’x
= - = - = tanx = RHS
sin2x 2 sinx cosx

Example: Prove that cos18° — sin18° = /2 sin27°
Sol: LHS = co0s18° — sin18°
=cos cos (90° — 72°) — sin18°

= sin72° — sin18°

o (72°—18° 72° + 18°
= 2 sin sin (T) COS coS (T)

= 2 sin sin 27° cos cos 45°

1
= 2sin27° —
V2

= V2 sin27° = RHS
Example: Prove that sin10° sin30° sin50° sin70° = %

Sol: LHS = sin10° sin30° sin50° sin70°
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= sin30° (sin10° sin50°)sin70°

1
= — (sin50° sin10°) sin sin 70°

2
1 1
=B X E( 2 sin50° sin10°)sin70°

1
=¥ [{cos cos (50° — 10°) —cos cos (50° + 10°) }sin70°]

1
= Z{(cos40° —cos cos 60°) sin sin 70° }

1
= — (sin70° cos cos 40° — sin70° cos cos 60°)

1 1
= 7 ( sin70° cos40° — > sin70°>

(2sin70° cos40° — sin70°)

1
8

1
=3 {sin sin (70° + 40°) +sin sin (70° — 40°) — sin70°}

1
= 5 (5in110° +sin sin 30° - sin70)

1 1
=3 {sin sin (180° — 70°) + 5 sin70°}

1('70 +1 '70> LAV RHS
= — °O4 — — Ol =— X=—=—=
3 sin ) sin 3 ) 16

Example: Prove that sin sin x +sin sin (x + 2?”) +sin sin (x + 4—;) =0

Sol: LHS = sin sin x +sin sin (x + 2?”) +sin sin (x + 4?”)
41 2T 41t

X+ 5 —x——
cos cos 32 3

21
X+ ?+X+?

= sinx + 2 sin sin >

T
= sinx + 2 sin sin (w + x) cos cos (— §)
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T
= sinx + 2 (—sinx) cos cos 3

= sinx — 2 sinx'?

= sinx — sinx
=0=RHS

sinsin 5A—sin7A+sin8A —sin4A
Example: Prove that =cot cot 6A
c0s4A+cos7A —cos5A—cos8A

sinsin 5A—sin7A+sin8A —sin4A
c0S4A+c0s7A —cos5A—cos8A

Sol: LHS =

sin8A — sin4A — (sin7A — sin5A)
c0os4A — cos8A — (cos5A — cos7A)

2 cos cos 64 sin2A — 2cos6A sinA
2 SinbA sin2A — 2 sinbA sinA
_ €0s6A ((sin2A — sinA)
~ sinbA(sin2A4 — sind)

cos cos 6A
= ——  =cot cot 6A = RHS
sin sin 6A

Problems on Compound Angles and Transformation Formulae
Example: Prove that cos3A +cos cos 54 + cos7A + cos15A = 4 cos4A cos5A cos cos 6A
Sol: LHS =cos cos 3A + cos5A + cos7A + cos15A

=cos cos 154 + cos54 + cos7A + cos3A

154 + SA) 154 — 54 (7A + 3A> 7A — 3A>
2

+ 2
) cos cos >

= 2 cos cos ( CoS coSs ( COS COS (

= 2 cos cos 104 cos cos 54 + 2 cos cos 54 cos cos 2A

= 2 cos cos 5A(cos cos 104 +cos cos 24)
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(10A + ZA)

104 — 24
= 2 cos cos 54 {2 cos cos —> }

coS CoS
( 2

= 2 cos cos 5A. 2 cos cos 64 cos cos 44
= 4 cos cos 4A cos5A cos cos 64 = RHS
Example: If a sinx = b sin sin (x + Z?n) = c sin sin (x + 4?”) , prove that ab 4+ bc + ca = 0.
. . . 2T . . 41T
Sol: We have a sinx = b sin sin (x o ?) = c sin sin (x o ?) =k (say)
= k sinx, ¥ =sin sin (x + 2—”), ad =sin sin (x + 4—”)
a b 3 c 3
= k + K + K =sin sin x +sin sin (x + E) +sin sin (x + 4—”)
a b c 3 3
= E+E+E= {sinsin (x+4—”)+sinx}+sinsin (x+2—”)
a b c 3 3
= E+E+E= 2 sin sin (x+2—n) COS CO0S 2—"+Sinsin (x+2—n)
a b c 3 3 3
= k(l+l+l) = —sin sin (x+2—n) +sin sin (x+2—n)
a b c 3 3
- k ( ab+bc+ca) -0
abc

=> ab+bc+ca=0

coscos 9°+sinsin 9°

Example: Prove that - =tan tan 54°

scos 9°—sinsin 9°
Sol: 54° =tan tan (45° + 9°)

tan tan 45° +tan tan 9°
1 — tan45° tan tan 9°

sin sin 9° o
1+ Cos cos 9°  cos cos 9° +sin sin 9° LHS
1— sinsin9°  cos cos 9° —sin sin 9°

cos cos 9°

sinx sin3x sin9x
Example: Prove that s

1
== (tan27x — tanx)
S3x cos9x cos27x 2

sinx sin3x sin9x

Sol: LHS =

cos3x cos9x coSs27x
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_ 1 (2 sinx cosx 4 2 sin3x cos3x 4 2 sin9x cos9x>
~ 2 \cos3x cosx cos9x cos3x co0s27x cos9x

_ l(sin (x+x) sin(3x+3x) sin(9x+ 9x)>

2 \cos3x cosx cos9x cos3x co27x cos9x
_ 1 ( sin2x y sinbx 4 sin18x )
"~ 2 \cos3xcosx cos9xcos3x = cos27x cos9x

1 {sin (3x —x) sin (9x — 3x) N sin (27x — 9x)}

2 cos3x cosx co0s9x cos3x co0s27x cos9x

1 (sinchosx — cos3x sinx  Sin9x cos3x — cos9x sin3x

+
c0S3XxCcosx co0s9x cos3x
sin27xcos9x — c0527xsin9x)

N |

c0S27x cos9x

1
= E{(tanSx — tanx) + (tan9x — tan3x) + (tan27x — tan9x)}

1
=3 (tan27x — tanx) = RHS

Example: Prove that cos2a cos cos 2 + sin?(a — B) — sin?(a + B) =cos cos 2(a + B) .
Sol: LHS = cos2a cos cos 23 + sin?(a — B) — sin?(a + B) =cos cos 2(a + B)
=cos cos 2acos2fB +sin(a—pB+a+p)sin(a—F—a—p)
=c0S coS 2a cos cos 28 — sin2a sin sin 2f3
=cos cos (2a + 2f)
=cos cos 2(a + B) = RHS

Example: If « and B are the solutions of the equation a tanx + b secx = c, show that

2ac

tantan (a + p) =

a2—c2

Sol: We have, a tanx + b secx = c ... (i)

= ¢ —atanx = b sec sec x
= (¢ —atanx)? = b%sec?x
= c? + a’tan®’x — 2ac tanx = b?(1 + tan?x)
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= tan®x (a? — b?) — 2ac tanx + (c¢? — b?) = 0 ... (ii)

It is given that @ and B are the solutions of the given equation(i). Therefore tana and tanp are
roots of the equation(ii).

S _ 2ac d _ c?-b?

o, tana + tanf = ——and tana tanf = ——

Hence tantan (a + B) = ozl o
1—tana tanf a?—c?

Example: Prove that: cos cos A cos cos (g - A) oS cos (% + A) = %cos cos 34
Sol: LHS = cos cos A cos cos (E - A) cos cos (E + A)
3 3

= 1 cos cos A (g — A) cos cos (g + A)}

2
=1coscosA CcOoS CcoS g+A+%—A +cos cos g+A—%+A
2
1 T[
=§ cosA [cos cos ?+cos cos ZA]
1 1 1
=Ecos cos A {cos cos 24 _E} =Ecos cos A cos cos 24 ~1 cosA

1 1 1
=7 2 cos cos 2A cosA — 7 c0sA = 7 (cos cos 3A + cosA) — ZCOSA

1 1
= 7 cos cos 3A + 7 cos cos A — ZCOSA = 2 cos cos 3A = RHS
T T 1
Note: We have cos cos A cos cos (§ — A) COS CcOoS (§ + A) =, cos cos 34
Similarly sin sin (g - A) sin sin (g + A) = %sin sin3A

and tan tan A tan tan (g — A) tan tan (% + A) =tan tan 3A

sinA —sinC

Example: If three angles A, B and C are in A. P., prove that cot cot B =

coscos C—coscos A

Sol: Since A, BandC arein A.P.,s02B=A+C

inA —sinc 2sinsin 2=Ccoscos A&
sinA —sin - -
Now, RHS = = 2 2

coscos C—coscos A 2sinsin ﬂsinsin A-C
2 2
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Cc 2B
) =cot cot (7) =cot cot B = LHS

A+
=cot cot (

Example: If A, B, and C are the angles of a triangle, then prove that
sin?A + sin?B + sin®C — 2 cosA cos cos B cos cos C = 2
Sol: LHS = sin?A + sin?B + sin?C — 2 cosA cos cos B cos cos C
= 1—cos?A+1— cos?B + sin?C — 2 cos cos A cos cos B cos cos C
=2 — cos*A — (cos?B — sin*C) — 2 cosA cos cos B cos cos C
=2 — c0s*A —cos cos (B + C) coscos (B—C)— 2cos cos A cos cos B cos cos C

=2 — c0s?A +cos cos A cos cos (B — C) — 2 cos cos A cosB cos cos C [ sinceA+ B +
C=m]

=2 —cosA[cos cos A —cos cos (B—C)] —2cos Acos Bcos C
=2 —coscosA| —cos cos (B+C) —cos cos (B—C)]—2cos cos A cos cos B cos cos C
=2 +4cos cos A [cos cos (B+C)+cos(B—C)] — 2cos Acos Bcos C
=2 +coscosA[2cos cosB coscosC] — 2cos cos A cos cos B cos cos C
=2 =RHS
Trigonometric Functions of Multiple and Submultiple Angles
If A is any angle, then angles 24, 34, 44, ... etc are called multiple angles and the angles

A A A .
230 etc are called sub - multiple angles of A.
Trigonometric Ratios of angle 24 in terms of that of angle A

(i) sin sin 2A =sin sin (A + A) = sinA cosA + cosA sinA = 2 sinA cosA

2sinAcos’A _ 2tanA _ 2tanA
COSA sec?A 1+ tan2A

(ii) We have sin2A4 = 2 sinA cosA =
(iii) cos cos 24 =cos cos (A + A) = cosA cosA — sind sind = cos?A — sin’A
(iv) cos cos 2A = cos?A — sin?A = cos?A — (1 — cos?A) = 2cos?A —1

(v) cos cos 24 = cos?A — sin?A =1 —sin?A — sin?4 = 1 — 2sin?A
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2 . 2 2
(vi) cos2A = cos?A — sin?h = — A —sind_ 1-tan’a
cos?A + sin?A 1 + tan?A

(vii) We have cos cos 24 = 1 — 2sin”A = sin?A = 1"5‘2’52“‘

14+coscos 2A
(viii) We have cos24 = 2c0s*A — 1= c0s?A = ————

2

(ix) tan tan 24 =tantan (A + A) = tantan A+tanA 2 tanA
O ~ 1-—tanAtanA =~ 1-— tan?4

1 —coscos 2A
(x) tanz A= ———
1+coscos 2A

Trigonometric Ratios of the Angle A in terms of Angle %

Replacing A by g in the relations of multiple angles of 24 , we obtain

(i) sind = 2 sin sin Ecos cos :
2 tan tan é
(ii) sind = £
1 + tan? 5
. A
(iii) cosA = cos?—— sin? 3

A
(iv) cosA = 2 cos? 5 1

A
(v) cosA =1 —2sin?=

2
1-— tanzé
(vi) cosA = —
1+ tan? 5
A 1 —cosA
. . 277 - - 0
(vii) sin > 5
A 1+ cosA
fes 27 - -
(viii) cos > >
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A
2 tan tan i

(ix) tanA = i
1—tan®*=
2

ot 2A_ 1 —coscos A
S RN 1 +coscos @

Trigonometric Ratios of Angle 34 in terms of Angle A
3A = 3 sindA — 4sin3A
Sol: sin sin 3A =sinsin (A + 2A) = sinA cos2A + sin2A cosA
= sind (1 — 2sin?4A) + (2 sind cosA)cosA
= sinA — 2sin®A + 2 sinA (1 — sin?A)
= sinA — 2sin3A + 2 sinA — 2 sin3A = 3 sinA — 4sin3A
(ii) cos3A = 4cos3A — 3 cosA

3 tanA — tan3A

(iii) tan3A = 1 3tanZA

Trigonometric Ratios of Angle A in terms of Angle 2

Replacing A by 2 in the above formulae, we obtain
N (A (A
(i) sinA = 3 sin sin (5) — 4 sin3 (E)

A A
(ii) cosA = 4 cos?® (E) — 3 cos cos (5)

3 tan tan (g) — tan3 (%)

(ii)tanA = 1— 3 tan? (é)

.. A A . .
Value of sin sin > and cos cos > in terms of sind

2
A, . A A . 2 A .. A A ;
We have (cos cos Y +sin sin > ) = cos? > + sin? > + 2 sin sin S coscos — = 1+ sinA

=  cos oS §+sin sin % = ++vV1+sind ...(1)
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Similarly, cos cos % —sin sin %1 = ++V1—-sind ...(2)

By adding (1) and (2) and subtracting, we have

2 cos cos §= ++vV1+sind + V1 — sind and

A P
2$insin5= + V1 +sind F V1 —sind

A .. A . . .
There are 4 values of cos cos > and sin sin > when A is not known but sinA is given. If A is

- . Ay .o . A A .. A
known, then the definite sign of cos cos 5 ksinsin S and cos cos 5 —Ssinsin 7 may be

obtained in the following manner.

A sinsin A= psmsin (B42 Yoo
COSCOSE SmsmE— sin sin Z E , COSCOSE SlnSlnE

_ /7 TL'+A
= /2 coscos 215
. . m A T b4 A T
= V2 sinsin (Z+E) = ++1+ sinA and V2 cos cos (Z+E):i 1 —sinA

Note:

. . A 1-cosA ., A 4. .
1. sinsin > = > if > lies in quadrant I or Il —

1—cosA
2

if% lies in quadrant 111 or IV

1+4+cosA
2

2. coscos %: { if% lies in quadrant [ or IV —

1+cosA
2

if%1 lies in quadrant II or 111

1—cosA
1+4cosA

3. tantan % = { if% lies in quadrant I or 111 —

1—cosA
1+4cosA

if% lies in quadrant Il or IV

Example: If sind = %, where 0° < 4 < 90°, find the values of sin2A, cos2A, tan2A.

Sol: We have sind = %, where 0° < 4 < 90°

Since cos?A = 1 — sin?A
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So, cosA = V1 — sin24 = ’1_ %zg

. sinA 3
anAa = = —
cosA 4
Now, sin24 = 2 sind cosA = 2 a1
5°5 25
24 =1-2sin?4 =1 2(3>2 7
cos = — 2 Sln = — — —_-—
5 25
3
2 tanA 2 X7z 24
tantan 24 = N/ ==
1—tan“A 1— (g) 7
4
1+sin260+cos260
Example: Prove that —————— = cot6
1+sin26 —cos26
) . , '
Sol: LHS — \tsin20+cos26 _ (1+cos26)+sin20 _  2c05°6+2 sinb cosé
1+sin26 —cos26 (1-co0s26)+sin26 2 5in20+2 sin cosO

2 cosB (cosO+sinf)
2 sinf (cosf+sinf)

= cotd = RHS

sinsin 5x —2 sin3x+sinx

Example: Prove that = tanx
coscos 5x—cosx

sinsin 5x —2 sin3x+sinx sinsin 5x+sinx—2sinsin 3x
Sol: LHS = =

€c0SCOS 5Xx—Cosx c0S5x—cosx

2 sin3x cos2x —2sin3x _ sin3x( 2 cos2x — 1)

— 2 sin3x sin2x B — 2sin3x sin2x
1 — cos2x 2 sin’x
= - = - = tanx = RHS
sin2x 2 sinx cosx

Example: Prove that (1 +cos cos E) ( 1 +cos cos %ﬂ) (1 +cos cos %n) (1+cos cos 77: ) = E

8 8
7 m T
Sol: We have cos cos 5 =C¢os cos (n — E) = —coscos 3
5t 3 3
Also cos cos 5 =C¢os cos (T[ — ?) = —C0sCOoS

/s 3m S5t n
LHS = (1 +cos cos §) ( 1 +cos cos §> (1 +cos cos E) (1 +cos cos 5 )

= (1 +cos cos E) ( 1 +cos cos 3—ﬂ> (1 —CcoS coS 3_7r) (1 —CoS coSs E)
a 8 8 8 8
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— _ ZE(_ 23_7T>_ 'ZE -23_7T
—(1 coS 8)1 cos 3 —smgsm 3

_ 1—co;cos% A 1—coszcos%”=i (1—%)(14—%):% (1—%)=§=RHS

Example: Prove that cos?x + cos? (x + g) + cos? (x - g) ==

Sol: LHS = cos?x + cos? (x + g) + cos? (x — g)

1+ cos2x 1+cosc052(x+7—§-) 1+cosc052(x—7—;-)

- 7 f 2 1 2

1 2T 2T
= > [3 +cos cos 2x +cos cos ( 2x + ?> +cos cos ( 2x — ?) ]

1 2T
= > [3 +cos cos 2x + 2 cos cos 2x cos cos ?

= RHS

1 1
= [3 +cos cos 2x + 2 cos cos 2x ( _E)]
3
2

2
1
> [3 +cos cos 2x —cos cos 2x | =

Example: Find the value of tan tan g

T

Sol: Let x = Z. Then 2x = =
8 4

™ s
2 tanx T 2tantan - 2tantan -
Now, tan tan 2x = — Stantan - = ——58 =51 =—"77%
1— tan®x 4 1-tan’g 1- tanzg
T T
= 1—tan2§=2tantan§

:>tan2§+2tantan% —-1=0

= tantang= _2i24+4= _Zizﬁz—li V2

Since g lies in the first quadrant so tan tan g is positive.

Hencetantang=—1+ V2=+2 -1

3 3T .. . . X X X
Example: If tanx = 0 <x< > find the values of sin sin 5+,€0S COS 3 and tan tan 7 -

. 3T . .
Sol: Since < x < — , S0 COS COS X is negative.

T x 3m . X . s X . .
Also, 5 < > < - sosinsin 3 is positive and cos cos S Is negative.
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9 25
Now sec?x =1+ tan’x =1 +—=2

16 4
= cos’x = — ®cosx = —-
25 5

N i X _ |l=coscosx _ |1tz 3
OWSlnSan— B B | = 71
4
X_ 1+cosx__1_§__ 1
Cos COS 2— 2 = 2 = \/1_0

N/~
x sinsin >
€05 COS 5

N|
[0

Problems on Multiple and Submultiple Angles
Example: Show that 2 sin?p + 4 cos cos (a + ) sin sin a sinsin B +cos cos 2(a + ) =
cos cos 2a
Sol: LHS = 2 sin?B + 4 cos cos (a + B) sin sin a sin sin  +cos cos 2(a + B)
= 2sin?B + 2 cos cos (a + B) (2 sin sin a sin sin B) +cos cos 2(a + )

= 2sin?p + 2 cos cos (a + B){cos cos (a — ) — cos (a + B)} +cos cos 2(a + )
= 2sin?f + 2 cos cos (a + B) coscos (a — ) —2cos*(a+B)+2cos?> (a+p)—1
= 2sin?p + 2( cos?a — sin?B) — 1
= 2sin?p + 2 cos?a — 2sin’f —1
= 2cos?a — 1 =cos cos 2a = RHS

Example: Prove that V3 cosec 20° —sec sec 20° = 4
Sol: LHS = /3 cosec 20° —sec sec 20°
V3 1 V3 cos cos 20° —sin sin 20°

sin sin 20° cos cos 20° sin sin 20° cos cos 20°

2( @ cos cos 20° — % sin sin 20° )

% 2 sin sin 20° cos cos 20°

_ 4 (sin sin 60° cos cos 20° —cos cos 60° sin sin 20°) _ 4sinsin40° 4 — RHS
- sin sin 40° ~ sinsin40°
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Example: Prove that cos cos 20° cos cos 40° cos cos 60° cos cos 80° T

Sol: LHS = cos cos 20° cos cos 40° cos cos 60° cos cos 80°

1
= E cos cos 20° cos cos 40° cos cos 80°

1
= €0S cOS 20° cos cos (60° — 20°) cos cos (60° + 20°)

1
5 €os cos 20° (cos?20° — sin? 60°)
c

1 3 1
= —cos cos 20° | cos?20° — Z) = g cos cos 20° (4 cos?20° —3)

2

1
=5 (4 cos®20° — 3 cos cos 20°)

_1 60°—1 1—1—RH5'
—Zcoscos =5.5=71°
Example: If sinsin (6 + a) = a and sinsin (60 + ) = b, prove that cos cos 2(a — ) — 4ab
cos cos (a— )
=1-—2a® - 2b?

Sol: Now cos cos (0 + @) = \/1— sin®(0 + a) = V1 — a?

Also cos cos (8 + B) = \/1— sin*(6 + B) =v1-b°

We have cos cos (@ — f8) =coscos{(6 +a)— (0 + p)}
=cos cos (6 + a) cos cos (6 + B) +sinsin (0 + a) sinsin (0 — )

=+V1—a?V1—-b2+ab=ab+ V1—a? — b2+ a?b>?
cos cos 2(a — B) — 4ab cos cos (a — B) = 2 cos?(a — B) — 4ab cos (a — )

2{ab+ \/1—a2—b2+a2b2}2—1 — 4ab {ab+ \/1—a2—b2+a2b2}

= 2 {ab+2ab\/1—az—b2+a2b2 +1—a2—b2+a2b2}—1
— 4a?b? —4ab+/1— a2 — b2 + a2b?

=2—-2a*-2b*—-1=1-2a%—-2b?

- 0
£osC0s & ~coscosf , prove that tan tan 5 = ftantan %cot cot §

Example: If cosf =
1—cosacoscos 8
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coscos a —COSCOSﬁ

Sol: We have cosf =
1—-cosacoscos f

6
1- tanZE coscos a —coscos fB
= =
1+ tanzg 1-cosacoscos B
6 6
2 2
N (1— tan 5)+(1+tan ;) _ a—coscos B)+(1—cosacoscos B )
(1_ tanzg)—(1+tan2§) a —coscos B)—(1—-cosacoscos )
= 2 _ 1+cosa —cosf —cosa cosf
2 tanzg — (1+cosa —cosPB —cosa cosf)
= 1 (1+cosa)(1-cosp)
tanzg - (1—cosa)(1+cosp)
2

‘] a
>  tan2?= tan2% cor2f
2 2 2

6
= tan tan 5= ttantan %cot cot g
Example: Prove that sin3x sin3x +cos cos 3x cos3x = cos32x
Sol: LHS = sin3x sin3x +cos cos 3x cos3x
=1 (sin3x 4sin3x +cos cos 3x 4cos3x)

3 sinx — sin3x
4

cos cos 3x + 3 cosx ) }

¥ 3
) cos cos 3x 2

= {Sin sin 3x (
1 . . .
=2 {3 sin3x sinx — sin? 3x + cos?3x + 3 cos cos 3x cosx }
1 . . .
= Z{3(cos cos 3x cosx + sin3x sinx) + (cos?3x — sin?3x) }
1
=3 {3 cos cos (3x — x) +cos cos 2(3x) }

1
=7 (3 cos cos 2x + cos 3(2x))

1
=2 4 cos32x = cos® 2x = RHS

tantan 5x+tantan 3x
=4 cos cos 2x cos cos 4x

Example: Prove that
tantan 5x —tantan 3x

tantan 5x+tantan 3x

Sol: LHS =
tantan 5x —tantan 3x
sins5x sin3x i i
__ Coscossx " coszx _ sin5xcoscos 3x+coscos 5x sin3x
- Sin5x sin3x —

sinsin 5xcoscos 3x —coscos 5x sin3x

C0SCOoS 5x cos3x
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sinsin (5x +3x)  sin8x
sin (5x —3x)  sinsin2x

2 sin sin 4x cos cos 4x

sin sin 2x

2 (2 sin sin 2x cos cos 2x) cos cos 4x

sin sin 2x

= 2 cos cos 2x cos cos 4x

= RHS

coscos 5x+coscos 4x

Example: Prove that = —(cos cos 2x + cosx)

1 —2coscos 3x
coscos 5x+coscos 4x sin3x (coscos 5x+coscos 4x)

Sol: LHS =

1 —2coscos 3x 4 sin3x (1 —2coscos 3x)

(2 sin sin 32_x cos cos 32_x) (2 cos cos 92_x cos cos %)

sin sin 3x — 2 sin sin 3x cos cos 3x

.. 3x 3x 9x X
4 sin sin = COS COS — COS COS -~ COS COS %

sin sin 3x —sin sin 6x

.. 3x 3x 9x X
4 sin sin = COS COS —- COS COS 5~ COS COS >

2 3x ; 6x) COS COS (Sx —5 6x)

.. 3x 3x 9x X
4 sin sin ~~ COS COS —=C0S COS =~ COS COS 7

2 sin sin (— 32—x) CcOoS coS 97x

.. 3x 3x X X
4 sin sin 5 COS COS = COS COS —~CO0S COS % 3x X
= = —2 cos cos 7 CcOS COS E

—2 sin sin (BTX) CcOoS COoS 9795
= —(cos2x + cosx) = RHS

coscos 8 —e

6 f1—
Example: If tan tan 5= 1—+Z tan tan % , prove that cos cos a =

1 —ecoscos 6

1- tanzg
Sol: We have cos cosa = ——#
1+ tan 3
- —11: tanzg
= CoS CoOS @ = —ite . 26
+ 1e tan 5

(1—tan2§) —e ( 1+ tanzg)

(1+ tanzg) —e ( 1- tanzg)

(1—e)—(1+e)tanzg

tan?@
2

= COS COS @ = ® cos cos a =

(1-e)+(1+e)
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l—tanzg
—s —e
1+ tanzg e . . 20
= coscosa@ = ———— [ Dividing numerator and denominator by 1 + tan E]
—tan“=
] 2
1+ tanzg
2
coscos 6 —e . 1- tan2§
= coscosa = ————— [sincecoscosf = ——
1 —ecoscos 0 1+ tan?2

2

ODM Educational Group Page 45



