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What we expect to learn? MDNALGESUﬁ

* Learn about finding the principal value branch of an Inverse Trigonometric Function
** Learn about drawing the graph of Inverse Trigonometric Functions

% Learn about properties of Inverse Trigonometric Functions and their limitations.

% Learn about reducing the Inverse Trigonometric Functions in the simplest form.

** Learn about the use of properties of inverse trigonometric functions in different questions
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In previous chapter, we have studied about the existence of inverse of a function. In this chapter,
we shall study about the restrictions on domains and ranges of trigonometric functions, which

ensure the existence of their inverse and to study their properties.
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We know that trigonometric functions are periodic functions and hence in general all trigonometric
functions are not bijections, consequently their inverse do not exist. However if we restrict their

domains and co-domains, they can be made bijections and we can obtain their inverses.



. IR 0DM=4»
Domain and Range of Trigonometric functions

EDUCATIONAL GROUP

I i o Tovrsornow il

Function Domain Range
sin x R [-11]
COS X [-1.1]
tan x R - { 2n+1—nez} R
cot X R-{x:x=nmnez} R
secx R- {x =(2n+1)= nez} R-(-11)

cosec X R—{x:x=nm, nez} R-(-11)



Domain, Principal value branch (Range) of inverse

Trigonometric Functions

Function Domain  Principalvalue(Range)
T
[ = qi -1 —1,1 [__,_
(Dy =sin""x [—1,1] )
(ii)y = cos™1x [—1,1] [0, ]
(iii)y = tan™ 1 x R (—E E)

Y= 2’2
(iv)y = cot 1 x R (0,m)

T

(v)y=sec’'x R-(-1,1) [0, 7] — {E}

(vi)y=cosec™'x R-(-1,1) [—— —| — {0}
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o N o 1 . .
> sin"lx # (sinx) torsin lx # ——. These relations also hold for other inverse

trigonometric functions.

» Whenever no branch of an inverse trigonometric function is mentioned we consider
the principal value branch of that function.

> If sin"lx =y, then x and y are the elements of domain and range of principal vale
branch of sin™! x respectively.

> Ifsiny =xthensin™lx =y.

. T 1 . 1 1 Vs
For example, sin—-=-=sin" " |=) =—
6 2 2 6
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Graphs of Inverse Trigonometric Functions
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rapn or sinxana sin X — g your Tomorrow 8

y

j 1_

: _:__:1___ : :
_Ir
2
y = sinx y =sin~x
Remember:

The graphs of y = sinx and y = sin™! x are mirror images of each other in the line mirrory = x
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Graph of cos x and cos™
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Graph of tan x and tan
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y=tan"lx
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Graph of cot x and cot ! x
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arccot(x)

2W¥

4 3 2 -1 12 3 4 7

y =cot lx



Graph of sec x and sec™

1

X
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Graph of cosec x and cosec™

g
e 0 . X
“2x 3w g = x g 3m 21
A 73
2.-

Yy = cosecx

Note:-

The graph of an inverse trigonometric function can be
function by interchanging the coordinate axes.
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Arcescx

_________________________

1

y = cosec " x

obtained from the graph of the original
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1. The domain of sin~1 2 x is

() [0,1] (b) [-1,1] © |33 (d) [-2,2]

2°2

2. The domain of cos™1(x? — 4) is
(a) [3,5] (b) [0, ]
(c) [-V5,—V3] n [-V5,V3] (d) [-V5,—V3] U [V3,V5]

3. Find the principal values of the following

(a) sin~t (\/—15) (b) sin [cos‘1 G)] (c) cot™ (— \/_15)
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Elementary Properties of Inverse Trigonometric
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Property—-1

> sin~1(sin6) = 0 where 6 € [—%,g]

> cos 1(cos @) = 0 where 6 € [0, ]

> tan~1(tan) = O where 8 € (—%,g)

> cot 1(cotB) = 6 where 8 € (0,m)

T

> sec !(secO) = 0 whered € [0,7] — {5}

> cosec 1(cosech) =60 wheref € [—%,g] — {0}



EXAMPLE

Evaluate the following

(a) cos ™! (cos %)
(b) sin™?! (sin 2?”)
(c) tan™t (tan %n)

(d) sin~t(sin 3)
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Property — 2

> sin(sin"!x) = x wherex € [-1,1]

> cos(cos™'x) = x where x € [—1,1]

> tan(tan 'x) = x wherex € R

> cot(cot ™' x) = x wherex € R

> sec(sec™1x) =xwherex € R —(—1,1)

> cosec(cosec tx) =xwherex € R —(-1,1)
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Evaluate:-
(a) tan (tan'1 E) (b) sin (sin‘1 i)
4 13

(c) sin (cos‘1 g) (d) cos (cot‘1 1;5)
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Find the value of the expression sin[cot *{cos(tan™! 1)}]
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Property -3

» sin"i(—x) =-sin"tx,x € [-1,1]

» tan Y(—x)=—tan"'x,x ER

= cosec (—x)=—cosec lx,x € (—o0,—1] U [1,»)

» cos i (—x)=m—costx,x € [-1,1]
» sec’l(—x)=m—sec lx,x € (—o,—1] U [1,0)

» cot ™Y (—x)=m—cot™'x,x€ER



0DN=4

EXAMPLE EDUCATIONAL GROUP

I i o Tovrsornow il

Find the principal value of

(a) sin™?! (— \/—15)

(b) cot~*(—V3)
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Property -4

= sin? G) =cosec lx,x € (—o,—1] U [1, )
= cos™! G) =sec™1x,x € (—,—1] U [1, )

X

1 (1) cot™lx, x>0
= tan"1(-) = 1
—m+cot™Tx, x<O0
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Property -5
» sin"lx+cosTlx = %,x € [-1,1]

» tan'x+cot™lx = g,x ER

» seclx+cosec lx = g,x € (—o,—1] U [1,0)
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If —1 < x,y <1,suchthatsin™tx +sin 1y = g, find the value of cos 1 x + cos™1y
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T
Ix == thenx =
6

1. Ifsin™tx — cos™
(a) 2 (b) ? () -2 (d) None of these

2. If4cos 1 x + sin~! x = &, then the value of x is

OF (b) 75 (0% (d) =

_ 51 . - . 5m\ .
3. The value of cos™1 (cos ?) + sin~1 (sm?) is

@) (b) (€)% (d) Zero
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—1( xty .
tan (—1_xy), if xy<l1
- - - + .
> tan"lx+tan"ly =A< n+tan1(%), ifx>0,y>0andxy > 1
— + .
—1 + tan 1(%), ifx<0,y<Oandxy >1

[ tan (ﬂ) if xy>-—1

> tanlx—tan"ly =4 n+tan‘1(x;3;), if x>0,y<Oandxy < -1

L—7T+tan_1(x_y), if x<0,y>0andxy < -1



0DN=4

EDUCATIONAL GROUP
EXAM PLE I - a g o Tomarrow Bl

-1

olN

Prove that tan™? % + tan™1 % = tan
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Solve cot™'x —cot™Y(x +2) = %
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> sin"lx+sin"ly =sin™?! (xw/ 1—y2+yVvl-— xz)

> sin"lx—sin"ty=sin"?! (xw/ 1—y2 —yVv1-— xz)
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. 177
=sin™ " —
85

. 43 . . _48
Prove that sin 1E+sm 15
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> cos™lx+cosly =cos™? (xy -y -x)(1 - yz))

> cos™lx—cos7ly =cos™? (xy +/(1-x2)(1 - yz))
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o . : 1
» 2sin~lx =sin 1(2x\/1—x2),1f—\/—5SxS—

> 3sin~tx =sin"1(3x — 4x3),if —% <x S%
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(@) 2cos™tx =cos71(2x%2 —1),if 0<x <1

(b) 3cos™tx = cos™1(4x3 — 3x), if % <x<1
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Property - 11

2x

(a)2tan‘1x=tan‘1(1 )if—l <x<1

—x2

3x—x

1, — pon—1 Vi L 1
(b) 3tan™" x = tan (1_3x2>1f \/§<x<\/§

- 1 ( 2x 1 [1-x2
(c) 2tan 1x=5m1( 2)=cos 1( 2)
1+x 1+x
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Property - 12

- - _ _1 V1—x?2 _ 1 _1(1
(@) sin"'x = cos™1V1 —x2 = tan 1( = cot™? xx = sec 1(—)zcosec 1(;)

=)

(b) cos™tx = sin"1V1 — x2 = tan™? (m)

- o () s ()= one ()
cot (\/1_—?62 sec . cosec N

(c) tan tx = sin™1 (\/%) = cos~! ( Tlpr) = cot™! (l) = sec (V1 +x2) =cose c‘l( 1:x2>

X
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Prove that

3 _117 T 11 -1 1 T
S—tan l==- (b)ydtan 1= —tan 1 —=-
5 31 4 5 239 4

(a) 2 sin™ 1t
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a—-b

1 2a —c -1 1-b -1 2X
1+ab

S n
+a? 1+b2 1-x2'

then prove that x =
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. 15 13\ 63
Prove that tan (sm 1= 4 cos™1 —) = —
13 5/ T 16
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1. Simplify tan™ ' 2x + tan™ 13 x = %

cos x ) -1

2. Expresstan™?! ( e <x< %in the simplest form

1-sin x

3. Find the value of cot (% —2cot™ 1! \/§)
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Problem-1

1

Express tan™ |x| > 1 in the simplest form

1
VxZz-1’

NOTE:

It is advised you to substitute

(i) x = sin@/cosO if V1 — x2 term exists
(ii) x = secO/cosecH if Vx2 — 1 term exists
(ii) x = tanf/cot0 if Vx2 + 1 term exists
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acos x—b sin x

Simplify tan™! ( ) , if%tanx > —1

b cos x+a sin x
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_ 1 4 (1-x
Prove that tan™1y/x = ~cos 1 (E)
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14+x2
2+x2

Prove that cos[tan™ {sin(cot™1x)}] =
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Prove that cot =17 + cot™18 + cot~118= cot~13
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_ _ 2
Solve for x: tan™! (x—)+ tan™1 (i) =2 x| <1
3 x+3) " 4



0DM=4»

Problem-7 EDUCATIONAL GROUP

I i o Tovrsornow il

1 _ 1 _ 2b
Prove that tan [E +-cos™?! g] + tan [E —Zcos™1 9] ==
4 2 b 4 2 b a
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\/1+x—\/1—x) T 1 1

—p(Vitxvimxy w1 -1, L oo
1. Prove that tan (mh/m " 2cos X \E_x_l

41 12 1
2. Prove that tan 1Z+tan 15=Etan

3. ftan lx + tantly = %; xy < 1, then write the value of x + y + xy

4. Solve forx, cos(2sin™1x) = %,x > 0

. _ f1—
5. Simplify tan™! [—= x <7
1+cos x

6. Solveforx, tan 1(x + 1) + tan ™ *(x — 1) = tan™? %, 0<x<1
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