
CONTINUITY

SUBJECT : MATHEMATICS

CHAPTER NUMBER:5

CHAPTER NAME : CONTINUITY AND DIFFERENTIABILITY



What we expect to learn?

. ● Students will be able to learn about the continuity of a function.

● Students will learn algebra of continuous functions.

● Students will learn about differentiability.

● Students will able to find derivative of composite functions, implicit functions.

● Students will able to find derivative of trigonometric functions, inverse trigonometric functions.

● Students will able to find derivative of logarithmic and  exponential functions.

● Students will learn about finding derivative of functions in parametric form.

● Students will able to find second order derivative.

● Students will learn about Rolle’s theorem and Mean value theorem with verifications.



INTRODUCTION

In this chapter we will discuss two very important concepts of mathematics continuity and

differentiability of real functions. Also discuss the relation between them. In order to understand these

concepts well one should have the knowledge of the concept of limits which was in Class – XI



Limit

Let 𝑎 ∈ 𝑅 and ‘𝑓’ be real-valued function in real variable 𝑥 defined at the points in an open interval

containing ‘𝑎’ except possible at ‘𝑎’. Then we say that limit of the function 𝑓(𝑥) is a real number 𝑙 as x

tends to ‘𝑎’. If the value of 𝑓(𝑥) approaches 𝑙 as x approaches ‘𝑎’. Which is denoted by lim
𝑥→𝑎

𝑓 𝑥 = 𝑙

Here 𝑥 can approach ‘𝑎’ on a real number line in two ways, either from the left or from the right of 𝑎. This

leads to two limits as the left-hand limit (LHL) and the Right-hand limit (RHL).

The left-hand limit is the value of f(x) approaches 𝑙 as x approaches ‘𝑎’ from the left of 𝑎. It is denoted by

lim
𝑥→𝑎−

𝑓(𝑥)

The right-hand limit is the value of 𝑓(𝑥) approaches as x approaches ‘𝑎’ from the right of ‘𝑎’. It is denoted

by lim
𝑥→𝑎+

𝑓(𝑥)



Existence of Limit

Whenever lim
𝑥→𝑎+

𝑓(𝑥) = lim
𝑥→𝑎−

𝑓(𝑥) = 𝑙

Then lim
𝑥→𝑎

𝑓 𝑥 exists and lim
𝑥→𝑎

𝑓 𝑥 = 𝑙

𝐿𝐻𝐿 = lim
𝑥→𝑎−

𝑓(𝑥) = lim
ℎ→0

𝑓(𝑎 − ℎ)

𝑅𝐻𝐿 = lim
𝑥→𝑎+

𝑓(𝑥) = lim
ℎ→0

𝑓(𝑎 + ℎ)



Some Important Results on Limit

a) lim
𝑥→0

sin 𝑥

𝑥
= 1 b) lim

𝑥→0

tan 𝑥

𝑥
= 1

c) lim
𝑥→0

𝑒𝑥−1

𝑥
= 1 d) lim

𝑥→0

𝑎𝑥−1

𝑥
= 𝑙𝑜𝑔𝑎

e) lim
𝑥→0

log(1+𝑥)

𝑥
f) lim

𝑥→𝑎

𝑥𝑛−𝑎𝑛

𝑥−𝑎
= 𝑛. 𝑎𝑛−1

g) lim
𝑥→0

sin−1 𝑥

𝑥
= 1 h) lim

𝑥→0

tan−1 𝑥

𝑥
= 1



Some Important Results on limit

If 𝑎 ∈ 𝑅 and 𝑓, 𝑔 be real valued functions then

a) lim
𝑥→𝑎

𝑘. 𝑓 𝑥 = 𝑘 lim
𝑥→𝑎

𝑓(𝑥)

b) lim
𝑥→𝑎

𝑓 𝑥 + 𝑔(𝑥) = lim
𝑥→𝑎

𝑓(𝑥) + lim
𝑥→𝑎

𝑔(𝑥)

c) lim
𝑥→𝑎

𝑓 𝑥 × 𝑔(𝑥) = lim
𝑥→𝑎

𝑓(𝑥) × lim
𝑥→𝑎

𝑔(𝑥)

d) lim
𝑥→𝑎

𝑓(𝑥)

𝑔(𝑥)
=

lim
𝑥→𝑎

𝑓(𝑥)

lim
𝑥→𝑎

𝑔(𝑥)
, lim
𝑥→𝑎

𝑔(𝑥) ≠ 0



Intuitive Idea of continuity

Let ‘𝑓’ be a real valued function in any interval and let 𝑦 = 𝑓(𝑥) . Then we can represent the function by a

graph in 𝑥𝑦 –plane. The function ‘𝑓’ is continuous when we try to draw the graph in one stoke, i.e without

lifting pen from the plane of paper. Roughly, a function is continuous if its graph is a single unbroken curve

with no holes or jumps.



Intuitive Idea of Continuity

From the above idea the function shown in figure 10.1 is continuous.

The function shown in fig 10.2 has a hole at a point and hence not continuous. 

The function shown in fig. 10.3 has a jump at a point and hence is not continuous.



Different types of Discontinuity



Mathematical Definition of Continuity

A function 𝑓:𝐷 → 𝑅 is said to be continuous at 𝑥 = 𝑐

i.e. if lim
𝑥→𝑐−

𝑓 𝑥 = lim
𝑥→𝑐+

𝑓 𝑥 = 𝑓 𝑥

i.e. LHL = RHL = Functional value

Otherwise the function will be discontinuous at 𝑥 = 𝑐

𝑓: 𝐷 → 𝑅



Conclusion

As the function 𝑓(𝑥) is continuous at 𝑥 = 𝑎 if 𝐿𝐻𝐿 = 𝑅𝐻𝐿 = 𝑓(𝑎)

But we know that when 𝐿𝐻𝐿 = 𝑅𝐻𝐿 = 𝑙 (say)

Then                       exists  and

Thus the function f(x) will be continuous at 𝑥 = 𝑎 if

i.e. Limiting value = Functional value.

lim
𝑥→𝑎

𝑓 𝑥 lim
𝑥→𝑎

𝑓 𝑥 = 𝑙

lim
𝑥→𝑎

𝑓 𝑥 = 𝑓 𝑎



Example

Examine the continuity of the function 𝑓 𝑥 = 2𝑥2 − 1 𝑎𝑡 𝑥 = 3



Example

Check the continuity of the function 𝑓 𝑥 = ቊ
3𝑥 + 5, 𝑖𝑓𝑥 ≥ 2

𝑥2, 𝑖𝑓𝑥 < 2
𝑎𝑡 𝑥 = 2



Assignment

1. Find the value of 𝑘 so that the function continuous at 𝑥 = 2

𝑓 𝑥 = ቐ
2𝑥 + 1, 𝑥 < 2
𝑘, 𝑥 = 2
3𝑥 − 1, 𝑥 > 2

.

2. Examine the continuity of the function 𝑓 𝑥 = 5𝑥 − 3 𝑎𝑡 𝑥 = −3
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Example:

Show that the function 𝑓 𝑥 = ൝
2𝑥2−3𝑥−2

𝑥−2
, 𝑖𝑓𝑥 ≠ 2

5 𝑖𝑓𝑥 = 2
𝑖𝑠 𝑐𝑜𝑛𝑡𝑖𝑛𝑢𝑜𝑢𝑠 𝑎𝑡 𝑥 = 2



Example:

Discuss the continuity of 𝑓 𝑥 when 𝑓 𝑥 = ൞

1−cos 2𝑥

𝑥2
, 𝑖𝑓 𝑥 ≠ 0

5 , 𝑖𝑓 𝑥 = 0 at 𝑥 = 0.



Example:

Find the value of k so that the function                                                  is continuous at 𝑥 = 2.𝑓 𝑥 = ൞
2𝑥+2 − 16

4𝑥 − 16
, 𝑖𝑓 𝑥 ≠ 2

𝑘, 𝑖𝑓 𝑥 = 2



Definition

A real function ‘𝑓’ is said to be continuous if it is continuous at every point in the domain of ‘𝑓’.

Suppose ‘𝑓’ is a function defined on a closed interval [a , 𝑏],then for ‘𝑓’ to be continuous, it

needs to be continuous at every point in [a , 𝑏], including the end points 𝑎 and 𝑏.

Example:- Prove that the constant function 𝑓(𝑥) = 𝑘 is continuous.



List of Some Continuous Functions

Sl.

NO.
Function f(x) Interval in which f(x) is continuous

1. Constant function 𝑓(𝑥) = 𝐶 −∞,∞

2. 𝑥𝑛, 𝑛 𝑖s an integer ≥0 −∞,∞

3. 𝑥−𝑛,n is a positive integer −∞,∞ − 0

4. 𝑥 − 𝑎 −∞,∞

5. 𝑃 𝑥 = 𝑎0𝑥
𝑛 + 𝑎1𝑥

𝑛−1+. . . +𝑎𝑛 −∞,∞

6.
𝑝 𝑥

𝑞 𝑥
where p(x) and q(x) are polynomial in x −∞,∞ − 𝑥; 𝑞 𝑥 = 0

7. 𝑠𝑖𝑛 𝑥 −∞,∞

8. 𝑐𝑜𝑠 𝑥 −∞,∞

9. 𝑡𝑎𝑛 𝑥 −∞,∞ − 2𝑛 + 1
𝜋

2
: 𝑛 ∈ 𝐼

10. 𝑐𝑜𝑡 𝑥 −∞,∞ − 𝑛𝜋: 𝑛 ∈ 𝐼

11. 𝑠𝑒𝑐 𝑥 −∞,∞ − 2𝑛 + 1

12. 𝑐𝑜𝑠𝑒𝑐 𝑥 −∞,∞ − 𝑛𝜋: 𝑛 ∈ 𝐼

13. 𝑒𝑥 −∞,∞

14. 𝑙𝑜𝑔𝑒 𝑥 0,∞



Algebra of Continuous Functions

Suppose 𝑓 and 𝑔 be two real functions which are continuous at 𝑥 = 𝑐 then

➢ 𝑓 + 𝑔 is continuous at 𝑥 = 𝑐

➢ 𝑓 − 𝑔 is continuous at x=c

➢ 𝑓. 𝑔 is continuous at 𝑥 = 𝑐

➢
𝑓

𝑔
is continuous at 𝑥 = 𝑐 , provided 𝑔(𝑐) ≠ 0

➢ If 𝑓 𝑎𝑛𝑑 𝑔 be two functions such that 𝑓𝑜𝑔 is defined at 𝑐 and if 𝑓 is continuous at 𝑔(𝑐). Then 

𝑓𝑜𝑔 is continuous at 𝑥 = 𝑐



Example:

Show that the function defined by 𝑓 𝑥 = 𝑐𝑜𝑠𝑥 is a continuous function.  



Example:

Show that the function 𝑓 given by  𝑓 𝑥 = ቐ
𝑒 ൗ1 𝑥 −1

𝑒 ൗ1 𝑥 +1
, 𝑖𝑓 𝑥 ≠ 0

−1, 𝑖𝑓 𝑥 = 0
is discontinuous at 𝑥 = 0



Example:

If the function 𝑓 𝑥 = ቐ

3𝑎𝑥 + 𝑏, 𝑖𝑓 𝑥 > 1
11, 𝑖𝑓 𝑥 = 1
5𝑎𝑥 − 2𝑏, 𝑖𝑓 𝑥 < 1

is continuous at 𝑥 = 1, find the values of 𝑎 and 𝑏.



Assignment

1. Find 𝑘, if 𝑓 𝑥 = ቐ
𝑘 𝑠𝑖𝑛

𝜋

2
𝑥 + 1 , 𝑖𝑓 𝑥 ≤ 0

𝑡𝑎𝑛𝑥−𝑠𝑖𝑛𝑥

𝑥3
, 𝑖𝑓 𝑥 > 0

is continuous at 𝑥 = 0.

2. Show that the function defined by 𝑔 𝑥 = 𝑥 − [𝑥] is discontinuous at all integral points. 

Here [𝑥] denotes the greatest integer less than or equal to 𝑥.

3. If 𝑓 𝑥 = ቐ

1, 𝑖𝑓 𝑥 ≤ 3
𝑎𝑥 + 𝑏, 𝑖𝑓 3 < 𝑥 < 5

7, 𝑖𝑓 5 ≤ 𝑥
, Determine the values of 𝑎 and b so that the function 𝑓(𝑥) is continuous.

4. Determine the value 𝑘 so that the function 𝑓(𝑥) is continuous at 𝑥 = 0 ,  Where 

If 𝑓 𝑥 = ൞

1+𝑘𝑥− 1−𝑘𝑥

𝑥
, 𝑖𝑓 − 1 ≤ 𝑥 < 0

2𝑥+1

𝑥−1
, 𝑖𝑓 0 ≤ 𝑥 ≤ 1

.
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DIFFERENTIABILITY



DIFFERENTIABILITY OF A FUNCTION AT A POINT

A function 𝑓 is said to have a derivative at 𝑥 = 𝑎 or differentiable  at 𝑥 = 𝑎 iff  lim
ℎ→0

𝑓(𝑎+ℎ)−𝑓(𝑎)

ℎ

exists finitely. 

The value of this limit is called the derivative of 𝑓 at ‘𝑎’ and is denoted by 𝑓’(𝑎).

A function 𝑦 = 𝑓(𝑥) is differentiable at 𝑥 = 𝑎 if L.H.D. = R.H.D. at 𝑥 = 𝑎.

i.e. lim
ℎ→0

𝑓(𝑎−ℎ)−𝑓(𝑎)

−ℎ
= lim

ℎ→0

𝑓(𝑎+ℎ)−𝑓(𝑎)

ℎ



We define the derivative of the function 𝑓(𝑥) at 𝑥 = 𝑎 as:

𝑓′(𝑎) = lim
ℎ→0

𝑓(𝑎 + ℎ) − 𝑓(𝑎)

ℎ

Or     𝑓′(𝑎) = lim
𝑥→𝑎

𝑓(𝑥)−𝑓(𝑎)

𝑥−𝑎
exists finitely.

Now the question in our mind when does not exists ?

For this let us consider:

Slope of the right hand secant =
𝑓(𝑎+ℎ)−𝑓(𝑎)

ℎ
as ℎ → 0, 𝑃 → 𝐴 and 

𝑡ℎ𝑒 𝑠𝑒𝑐𝑎𝑛𝑡 𝐴𝑃 → 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑎𝑡 𝐴

⇒ The right hand derivative = lim
ℎ→0

𝑓(𝑎+ℎ)−𝑓(𝑎)

ℎ
=

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑎𝑡 𝐴 𝑤ℎ𝑒𝑛 𝑎𝑝𝑝𝑟𝑜𝑎𝑐ℎ𝑒𝑑 𝑓𝑟𝑜𝑚 𝑟𝑖𝑔ℎ𝑡 = 𝑓′ (𝑎+)

Differentiable Function



Slope of the left hand secant =
𝑓(𝑎−ℎ)−𝑓(𝑎)

−ℎ
as ℎ → 0,𝑄 → 𝐴 and 

𝑡ℎ𝑒 𝑠𝑒𝑐𝑎𝑛𝑡 𝐴𝑄 → 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑎𝑡 𝐴

⇒ The left hand derivative = lim
ℎ→0

𝑓(𝑎−ℎ)−𝑓(𝑎)

−ℎ
=

𝑆𝑙𝑜𝑝𝑒 𝑜𝑓 𝑡𝑎𝑛𝑔𝑒𝑛𝑡 𝑎𝑡 𝐴 𝑤ℎ𝑒𝑛 𝑎𝑝𝑝𝑟𝑜𝑎𝑐ℎ𝑒𝑑 𝑓𝑟𝑜𝑚 𝑙𝑒𝑓𝑡 = 𝑓′ (𝑎−)

Differentiable Function

If the lim
ℎ→0

𝑓(𝑎+ℎ)−𝑓(𝑎)

ℎ
does not exist, then 𝑓 is not differentiable at 𝑥 = 𝑎

In other words, we say that the function f is differentiable at the point ‘𝑎’ if both Left-hand derivative(LHD) 

and Right-hand derivative (RHD) are finite and equal

I.e. When LHD = RHD

⇔ lim
ℎ→0

𝑓(𝑎−ℎ)−𝑓(𝑎)

−ℎ
= lim
ℎ→0

𝑓(𝑎+ℎ)−𝑓(𝑎)

ℎ



EXAMPLE

Prove that the function𝑓 𝑥 = ቊ
1 + 𝑥, 𝑖𝑓 𝑥 ≤ 2
5 − 𝑥, 𝑖𝑓 𝑥 > 2

is not  differenttiable at  x = 2.



EXAMPLE

Show that the function 𝑓 𝑥 = ቊ
12𝑥 − 13, 𝑖𝑓 𝑥 ≤ 3

2𝑥2 + 5, 𝑖𝑓 𝑥 > 3
is   differenttiable at  x = 3.

NOTE: Differentiable functions are continuous but every continuous functions 

may or may not be differentiable.



EXAMPLE

For what choice of 𝑎 and 𝑏 is the function  𝑓 𝑥 = ቊ
𝑥2, 𝑖𝑓 𝑥 ≤ 2
𝑎𝑥 + 𝑏, 𝑖𝑓 𝑥 > 2

is  differenttiable at  x = 2.



Rules of Differentiation

For any two differentiable functions 𝑢 and 𝑣, the following rules are as a part of algebra of derivatives

▪ 𝑘𝑢 ′ = 𝑘𝑢′ , where 𝑘 is a constant

▪ 𝑢 ± 𝑣 ′ = 𝑢′ ± 𝑣′

▪ 𝑢𝑣 ′ = 𝑢′𝑣 + 𝑣′𝑢 (Product rule)

▪
𝑢

𝑣

′
=

𝑢′𝑣 − 𝑢𝑣′

𝑣2



Some formulas on Derivatives

▪
𝑑

𝑑𝑥
𝑘 = 0 ,𝑤ℎ𝑒𝑟𝑒 𝑘 𝑖𝑠 𝑎 𝑐𝑜𝑛𝑠𝑡𝑎𝑛𝑡

▪
𝑑

𝑑𝑥
(𝑥𝑛) = 𝑛. 𝑥𝑛−1

▪
𝑢

𝑣

′
=

𝑢′𝑣 − 𝑢𝑣′

𝑣2



1.
𝑑(𝑘)

𝑑𝑥
= 0 , where k is constant.

2.
𝑑(𝑥𝑛)

𝑑𝑥
= 𝑛𝑥𝑛−1

3.
𝑑( 𝑥)

𝑑𝑥
=

1

2 𝑥

4.
𝑑(𝑒𝑥)

𝑑𝑥
= 𝑒𝑥

5.
𝑑(𝑎𝑥)

𝑑𝑥
= 𝑎𝑥 𝑙𝑜𝑔 𝑎

6.
𝑑(𝑙𝑜𝑔 𝑥)

𝑑𝑥
=

1

𝑥
, 𝑥 > 0

SOME FORMULAES OF DERIVATIVE



▪
𝑑(𝑠𝑖𝑛 𝑥)

𝑑𝑥
= 𝑐𝑜𝑠 𝑥

▪
𝑑(𝑐𝑜𝑠 𝑥)

𝑑𝑥
= −𝑠𝑖𝑛 𝑥

▪
𝑑(𝑡𝑎𝑛 𝑥)

𝑑𝑥
= 𝑠𝑒𝑐2 𝑥

▪
𝑑(𝑐𝑜𝑡 𝑥)

𝑑𝑥
= −𝑐𝑜𝑠 𝑒 𝑐2𝑥

▪
𝑑(𝑠𝑒𝑐 𝑥)

𝑑𝑥
= 𝑠𝑒𝑐 𝑥 . 𝑡𝑎𝑛 𝑥

▪
𝑑(𝑠𝑒𝑐 𝑥)

𝑑𝑥
= 𝑠𝑒𝑐 𝑥 . 𝑡𝑎𝑛 𝑥

▪
𝑑(𝑐𝑜𝑠 𝑒𝑐𝑥)

𝑑𝑥
= −𝑐𝑜𝑠 𝑒 𝑐𝑥. 𝑐𝑜𝑡 𝑥

SOME FORMULAES OF DERIVATIVE



Assignment

1. Find the value of 𝑝 and 𝑞 so that the function 𝑓 𝑥 = ቊ
𝑥2 + 3𝑥 + 𝑝, 𝑖𝑓 𝑥 ≤ 1
𝑞𝑥 + 2, 𝑖𝑓 𝑥 > 1

is differentiable at 𝑥 = 1

2. Let 𝑓 𝑥 = 𝑥 𝑥 , for all 𝑥 ∈ 𝑅. Discuss the derivability of 𝑓 𝑥 at 𝑥 = 0.
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DERIVATIVE OF COMPOSITE FUNCTIONS(CHAIN RULE)



DERIVATIVE OF COMPOSITION FUNCTIONS

Let 𝑓 be the real-valued function which is the composition of two functions 𝑢 & 𝑣. i.e. 𝑓 = 𝑢𝑜𝑣.

Where 𝑢 & 𝑣 are differentiable functions and 𝑢𝑜𝑣 is also a differentiable function?

⇒
𝑑𝑓

𝑑𝑥
=

𝑑𝑢𝑜𝑣

𝑑𝑥
=

𝑑𝑢𝑜𝑣

𝑑𝑣
×

𝑑𝑣

𝑑𝑥
, Provided all the derivatives in the statement exists.

Soppose we want to find the derivative of 𝑓 where 𝑓(𝑥) = 2𝑥 + 1 3.

Now
𝑑𝑓(𝑥)

𝑑𝑥
=

𝑑 2𝑥+1 3

𝑑𝑥
=

𝑑 8𝑥3+12𝑥2+6𝑥+1

𝑑𝑥
= 24𝑥2 + 24𝑥 + 6 = 6 2𝑥 + 1 2

We observe that, if we take 𝑔(𝑥) = 2𝑥 + 1 and ℎ(𝑥) = 𝑥3

Then 𝑓(𝑥) = ℎ𝑜𝑔(𝑥) = 2𝑥 + 1 3 ⇒
𝑑𝑓(𝑥)

𝑑𝑥
= 𝑓/(𝑥) =

𝑑ℎ𝑜𝑔(𝑥)

𝑑𝑔(𝑥)
×

𝑑𝑔(𝑥)

𝑑𝑥

I.e. 𝑑(2𝑥+1)
2

𝑑(2𝑥+1)
×
𝑑(2𝑥+1)

𝑑𝑥
⇒ 𝑓/(𝑥) = 3 × 2𝑥 + 1 2 × 2 = 6 2𝑥 + 1 3

CHAIN RULE



Example

Find 
𝑑𝑦

𝑑𝑥
, if 𝑦 = 𝑠𝑖𝑛 𝑥2 + 1



Example

Find 
𝑑𝑦

𝑑𝑥
, if 𝑦 = 𝑙𝑜𝑔( 𝑡𝑎𝑛 𝑥)



Example

Find 
𝑑𝑦

𝑑𝑥
,if  𝑦 = 𝑒sin(𝑥2)



Example

Find 
𝑑𝑦

𝑑𝑥
, if  𝑦 = 𝑥2 + 𝑥 + 1 4



Example

Find 
𝑑𝑦

𝑑𝑥
, if  𝑦 =

1

𝑎2−𝑥2



Example

Find 
𝑑𝑦

𝑑𝑥
, if 𝑦 = 𝑠𝑖𝑛3 𝑥



Example

Find 
𝑑𝑦

𝑑𝑥
, if  𝑦 = 𝑙𝑜𝑔( 𝑠𝑒𝑐 𝑥 + 𝑡𝑎𝑛 𝑥)



Assignment

1.  Find 
𝑑𝑦

𝑑𝑥
, if 𝑦 = 𝑒𝑥 𝑠𝑖𝑛 𝑥

2. Find 
𝑑𝑦

𝑑𝑥
, if  𝑦 =

𝑠𝑖𝑛(𝑎𝑥+𝑏)

𝑐𝑜𝑠(𝑐𝑥+𝑑)
.

3. Find 
𝑑𝑦

𝑑𝑥
, if  𝑦 = 𝑐𝑜𝑠( 𝑥3). 𝑠𝑖𝑛( 𝑥3)
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DERIVATIVE OF INVERSE TRIGONOMETRIC FUNCTIONS

FORMULAE

1.
𝑑(𝑠𝑖𝑛−1 𝑥)

𝑑𝑥
=

1

1−𝑥2
2.

𝑑(𝑐𝑜𝑠−1 𝑥)

𝑑𝑥
=

−1

1−𝑥2

3. 
𝑑(𝑡𝑎𝑛−1 𝑥)

𝑑𝑥
=

1

1+x2
4.

𝑑(𝑐𝑜𝑡−1 𝑥)

𝑑𝑥
=

−1

1+𝑥2

5. 
𝑑(𝑠𝑒𝑐−1 𝑥)

𝑑𝑥
=

1

𝑥 𝑥2−1
6.

𝑑(𝑐𝑜𝑠 𝑒𝑐−1𝑥)

𝑑𝑥
=

−1

𝑥 𝑥2−1



SOME IMPORTANT SUBSTITUTIONS

▪ 𝑎2 − 𝑥2------------- > put 𝑥 = 𝑎 𝑠𝑖𝑛 𝜃 or 𝑥 = 𝑎 𝑐𝑜𝑠 𝜃

▪ 𝑥2 + 𝑎2------------- >    put  𝑥 = 𝑎 𝑡𝑎𝑛 𝜃 or 𝑥 = 𝑎 𝑐𝑜𝑡 𝜃

▪ 𝑥2 − 𝑎2------------ >   put  𝑥 = 𝑎 𝑠𝑒𝑐 𝜃 or 𝑥 = 𝑎 𝑐𝑜𝑠 𝑒 𝑐𝜃

▪
2𝑥

1+𝑥2
, 

2𝑥

1−𝑥2
, 
1−𝑥2

1+𝑥2
,
3𝑥−𝑥3

1−3𝑥2
------------ >   put 𝑥 = 𝑡𝑎𝑛 𝜃

▪
𝑎−𝑥

𝑎+𝑥
or 

𝑎+𝑥

𝑎−𝑥
------------ >   put  𝑥 = 𝑎 𝑐𝑜𝑠 2𝜃

▪ 2𝑥2 − 1 ------------ >     put  𝑥 = 𝑐𝑜𝑠 𝜃

▪ 1 − 2𝑥2 ------------ >     put  𝑥 = 𝑐𝑜𝑠 𝜃

▪ 3𝑥 − 4𝑥3 ------------ >     put  𝑥 = 𝑠𝑖𝑛 𝜃

▪ 4𝑥3 − 3𝑥 ------------ >     put  𝑥 = 𝑐𝑜𝑠 𝜃



Example:

Find
𝑑𝑦

𝑑𝑥
, if 𝑦 = 𝑠𝑖𝑛−1 2 𝑥 1 − 𝑥2



Example:

Find
𝑑𝑦

𝑑𝑥
, if 𝑦 = 𝑠𝑖𝑛−1

2𝑥

1+𝑥2



Example:

Find
𝑑𝑦

𝑑𝑥
, if 𝑦 = 𝑠𝑒𝑐−1

1

2𝑥2−1



Example:

Find
𝑑𝑦

𝑑𝑥
, if 𝑦 = 𝑡𝑎𝑛−1

1+𝑥2−1

𝑥



Assignment

1. Find  
𝑑𝑦

𝑑𝑥
, if 𝑦 = 𝑐𝑜𝑡−1

1+𝑠𝑖𝑛 𝑥+ 1−𝑠𝑖𝑛 𝑥

1+𝑠𝑖𝑛 𝑥− 1−𝑠𝑖𝑛 𝑥
.

2. Find 
𝑑𝑦

𝑑𝑥
,if 𝑦 = 𝑡𝑎𝑛−1

1+𝑥− 1−𝑥

1+𝑥+ 1−𝑥
.
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Derivative Of Implicit Functions

Definition:

Considering 𝑥 − 𝑦 − 2 = 0 and 𝑥 + 𝑠𝑖𝑛( 𝑥𝑦) − 𝑦 = 0

In the first case, we can solve for 𝑦 and rewrite the relationship 𝑦 = 𝑥 − 2.

But in the second case, it does not seem that there is an easy way to solve for 𝑦. When a relationship

between 𝑥 and 𝑦 is expressed in a way that is easy to solve for 𝑦 and write 𝑦 = 𝑓(𝑥), we say that 𝑦 is

given as an explicit function of 𝑥. In the 2nd case, it is implicit that 𝑦 is a function of x and we say that the

relationship of the second type mentioned above gives function implicitly.



Derivative Of Implicit Functions

Definition:

Considering 𝑥 − 𝑦 − 2 = 0 and 𝑥 + 𝑠𝑖𝑛( 𝑥𝑦) − 𝑦 = 0

In the first case, we can solve for 𝑦 and rewrite the relationship 𝑦 = 𝑥 − 2.

But in the second case, it does not seem that there is an easy way to solve for 𝑦. When a relationship

between 𝑥 and 𝑦 is expressed in a way that is easy to solve for 𝑦 and write 𝑦 = 𝑓(𝑥), we say that 𝑦 is

given as an explicit function of 𝑥. In the 2nd case, it is implicit that 𝑦 is a function of x and we say that the

relationship of the second type mentioned above gives function implicitly.



Working Rule

Given that 𝑓(𝑥, 𝑦) = 0 to find  
𝑑𝑦

𝑑𝑥

Step I  Write the given expression.

Step II Differentiate both sides of the expression with respect to 𝑥.

Step III Bring all the terms containing  
𝑑𝑦

𝑑𝑥
to L.H.S. and the remaining terms on R.H.S.

Step IV Simplify to get 
𝑑𝑦

𝑑𝑥



Example

Find 
𝑑𝑦

𝑑𝑥
, if  𝑥 + 𝑦 = 10



Example

Find 
𝑑𝑦

𝑑𝑥
, if  2𝑥2 + 𝑦2 + 𝑥𝑦 = 𝑎



Example

Find 
𝑑𝑦

𝑑𝑥
, if  

𝑦

𝑥
+ 𝑠𝑖𝑛2 𝑦 = 𝑘



Example

Find 
𝑑𝑦

𝑑𝑥
, if  𝑥3 + 𝑥2𝑦 + 𝑐𝑜𝑠( 𝑥𝑦) + 𝑦3 = 81



Assignment

1. Find 
𝑑𝑦

𝑑𝑥
when 𝑥2 + 𝑦2 2 = 𝑥𝑦.

2. If 𝑥 1 + 𝑦 + 𝑦 1 + 𝑥 = 0, then prove that 
𝑑𝑦

𝑑𝑥
= −

−1

(1+𝑥)2
.

3. If 𝑠𝑖𝑛𝑦 = 𝑥 𝑠𝑖𝑛(𝑎 + 𝑦), prove that 
𝑑𝑦

𝑑𝑥
=

𝑠𝑖𝑛2(𝑎+𝑦)

𝑠𝑖𝑛𝑎
.
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Derivative of Exponential  and Logarithmic Functions

We have learned about the derivatives of the functions of the form 𝑓(𝑥) 𝑛, 𝑛𝑓(𝑥), where

𝑓(𝑥) is a function of 𝑥 and 𝑛 is the constant.

In this section, we will mainly discuss derivatives of the functions of the form 𝑓(𝑥) 𝑔(𝑥)where

𝑓(𝑥) and 𝑔(𝑥) are functions of 𝑥.



Derivative of Exponential  and Logarithmic Functions

To find out the derivative 

Let 𝑦 = 𝑓(𝑥)𝑔(𝑥)

Taking logarithm on both sides we get

⇒ 𝑙𝑜𝑔 𝑦 = 𝑔(𝑥). 𝑙𝑜𝑔 𝑓(𝑥)

Differentiating w. r. t. x we get

⇒
1

𝑦

𝑑𝑦

𝑑𝑥
= 𝑔(𝑥) ×

1

𝑓(𝑥)
× 𝑓/(𝑥) + 𝑙𝑜𝑔 𝑓(𝑥) × 𝑔/ 𝑥

⇒
𝑑𝑦

𝑑𝑥
= 𝑦 𝑔(𝑥) ×

1

𝑓(𝑥)
× 𝑓/(𝑥) + 𝑙𝑜𝑔 𝑓(𝑥) × 𝑔/ 𝑥

⇒
𝑑𝑦

𝑑𝑥
= 𝑓(𝑥) 𝑔(𝑥) 𝑔(𝑥) ×

1

𝑓(𝑥)
× 𝑓/(𝑥) + 𝑙𝑜𝑔 𝑓(𝑥) × 𝑔/ 𝑥



Example

Find the derivative of 𝑦 = 𝑥𝑥



Example

Find
𝑑𝑦

𝑑𝑥
, if 𝑦 = 𝑠𝑖𝑛 𝑥 𝑙𝑜𝑔 𝑥



Assignment

1. Differentiate the following function with respect to 𝑥 .

𝑖) 𝑥cos
−1 𝑥 𝑖𝑖) 𝑙𝑜𝑔𝑥𝑙𝑜𝑔𝑥 𝑖𝑖𝑖) 𝑥sin 𝑥−cos 𝑥
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Example

Find the derivative of  𝑦 = 𝑙𝑜𝑔 𝑥 𝑥 + 𝑥𝑙𝑜𝑔 𝑥



Example

Find  
𝑑𝑦

𝑑𝑥
, if  𝑥𝑦 + 𝑦𝑥 = 2.



Example

Find 
𝑑𝑦

𝑑𝑥
if  𝑐𝑜𝑠 𝑥 𝑦 = 𝑠𝑖𝑛 𝑦 𝑥.



Example

Find  
𝑑𝑦

𝑑𝑥
, if  𝑦 =

1−𝑥2 2𝑥−3 ൗ1 3

𝑥2+2 ൗ2 3
.



Assignment

Find 
𝑑𝑦

𝑑𝑥
when .

1. 𝑦 = 𝑥𝑥 + 𝑥
1

𝑥

2. 𝑥𝑦 + 𝑦𝑥 = 𝑥 + 𝑦 𝑥+𝑦

3. 𝑦 = 𝑒sin 𝑥 + tan𝑥 𝑥

4. If 𝑒𝑥 + 𝑒𝑦 = 𝑒𝑥+𝑦, prove that 
𝑑𝑦

𝑑𝑥
+ 𝑒𝑦−𝑥 = 0.



Derivatives of Functions in Parametric Forms
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Derivatives of Functions in Parametric Forms:

Definition

If 𝑥 and 𝑦 are two functions of a third variable 𝑡 , say 𝑥 = 𝑓 𝑡 𝑎𝑛𝑑 𝑦 = 𝑔(𝑡) the functions

𝑥 and 𝑦 are called parametric functions and 𝑡 is called the parameter.

Here 𝑥 = 𝑓 𝑡 𝑎𝑛𝑑 𝑦 = 𝑔(𝑡) is called parametric form.

To find   
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑡
.
𝑑𝑡

𝑑𝑥
=

ൗ𝑑𝑦
𝑑𝑡

ൗ𝑑𝑥
𝑑𝑡



Working Rule for finding  
𝒅𝒚

𝒅𝒙
when the function in parametric form

To find the derivative of a function in parametric form, we have the working rule

Step I Write the given parametric form of the equation say 𝑥 = 𝑓 𝑡 and 𝑦 = 𝑔 𝑡

Step II Find
𝑑𝑦

𝑑𝑡
and

𝑑𝑥

𝑑𝑡

Step III Find
𝑑𝑦

𝑑𝑥
using the formulae

𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑡
𝑑𝑥

𝑑𝑡

, provided
𝑑𝑥

𝑑𝑡
≠ 0



Example:

If 𝑥 = 𝑎 cos3 𝜃 and 𝑦 = 𝑎 sin3 𝜃 ,find
𝑑𝑦

𝑑𝑥



Example:

If 𝑥 = 𝑙𝑜𝑔 𝑡 + 𝑠𝑖𝑛 𝑡 , 𝑦 = 𝑒𝑡 + 𝑐𝑜𝑠 𝑡 find 
𝑑𝑦

𝑑𝑥



Problems based on derivative of a function w.r.t other function

Working Rule:

1. If the derivative of 𝑓 𝑥 w.r.t 𝑔 𝑥 is to be determined, then let 𝑢 = 𝑓 𝑥 𝑎𝑛𝑑 𝑣 = 𝑔 𝑥

2. Find  
𝑑𝑢

𝑑𝑥
and 

𝑑𝑣

𝑑𝑥

3. Now  
𝑑𝑢

𝑑𝑣
=

𝑑𝑢

𝑑𝑥
𝑑𝑣

𝑑𝑥



Example:

Find the derivative 𝑡𝑎𝑛 𝑥 with respect to 𝑠𝑖𝑛 𝑥



Example:

If 𝑥 = 𝑎sin
−1 𝑡 and 𝑦 = 𝑎cos

−1 𝑡 , then prove that 
𝑑𝑦

𝑑𝑥
= −

𝑦

𝑥



Example:

If 𝑥 = 𝑎 𝜃 − 𝑠𝑖𝑛 𝜃 , 𝑦 = 𝑎 1 − 𝑐𝑜𝑠 𝜃 find 
𝑑𝑦

𝑑𝑥
at 𝜃 =

𝜋

2
.



Assignment

1. If 𝑠𝑖𝑛𝑥 =
2𝑡

1+𝑡2
and tan𝑦 =

2𝑡

1−𝑡2
, find  

𝑑𝑦

𝑑𝑥

2. If 𝑥 = 𝑎(𝜃 − 𝑠𝑖𝑛𝜃) and 𝑦 = 𝑎 1 + 𝑐𝑜𝑠𝜃 , find 
𝑑𝑦

𝑑𝑥
at 𝜃 =

𝜋

3
.

3. If 𝑥 =
1+𝑙𝑜𝑔𝑡

𝑡2
, 𝑦 =

3+2 𝑙𝑜𝑔𝑡

𝑡
, find 

𝑑𝑦

𝑑𝑥
.
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Second-Order Derivative

Definition

If a function 𝑓(𝑥) is differentiable, then it's derivative 𝑓′ 𝑥 is called the first-order derivative of 𝑓.

If 𝑓′ 𝑥 is again differentiable, then its derivative is called the second-order derivative of 𝑓.

Notations:

(i) First-order derivative of 𝑦 = 𝑓(𝑥) can be denoted by 𝑓′ 𝑥 or
𝑑𝑦

𝑑𝑥
or 𝑦1 or 𝑦′

(ii) Second-order derivative of 𝑦 = 𝑓(𝑥) can be denoted by 𝑓" 𝑥 𝑜𝑟
𝑑2𝑦

𝑑𝑥2
or 𝑦2 𝑜𝑟 𝑦"



Working Rule for Computation of Second order derivative

To compute the second-order derivative of any function(except the function in the parametric form) we first

compute the first-order derivative and then differentiate again to get the second-order derivative.

For the function in parametric form:

If 𝑥 and 𝑦 are functions of a third variable 𝑡 (called parameter), then first find
𝑑𝑥

𝑑𝑡
and

𝑑𝑦

𝑑𝑡
then, find

𝑑𝑦

𝑑𝑥
using

the formula.
𝑑𝑦

𝑑𝑥
=

𝑑𝑦

𝑑𝑡
𝑑𝑥

𝑑𝑡

To find
𝑑2𝑦

𝑑𝑥2
, use the following

𝑑2𝑦

𝑑𝑥2
=

𝑑

𝑑𝑥

𝑑𝑦

𝑑𝑥
=

𝑑

𝑑𝑡

𝑑𝑦

𝑑𝑥
.
𝑑𝑡

𝑑𝑥
=

𝑑

𝑑𝑡

𝑑𝑦

𝑑𝑥
.
1

𝑑𝑦
𝑑𝑥



Example

Find the second-order derivative of 𝑡𝑎𝑛−1 𝑥.



Example

If 𝑥 = 𝑎 𝜃 − 𝑠𝑖𝑛 𝜃 , 𝑦 = 𝑎 1 − 𝑐𝑜𝑠 𝜃 find  
𝑑𝑦

𝑑𝑥
. Also, find 

𝑑2𝑦

𝑑𝑥2
.



Example

If 𝑦 = 𝑡𝑎𝑛−1 𝑥, then prove that 1 + 𝑥2 𝑦2 + 2𝑥𝑦1 = 0



Example

If 𝑥 cos(𝑎 + 𝑦) = 𝑐𝑜𝑠 𝑦, then prove that 
𝑑𝑦

𝑑𝑥
=

𝑐𝑜𝑠2(𝑎+𝑦)

𝑠𝑖𝑛𝑎
. 

Hence show that sin 𝑎
𝑑2𝑦

𝑑𝑥2
+ sin 2 𝑎 + 𝑦

𝑑𝑦

𝑑𝑥
= 0.



Assignment

1. If 𝑒𝑥 𝑥 + 1 = 1, show that 
𝑑2𝑦

𝑑𝑥2
=

𝑑𝑦

𝑑𝑥

2
.

2. If 𝑦 = (tan−1 𝑥)2, show that 𝑥2 + 1 2𝑦2 + 2𝑥 𝑥2 + 1 𝑦1 = 2.

3. If 𝑦 = 𝑒tan 𝑥, prove that 𝑐𝑜𝑠2𝑥
𝑑2𝑦

𝑑𝑥2
− (1 + sin 2𝑥)

𝑑𝑦

𝑑𝑥
= 0
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Introduction

In this section, we will discuss two important theorems of Calculus, which are Rolle’s and

Lagrange’s Mean Value Theorem. These theorems have some important applications relating to

the behaviour of 𝑓and 𝑓′.



Geometrically Representation of Derivatives

We have already discussed that geometrically 
𝑑𝑦

𝑑𝑥
or 𝑓′ 𝑥 represents the slope of the tangent to 

the curve 𝑦 = 𝑓 𝑥 at the point 𝑥, 𝑦 or 𝑥, 𝑓 𝑥 on the curve as shown in the figure.



Rolle’s Theorem

Statement:  Rolle’s Theorem state that

Let 𝑓: 𝑎, 𝑏 → 𝑅 be a function such that 

(i) 𝑓 is continuous on the closed interval [𝑎, 𝑏].

(ii) 𝑓 is differentiable in open interval (𝑎, 𝑏).

(iii) 𝑓(𝑎) = 𝑓(𝑏).

Then there exists a real number 𝑐 ∈ 𝑎, 𝑏 such that 𝑓′ 𝑐 = 0.



Geometrical Interpretation of Rolle’s Theorem

Let 𝑓: 𝑎, 𝑏 → 𝑅 all the three conditions of Rolle’s theorem

Geometrically 𝑓(𝑥) is a real-valued function defined on [𝑎, 𝑏] such that

(i) The curve 𝑦 = 𝑓(𝑥) is continuous between the points 𝐴 𝑎, 𝑓 𝑎 and

𝐵 𝑏, 𝑓 𝑏

(ii) The curve 𝑦 = 𝑓(𝑥) has a unique tangent (with finite slope) at every

point between A and B. And

(iii) The ordinates of the curve 𝑦 = 𝑓(𝑥) at the end points of the

interval [𝑎, 𝑏] are equal.

Then there exists at least one point 𝑐 ∈ 𝑎, 𝑏 on the curve between A

and B where the tangent is parallel to the 𝑥-axis.

i.e. The slope of the tangent is 0.

In other words, there exists at least one point 𝑐 ∈ 𝑎, 𝑏 such that

𝑓′ 𝑐 = 0.

In the figure, there are two points 𝑐1, 𝑓 𝑐1 and 𝑐2, 𝑓 𝑐2 on the

curve between A and B where the tangent is parallel to the 𝑥 −axis.



Example

Verify Rolle’s theorem (If applicable) for the function 𝑓 𝑥 = 𝑥3 + 3𝑥2 − 24𝑥 − 80 on −4,5 .



Assignment

1. Verify Rolle’s theorem for 𝑓 𝑥 = 𝑥2 − 1 (𝑥 − 2) on −1, 2 .

2. Verify Rolle’s theorem for 𝑓 𝑥 = 𝑥2 + 5𝑥 + 6 on −3,−2 .

3. Verify Rolle’s theorem for 𝑓 𝑥 = sin 𝑥 + cos𝑥 on 0,
𝜋

2
. 
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Lagrange’s Mean Value Theorem(LMVT)

Statement: Let𝑓: 𝑎, 𝑏 → 𝑅 be a function such that

(i) 𝑓 is continuous on the closed interval [𝑎, 𝑏] and

(ii) 𝑓 is differentiable in open interval (𝑎, 𝑏).

Then, there exists a real number 𝑐 ∈ 𝑎, 𝑏 such that 𝑓′ 𝑐 =
𝑓 𝑏 −𝑓 𝑎

𝑏−𝑎



Geometrical Interpretation of Lagrange’s Mean Value 
Theorem
Let 𝑓: 𝑎, 𝑏 → 𝑅 satisfy both the conditions of Lagrange’s  MVT.

Geometrically, 𝑓(𝑥) is a real-valued function defined on [𝑎, 𝑏] such that 

(i) The curve 𝑦 = 𝑓(𝑥) is continuous between the points 𝐴 𝑎, 𝑓 𝑎 and 𝐵 𝑏, 𝑓 𝑏

And (ii) the curve 𝑦 = 𝑓(𝑥) has a unique tangent ( with finite slope ) at every point between A and B.

Then there exists at least one point 𝑐, 𝑓 𝑐 on the curve between A and B where the tangent is parallel to

the secant AB. i. e. slope of the tangent is equal to the slope of the secant AB given by
𝑓 𝑏 −𝑓 𝑎

𝑏−𝑎
.

In other words, there exists at least one point 𝑐 ∈ 𝑎, 𝑏 such that 𝑓′ 𝑐 =
𝑓 𝑏 −𝑓 𝑎

𝑏−𝑎
.

In this figure, we see that there is one point 𝑐, 𝑓 𝑐 on the curve between A and B where the tangent is

parallel to the secant joining the endpoints A and B of the curve.



Example

Verify Lagrange’s mean value theorem for 𝑓 𝑥 = 3𝑥2 − 5𝑥 + 1 defined in the interval [2,5].



Assignment

1. Verify Lagrange’s mean value for the function 𝑓 𝑥 = 𝑥 − 3 𝑥 − 6 𝑥 − 9 on the 

interval 3, 5 .

2. Verify Lagrange’s mean value for the function 𝑓 𝑥 = 𝑥2 − 3𝑥 + 2 on the interval −1, 2 .

3. Verify Lagrange’s mean value for the function 𝑓 𝑥 = 𝑥 +
1

𝑥
on the interval 1, 3 .
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