[DIFFERENTIAL EQUATIONS] MATHEMATICS| STUDY NOTES

Chapter-9
Differential Equations

Definition, Order, and Degree

An equation involving differentials of the variables or differential coefficients of the independent
variable is called a differential equation.

Example:

i.  y2?dx+xdy=sinx

.. dy
1. - COSX =X
dx + y

i dz—y+3(d—y)2—5y=0

dx? dx
. a3y 4y
V. — = edx
dx3

d3y 2 _ dy\ 2
v (@) =1+ (@)
Order of a Differential Equation:

The order of the highest order derivative of the dependent variable w. r. t. the independent variable
involved in the differential equation is called the order of the differential equation.

2
e. g.,Z—z +y=c¢c, % + Z—z + y = 0 Involve derivatives whose highest orders are 1 and 2 respectively.
Degree of a Differential Equation:

When a differential equation is a polynomial equation in derivatives, the highest power (positive integral
index) of the highest order derivative is known as the degree of the differential equation.

ay\? | d . o dy . e . . .
(ﬁ) + d—z + y = c, the highest derivative is d—z, its positive integral power is 2. So its degree is 2.

Example 1:

Find the order and degree of the following differential equations.

. da—y+3(dz—y)4+4(j—z)7+3y:0

dx3 dx?
.. dy X 3 _
1. E — @ + y- = 0.
dx
2 6
d3y) (dzy)
iii. — 5 —
(dx3 y+ x2
. d?y dy
iv. — =1 —
dx? + dx
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d . (d
V. 2 4 sin (—y) 0
dx dx

vi. % + x? (%)2 = 3log (%)
Example 2:

Choose the correct answer from the given options.

3

. . . a\?]z _ a’y
1. The degree of the differential equation [1 + (E) ] = 132
a)4 b)% c)2 d) not defined
2. The order and degree of the differential equation y = x‘;—i + dz_y are
dx
a)l,3 b) 1,2 c)2,1 dj1,1
. . . d%y 2 dy\2 _ . (dy\ .
3. The degree of the differential equation (ﬁ) + (E) = x sin (E) is
a)l b) 2 c)3 d) not defined
2
. . ; ay\s .
4. Degree of the differential equation (ﬁ) =xis
a)1 b) 2 c)3 d) doesn’t exist

1
2 - 1
5. The order and degree of the differential equation % + (%)4 + x5 = 0 respectively, are

a) 2 and not defined  b) 2 and 2 c)2and3 d)3and3

Example 3:

3
i.  Write the sum of the order and degree of the differential equation% {(3—22) } = 0.

. . y . Y d%y 3 dy\3 4
ii.  Write the sum of the order and degree of the differential equation (@) + (E) +x* =
0.
Example 4:
2.\ 3 4
i.  Write the degree of the differential equation x (%) +y (Z—i) +x3=0
N . . . _ fay\* d?y _
ii.  Write the degree of the differential equatlon(a) + Byﬁ = 0.
. . . . . dy\% d?y
ii.  What s the degree of the following differential equation? 5x (E) oz 6y = logx

General and particular solution of a differential equation

An equation containing the dependent variable and independent variable and free from derivatives,
which satisfies the differential equation is called the solution or primitive of the differential equation.
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. . . . . d
For example, y = e* is a solution of the differential equation d—z -y =0.

Also, y = 3e* is a solution of the differential equation % -y =0.

There are two types of solutions to a differential equation which are general solution and particular
solution.

General Solution:

The solution which contains as many arbitrary constants as the order of the differential equation is
called the general solution of the differential equation.

L . . . . d?
For example, y = A cos x + B sinx is the general solution of the differential equation d—szl +y=0.

Particular Solution:

The solution which is obtained from the general solution of a differential equation by assigning
particular values to the arbitrary constants is called a particular solution.

2
For example, y = 2 cos x + 3 sinx is a particular solution of the differential equation % +y=0.

Example 1:

State whether the following statements are true or false.

i. x+y= tan lyisa solution of the differential equation y? % +y2+1=0.
Answer: TRUE

a2y 2dy

_x —
dx

ii. y = xisa particular solution of the differential equation Ta?

Answer: FALSE

+xy =Xx.

Example 2:

Choose the correct answer from the given options.
1. The differential equation for y = A cos ax + B sinax, where A and B are arbitrary constants is

4y _ 20— 4%y L a2y =
a5 —a’y= b)—=5+ a’y =0

d?y _ aty _
C)E-l- ay =0 d)dx2 ay =20
Answer: (b)

2. The number of arbitrary constants in the particular solution of the differential equation of the
third order is

a)3 b) 2 c)1 d)o
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Answer: (a)

3. Ify = e *(A cosx + B sinx), then y is a solution of

0924229 b)%—2%+2y=0
)dx2+2 +2y=0 ) +2y—0
Answer: (c)

4. The number of solutions to Z—z =2+ When y(1) =2is
a) None b) one c) two d) infinite
Answer: (a)

5. y = ae™ + be ™ satisfies which of the following differential equation?

ay_ ay _ e S S
a)dx+my—0 b) my =0 c)dx2 mey =0 d)dx2+my—0
Answer: (c)

Example 3:

! 2. d = . 5 dy 2 dy _
Verify that y = cx + 2¢“ is a solution of the differential equation 2 (E) tx Y= 0.

Answer:

Giveny = cx + 2¢?

d
>Z =40
dx

Now, 2(3—92 +x3—z—y

=2c’+xc—cx—2c*>=0

Hence verified

Example 4:

2 d?%y dy
x——y=0.
dx 2-+ dx y

Show thaty = Ax + = ,x # 0 is a solution of the differential equation x?
Answer:

Giveny=Ax+§,x¢0

d B
=YY _p4_=
dx x2
d?y 2B
dx? x3
2
y dy
Now, x? xX—=
dx Z_F dx y
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B B

2w+x(A—%)—Ax——=EE+Ax—E—Ax——=0
X X X X X

:xx—3

Hence verified.

Formation of the Differential equation whose general solution is given

Formulating a differential equation from a given equation representing a family of curves means finding
a differential equation whose solution is the given equation.

If an equation, representing a family of curves, contains n arbitrary constants, then we differentiate the
given equation n times to obtain n more equations. Using all these equations, we eliminate the
constants. The equation so obtained is the differential equation of order n for the family of given curves.

To formulate a differential equation from a given relation containing the independent variable(x),
dependent variable(y), and some arbitrary constants, we may follow the following algorithm:

ALGORITHM

STEP I: Write the given equation involving independent variable x (say), dependent variable y (say)
and arbitrary constants.
STEP-II: Obtain the number of arbitrary constants in Step I. Let there be n arbitrary constants.
STEP lll: Differentiate the relation in Step | n times w.r.t. x.
STEP IV: Eliminate arbitrary constants with the help of n equations involving differential coefficients
obtained in Step lll and an equation in Step |. The equation so obtained is the desired
differential equation.

Remember:

The number of arbitrary constants present in the equation is equal to the order of the resulting
differential equation.

Example -1:

Form the differential equation representing the family of curves y = mx, wheremis an arbitrary
constant.

Answer:

Giveny=mx — — — — — (D

Differentiating w.r.t. x we get

dy _
dx

Putting the value of m in equation (1)

m
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dy
=—2X
y dx

Which is required differential Equations.

Example-2:

Form the differential equation representing the family of curves y = ¢4 cosx + ¢, sinx, where ¢; and
c, are arbitrary constants.

Answer:

Giveny = ¢4 cosx + ¢, sinx

Differentiating w.r.t. x we get

:ﬂz—clsin X+C, cosx
dx

d’y
:>d—2:—Cl cosx—C,sinx=-y from (1)
X
2
= 3X2/+y=0

Which is required differential Equations.
Example-3:

Form the differential equation representing the family of curves x? — y2 = a?, where a is an arbitrary

constant.

Answer:

Given x2 —y? = a?

Differentiating w.r.t. x we get

2x—oy W g W _X
dx dx vy

Which is required differential Equations.

Example-4:

bx+5

Find the differential equation representing the family of curves y = ae , Where a and b are

arbitrary constants.

Answer:

Giveny = qebx¥5_ (1)

Differentiating w.r.t. x we get
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= % =y, =ab e™® =hy from equation (1)
X

Ny
y

Again, Differentiating w.r.t. x we get

_ y(yz)—z(yl)z

y
Which is required differential Equations.

=0= y(yz)_(y1)2 =0

Example-5:

Form the differential equation representing the family of curves y = A cos(x + B), where A and B are
arbitrary constants.

Answer:

Given y = Acos (x + B)

Differentiating w.r.t. x we get

dy _ —Asin(x + B)

dx

Again, Differentiating w.r.t. x we get

d’y d?y
=—Acos(x+B)=-y=

dx? ( )=y dx?

Which is required differential Equations.

+y=0

Example-6:

Form the differential equation representing the family of curves given by y = Ae?* + Be®*, where A

andB are arbitrary constants.

Answer:

Giveny = Ae?* + Be>* (1)
Differentiating w.r.t . x we get

y, = 2Ae** +5Be™ (2)
Again, Differentiating w.r.t. x we get

y, = 4Ae® + 25Be™ (3)

Solving equations (1) and (2) we get

3y — -2
A:—y 2Xy1 and B= y; o y
€
Putting the value of A and B in equation (3) we get
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3y ;xyl 4e2X + yl _5X2y 2565X
e 3e

(y, —2y)25
3

2 =

=y, =@y -y, M+-L2 = 3y, =36y -12y, + 25y, - 50y

= 3y, —13y, +14y =0 which is the required differential equation.

Example-7:

Form the differential equation of the family of circles touching the y-axis at origin and centre
lies on the x-axis.

Answer:

We know that any circle which touches y-axis at the origin must have its centre on the x-axis.
Let A (a, 0) be the centre of the circle.

Then the equation of the circle is ](
2
(x—a)2+y2=a2 - x2+y2=2ax = '—r—+—}i—=2a
%
dy 5 5 3
22X +2y— |x — - + —=X
(Zx 2ydx)x x“+y9).1 3 5 60
= =0
x2
= 2x2+2xy ﬂ—xz—y?':O
e '

_

iy 8
= —+x“=-y"=0
2xydx y

Example-8:

Form the differential equation of the family of parabolas having
vertex at oricin and axis along positive y-axis.

Answer:
We know that the differential equation of the family of parabolas
having vertex at origin and axis along positive y-axis is

2= day = X —4a
y
differentiating both sides w.r.t. x, we get
dy x
2xy X 2 4 d o
dx =0 = 2xy—x2 _y=0 = x-—y—2y=0
2 dx
y
Example- 9:

Form the differential equation of the family of ellipses having foci on y-axis and cenire al Origin.
We know that the eauation of the family of ellipses having foci on y-axis and centre at origin is
Answer:
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X
b a
2x 2y ad
b* qa* dx
» dy e~
——— _— —
x dx H=2
A gain differentiating both sides w.r.t. x, we have
e dy
y 4%y dy dx — O
—_— + =
X dx 2 dx x 2
a?y 1 dy)? y 4y
—s 2 st o, 1 ) e —o0
X Ix 2 = dx x 2 dx
2, =2 a
= xy = -+ x (_dy] _y_y =0
a2 dx dx

Which is the required differential equation.

The solution of Differential equations by the method of separation of variables.

A general differential equation of first order and first degree is of the form f (x, v, Z—z) =0.--—- ()

The general solution of (i) represents the equation of the family of curves in one arbitrary constant.
In this section, we shall discuss several techniques of obtaining solutions to the following type of
differential equations.

Differential Equations of the type % = f(x)

We have % = f(x)edy = f(x)dx
Integrating both sides, we have [ dy = [ f(x) dx

=y = [ f(x)dx + C, which is the general solution.
Example 1:

Solve the following differential equations.

. dy X
l. —_— =
dx x2+1
i ay _ xlogx
’ dx 9

dy —n. _
iii. xa+1—0,y(1)—0.

Answer:
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=dy= dx

x*+1
Integrating both sides we get

:>jdy=jX2X+1dx (1)

Let x2+1=t:>2xdx=dt:>xdx=%

So equation (1) becomes

dt 1.dt 1
= [Z =22 =Zlogt+K
N PP URSRP I

= y:%Iog(x2 +1) +k

ii) Given dy = xlog x
dx

:>jdy=jxlogxdx

1 x?
= y:(Iogx)jxdx—J';7dx

2

X 1
= log x) — = | xdx
=y ="-(ogx) -]
NG 1
== _(logx)—=x*+k
=Yy 2( gx) 2
iii) Given Xﬂ+l:0, y@) =0
dx
:ﬂ:—lzjdy:—jldx:y:—logx+k ---------- (1)
dx X X
Given y(1)=0

=0=-logl+k=k=0

Hence equation (1) becomes y = —log x
Differential Equations of the type % =f(y)

We have Z—z = f(y)edx = f(y)dy

Integrating both sides, we have [ dx = dy

1
f»
L dy + C, which is a general solution.

=X = ff(y)

Example 2:
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Solve the following differential equations.
. dy _ . 2
i o= sin%y

L dy 2 _ _
i 42yt = 0,y(1)=1

Answer:
(i) Given ﬂ =sin’y
dx
J. jdx:jcosec ydy =x= —coty=x+k
sin’y

(i)  Given %+2y2 =0, yO)=1

- :>_—1=—X+k ------- (1)
2y
Given y(1)=1
= . -l+k=k = i
2 2
Putting the value of k = ; in equation (1) we get
-1 1 1 1
= —=-X+t-—DX——=—=
2y 2 2y 2

Differential Equations in the variable separable form:

A differential equation is said to have separable variables if it is of the form f(x)dx = g(y)dy.
Such types of equations can be solved by integrating both sides.
The general solution is given by [ f(x)dx = [ g(y)dy + C, where C is an arbitrary constant.

Remember:

There is no need of introducing arbitrary constants of integration on both sides as they can be combined
to give just one arbitrary constant.

Example 3:

Solve the following differential equations.
. dy__
i. 2(y+3)—xya—0

dy _ 1+y?
dx ~ 1+x2

ii.  e*J1—y? dx+ dy=0
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iv. ~(1+y»)tantxdx+2y(1+x?)dy=0

Answer:
(i) Given 2(y+3)—xyﬂ=0
dx
= 2(y+3)= xyﬂ :Igdx:jidy
dx X y+3

2 3-3 1
:I;dx=j%dy:>2Iogx:j1dy—3j‘mdy

= 2logx=y-3log(y+3)+k
(ii) The given differential equation is

dy _1+y°
dx 1+ x2
= (1+x2)dy=(1+y2)dx
= d 2dy: L 2dx
1+y 1+x
= J- L 2dy=I 1 zdx
1+y 1+x
= tan 1y=b=.m_lx~n-tan e
= tan" 'y —tan"'x = tan" ! C
1+xy
= I=2 =0
1+
= y—x = C(1 + xy), which is the required solution.

iii) We are given that

e* 1/l—y2 dx+zx—dy=0

=5 e* J1-y? dx =—%—dy
= xe*dx = — 2 2d}/
1=y
= xe¥dx = — LA—
I [ I 1 =i
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< % ——1—- L wheret =1 -1

= xe Ic dx = > I ﬁ ; _/2

1/2

1(¢
=N X_ X O 'f‘C
xe e Z[I/ZJ
= xe* —e* = \/E+C
= xe* —e* = 1/1 —y? +C is the required solution.
Example 4:

Solve the differential equation Z—z =1+x%+y?+x%y?,giventhaty = 1 whenx = 0.

Answer:
Given that % =1+ X2+ Y+ X2y = (1+ X)) + Y21+ x*) = A+ x) A+ y?)
:j dy :f(1+x2)dx:>tanly:x+x—3+c ----------- (1)

1+y? 3

Putting x =0 and y = 1 in above equation we get
V4

=—=cC
4

Hence, equation (1) becomes
4 X oro . .
=tan" y=Xx+ ? + Z which is a particular solution.

Example 5:

Find the solution of the differential equation e*tany dx + (1 — e*)sec?y dy = 0.
Answer:
Given e*tany dx + (1 — e*)sec?y dy =0

2 _ X
SeC”y 4 _ exdx
tany l-e
sec’y —e*
= dy = dx
Itany y Jl—ex

= log(tan y) = log(1—e*) +logc
= log|tan y| = log|c(1—€*)

Example 6:

Find the equation of a curve passing through the point (—2,3), given that the slope of the

tangent to the curve at any point (x, y) is i—i
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Answer:
atq W_o2X_ [ y?dy = [ 2xdx
dx y?
3
— y _ G e —— (1)
3

A.T.Q. curve passing through ( -2, 3)
Therefore, 9=4+k =k =5
Hence equation (1) becomes

3
— Y _x245
3

Example 7:
In a bank, principal increases continuously at the rate of r% per year. Find the value of r if
X 100 double itself in 10 years. (use log,2= 0-6931)

Answer:
Let P be the principal and rate of interest = »% per year
dpP r dP r dP r
Then —_—=—_pP = = dt = |—=|—dt
dr 100 P 100 I P -[100
Pi- it
logP=——t+logC = logP—-logC=-"" = log—=——
100 B L N T £¢C " 100
gz 717100 — P =Ce/100

When ¢t =0, P =100 then 100 = Ce® = C =100
P =100 ¢""1%0
When =10, P =200

200=100 " *10/100 _ 5 _,r/10 = _, jog2="
1

= r=10xlog 2 = r=10x0-6931
= r = 6-931% per year.

Equations Reducible to Variable separable form

Let the differential equation be of the form Z—z = f(ax + by +¢)

It can be reduced to variable separable form by the substitution z = ax + by + ¢

Example 8:
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Solve the following.
. dy
i. E=(4x+y+1)2
.. dy
ii.  —~=cos x+y)
Answer:

i) We are given that
dy 2
= 4
x (4x+y+1)

Let4x+y+1 =0, Then’
dy _dv _ dy _dv

4+ == e
dx dx dx dx
Putting4x + y+1 =v and dy _dv_ 4 i i 1 '
) y+1l= & dr —41in the given differential equation, we get
dx
dv 2
- — =0 +4
dx
= dv = [uz +4) dx
= 21 dv = dx
v+ 4
1
= do = | 1-dx
e
= lt.e-‘u'i_1 Pl x+C
2 2
1 1 4x+y+1
= Etan [-—%:—-J = x + C, which is the required solution,

(ii) We are given that

g—g = cos (x + y)

A BT .
dx  dx  dx dx
Putting x + y =v and ill"l - —‘?’» — 1 in the given differential equation, we get
dx dx
dov
— =1 = cosv

dx
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do
= — = 1+ cosv
dx
1
1+ coso
= lsec:2 L dov = dx.
2 2
= Ilseczg—dv=jl-dx
2 2
= tan 2 = x +C
-
x + y A N . .
= tan = ] o x + C, which is the requu:eg, solution.

Homogeneous Differential equations of the first order and first degree
Definition: Homogeneous Function

A function f(x,y) is said to be a homogeneous function of degree nif f(Ax, 1y) = A" f(x,y).
Example: Test the homogeneity of the function f(x,y) = 3x? — 2y? 4+ 7xy
fUx, Ay) = 3(Ax)? — 2(Ay)* + 7(Ax) (&)
= A2(3x2% = 2y2 4+ 7xy) = 2PPf(x,y)

Remember:

» If the sum of powers of x and y in each term is the same, then the function is
homogeneous.
> If f(x,y) is a homogeneous function of degree n, then we write

fey) = (%)

-7 )
Definition:

A differential equation of the form f(x, y)dx + g(x,y)dy = 0 ... .... (i)
Is said to be homogeneous if f(x,y) and g(x,y) are homogeneous functions of the same
degree.

. . . dy _ fxy) ..
Equation(i) can be written as — = el F(x,y) ... (i)

Equation (ii) is a homogeneous differential equation if F(x,y) is a homogeneous function of
degree 0.
To solve equation (ii), put y = vx, where v is a function of x.

dy _ 2
:>dx =v+x o )
Then equation (ii) becomes, v + xd—z = F(x,vx) = h(v)
. . dv d_x
Separating the variables, "o x
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dv
h(v)-v
After integration, v is replaced by % to get the complete solution.

. . d . . . .
On integrating, we get f = f;x + C, where C is an arbitrary constant of integration.

Remember:

. . Lo d
If a homogeneous differential equation is of the form £ =G(x,y)=y"¥ G), then we have
to substituteg = v orx = vy, where v is a function of y.

Example 1:

Show that the differential equation (x — y) Z—z = x + 2y is homogeneous and solve it.

Answer:
The given differential equation can be expressed as

dy x+2y

e — -1

dx Xx—y M)
Let Fix,y)= x+2y

X—y
A2 o
. )= —————— =4 - flxy

Now F(Ax, Ay) ) PACSY

Therefore, F (x, ¥) 1s a homogenous function of degree zero_ So, the given differential
equation 1s a homogenous differential equation.

Alternatively,
2y
14— oo
dy X v
— = . = — . 2
dx d £ ) x.fl @
1—=—
x
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R H S of differential equation (2) 1s of the form g [ l] and so 1t 1s a homogeneous
X

function of degree zero. Therefore, equation (1) 15 a homogeneous differential equation.
To solve it we make the substitution

V=vx N E))
Differentiating equation (3) with respect to, x we get
.af}-' : N
— = V+i—
dx dx ~ ()

Substituting the value of y and % in equation (1) we get

dv 1+2v
v+ x =
1—v
dv  1+2v
or Xr— = —v
dx 1—v
or ﬁ _ v +v+1
dx 1—v
S -
or ._.} dv — dx
vo+v+1 x

Integrating both sides of equation {5), we get

Iz dv = - &
+v+1 X
or —_|‘2v+1 = dv = _—log x|+ C
+v+1 8 !
1; 2v+l 30001
o _J-, +v+1 «——J1:3+1:+1dl=—10g|x|+cl
or _IDE v +1"+1|—i‘[ ! ~dv=—log|x|+C
2 2 [ 1]1 (B
vi—| 4| —
2 L 2)
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1 302, 2w+l
or Elﬂg| vz+1»'+l|—5.ﬁtau l[ﬁ] =—log| x|+

Liogly? +v+1]+ Lioga? = 3tan( 221)
or 2la::rg|1 +'y+1|+21r:-gx =3 tan 5 C, (Why?)

Replacing v by Y , we get
X

or %lng?+x+1 —lﬂgx =+3tan _1[2;{:] +C
or %log {:—j+i+l]x1 =+/3 an_l{zi;(x]+cl

or .log|(_1.-3 +xy+x7)=2 3tan'1[ Ei;::]+2(31

or .log|(.r"" +J‘,}-‘+_}=3)| =2-ul"§ta11'1[':%iv]+c

which 1s the general solution of the differential equation (1)

Example 2:

Show that the differential equation (x? — 2y?)dx + 2xydy = 0 is homogeneous and solve it.

Answer:
We have, 5
dy _ 2y -
2 2 _ =7
(x —2y)dx+zxydy—0=>dx 27y
This is a homogeneous differential equation.

. _ L +x52,it reduces to
Putting y =vx and T v T

ODM Educational Group Page 19




[DIFFERENTIAL EQUATIONS] MATHEMATICS| STUDY NOTES

do 21?2 -1

v+xdx B 2o
E _ 2212—1 _
= Yax | 20
Ao _ 1
= dx Zdv
= 2vdv = ol
X
n |
d = - —dx
= IZ’U 7] _[ =
= v = —log| x| +C
— yz = -x2 log|x|+Cx2
Itis given that y (1) =1ie. whenx =1, y =1.Putting x =1, y =11in (i), we get:
1=0+C = C=1

Putting C =11in (i), we get: yz = -2 log| x| + x* as the required solution.

Example 3:

x/ dx

. 2 . d . .
Show that the differential equation x cos (y) =2 - Y COS (%) + x is homogeneous and solve it.
Answer:

The given differential equation can be written as

.
' yeos| — |+x
a - { x)

SN . ¥ A (M
dx X CDS(L)
X
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It 15 a differential equation of the form {;ﬂ =F(x, y) -

ycos }

Flx,v)=
X ms(—)
X

Replacing x by Ax and y by Ly, we get

m[ycos.['} J+x]
F(hx, ) = == F )]
3(1::03" J
X

Here

ot

Thus, F(x, ) 1s a homogeneous function of degree zero.

Therefore, the given differential equation 1s a homogeneous differential equation.
To solve 1t we make the substitution

V=vx (2
Dafferentiating equation (2) with respect to x, we get
Q = ',='+xﬁ . (3
dh dx

Substituting the value of y and & mn equation (1), we get

a
dv  veosv+1
VI — = ———
dx cosv
dv  veosv+1
or Xr— = —m78—v
dx CosV

ODM Educational Group Page 21




[DIFFERENTIAL EQUATIONS] MATHEMATICS| STUDY NOTES

xa‘v _. 1
o dx  cosv
dx
or cosvdv=—
X
Therefore Icos vdv = I— dx
X
or sinv=log |x| +log|C|
or s v=log |Cx|

H

Replacing v by % ., we get

sin| — | =
N log | Cx|
which 1s the general solution of the differential equation (1).

Homogeneous Differential equations of the first order and first degree

Example 1:
x x
Show that the differential equation 2yevdy + (y - 2er’) dy = 0is homogeneous. Find the particular

solution of this differential equation, given that x = 0, wheny = 1.
Answer:

The given differential equation can be written as

x

.dx E.v:e?— J
i —x-} (D
dy <

2y e
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X

¥ _
Let F(x, y) = ¢ Y
2ve’
L[ 2ve’ — y}
Then F(ux, i) = ———==A"[F(x,)]
}u[ 2ye” ]

Thus, F(x, ¥) 15 a homogeneous function of degree zero. Therefore, the given
differential equation 1s a homogeneous differential equation.

To solve it, we make the substitution
X=vy - (2)

Differentiating equation (2) with respect to y, we get

—_ = 'I_:+I}.~_

&y

Substituting the value of x and % m equation (1), we get

v 2ve -1
V+y— = .
dy 2e
or v 2ve -1,
.}d-_r - Eg\'
dv 1
or Y d'l - 2e"
or 2e" dv = —— 4
.}J
. ¥ | aj'l
or 2e"-dv = —| —
foor av = -f2
or 2e'=—log|y|+C

X
and replacing v by ; , we get
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2¢” + log|y|=C N E)
Substifuting x =0 and y = 1 1 equation (3), we get

2e'+log|l|l=C=C=2
Substituting the value of C in equation (3), we get

2e” +log|y|=2
which 1s the particular solution of the given differential equation.

Example 2:
2+y2

Show that the family of curves for which Z—z = xey is given by x? — y? = cx.

Answer:

?

We know that the slope of the tangent at any point on a curve 1s e

af} X+
Therefore, —-— = '
dbx 2xy
| y’
1+
, 2
or % = 2;{ (D
X

Clearly, (1) 1s a homogenous differential equation. To solve it we make substitution
y=vx
Differentiating y = vx with respect to x, we get

Ej"}:l d‘ly:l
—— = V+i—
el v
; 1+v°
or VEIX— =
x 2v
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rﬁ— 1-1
or dc N
d
2'»7 = ax
1—-v X
: 4
or 2y dv — _ax
ve —1 X
o2y L
ﬁh’ = — —ﬂr‘{
Therefore I 21 j .
or log [v* —1|=—log |x|+log|C,]
or log |~ 1) (9| =log C|
or (WP -1)x==C

?

Replacing v by % , we get

(L;— Jx =+ C,

X
or (P —x)==C xorx -y =Cx
Example 3:
Solve:
y{x cos[%}+ys'm (%J } dx—x{y sin (%)—xcos(%)} dy =0
Answer:

The given differential equation can be written as

p
Yy xcos[z]+ysin y
ﬂ_ X \ X )

dx (i o) ~(0)
x{ysm[z)—xcos y }
X x )

It can be checked that RHS does not change when x is replaced by Ax and y by Ay.So, the given
differential equation is homogeneous.

; d dv
Puttin =vxand—y=v+ 220 (G
gy it xdxm(l), we get

d_v " vx {x cos v + v x sin v} _ 0 {cosv + v sin v}
dx X {fox sin v — x cos v} - fo sin v — cos v}

U+ X
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% x@ _ vcosv+vzsinv—vzsinv+vcos‘v 2V cos v

dx v sin v — cos v — vV sin v —cos v

vsin v —cosv dx
= “—de = 2-; [By separating the variables]
COsSv —vsin v dx

= - | —dv =2 | =~ : :

_[ —— I . [Integrating both sides]
=5 —log|vcosv| = 2log| x| +1log C
= log =log|x2 | + log C

|7 cosv|

1
= ‘—‘ =1C|a®
VCosv

=5 £scc[!] =|C|x2
y \x
= | xy cos (yx)| = .
IC|
= xycos(y/x)| = k, wherek = 1/|C|

Hence, XY cos [-Z-Jl =k, x#0,k>0 gives the required solution.

Example 4:

x x
Solve the differential equation (1 + eY> dx + e” (1 B g) dy = 0.

Answer:
We have,
{1+ex‘fyjdx+ex*’(y[1_f dy = 0
y
ex/y ;
_ 4y _ 1+ XY dx y
Leool S, B
y
P dx do
Putting x = and — = bache
u g oYy an Ay v+ydy,weget
dv e’ (1 —v)
U+y— = - <
dy 12>
dv e’ (1 —v)
dy 1+e
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dv -’ +ve’ —v-ve’
= y— = >
dy l1+e
dv v+é°
= Y—=-— =
dy 1+e
()
= Lie dv =—ldy
v+é° Y
(4
— I 1+ev dv = —I = dy [On integrating]
v+e y

= log(w+e’) = ~logy+logC

= ik G R L x+yely =C
Yy y Yy

Example 5:

Solve each of the following initial value problems:

szﬂ—zxy+y2 =0,y(e) =e
dx

Answer:
We have,
2
2 dy ] dy _ 2xy -y
2 —_ =2 4= =0= = = — =
Y e TITY dx 2 x2

This is a homogeneoﬁs differential equation.
Putting y =vx and dy =v+x & . it reduces to
dx dx
do _ 20-0v°
't — = ——
dx 2

= EIE = -—E,Iz
dx

= [ ‘;?2 dv = [ = dx [On integrating]

= — =log|x|+C

v
2x
:—_

= log|x|+C i)
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Itis given that y (¢) =e i.e. y =e when x =e.

Putting x =e and y = e in (i), we get
2=1+4C=>C-=1

Putting C =1in (i), we get

2
L log|x|+1= y = ——ﬁ—_
y 1+log| x|

2

Hence, y = gives the required solution.

1+log| x|

linear differential equations and solution procedure

A differential equation is said to be linear if the dependent variable and its derivative occur only in
the first degree and are not multiplied together.
The general form of a linear differential equation of the first order is

dy _
—tPy=Q....()

whereP, Q are functions of x or constants.
Equation (1) is also known as Leibnitz’s linear equation.

To solve it, we multiply both sides elPdx by getting
ay [Pdx [Pdx A [Pdx
e +y(elP)P=qe

:_x(yedex) — Qedex

Integrating both sides, we have
yel P = [QelPax gx 4 ¢, which is the required solution.

Remember:

> The factor e/ P %on multiplying by which the L.H.S. of (1) becomes the differential
coefficient of a single function is called the integrating factor.

> Also, a linear differential equation is of the form Z—; + Px = Q, where P, Q are functions of

vy only or constants. The integrating factor in this case is el Py,

Steps involved to solve first order linear differential equation:
Step-1 Write the given differential equation in the form Z—z + Py = Q whereP, Q are functions of x or
constants.

Step-2 Find the integrating factor (I.F.) = el Pax
Step-3 Write the solution of the given differential equationas y(I.F.) = [Q(I.F.) dx+C.
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. . . . L d
In case, the first order linear differential equation is in the form d—; + P;x = Q4, where P;, Q4 are
functions of y only or constants. Then [. F. = e/ P13Y and the solution of the differential equation is

givenby x(I.F.) = [Q;(I.F.)dy + C.

Examplel:

. . . . . . e —2Vx v\ dx
Find the integrating factor of the differential equation (ﬁ - ﬁ)d_y =
Answer:

We have,

e 2V y |dx _
J= V= |ay
-2
5 dy _ 2y
dx Jx |z
- zﬁ
d e
s LW

- zﬁ
This is a linear differential equation with P = % and Q = 2 =

1
LR, .‘zJ’PdJr = e'f . 2V

Multiplying both sides of (i) by LF. = et , we get

O X NE
dx Jx NE
Integrating both sides with respect to x, we get
- - -2Jx
S S " U e VY [Using: ¥ (LF.)= [ Q (LF) dx + ]
X

ye

ycz‘/; = I ~]—,’dx+C

=
X
= y 2V 2 9 Jx +C
y = (2Jx+C)e” * "&, which gives the required solution.
Example 2:

Find the general solution of the differential equation Z—z — Yy = COSX.

Answer:
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Guven differential equation 1s of the form

% +Py=Q where P=-1and Q = cosx
' [-ldx_ _x
Therefore [F=¢ =e
Multiplying both sides of equation by LF, we get
e ﬂ
dx

—e 'y =e*cosx

or E{ye )=e"cosx

On integrating both sides with respect to x, we get
ye* = J.e_xmsxdx+c (D

Let I= je_’f cos X dx

= cos x[ ‘3_; J— [(=sinx) (—e™) dx

= .—cosx e’ —Isi_nx e " dx
= .—cosx e —[sjn x(—e™) —Ims x(—e™) a':r:]

= —cosxe +si11:r;e_x—j-:mxe_x dx

or I=—e*cosx +smxe”—1
or 2I=(sinx—cosXx) &~
- .
SINX—Ccosx)e
or I=( )

q

o

Substituting the value of I 1n equation (1), we get

~ SINX—COSY | —x
ye* = (T]e +C

o )= (mx;cosx] L Ce

which 15 the general solution of the given differential equation.

Example 3:

Find the general solution of the differential equation y dx — (x + 2y?)dy = 0.
Answer:
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The given differential equation can be written as

——— =7y
aﬁlr 1

| | 1
Thus 1s a linear differential equation of the type % +Px=0Q;,where B, = S and

1

dy -1
Q, = 2y. Therefore TF= e'[ v Y _glosy _ o™ _ 1
¥

Hence, the solution of the given differential equation 1s

1 fou(L)s
xT =j(2})[y]d.1 +C

or L. [@an+c
y
X

or —=2y+C
y

or x=2)"+Cy

which 15 a general solution of the given differential equation.
Example 4:
Solve the differential equation(tan™ !y — x)dy = (1 + y?) dx.
Answer:
The given differential equation can be written as

dx X tan "y
—+ =

- (1
dy 1+y*  1+) (W

Now (1) 1s a linear differential equation of the form %+ P x=Q,

1 -1,
where, P, = 172 and Ql=m'tl J

N B 1+y? _

1
Therefore, I1.F= g gty
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Thus, the solution of the given differential equation 1s

m ¥ = Y m-lyﬂll"i‘c
j[lw ]e \ e
Lat I= ‘[(tf't: -}; ]Et,an_'j- ﬂi}"
y .

Substituting tan™ y = ¢ so that [ > ]aﬁr =dt  we get

1+)7

=Jte’dt=te‘—fl.e‘a‘r=r3"—e’=€’{f—1)

or [= =¥ (tany —1)
Substituting the value of I in equation (2), we get

x. g™y —gmy (tan'y —1)+C

or x = (tan"y-1)+C =
whuich 1s the general solution of the given differential equation.
Example 5:
Find the particular solution of the differential equation Z—z + y cotx = 2x + x? cotx ,x # 0 given that
Vs
y = 0 whenx = >

Answer:
The given equation 1s a linear differential equation of the type P +Py=0Q,

where P = cot x and Q = 2x + x* cot x. Therefore

_[mrrx dx logsmx__

IF=e =e =sinx
Hence, the solution of the differential equation 1s given by

y.sinx=](2x +x? cot x) sin x dx + C

or _}=sj11x:f2.rsi11_rdx+_fxﬂcosxa‘.w;+l:?
. (2 257
or ysmx= smx[iJ—jcosx[i]dx+jxlcnsxdx+c
2 .2
. ' 2 . 2 2
or ysimmx= X sm.r—fx‘ msxdx+!.r cosxdr+C
or ysinx=x"sinx+C (1)
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s
Substituting y=0and x= B in equation (1), we get

o~ (3 (3]

or C=—o
4

Substituting the value of C 1n equation (1), we get

. 1. m
ysmx= X smx——4

T .
or Y= ¥ —————(sinx = 0)
' 4smx

which 1s the particular solution of the given differential equation.

Example 6:

Find the equation of a curve passing through the point (0, 1), if the slope of the tangent to the curve at
any point (x,y) is equal to the sum of x coordinate and the product of the x coordinate andy
coordinate of that point.

Answer:

We know that the slope of the tangent to the curve 1s %

.dv
Therefore, —=x+x

ersore d X~ Xxy
or %_l}’ =X . [:1)

-
This 1s a linear differential equation of the type o Py=Q whereP=—xand Q=x.

2
—X

Therefore, I.F= EF_I‘&:ET
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Hence, the solution of equation 1s given by

1
—X

y-eT = J(I) (_g__;- _}dx+C (@

Let I= [ e 2 dx
Let T=r= then — x dx = dt or x dx = — dr.
Therefore, I= —I edi=—e =—g 2

Substituting the value of T in equation (2), we get

1{37 = _g : +C
or y= ~1+Ce? e

Now (3) represents the equation of family of curves. But we are inferested in
finding a particular member of the fanuly passing through (0, 1). Substituting x =0 and
v =11 equation (3) we get

1=—1+C.€&" or C=2
Substituting the value of C in equation (3), we get

Jl"‘.

y=-1+2e?
which is the equation of the required curve.

Related problems on linear differential equation
2

2
1. Find the order and degree of the differential equation (%) + cos (d—Z) =0.

Answer:
0=2, Degree not defined.

2.\ 3 2
2. The degree of the differential equation (%) + (Z—z) + sin (Z—i) +1=0is
a)3 b) 2 c)1 d) not defined

Answer: (d)
3. Solve the differential equation y e¥ dx = (x ey + y2> dy (y #0).

Answer:
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The given equation is ye*'” dx =(xe*’” +y?) dy.

xly 2
dx: . xe”'? + ; A , .
rge T ,is a homogeneous differential equation.

dy ye*!Y
PUlX"Vysothat dx—v+yﬂ
‘ dy dy
4 2 ) y(ve' »
v+yﬂ=———————vye +y = v+y.d_!.=.——'\(‘e '+")
dy ye" dy ye'
dy eV (Iy e"
— y d_y = e’ dv=dy
dy ¢"
= Ie"dv=jdy =5 ' =y+C = &V =y4C
4. Find the general solution of x log x Z—z +y= 32—6 logx.
Answer:
d
Given equation x log x % + y = 2 log x can be expressed as Ey + xlolT .y= %
; d 2
Which is a linear differential equation of the form 2 4 Py=Q where P = ,0==
dx x log x x
I 1 T j 1/x
LF. =elP® =g ¥l8x =g loBx  _loglogx 40,
Hence, the solution of differential equation is
y(LF) =IQ.(I.F.) dx +C
1
= ylogx:j—z—logxdx+C = ylogx=2‘[;.logxdx+c
X
2 ant 1
(log x) . nogr _F)l r
=2-~————+C ¢ X x) dx =—————,n#-1
2% [rFen” £ ~—
= y log x =(logx)2 +C.

5. Find the particular solution Of% — 3y cotx = sin2x;y = 2whenx = g
Answer:
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The given equation is % — 3y cot x = sin 2x which is linear differential equation of the type

dy

d—+Py= Q, where P =-3 cotx and Q = sin 2x
x
- ’ R PO T A
Integrating factor (LF.) = e[ Jcot xdx _ e dlogsiny _ log cosec'y _ cosec’ x
Thus, the required solution of the given differential equation is

y(LF.) = J’ 0 (LF,) dx +C

. k] .
y.cosec” x =Ism 2x .cosec” xdx + C = y. cosec” x =I?_ sinx cosx.

.dx +C
sin” x

= y.cosec3x=2jcosecxcotxdx+C=>ycosec3x=—2cosecx+C
in 2 in x, Putting x = — and y =2
= y=-2sin“ x+Csin” x, uttmgx-zan y=

2=—2sin2:’£+Csin3 i
2 2
= 2==-2+C = C=4

2 3

y=-2sin“ x +4sin” x.

6. Find the equation of a curve passing through the origin given that the slope of the tangent to

the curve at any point (x, ¥) is equal to the sum of the coordinates of the point.
Answer:

Let % be the slope of tangent at point (x, y).

d d
Then, Y &

=x+y = =X
dxxy dxy

d
Which is a linear differential equation of the type —d—i’ + Py= Q, where, P=—1and 0=x

. Integrating factor (LF.) = 1 =k

Thus, required solution of the given differential equation is
y(IF)=[Q@AF)dx+C

=X -X = )
y.e =J'Jce_’lr dx +C= x(e : }—J.l.e : dx =—xe " +Ie ¥ dy

= ye* =—xe* —e*+C= y=—-x-1+Ce"

putting x =0and y=0
: 0=0-1+Ce® =C=1=y=-x-1+¢"
= x+y+l=e".
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7. Find a particular solution of the differential equation (x — y)(dx + dy) = dx — dy given that
y =—1,whenx = 0.
Answer:
The given equation is (x —y) (dx + dy) = dx — dy
dy__G-y-D

x=y=-Ddx+(x-y+1)dy=0 =
x-y-1) (x=y+1)dy 5 GiyiD

dy _—(x-y-1)
dx (x—-y+])

dt (t-1 dt t-1 dt t+1+1-1
-——=- =5 — =14+— = @ —=—
dx (t+1) dx t+1 dx t+1
= ﬂ:i = flldt:dx = I—t+1dl=jdx
de t+1 2t 2t

%t+-;—log|t|:x+c=> %[(x—y)+log|x—y|]=x+c

Putting x =0 and y=-1
%[(0+l)+log|0+l|]=0+c = C=%

%[(x—y)+log|x—y|]=x +% = x-y+log|x -y|=2x+1

=> log|lx —-y|=2x+1-x+y = log|x-y|=x+y+Ll

8. The population of a village increases continuously at a rate proportional to the number of its
inhabitants present at any time. If the population of the village was 20,000 in 1999 and 25,000 in

the year 2004, what will be the population of the village in 2009?

Answer:
Let y be the population of village at any time «. It is given that,

rate of increase of population < number of inhabitants

d d ; s ;
% d_y o< y = ZD_ Ky where K is constant of proportionality.
t
‘.Q=Kdt = J-Q=Kjdt=> logy=Kt+C
y y
Page 37
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In 1999, ¢ = 0 and y = 20,000
log20,000=Kx0+C = C = log 20,000
log y = Kt +log 20,000 = log y — log 20,000 = Kt
3 K= log y/ 20,000
t
In 2004, t =5 and y = 25,000
_ log 25,000/ 20,000 _ 1 5

K= =_—log —
) 5 g4
y 1 5)
=1lo =|-log— |t
W= g20 000 (5 4
In 2009, =10
0g —2 =(llog§Jx10 = log 4 =210g_5_
20,000 \5 4 ‘ 20,000 4
2
7§ ) 2 50
log 4 =log(—5—) = ) ='_5 = _=——x"0.000 31,250
20,000 4 20,000 16 16

Thus population of village will be 2009 is 31,250.

7 Solve the differential equation (X \a y)% =1
X

Answer:

The given equation is (x + y) %: L

' dx dx
= —=Xx+y = —=-x=Yy
dy dy
) —1d :
Integrating factor (L.F.) = ol W apY

Thus, required solution of the given differential equation is
y(AF)=[Q@E)dr+C

x.e? =j.y.e—y dy+C

- (e

; ; dx
which is a linear differential equation of the type d—\+ Px=Q,where P=-land Q=y
. y
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= xe™? =-ye”? +J'e--" dy+C
= xe ! =—ye ¥ —e™¥ +C

X =-—y-l+C¢."v = X +y+l=Ce-".
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