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Chapter- 5

Continuity and Differentiability

INTRODUCTION

In this chapter, we will discuss two very important concepts of mathematics continuity and the
differentiability of real functions. Also, discuss the relationship between them. To understand these
concepts well one should know the concept of limits which was in Class — XI

Limits:

Let a € Rand ‘f’ be a real-valued function in real variable x defined at the points in an open interval
containing ‘a’ except possible at ‘a’. Then we say that limit of the function f(x) is a real number [as x
tends to ‘a’. If the value of f(x) approaches [ as x approaches ‘a’. Which is denoted by glcl_r;r(ll flx)=1

Here x can approach ‘a’ on a real number line in two ways, either from the left or from the right of a. This
leads to two limits as the left-hand limit (LHL) and the Right-hand limit (RHL).
The left-hand limit is the value of f(x) approaches [ as x approaches ‘a’ from the left of a. It is denoted by

lim f(x)
x—->a~
The right-hand limit is the value of f(x) approaches as x approaches ‘a’ from the right of ‘a’. It is denoted
by lim_f(x)
x—-at
Existence of Limit
Whenever lim f(x) = lim f(x) =1
x—-at x—a~
Then lim f(x) existsand lim f(x) = [
x—-a x—-a
LHL = lim f(x) =lim f(a — h)
x-a~ h-0
RHL = lim f(x) = lim f(a + h)
x—-at h—0

Some Important results on the limit

sinx tanx e¥-1

. _ . _ P it . a*-1 _
(a)il_r)rg = 1 (b) il_r)ré = 1 (c) il_?)?g ~ 1 (d) il_rf(}—x loga
n_.n -1 -1
(e) Lim 24 _ 4 () Lim =2 = n. g1 @Um™F=1  (h)lm®X=1
x—-0 x-a X—a x-a X x-0 x
If a € R and but, f, g be real-valued functions then
(a) limf (x) = klimf (x) (K is constant) (b) lim[f(x) £ g(x)] = limf(x) *+ limg(x)
x—-a x—-a x—-a x—-a x—-a
(©) limf (x). g (x) = timf (x). Limg (x) () tim [£2] = 5 i gy 2 0
0 limf () = limf (- Limg = b o] = o o <

Intuitive Idea of continuity

Let ‘f’ be a real-valued function in any interval and let y = f(x). Then we can represent the function by a
graph in XY —plane. The function ‘f” is continuous when we try to draw the graph in one stoke, i.e without
lifting the pen from the plane of the paper. Roughly, a function is continuous if its graph is a single
unbroken curve with no holes or jumps.
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Figure 10.1 Figure 10.2 Figure 10.3

From the above idea, the function shown in figure 10.1 is continuous.

The function shown in fig 10.2 has a hole at a point and hence is not continuous.
The function is shown in fig. 10.3 has a jump at a point and hence is not continuous.
Different types of Discontinuity

| [(x)

1_1511 %) —> exist finitely. y . Lim f(x) = exists finitely AY 1(x) o )
' [(a) = does not exist. T o) x f(a) - exists. : ,‘LLI,T: JE)—300cs gt xite
| /o/ el o0
+ -] -1 e
| 5 |
a > X 4 X ‘[1 > X
missing point discontinuity at x =a Isolated point discontinuity at x = a non-removable discontinuity at x=a

Mathematical definition of Continuity
A function f: D — R is said to be continuousat x = ¢
ie.if limf(x) = limf(x) = f(x)

x—-c~ x—ct
i.e. LHL = RHL = Functional value
Otherwise the function will be discontinuousat x = ¢
Conclusion
As the functionf 4 is continuous at x=a if LHL = RHL = f(a)
But we know that when LHL=RHL= € (say)
Then limf (x)exists and limf(x) = €

x—-a xX—-a

Thus the function f(x) will be continuous at x=a if limf(x) = f(a)
x—a

i.e. Limiting value = Functional value.

Example
Examine the continuity of the function f(x) = 2x? — latx = 3
Solution:-
Given f(x) = 2x% — 1 LHL = lirgnf(x) = ;lirr&f(S —h)
x—3" -
= lim[2(3 ~ h)? — 1] =2[(3-0)2—-1] =17
RHL = lirglf(x) = ;lirr(%f(B + h) = ;lirré[Z(S +h)?-1]=23)*-1=17
x-3" - N

As LHL=RHL=f(3)
So f is continuous at x =3
Example:(Exemplar)

Check the continuity of the function f(x) = { 2 ifx <2 atx=2

3x+5 ifx=>2
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Solution:
Giventhat f(2) =3.2+5=11
LHL = lim f(x) = limf(2—h) =lim(2—-h?*) = (2-0)> =4
x—-27 h—-0 h—-0

RHL lim f(x) = limf(2+h) =lim3(2+h)+5=3(2+0)+5=11
x—-271 h—0 h—0

As, so f is not continuous at x=2.

LHL # RHL
Example:
2x2-3x-2 ifx # 2
Show that the function f(x) = { x-2 is continuous at x = 2
ifx =2
Solution:
Given that f(2)=5
2_ a0 2_ -
Now limf(x) = lim 222302 g 22
X2 x—2 x—=2 x—2 x—2
(x—2)2x+1) o 2x+1
= = lim =22+1=5
x-2 x—2 x-2 1
As lin%f(x) = f(2) sofis continuous at x = 2
X—
Example:
1—cos2x ifx +0
Discuss the continuity of f(x)when f(x) = { g - atx =0
5ifx=20
Solution:
Given that f(o) =5
limf o) = U 1-cos2x .y 2sin’x
xllr(}f VI xl—% x? ‘e xl—1>r(} 92
. sinx z
=0 (llm ) =28)?%=2
x>0 X
Since lin(’)Lf(x) # f(0) Hence f is not continuous at x=0
X—
Example:
2x+2_16 X ¢ 2
Find the value of k so that the function f(x) = { 4%—16 ’ is continuous at x=2.
k, ifx =2
Solution:
Giventhat f(2) = k
, g, 2Xt216 .. 2%22-16 . 4(2%-4)
il—t'zlf (x) = fclle 4¥-16 fclle 4%-16 x5z (29)2—(4)2
4 4 1

:l. = = —_ —
T ya 2244 2

As f(x) is continuous at x = 2
limf(x) = f(2)

1 1
=>=-=kso k=-
2 2
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Definition:

A real function ‘f’ is said to be continuous if it is continuous at every point in the domain of ‘f’. Suppose ‘f is
a function defined on a closed interval [a, b], then for ‘" to be continuous, it needs to be continuous at
every point of [a, b] including the endpoints a and b.

Example:- Prove that the constant function f(x) = k is continuous.

Solution:-Let ‘c’ be any real number

Here f(c) = k foreveryc € R

limf(x) = limk = kandlimf (x) = f(x)

X—=C X—C xX—=C

Since for any real number ‘c’, the function ‘f" is continuous.

The function f is continuous at every real number.

List of some continuous functions

Sl. . Interval in which f(x) is
Function f(x) .

NO. continuous

1. | ConstantC (—o0, 00)

2. | x™ nis an integer =0 (—eo, 00)

3. | x7™,nis a positive integer (—oo,00) — {0}

4. |x — al Ca

5. P(x) = agx™ + a;x" 1+... +a, (—eo, 00)

6. %where p(x) and qg(x) are polynomial in x (—e0,00) — {x;q(x) = 0}
7. sinx (—oo,0)

8. cos x (—o0, 00)

T

9. tanx (—W,w)—{(2n+1)5:nel}
10. cot x (—oo,00) —{nm:m €I}
11. secx (—o0,00) — {(2n + 1)}
12. cosecx (—o0,00) —{nm:n € I}
13. e* (—oo,00)

14. log, x (0, %)

Algebra of Continuous Functions:

Suppose ‘f’ and ‘g’ be two real functions at a real number ‘c’ then
(@) f + g iscontinuousatx = ¢

(b) f — g is continuous atx = ¢

(c) f.gis continuousatx = ¢

(d) (5) is continuous at x = c (provided g(c) # 0

(e) If‘f’and ‘g’ be two functions such that fog is defined at c and if ‘f’ is continuous at g(c). Then fog is
continuous at c.

Example:-

Show that the function defined by f(x) = |cos x| is continuous.
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Solution:- The function ‘¥ may be thought of as a composition gof of the two functions ‘g’ and ‘h,
Where g(x) = |x|andh(x) = cos x

goh(x) = g(h(x)) = g(cos x) = |cos x| = f(x)
Since both ‘g’ and ‘h’ are continuous functions so ‘f" is continuous.

Example:
3ax +b ifx>1

If the function f(x) = 11 ifx =1 is continuous at x = 1, find the values of a and b.
S5ax — 2b ifx=1

Continuity at x = 1 we have, f(1) = 11.
lim[f(x)] = lirln+[3ax + b]
xX—

x—1+
= ;Ling[3a(1 + h) + b] [By putting x = 1 + h]
lim [f(x)] = lim [5ax — 2b]
x—-1- x—-1-
= ;Lin;)L[Sa(l — h) — 2b] [By puttingx = 1 — h]
= 5a — 2b.

So, fis continuous at x = 1 if

e, lim [fCO] = lim [fG0)] = £(1)
ie 3a+b=5a—-2b=11

i.e 3a+ b =1land5a — 2b = 11
i.e a=3,b=2

Example:
ksinZ(x+1) ifx<0
Find k, if f(x) = it is continuous at x = 0.
H—H— ifx>0
X
Solution:

ksing(x+ 1) ifx<0

Given f(x) = —si
{ tanx gsmx fo > 0
X

Continuity at x = 0 we have f(0) = k

Lim [£(0)]
. [tanx —sinx
= lim —3]
x—0+ X
. tan h-sin h . _
= Illll?g [T] [By Putting x = 0 + h]
_ i tanh(1—cos h)
— 104 h3
tanh (2 sin? g)
=lim
h—-0 h3
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o h
tanh 2sin*3

= lim X
h-o| h h
4(3)
. 2 h
_ 1l' tanh i stimmol 1
_Eh%[ RS (g)z T2
2
lim [f (x)]
x—-0—
. . n
= xlirgl_ [k smi(x + 1)]
= ;lirré [k sin%{(O —h)+ 1}] [By putting x = 0 — h]
s
= ksinE =k
So, f is continuous atx = 0 if lirorgr[f(x)] = lirgt [f(x)] = f(0)
x— x—0—
e, —=k=k
2
i.e, k = 1
2
Example:

Show that the function defined by g(x) = x — [x] is discontinuous at all integral points. Here [x] denotes
the greatest integer less than or equal to x.
Solution: Letn € [
Then, lim[x]=n—-1

xX-n-

[x]| =n—1Vx € [n—1,n]and g(n) =n —n = 0 [~[n] = n because n € I]
Now, lim g(x) = lim (x — [x]) = limx — lim [x]

xX-n— X->n~ xX->n- X->NnT

=n—-(n-1)=1

Also, lim g(x) = lim (x — [x]) = limx — lim[x] =n—n=20

x-nt x-nt x-nt x-nt

Thus, lim g(x) # li@g(x). Hence, g(x) is discontinuous at all integral points.
x—-n xX—-n

Example:
1,ifx <3
Determine the values of a and b so that the function f (x) is continuous. Iff(x) = <{ax + b,if3 <x <5.
7,if5<x
Sol:
The given function is continuous at each x in R so at x=3 and x=5.
Atx — 3
lim f(x) = lim f(x) = f(3)
x—-3~ x—-3%
= ;ll_r)réf(B —h) = ;ll_r)réf(S +h)=1
= liml =Ilima(3+h)+b=1
h-0 h-0
=>1=3a+b=1
S3a+b =1 ... (2)
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At x=5
lim f(x) = lim f(x) = f(5)
x—5~ x—5%
> ’lll_r)réf(S —h) = ’lll_r)réf(S +h)=7
= lima(5—h)+ b =1lim7 =7
h—-0 h—-0
>5a+b=7=7
=255a+b=7 i (2)

Solving equation (1) and (2) we havea=3 and b =-8
Example:
Determine the value k so that the function f(x) is continuous at x=0, Where

Vitkx—vi-kx Vl_kx’ if—1<x<0
flx) = i1 atx =0
T ifo<x<1
Solution:
. _ e V1tkx—v1-kx
Ll T
I <\/1+kx—\/1—kx> <\/1+kx+\/1—kx>
= lim .
X0~ X V1+kx++V1—kx
) 1+kx—1+kx
= lim
%20 x[V1 + kx + V1 — kx|
] 2kx
= lim
x>07 /1 + kx + V1 — kx
] 2k 2k
= lim = — =
h=0x\V1+k++V1+kh 2
And £(0) = szf =—1
=>k=-1 LHL = RHL = f(0)

DIFFERENTIABILITY AT A POINT

iff 1jm Leth-1(@)
h—0 h

A function f is said to have a derivative at x=a or differentiable at x=a

exists finitely.
The value of this limit is called the derivative of f at ‘a’ and is denoted by f'(a).

NOTE: A function y = f(x) is differentiable at x=a if LH.D. =R.H.D. at x = a.
i o, limf(a_b)_f(a) _ limf(a+h)—f(a)

h—-0 -h h—0 h
Differentiable Function

We define the derivative of the function f(x) at x=a as:

. fla+h)—f(a) . fla)-f(a)

(@) = lim P21 0 fi(q) = lim P82
@) = i TS orf @) = lm

Now the question in our mind when does not exists?

, exists finitely.

For this let us consider

fla+h)—f(a)

P ash — 0,P — A and secant (AP) — tangent at A

The slope of the Right-hand secant =
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f(a+b)—f(a))
h

= Slop of the tangent at A (when approached from the right f’(a*).
1.El.l"k

= Right-hand derivative = lim(
h—-0

¥ — I (x)

Right secant (ath, f{ath))

through A

Lefl secant
through A

Tangent at A.
ta—h, fla—t)p O

> X

i h i i,|'|'|

f(a-b)-f(a)
—h

The slope of the left-hand secant = ash - 0,Q - A and secant AQ — tangentat A

f(a—h)—f(a))
-h
= slope of the tangent at A (where approached from left) f'(a™)
If llm f(a+h)_f(a)

h—0 h
In other words, we say that the function f is differentiable at the point ‘@’ if both the Left-hand

derivative(LHD) and Right-hand derivative (RHD) are finite and equal

Le. o lim L& ZI@ _ gy, 7@ =@, p o0 LHD = RHD
h—0 h h—0 —h

EXAMPLE -1

= Left-hand derivative = lim(
h—-0

does not exist, then f is not differentiable at x = a

1+x, ifx<2
5—x, ifx>2
Proof: Heref(2)=1+2=3, f(2-h)=1+2-h=3-handf(2+h)=5-(2+h)=3-h

Prove that the function f(x) = { is not differentiable at x = 2.

LH.D = [im L&D/ = imI2 =
h—0 —-h h—-0 -h
RHD = ;lin%w = ;linéw as L.H.D is not equal to R.H.D. hence not differentiable
EXAMPLE -2
12x — 13, x <3

Show that f(x) = { is a differentiable function at x = 3.

2x2+5, x>3
Solution:

Here, f(3) =12x3 -3 =23,f(3—h) =12(3—h) —13 =23 — 12h
fB+h)=23B+h)?2+5=2(9+h?+6h)+5=23+2h%+12h

LHD = limw — lim 23222028 _ i 212 o
h—0 —h h—0 -h h—0 —h
_ 2 _
RHD = limf(3+h) f(3) — lim 23+12h%+12h—-23 — lim 12h+12 - 12
h—0 h h—0 h h=0 1

As, LHD = RHD hence it is a differentiable function at x = 3.
NOTE: Every Differentiable function is continuous but every continuous function may or may not be
differentiable.
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EXAMPLE -3

2
x X =2 is differentiable at x =2

For what choice of a and b is the function f(x) = {ax +bh x>2

Solution:

We know that every differentiable function is continuous.

So, f(2) = 4,LHL = hlirzn_xz = ;lin%(Z —h)? = 4,RHL = hlir;t_ax+ b= ;lirr&a(z +h)+b=2a+b
Therefore,2a+b =4..................... (D

Here f(2) =22=4,f2—-h)=2—-h)? =4+ h*—4h,f(c+h)=a(2+h)+b

. (2-hn)-f(2) . 4+h%?-4h-4 . h?%-ahn . h—4
LHD=le¥=llm—=llm =lim— =4
h—0 -h h—0 -h h—»0 -—h h-0 -1

. 2+h)-f(2) . 2a+ah+-4 . 4+ah-4 . ah
RHD = llm¥ =lim =lim =lim—=a
h—0 h h—0 h h—0 h h—0 h

Therefore, A = 4 and from equation (1) b = -4

Rules of Differentiation:

For any two differentiable functions uand v, The following rules are established as a part of the algebra of
derivatives.

1. (ku)/ = ku/,wherekisanyconstant

2. 2. (utv) =u/ +v/

3. (uv)! = u/v + v/u (product rule)

/ / —up!
4, (E) =2 (quotient rule)

v v2
SOME FORMULAE OF DERIVATIVE
1. 4B
dx
ax™ _

dx
dWx) _ 1.
dx  2vx
d(e®)
dx
da*)
. —a log a
d(log x)
dx
d(sinx)
dx
d(cosx)
dx
d(tan x)
dx
10, L9 osec?x
dx
d(secx)
dx
d(secx)
dx
d(cosecx)

dx

= 0, where k is constant.

n-—1

2. nx

= e”*
1
==,x>0
X

= C0SX

=—sinx

© o N o

= sec’x

11. =secx.tanx

12. =secx.tanx

13. —cosecx.cotx
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DERIVATIVE OF COMPOSITION FUNCTIONS (CHAIN RULE)
To study the derivative of composition functions, we start with an illustrative example, say we want to find

the derivative of f where f(x) = (2x + 1)3.

3
Now afe) _ d(2x+1) d(sx +12x2+6x+1) = 242 4 D4y 4 6 = 6(2x + 1)2
dx dx dx

We observe that, if we take g(x) = 2x + 1 and h(x) = x3

— — 3 df(x) / dhog(x) , dg(x)
Then f(x) = hog(x) = 2x+1)° = =f/(x) = 000 < ax

x4t = f/(x) = 3 X (2x + 1)2 2=6(02x+1)3

The advantage of such observation is that it simplifies the calculation of finding the derivative.
CHAIN RULE

Let f be the real-valued function which is the composition of two functions u & v. i.e. f = uov.

d(2x+1)2

l.e. d(2x+1)

Where u & v are differentiable functions and uov is also a differentiable function?
d d d d . L . .
af _ duov _ duov X —v, Provided all the derivatives in the statement exists.
dx dx dv dx

PROBLEMS
Problem-1: Find Z—z Jify = sin(x? + 1)

d_y __d(sin(x?+1))
A dx
dy d(sm(x +1)) d(x? +1) >
—— 1) x 2
T PRl ETNEV e

Problem- 2: Find Z—z ify = log(tanx)

Answer: Given y = sin(x? + 1) =

dx
dy d(log(tanx)) \ dtanx dy 1
= —=
Tdx d tan x dx dx ‘tanx
Problem- 3: Find Z—z if y= esin(x?)

Answer: Giveny = log(tanx) = d—i =

X sec? x

. . 2 d d esin(xz)
Answer: Giveny = eSin*) 5 & _2€ 7 1)
dx dx

dy d(es"¢)) y d sin(x?) y d(x?) - dy
dx dsin(x?) "~ d(x?) dx  dx
Problem-4: Find % if y=0x*+x+1)*

SN x cos(x?) X 2x

dy _ d(x?+x+1)*

. Gi — (2 4 3y
Answer: Giveny = (x* +x + 1)* = = —

dy d@*+x+1D* d@x*+x+1) dy
=2 = X = ——=40*+x+1)°*x2x+1
dx ~ d(x2+x+1) dx dx (x X ) (2x )
cFnd2 if y = ——
Problem-5: Find =, if y = =—
2_..2y"1
Answer: Given y=ﬁ$%:%

2_,2\"Y. 2_.2 _ _
dy _ d@=x 2 d@ x):>d—y=—1(a2—x2) 3/2><(—2x)= x

dx  d(a%-x2) dx dx 2 (a2-x2)z

Problem- 6: Find Z—z, ify =sin3x

ODM Educational Group Page 10




[CONTINUITY AND DIFFERENTIABILITY] BY/AYRGISY/AY (OS] SRR Ind AN (o) =

__d(sin®x) N dy _ d(sin®x) _ dsinx

: = 3sin®x X cos x
dx dx dsinx dx

. ; d
Answer: Giveny = sin3x = ﬁ

Problem- 7: Find Z—z, if y=1log(secx+ tanx)
dy _ d(log(secx+tanx))

Answer: Given that y =log(secx +tanx) = - =
d_y _ d(log(secx + tan x)) y d(secx + tanx)
dx d(secx + tanx) dx
Z_z = m X (secx.tanx + sec? x)=sec x
Problem-8: Find Z—z, ify = eXsinx
Answer: Given that y = e*S"* = Z_i’ — d(e’;j:”)
zil_ic] N Zgixsi:;g % d(x;;nX) = iii_ic/ = e*SnX % {x cos x + sinx}
Problem- 9: Find Z—i’, if y= %

] {sin(ax+b)}
sin(ax+b) d_y _ “leos(cx+d)

Answer: Given that y = cos(cx+d)  dx dx

dy cos(cx +d) X d(:?:ﬁ;’ ) d(a;;b) —sin(ax + b) X d(;o(ig:f;d)) d(cg:d)
:’a: cos?(cx + d)
dy cos(cx+d)Xcos(ax+b)Xa+sin(ax+b)Xsin(cx+d)Xc
dx cos?(cx +d)
Problem- 10: Find Z—Z, if y=cos(x3).sin(x?)
dy _ d(cosx3.sinx?)

Answer: Given y = cos(x3).sin(x3) = =3 —
dy d(cosx3.sinx3) dy
. (9 - b

,d(sinx®)  dx? ,d(cosx®)  dx®
X X X

= = cos x + sin
dx dx dx dx3 dx dx?3 dx
d d
= — = (c0sXx Ccos x X" = (Sinx Sinx X =>—=(C0SX X —(Sinx X
== (cos x*)(cos x%)3x% — (sinx¥)(sin +%)3x2 = — = (cos x*)?3x% = (sin x*)?3x*
DERIVATIVE OF INVERSE TRIGONOMETRIC FUNCTIONS
FORMULAE
dsin™x) 1
1) dx T V1—x2
2) d(cos™1x) __1
dx Vi1-x2
3) d(tan™1x) __1
dx 1+x2
2) d(cot™1x) _ 1
dx 1+x2
d(sec™1x) _ 1
5) dx T xlVaz—1
d(cosec™x) -1
6) dx T x[VxZ-1

SOME IMPORTANT SUBSTITUTIONS

1) Q2 — X2 > put x =asinforx = acos0
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)R LY [ — > put x =atanborx = acot b

3) X2 — (2emmmmmeee > put x = asecBorx = acosecd
2 2x  1-x% 3x—x3

4) X oo2x 1TX XX > putx =tanf

1+x2 7 1—x2" 1+x2"1-3x2

5) /a ad ’a” ———————————— > put x =acos26
a+x a—x

6) 2x°—-1 e > put x =cosf
7)) 1—-2x%2 e > put x =cosf
8) 3x—4x3 e > put x =sin6
9) 4x3—3x = e > put x =cosf
PROBLEMS

Problem -1: Find Z—z, if y=sin"12xV1— x?2

Answer: Giveny =sin"12xV1—x2 , let x =sinf =0 = sin"1x

=>y=sin"12sin61—sin%0
=y =sin"12sin6cosb
=>y=sin"tsin26
£
dx  Vi-x2
-1 2x
1+x2

=>y=26 :>y=25in_1x =
Problems-2: F|nd |f y = sin

Answer:
Method -1: (Using the substitution method)

Giveny = sin"! == letx = tan = 0 = tan"' x
., 2tan6 “AD M dy 2
= y = sin 1_I_tmﬂy:sm sin20=>y=20=>y=2tan xz}ﬁ:1+x2
Method -2: (Direct method)
Given y = sin~1 == =2tan"tx
dy 2
dx  1+x2

1
2x2-1

Problems-3: Find Z—z, if y=sec™

Answer: Giveny = sec‘lﬁ, letx = cos@ =0 =cos x
-1 1 -1 1
z Y= sec (Zcoszx)—lzyzsec cos26
=>y=sec lsec20=>y=20
=y =2cos” 19:3—1:\/%
1 V1+x2-1

Problems-4: Fmd |fy =tan~

X
_1Vi+x?-1

Answer: Giventhaty = tan ,letx =tan6 =0 =tan"1x
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\/1+tan29—1>

tan @
secG — 1

=Sy = tan‘1<

=> vy =tan~
Y= tan @

1 1-— cosH 2 sin®
=y =tan~ ( => y =tan~
Zsm cos
=y =

=y =tan~ tan(

E
tan "l x dy 1
2 dx

Vitsinx+vV1-sin x)
Vit+sinx—v1-sinx

Answer: Given that y = cot™! (\/Hﬂ.nxﬂ/l_ﬂ.nx)
Vitsinx—V1-sinx

=Yy

. (\/sinz(
\/smz(
L[l
it

1
=y =
Y= 2751522

Problems-5: Find 2, ify =cot™?! (
dx

=y =cot"

cos + sm + J {cos (g) — sin (;—C)
) = Jfees @)= sin )

X dy 1
:>y: =

dx 2
. . d_y . _ -1 m—m
Problems-6: Find dx,lfy = tan (mwm)

Answer: Given thaty = tan™?! (%), letx =cos260 =0 =

_1<\/1+00529—\/1—00529> _1<\/7€059—\/§sin9>
=y =tan y = tan

V1+cos260 ++v1—cos26 V2 cos @ ++2sin6
By dividing by V2 cos 6 both numerator and denominator we get

1—tan6 tan (”) tan 6
:>y=tan‘1( >:>y=tan‘1

cos 1x

1+tan6 1+tan()tan9
_ -1 T _n :E_cos_lx dy _ 1
=y =tan " tan (4 9) =>y=; 6 =>y= S PN
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DERIVATIVE OF IMPLICIT FUNCTIONS

Until now we have been differentiating various functions given in the form of y = f(x). But the functions
don't need to be always expressed in this form.

For example:

Considering x—y—2=0 and x+sin(xy)—y=0

In the first case, we can solve for y and rewrite the relationship y = x — 2.

But in the second case, it does not seem that there is an easy way to solve for y. When a relationship
between x and y is expressed in a way that is easy to solve for y and write y = f(x), we say that y is given
as an explicit function of x. In the 2™ case, it is implicit that y is a function of x and we say that the
relationship of the second type mentioned above gives function implicitly.

PROBLEMS

Problem-1: Find Z—z, if x+y=10
Answer: Giventhatx +y = 10
Differentiating w. r. t. x we get.

d(x+y) d(10) dx d
_dx+y) dd0) dx dy

X dx dx dx_O
dy dy
21+—=0>—=-1
+dx dx

Problem-2: Find Z—z, if 2x2+y2+xy=a
Answer: Giventhat2x? + y? + xy = a
Differentiating both sides w. r. t. x we get.
d2x?+y?+xy) da 2dx?> dy? dxy
= = —> + =

dx dx dx + dx dx

0

dy? dy dy = dx dy  dy
Shxf X~ t X =t y—=0Ddx + 2y X — 4 x—=+y =0
L s i T Yy X T e Y

dy dy —(4x+y)

522y +x)=—(4x+y)s>—==—" "2
dx(y *) (4x +) dx (2y+x)
Problem-3: Find 2, ifZ + siny = k
dx x

Answer: Given that % +sin?y =k
Differentiating both sides w. r. t. x we get.

y ) dy . ;
A() , deiny) _dk x5y dGin’y) desiny) dy

dx dx dx x? d(siny) dy dx

@y _ Yy
dx (x+x2sin 2y)

= 0

4y _ 29 g 4y _ 2 g 4y _
=>xT—yt+x ZSmy.cosydx—O:(x+x SLnZy)dx_y
Problem-4: Find %, if x3+x%y + cos(xy) +y3 =81

Answer: Given that x3 + x?y + cos(xy) + y3 =81
d(x® + x%y + cos(xy) + y3)
=

dx =0
dx®  d(x? d d diy®) d
L4 dy)  dicos(y)} dlxy) dG7) dy
dx dx d(xy) dx dy dx
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d d d
= 3x% + (xzd—y+y(2x)> — sin(xy) X (xd—y+y) + 3y2d—y =0
24y _

I =0

,d
= 3x% +x dy + y(2x) — xsm(xy) — —ysin(xy) + 3y

= (By?+x?—x sin(xy))a = ysin(xy) — 3x? — 2xy

dy ysin(xy)—3x* —2xy
dx  (3y? + x2 — x sin(xy))
The derivative of logarithm and exponential functions

We have learned about the derivatives of the functions of the form{f(x)}*, n/®, where f(x) is a function
of x and n is the constant. In this section, we will mainly discuss derivatives of the functions of the form
{f (x)}9®where f(x) and g(x) are functions of x. To find out the derivative

Lety = f(x)9%)

Taking logarithm both sides we get

= logy = g(x).log{f (x)}
Differentiating w. r. t. x we get

1d
;d_y =900 X 7o ( ) X f/(x) + log{f ()} X g/(x)
d
5 % = {96 x 775 ( o f/(x) + log{f () x /)
= )9 {g00) x 7 X 1) + log W} x 9/ )

Alternately, we can write
y = f(x)9®) = 9(x)log{f ()}

d
di’ — £9(0).10g{f(x)} {g(x) VL

/ /
f( X 1) +log £ ()} x /()]

= F)9 {gx) X 75 X 1) + Log (£ () % 9/ (0]
Problem-1: Find the der|vat|ve of y=x*
Method-1
Answer: Giveny = x* -------- (i)

Taking log both sides we get
= logy =xlogx
Differentiating both sides with respect to x we get
R d(logy) d(xlogx)

dx dx
d(logy) dy  d(logx)
= ay X - e + (log x).1
! X @ _ 1 +1
Mar i X 0g x

= Z_i: =y +logx) = Z—z =x*(1+ logx) from equation (i)
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Method- 2
Giveny = x*
>y = elogxx — pXlogx
Differentiating with respect to x we get
d de*°9*  d(xlo
Y _ , dxlog x)
dx d(xlogx) dx

dy xlog x { d(log x) dx} dy xlogx (x ) dy x
> = = X 1x ———= — === = = ==
€ X = + log x = € . + log x X a1+

log x)
Problem-2: Find the derivative of y = (sin x)!°9~*
Answer: Given that y = (sinx)9*
>y= e(logx)(logsinx)

dy  d(ellog™logsinxy) ><d((logx)(logsinx))

> =
dx  d((log x)(logsinx)) dx
dy . d(logsinx) d(sinx) dlogx
—7 — ,(logx)(logsinx) l . % I .
B dx ¢ { Yy d(sinx) dx +logsinx dx

= y_ (sinx)to9* {loﬂ X cos x + logf x}
dx sinx
Problem-3: Find the derivative of y = (log x)* + x!°9~*
Answer: Given that y = (log x)* + x!09~*
S>y= ex(loglog x) + e(log x)(log x)

Differentiating with respect to x we get
dy  d(ex(09'090) d(x(loglogx)) d(e®9®*) d(logx)?
= X X

dx ~ d(x(loglog x)) dx d(log x)? dx
dy _ X(|Og Iog X) d(loglogx) _ d(logx) dx (Iog X)2 d(log x)? d(log x)
= dx € {x d(log x) X dx t (lOglOg x) dx}+ g {d(log x) X dx }

1 x1+l l }+ logx{ZZogx}
el oglog xt + x .

dy .
= — = (log x) xlog

dx

2log x}

= _ (log x)* {L + loglog x} + xlog* {
dx log x x

Alternate method :

Given that y = (log x)* + x'°9*
Letu = (logx)*________ (1) and? = P L — (2)
So the above equation becomes y = u + v
‘ ot dy _duw  av *
Differentiating w. r. t. x we get ool s (*)

Taking log both sides in equation (1) we get
= logu = x(loglog x)
Now, differentiating uwith respect to x, we get
d(l d d(logl d(l
_ dlogw) du  d(loglogx) d(logx)
du dx d(log x) dx

dx
+ (loglog x) Tx
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1 du b
=>—X—=
u dx logx

S (1 + (loglogx))
= “\log x (loglog x)

1
X p + (loglog x)

> Z—Z = (log x)* (@ + (loglog x)) -------------- (3)
Again taking log both sides in equation (2) we get
= logv = (log x)(log x)
Now, differentiating uwith respect to x, we get
s d(log v) y v _ xd(log x)? y d(log x)
dv dx d(log x) dx

:>1><dv—21 ><1
v odx (log x) x

dv 2logx dv 2logx
> L= p (220X) 5 &0 = ylogx (200X} (g
dx X dx

Hence equation (*) becomes
d 1 21
é = (log x)* (m + (loglog x))+xl°gx (—ng)

X

Problem-3: FindZ—z if x¥ +y*=2.

Answer: Given that x¥ + y* = 2

So, the above equation becomes u + v = 2
. . du  dv
Differentiating w. r. t. x we get e 0------------ (3)

Now, in equation (1) taking the log on both sides we get
logu =ylogx
Differentiating w. r. t. x we get
d(logu) du d(log x d
=>(g)x_=y(g)+ y

du dx dx logx%
:lx—u=yl+ logxd—:d—u=u<yl+logxd—y>
u d d dx dx
=>Z—Z=xy(y§+logxz—z) ------------------ (4)
Again, in equation (2) taking the log on both sides, we get
logv=xlogy
Differentiating w. r. t. x we get
. d(log v) o ﬁ _ xd(log y)d_y logyd—x
du dx dy dx dx
zlx@= xld—y+logy :@= v(xld—y+logy>
v dx ydx dx ydx
=>%=y" (xiz—zﬂogy) ------------------ (5)

So equation (3) becomes
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y(y1 dy 1dy -
X (y;+logx&j+yx(xydx+logy)-0

V1, Y i0qx Y x-19Y | x _
:>(y.x + X Iogxdxj+(x.y =t logy)—O

d
= d—z(xy logx +x.y* 1) = —(y.x?" + y*log y)
dy —(yx?"'+y*logy)
dx (x¥logx + x.y*"1)

Problem-4: FindZ—zif (cos x)? = (siny)”*.

Answer: Given that (cos x)Y = (siny)*
Taking log both sides we get

= ylog(cosx) = xlog(siny)
Differentiating w. r. t. x we get

d{log(cosx)} d(cosx) dy d{log(siny)} d(siny) dy
X [ — = X X —+1 [
d(cos x) dx +log(cosx) dx x d(siny) dy dx +log(siny)
—ysinx dy xcosy dy )
P + log(cos x) dx siny X I + log(siny)

d
= (log(cosx) — xcoty) % =ytanx + log(siny)
dy ytanx +log(siny)
dx  (log(cos x) — x cot y)
_ (Vi=x®)(2x-3) /3
T 2
1
Vi=x2)(2x-3)"
Answer: Given thaty = (Vi x2)(2x2 .
(x242)"/3
Taking log both sides we get

= logy = log {(\/ 1-— x2) (2x — 3)1/3} —log(x? +2)"/3
= logy = log(1 — x2)72 + log(2x — 3)'/3 — log(x? + 2)*/3

Problem-5: Find 2 if y
dx

1 o1 2
:>logy=§log(1—x )+§l0g(2x—3)—§l0g(x +2)

Differentiating w. r. t. x we get
d(logy) dy
> ——""X—
dy dx

1d{log(1 —x?)} d(1—x?) 1d{log(2x—3)} d(2x—3)
) d(1—x2?) % dx 3 d(2x —3) % dx
2d{log(x*+2)} d(x?*+2) 1 dy —2x 2 2 X 2x
T3 Az +2) N dx oy ax 2=+ T3@x=3) 3@ +2)
R d_y _ y( —X N 2 B 4x )
dx (1-x2) 3(2x-3) 3(x%2+2)
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dy (W)(Zx — 3)1/3 —X 2 4x
Tdx ( 2+ )((1 x5 "32x-3) 3G+ 2))
Derivatives of Functions in Parametric Forms:
If x and y are two functions of a third variable t, say x = f(t) and y = g(t) the functions x and y are
called parametric functions, and t is called the parameter.

Here x = f(t) and y = g(t) is called parametric form. To find Z—z

dy dy dat 2
Here X =2 & — 4
dx dt dx T

Working Rule for finding Z—z when the Parametric Equations are Given

To find the derivative of a function in parametric form, we have the working rule

Step | Write the given parametric form of the equation say x = f(t) and y = g(t)

Step Il Find L ond &
dt dt

dy
ind 2 usi W _ G oo iied &
Step Il Find -, Using the formulae — % , provided ” =0

Example:

Ifx =logt+sint,y = et+cost.find3—i

Solution

. dx 1 d )
x=logt+smt-‘-d—:=;+cost andy=et+cost.'.d—3t’=et—smt
dy t . t .

dy 5 e —sint t(e* —sint)

dt t

Problems based on derivative of a function w.r.t other function.
Working Rule:
1.  If the derivative of f(x) w.r.t g(x) is to be determined, then let u = f(x) and v = g(x)

. du dv
2. Find —and —
dx dx

du

— dx

3. Now — = E

dv
dx

Example: Find the derivative tan x with respect to sin x.
Ans:

du . dv
Now — = sin? x and — = cos x
dx dx

du 2
-du_dx_sec X 5
e = Ssecx

dv % coSs x

dx

, . .d
Let u = tan x and v = sin x we have to find ﬁ
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Example:
Ifx =a(@ —sinB),y = a(l — cos 0) findZ—zat 6 = %

Solution:

Givenx = a(f — sin6) :Z—za(l—cose) andy = a(1 — cos 0) =>Z—z= asin®

dy i i . T
dy a0 asin@ sin@ T dy sinz
'.'__H: = Ate:—,—: = =
dx = a(l-cos0) 1—cos @ 2 dx 1—6055

Second-Order Derivatives:

Definition

If a function f(x) is differentiable, then it's derivative f'(x)is called the first-order derivative of f. If f'(x) is
again differentiable, then its derivative is called the second-order derivative of f.

Notations:

(i) First-order derivative of y = f(x) can be denoted by f'(x)or % ory,ory’

(ii) Second-order derivative of y = f(x) can be denoted by f"(x) ordz—yor ory"
y 2z ory20rYy

Working Rule for Computation of Second-order derivative:

To compute the second-order derivative of any function(except the function in the parametric form) we
first compute the first-order derivative and then differentiate again to get the second-order derivative.

For the function in parametric form:

If x and y are functions of a third variable t (called parameter), then first find %and%and then, find Z—z

using the formula.

., d%y .
To find —o2 use the following
dz_y:i@_y) :i(d_y) ﬁzi(d_y) 14
dx? dx\dx/ dt\dx/) dx dt\dx/ &
dx
Example: Find the second-order derivative of tan~! x .
Solution:
lety = tan"tx
dy _ 1
dx ~ 1+x2
d’y d ( 1 )
dx?  dx\1+ x2
d(1+x?)"1d
)4
d(1+ x?) dx
_ 2y—2 _ 2x
=D +x°)"%2x= T
Example:
(0 — i) a(1 4 Al fing
Ifx =a(@ —sinf),y = a(1l — cos ) find — Also, find 2
Sol:

dx d .
Now, = = a(1 — cos 0)and = = a sin 8
ae dx
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dy i Zsingcosg
Now, %Y — 28 _ _@asnbf _ 22— cot—
’ =dax — — = 0
dx = a(l-cos8) 2 sin22 2
2

Again, differentiating both sides w.r.t to x, we get

d%y d( 9)= d( 9).‘1(2)

axz - ax\0t3

__= 27 4
2cosec 2 a(l—cos9)

1 ,0 1 1 ,0
= 2cosec 2.2a5in2§— 4acosec )

EXAMPLE:
If y = tan™! x, then prove that (1 + x?)y, + 2xy, =0

Solution.

Giveny = tan™ 1 x
1
1+x2

1+x)y; =1

Differentiating both sides w.r.t x, we get y; =

Differentiating w.r.t x we have
1+ x*)y, +y:(2x) =0
(1+x2)y, +2xy, =0
Rolle’s And Lagrange’s Mean Value Theorem
Introduction:
In this section, we will discuss two important theorems of Calculus, which are Rolle’s and Lagrange’s Mean
Value Theorem. These theorems have some important applications relating to the behaviour of fand f.

. . d
We have already discussed that geometrically ﬁ or f'(x) represents the slope of the tangent to the curve

y = f(x) at the point (x,y) or (x,f(x))on the curve as shown in the figure.

(., f(x))

Slope = 0

19 :
Rolle’s Theorem
Statement: Rolle’s Theorem state that

Let f: [a, b] = Rbe a function such that

(i) f is continuous on the closed interval [a, b].

(ii) f is differentiable in open interval (a, b).

(iii) f(a) = f(b).

Then there exists a real number ¢ € (a, b)such that f’(c) = 0.
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Geometrical Interpretation of Rolle’s Theorem

Let f:[a, b] — R all the three conditions of Rolle’s theorem

Geometrically f(x) is a real-valued function defined on [a, b] such that

(i) The curve y= f(x) is continuous between the points A(a, f(a)) and B(b, f (b))

(ii) The curve y = f(x) has a unique tangent (with finite slope) at every point between A and B. And
(iii) The ordinates of the curve y = f(x) at the endpoints of the interval [a, b] are equal.

Then there exists at least one point ¢ € (a, b) on the curve between A and B where the tangent is parallel
to the x-axis.

i.e. The slope of the tangent is 0.
In other words, there exists at least one point ¢ € (a, b)such that f'(c) = 0.
In the figure, there are two points (cy, f(c;))and(cy, f(cz))on the curve between A and B where the

tangent is parallel to the x-axis.
y=[(x)

Lagrange’s Mean Value Theorem(LMVT)

Statement: Letf: [a, b] - R be a function such that
(i) f is continuous on the closed interval [a, b]. and
(ii) f is differentiable in open interval (a, b).

Then, there exists a real number ¢ € (a, b)such that f'(c) = %

Geometrical Interpretation of Lagrange’s Mean Value Theorem
Let f: [a, b] = Rsatisfy both the conditions of Lagrange’s MVT.
Geometrically, f(x) is a real-valued function defined on [a, b] such that
(i) The curve y = f(x) is continuous between the points A(a,f(a))andB(b,f(b))
And (ii) the curve y = f(x) has a unique tangent ( with finite slope ) at every point between A and B.
Then there exists at least one point (c,f(c)) on the curve between A and B where the tangent is parallel to

the secant AB. i. e slope of the tangent is equal to the slope of the secant AB given by % .
In other words, there exists at least one point ¢ € (a, b)such that f'(c) = %.

In this figure, we see that there is one point (c,f(c))on the curve between A and B where the tangent is

parallel to the secant joining the endpoints A and B of the curve.
Yy = »/-(.I'}
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Problem:

Verify Rolle’s theorem (If applicable) for the function f(x) = x3 + 3x? — 24x — 80 on [—4,5].
Solution:
Given f(x) = x3 + 3x% — 24x — 80 on [—4,5]
Clearly f(x) is defined for all x € [—4,5]
Since a polynomial function is continuous and differentiable everywhere.
Therefore, (i)  f(x) is continuous on [—4,5]
(i) f(x) is differentiable on (-4,5) and f’(x) = 3x? + 6x — 24
(i) f(=4)=0,f(5) = 0sof(=4) = f(5),
Since, the conditions of the Rolle’s theorem are satisfied
To prove there exist at least one value of ¢ € (—4,5)such that f'(c) =0

For f'(c) =0

=>3c2+6c—24=0 =>c?2+2c—-8=0

>c=-42 =>c=2€(-45)

Hence, Rolle’s theorem is verified for f(x) = x3 + 3x2? — 24x — 80 on[—4,5]
Problem:

Verify Lagrange’s mean value theorem for f(x) = 3x? — 5x + 1 defined in the interval [2,5].
Solution: Given that f(x) = 3x? — 5x + 1on [2,5]

f(x) is defined for all x € [2,5]

Since the polynomial function is continuous and differentiable everywhere.

Therefore, (i) f(x) is continuous on [2, 5]

(i) f(x) is differentiable on (2, 5) and f(x) = 6x — 5

Since, the conditions of Lagrange's mean value theorem are satisfied.

Then, there must exist at least one value ¢ € (2,5) such that f'(¢) = %
N 6c—5=513—‘3 = 6c—5= 16 >c=12€(25)

Hence, Lagrange's mean value theorem is verified for f(x) = 3x% — 5x + 1on[2,5].
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