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Chapter- 10

Vector Algebra

Some Basic Concept of Vector and Scalar

A quantity that has magnitude, as well as direction, is called a vector.

A quantity that involves only one value (magnitude) which is a real number called a scalar.

A vector is generally represented by a directed line segment, say AB. Ajis called the initial point
and B is called the terminal point. The magnitude of a vector AB is expressed by |A—B)|, which is
the distance of A from B.

Here AB = @ and [AB| = @or a
Position Vector: Let R be any point in space having co-ordinates (x, y, z) with reference to the

origin (0,0,0, ). Then vector OR is called the position vector of the point R, with reference to the
origin. The position vector of R is denoted by 7.

z R(x,y.2)

}X(o,o, 0)

i.e. OR = 7. The magnitude of OP is |ﬁ| = || = /x2 + y% 4+ z% in practice, the position
vectors of the points 4, B, C, etc with respect to origin O one denoted by &,E,E, etc
respectively.

Direction cosines and direction ratio

Let us consider a point R(x,y,z) whose position vector as
OR or 7. The angle a, B,y made by the vector # with the positive
directions of x, y and z-axes respectively are called its direction
angles. The cosine values of these angles, i.e. cos a,cos f,cosy

are called direction cosines (dcs) of 7. They are denoted by
[, m, n respectively from the figure.

cosa=—==1==% cosB=X:>m=X cosy=5:>
Irl 7 r r r r
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n=§, Thus coordinates of point P can be expressed as (ér,mr,nr). The number

£r, mr and nr proportional to the direction cosines are called direction ratios (drs) of 7. They
are denoted by a, b and c respectively.

Note : (1) € + m2 + n% = 1 But a® + b% + c2 # 1 in general

(2) cos? a + cos? B + cos? y = 1 But sin? a + sin? B + sin? y = 2 (Prove this)

Types of Vector

Zero Vector: A vector of zero magnitudes is a zero vector. i.e. which has the same initial and
terminal point, is called a zero vector. It is denoted by 0. The direction of the zero vector is
indeterminate.

Unit Vector: A vector of unit magnitude in the direction of d is called unit vector along @ and is
denoted by a; where [d = %]

Equal vectors: Two vectors are said to be equal if they have the same magnitude and direction.
Collinear vector: Two vectors are said to be collinear if their directed line segments are parallel
disregarding their direction. Collinear vectors are also called parallel vectors. If they have the

same direction they are called the like vectors otherwise called as, unlike vectors.

Symbolically, two non zero vectors @ and b are collinear if and only ifa = kI;, wherek € R —
{0}.

Coinitial Vectors: Two or more vectors having the same initial point called coinitial vector

hence 4B & AC are coinitial vector.

Negative of a vector :
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A vector having the same magnitude as that of a given vector (say T)ﬁ) but the opposite
direction is called negative of the given vector. For example, ﬁj and @75 are negative to each
other and written as ﬁa = —@_ﬁ.

Addition of Vectors: The sum or resultant of more than two vectors is called the composition of
vectors.

Triangle law of addition If d & b are two vectors represented by directed line segmentsm

and AB, i.e., OA = d and AB = b.

O X

Then the sum or resultant of @ and b is defined as the vector represented by the line segment
OB.i.e.OB=d+DborOA + AB = OB.
Parallelogram Law of Addition :

If two vector dandb is represented by the two adjacent sides
of a parallelogram in magnitude and direction, then the sum
a+bis represented in magnitude and direction by the
diagonal of the parallelogram through their common point.

Hencem+ﬁ=5?and0_§+ﬁfzbf

This leads us to the conclusion that triangle law and
parallelogram law are equivalent to each other.

Properties : (i) For any two vectors d andb @ + b = b + @ (commutative)

(i) For any three vectors @, b and & (@+ B) +c=a+ (B + &) (Associative)
(i) Forany vectord + 0 =0+4+d = @

(iv)For any vector, d there exists another vector - @ such that d@ + (—d) = 0 = (—d) + d.
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Subtraction of two vectors :
If G and b are any two vectors then subtraction of b from d is defined

as the sum of @ and —b. It is written as @ — b.

In process of subtractinggfrom da, we find —b (by reversing the

direction) and add to a.

Multiplication of a vector by a scalar

Let a be a given vector and k be a scalar. Then multiplication of the vector a by a scalar, k is
defined as a vector denoted by kda. Such that.

(i) The magnitude of kd is | k| times of the magnitude of d. i.e., |ka| = |k]||d| and

(i) Direction of kd is the same as that of a if k is positive and direction of kd is opposite to that
of a if k is negative.

Note: Two vectors @ & b are parallel or collinear if there exists a nonzero scalar k such that a =

kbifk > 0, then d and b are like vectors if k < 0 then @and b are unlike vectors.

Properties: Let d and b be any two vectors and k, m be any two scalars. Then,

(i) (k + m)d = kd+md (i) k(d +b) = kd + kb

Components of a vector :

Let us consider a point P(x,y, z) in space with position vector OP as shown in the figure. i, ], k
are unit vectors along the x-axis, y-axis, and z-axis respectively. Let D be the foot of the

perpendicular from P on the XOY plane. Thus PD is parallel to the z-axis.

z
C
p(x|y.2)
K 4 T/,
0 Y]
i, 57
A D

SoDP = 0C = zK similarlyﬁ)):O?:yjandO_A):xi.
Now OP = 0D + DP = OP = 0A+AD + DP = xi+ yj + zk

This representation of any vector is called the component form.
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Thus position vector of the point P(x,y,z) is7 = OP = xi + yj + zk.

Here x,y, and z are called scalar components and xf, yj and zk are called vector components of
7.

The magnitude of the vector # = xi + yj + zk is |F| = \/m

Vector Joining two points: If A(xq,y;,2,) and B(x,,V,,2,) are any two points then vector

joining A and B is the vector AEB.In AOAB. We have

A(x,y.z,)

04 + AB = OB

= AB = 0B — 04

= (xzi + y,] + zzlAc) — (xli +yj+ zllz)
=(x; —x)i+ Oy —y)f + (22 — 2k
E = PV Of B-— PV OfA and |E| = \/(XZ T x1)2 + (yz - y1)2 + (ZZ T Zl)z.

Example: Find the unit vector in the directingﬁwhen A and B are points (—2,4,3) and
(—1,—4,6) respectively.
Ans: AB = P.V. of B—P.V. of A

=(-1+2)i+(—4-4)j+(6-3)k

=1i —8j + 3k
|[AB| =12 + 82 + 32 = V74
Unit vector along AB = %. = \/%_4@ -8/ + 312)

Example: If @ = 1 + 2] + 3k and b=2i+ 4} — 5k, then find a vector of magnitude 6 units in

-

the direction of @ — b.

Ans:d —b =—{—2j+8k
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, 5 p. a-b _ —i-2j+sk
Unit vector @ — b is —— = .

1T Ve

. . . . - . 6 A A N
Vector of magnitude 6 in direction of a — b is E(—l — 2j + 8k).

Note: If d = a;i + a,f + ask b = b,i + b,j + b3k

Thend = b iffa, = by, a, = b,&a; = bs

Example: Find the value of x, y, z so that the vector 31 + yj — 2k and xi + 5] + zk are equal.
Section formulae :

Case | (Internal Division)

Let A and B be two points represented by position vectors d and b with O as origin than the

position vector of point P which divides AB internally in the ratio in m: n is given by

. —. mb+nd
r=0P =——
m+n

B

=

(0] a A
Proof: Let OP = 7, P divide AB inratiom:n internally. Then
AP m
— =—>= nAP = mPB
PB n
= n(OP — 04) = m(0B — 0P)

= n(# —d) =m(b—7)

= (m+n)7 = mb + nd

. mb+nd
57 =—-
m+n
Case Il : (External Division)
Here P divides AB in the ratio m:n externally
AP m
Hence,— = —
BP n
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= nAP = —mPB

= n(#—a) = —m(b—7)
P
B
b
:>(m—n)?=m5—n& 0 a A

. mb-nd
>7F=——
m-—n

Midpoint formula: If P is the midpoint ofAB thenm:n = 1: 1

S

a+

Then P.V.of Pis7 =

" |

Example: Find the position vector of point R which divides the line segment joining P and Q

whose position vectors are 2d + bandd — 3b externally in the ratio 1: 2.
Also, show that P is the midpoint of the line RQ.
Solution:

The position vector of the point R dividing the join of P and Q externally in the ratio 1:2 is

__ 1(p.v.ofQ) —2(P.V.ofP)  1(d@—3b)— 2(2d + b)
RE/S 1-2 - -1

Now the midpoint of the line RQ is

P.V.ofR+P.V.ofQ 3d+5b+d—3b
2 - 2
4G + 2b
)

=2d+b=P.V.ofP

Some useful results on DCS and DRS

Let P(x,y, z) be a point in space such that OP = 7 has dcs |,m,n. Then

(Dx = &|F|,y = m|7|,z = n|7|
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(ii) Unit vector along 7 is 7 = €1 + mj + nk. The scalar components of a unit vector give the
dcs of that vector.

(iii) If a,b,c be the drs of the vector whose dcs as |,m,n then 2 = % = % Here £? + m? + n? =

a _ b c

2 2 2 — - — —_— =
Thuta®+b*+c"#landé=t—=—=m=Ft—=—=8&n=1=

~VaZ+bZ+c?

(iv) The dcs of 7 are unique but drs of a vector a not unique. If a, b, ¢ are drs of a vector then
ka, kb, kc are also drs.

(v) fr=xi+yj+ Zié, Here x,v,z can be taken as the drs of #. They are its scalar
components.

Example: Find the direction ratio and direction cosines of the # = 1 + 2j + 3k.

Example: Show that the vectori + j + kis equally inclined to the axes 0X, OY, and OZ.

Product of vectors

Multiplication of two vectors is defined in two ways, namely scalar (or dot) product where the
result is a scalar and vector (or cross) product where the result is a vector.

Scalar (or dot) product of two vectors

Let @ and b be two non-zero vectors. Then, the scalar product of @ and b is denoted by a.b
(read as @ dot b) and is defined as d.b = |d||b|cos 6 where 8 is the angle between @ and b

0<6 <m.Ifeitherd=0orb =0, thend.b = 0.

Some properties and observations:-

(i) Asad. b is a scalar that is why dot product is called scalar product.
(i) a. b can be positive, negative, or zero according to as cos @ is positive, negative, or zero

(iii) If d & b are like vectors (i.e.8 = 0) then G@.b = |51||I;| cos 0 = |&||B|
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(iv) Ifd & b are unlike vectors (i.e.6 = ) then @b = |d||b| cosm = —|dl|b|
(v) (@)?=ad.d=d||d|cos0 =]d|?
(vi) Ifdand b are perpendicular or orthogonal vectors then a. b=0

(vii) The dot product of vectors commutative i.e. d.b = b.d

(viii) For unit vectors 1,j and k

ii=1 jij=1 k.k=1
i.j=0 jk=0 k.i=0

QU
ay

(xi) Ford,b and ¢ be any three vectors d. (E + E) =d.b+

(X) let C_i = ali + azj + a3k\ andB = bli + sz + b3i€, then C_ig = a1b1 + azbz + a3b3

Ql
(S0

(xi) The angle between the two vectors d and biscos 8 =

=i

Ry

(xii) Ifd.b = 0then eitherd =0orb=0ord L b.

Projection of a vector on another vector

The projection of any object can be obtained by focusing a source of light on the object and
obtaining its shadow on a surface. Light is focused on a vector to obtain its shadow on a plane.
The shadow so formed is the projection of the vector on the plane.

Let d and b be any two vectors with b = 0. Let d = AB and @ be the angle between d & b.
Draw BC L b as shown in fig.

Then, projection of d@ on b (also known as the scalar projection of d@ on B)

B

jsb)

s db ab
= |a| (T) [as cosHT]
ldl|p] |dl|b]
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Note:- Vector projection d on bis given by (%) b
b

Exp:- Ifd =10+ 2j—kb=20+j+kand &= 5{— 4j + 3k then find (4 + b).¢

(@+Db).¢ = (3t + 3f + 0k). (51 — 4] + 3k) = (3)(5) + (3)(—4) + (0)(3) = 3

Exp:- If |d@ + b| = 60,|d@ — b| = 40 and |@| = 22 then find |b|.

Exp:- If d,b and € three vectors such thatd +b + & = 0 and |G| = 5, |B| = 12,|¢| = 13 then
find d@.b + b.¢ + ¢.d.

Exp:- Find A so that vectors such @ = 41 + j — k and b=+ 3j — 5k perpendicular to each

other.

-

Exp:- Ifd = 71+ j — 4k and b=2i+ 6] + 3k, then find the projection of @ on b.
Exp:- If the vertices A, B, C of 4ABC are (1, 2, 3), (-1, 0, 0), (0, 1, 2) respectively, then find
£LABC.

Cauchy Schwartz Inequality:-

For any two vectors aand b; |51. I;| < |Ei||5|

Proof:-
2 L= allE was|cos 0| <1
Asd.b = al|b|cos 6  1l[B| cos ¢ < lal[B|
= |&.E| = |&||E|cost9|
= |a.b| < |al|p|
Triangle Inequality:-
For any two vectors @ & b
Prove that |d + I;| <lal + |I;|
-2 5.2 S
Solution:-  |d+b| =ldl*>+|b| +2d.b
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5.2 R
< |d|*+ |b| +2|d.b|(asx < |x])
< a2 +|B|” +21al|p|
= (I&I + |B|)2 (by Cauchy Schwartz Inequality)

Then |& + I_5| <lal + |B|

Vector (Cross) Product of Vectors

Let @ and b be two non-zero vectors. Then, vector product (or Cross product) of a@ and bis

denoted by @ x b (read as @ cross b ) and is defined as @ x b = |d||b| sin 6 A

v

a
Here @ is the angle between a and l;, 0 < 0 < mand i is a unit vector perpendicular to the

plane containing the vectors a and b.

Some properties and observations :

(i) ax bis always a vector. That is why the cross product is called a vector product.
(i) Ifdand b are like vectors (i.e. @ = 0)thend@ x b = 0.

(iii) If @and b are unlike vectors (i.e. 8 = m)thend X b = 0.

S
Il
ol
—+
>
I}
>
0}
2.
>
0]
-
Qu
Il
ol
o
=
S
Il
ol
o
ﬁ
Q
Qo
S
=
(@]
o
=
o
Q
-
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~ ~ - i j k
(V|||) Let C_i = ali + azj + agk, b = bli + sz + b3k thenﬁ) X b = a1 az a3
by b, bs

S

|@x

(ix) If @ be the angle between a and Bthen|& X B| = I&I|B| sin@ = sinf = 7

|al

(x) Area of triangle and parallelogram: If a and b be the adjacent sides of a parallelogram
then the area of the parallelogram is |d X b|. If & and b be the adjacent sides of a triangle
then area of is % |C_i X B|

. . . - > a 5

(xi) The unit vector perpendicular to both vectors a and b is |;_i5|'

Note: If cfland Jz be the two diagonals of a parallelogram then the area of the parallelogram is

|d; x d|.

N |-

Example:lf&zZi+j+3l?and};=32+5j—2fcthenfindc‘i><I;&|Ei><13|

I A -
axb=|2 1 3|=-17i+13j+7k
3 5 =2

|@ x b| = /(=17)2 + (13)% + (7)? = V507

Example: Find the value of . (j X k) + j. (k X ©) + k. (f X J)

Example: Prove that (d X I;)z = |Ei|2|l_9)|2 — (a. 5)2

Example: Find the value of A for which the vectors @ = 3i — 6] + kand b = 2i — 4} + Ak are
parallel.

Example: Find a unit vector that is perpendicular to both the vectorsd =1 + j + kandb =1+
]

B| =3 and |d x I;| = 12 then find the value of d. b>

Example: If |d| = 8,
Example: Find the area of the triangle with vertices A(1,1,2)B(2,3,5) and €(1,5,5).

Example: If d, B, C are the position vectors of the vertices 4, B, C of AABC’ show that the area

ofAABCis%|Ei><B+B><E’+E’><& sq units.
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Scalar Triple Product of Vectors

The scalar triple product of three vectors a, b and ¢ is defined as the number d. (B X 5) and is
denotedby [ p &l

Geometrical Interpretation ATxT

Consider a parallelopiped whose coterminous edges d, b and ¢ from a

right-handed system as shown in the figure.

2

From the geometric definition of the cross product, we know that

of

S

0

Eal\ 4

|B X E| is the area of the parallelogram base, and the direction of bxé
is perpendicular to the base.

Let the direction of @ making an angle 8 with the direction normal to the base i.e with b x é.
Height of parallelopiped = |a| cos 6.

Then the volume of the parallelopiped = Area of parallelogram base X Height of parallelopiped
=|bxé|ldlcos6 = |al|b x &|cos @

=d.(bx ) =la b @

Conclusion: The scalar triple product [ p &] represents the volume of the parallelepiped
whose coterminous edges a, b and 2.

Properties:-

1. If C_i = ali o= azj + a3i€\, B =S bli + sz + b3i(\ and 8 = Cli + Czj + C3i€, then[d’ B 6] =

a a; as
by b, bs|.
i C C3

2. If three vectors are cyclically permitted then the scalar triple product remain the same

ielg b ¢l=[p ¢ al=[¢ a bl
3. Ifg, b, ¢&beanythreevectorsthen[g 5 2l=-[G & bl
4. Inscalar triple product the position of dot and cross can be interchanged provided cyclic

order of vector remains the same. i.e. d. (b X 5) = (Ei X b). ¢

5. The scalar triple product of three vectors is zero, If any two of the given vector are equal

i.e.foranythreevectorsg j g withd=borb=Coré=adthen[g 5 &l =
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6. The scalar triple product of three vectors is zero if any two of them are parallel (or
collinear)

7. Ifg p Zarecoplanarthen[g p 2] = 0.As the volume of parallelopiped vanishes.

Example: If G = 21 +j + 3k,b = —i + 2j + kand ¢ = 3 + j + 2k thenfind [} ¢&l.

Ans:--10

Example: Find the volume of the parallelepiped where three coterminous edges are

represented by vectors i + j + k, —i +j — k and 21 + 2j — k.

Ans — 4 cube units.

Example: Find 1 if the vectors @ = { + 3] + k, b = 21 —j—kand ¢ = Ai — 3k are coplanar.

Ans-A =7

Example: Show that the four points A(4,5,1), B(0,—1,—1),C(3,9,4) and D(—4,4,4) are

coplanar.

- -

Example: Provethat [ + 5 B+& &+ al=2[g B &l 1fd bandéare coplanar, then

- -

show that @ + B, b + ¢ and ¢ + d are also coplanar.

The practice of miscellaneous Questions :

Example: For any three vectors d, b,¢showthatd —b,b — Cand ¢ — G are coplanar.

Example: Find all vectors of magnitude 10v/3 that is perpendicular to both the vector{ + 2] +
k and —i + 3j + 4k.

Ans: +(10i — 107 + 10k)

Example

let d=1+4j+2kb=31—2j+7k and é=2i—j+4k, find a vector d that is
perpendicular to both @ & b and ¢.d = 15.

Example: IfEi,B,Eare mutually perpendicular vectors of equal magnitudes, show that the

> 77 >

vector @ + b + & to equally inclined to @, b, ¢. Also, find the angle which @ + b + & makes with
d,b&¢.

Example: Find the value of 4, if four points with position vectors 37 + 6] + Ak, i+ 2] + 3k,
21+ 3j + k and 41 + 6] + Ak are coplanar.

Ans-1 = 2.
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