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Properties of determinants
Helps in simplifying its evaluation by obtaining maximum number of zeros in a row or a column.

These properties are true for determinates of any order.
Property—-1
The value of the determinant remains unchanged if its rows and columns are interchanged.

Verification:-

al a2 a3
let A=|b, b, b,
C1 C2 C3

Expanding along first row, we get.



b, b,

G G

b, b,

+a,
G &

=a,(b,c; —bse, }_ﬂz {blcz. —b3C1}+33 (b,e, —b,e }

By interchanging the rows and columns of A, we get the determinant

4, bl <
A =a, bz €y
a. b, ¢

Expanding A; along first column, we get.

A =a, [b:c} —t.:gbj}—ﬁ2 |;b|c3 —b.¢, ) +a, [1::-,::2 —b,¢, )

271

Hence ﬁ.=f_‘m1
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Question:
2 -3 5
Verify Property 1 for A = 6 0 4
1 5 7

Answer:

Expanding the determinant al'ong first row we have
o a 6 4 6 0
5 =1 ‘ -/ E 5
=2(0-20)+3(=42—49)+530—-0)
=—40—- 138+ 150=- 28
By interchanging rows and columns, we get

w= B —~{-3) +5

2 o 1
A =3 0 5| (Expandingalong first column)
s 4 -7
al® S _pplE 2 lea
4 =3 4 =7 0 s

=2(0—-20)+3(—42—4)+5(30—-0)
=—40—-138+ 150=—-28

Clearly A=A,

Hence. Property 1 1s verified_

0DM=4»

EDUCATIONAL GROUP

Y Changing your Tomorrow M




0DM=t»

Note:- EDUCATIONAL GROUP
Y Changing your Tomorrow M
# It follows from above property that if A is a square matrix, then det (A) = det (A’), where A’ =

transpose of A
» If Ri=1th row and Ci=1th column, then for interchange of row and columns, we will

symbolically write C1 <= Ri
Property — 2

It any two rows (or columns) of determinant are interchanged, then sign of determinant
changes.

Verification:-

b, b
Expanding along first row, we get A=a,| ~ ’ —a,

G G

=4, [bzcz— _bscz }_ﬂz (b1c3 _bicl }+Hs [blcz _bzcl }



0DM=4»

EDUCATIONAL GROUP

N Changing your Tomormow Ml

By interchanging the first and third rows of A we get the determinant

& & 5
A= bl ]-"2 bs
a, a, a,

Expanding along third row, we get

A, =a,(c,b; —bye; }_“3 (clbs —-¢;b, }_“3 (b,e; —bye, }

= —[al (byc; —bye, )—a, (bye; —bye ) +a,(bye, —b,g }], Hence A, =-A
Question

9 <3 3§
Verify Property 2 forA=|6 0 4
1 5 =7



Answer:

In previous example

2 -3 5
A=16 0 4| =-_18
1 5 =7

Interchanging Tows R_and R 1e R, & R, we have

2 3 5
A=t 5 =7
& 0 @

Expanding the determiant A, along first row, we have

=z,
5 1 ‘+5|1 5‘

5

A —(—)

1 lo 4 6 4 6 0

=2(20-0)+3(4+42)+5(0-30)
=40+138—-150=28
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If any two rows (or columns) of a determinant are identical (all corresponding elements are
same) then value of determinate is zero.

Verification:-

Let A=la, b, c¢,|inwhichtwo rows are identicali.e a,=a,.b,=b,andc¢, =c¢,

a; b3 Cs

If we interchange the identical rows (or columns) of the determinant A, then A does not
change.

However, by property — 2, it follows that A has changed its sign. Therefore A=—AorA=0



Question:
> 2 o
Evaluate A=|2 2 3
3 2 B

Answer:

Expanding along first row, we get

A=3(6-6)—-2(6-9)+3(4-6)
=0=2(=3)+3(=2)=6=-6=0

Here R, and R, are identical..
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Property - 4 @M

It each element of a row (or a column) of a determinate is multiplied by a constant k, then its EDU_‘WJOD";‘}EGEO%
value gets multiplied by k.

Verification:-

a, b, g
let A=|a, b, c,
a; by ¢

Let A, be the determinant obtained by multiplying the elements of the first row by k.

ka, kb, ke,
Then, A, =|a, b, ¢,|.Expanding along first row, we get.
a; by ¢

A; =ka, (bye; —bse, ) kb, (a,e; —c,a; ) + ke, (a,b; —b,a;)

= k[al (bzcs — D3¢, | —by(asc; —cya, ,} +G (31b3 —b,a; }:I = KA
Hence |ka kb, ke| |a, b, o



Question:

1102 18 36
Evaluate | 1 3 4
17 3 6

Answer:

102 18 36

Note that | 1 3
Y 3

4
6

6(17) 6(3) 6(6)
1 3 4
17 3 6

17
=6(1
17

w W
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If some or all elements of a row or column of a determinant are expressed as sum of two (or

more) terms, then the determinant can be expressed as sum of two (or more) determinants.
Verification:-
a,+h, a,+h, a;+i| |a, a, a,;| |A, A,

Take | b, b, b, |=|b, b,

[FY)

A

=

(¥4

+

_?-L ’
=y

ta

- o=
L

Expanding the determinates along the first row, we get.

A= {51 +’;’*1]|[b3‘:3 —¢,b; }_{ﬂ: +h, ][bfcs —b.e )+ (a; + 2, }[bf’:: -b.g)

=a,(bye; —e,b;)—a,(be; —bye, ) +a; (be, —bye )+ A, (bye; —e,by ) -k, (be; —bye )+ A5 (be, —bye) )
L A, ag| A A, Ay

=lb, b, by+b, b, b,|=RHS

T R 5 I [ R

a
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Question:

a b c
Show that |a+2x b+2y c+2z|=

X v z

Answer:
a b & g B (@ g & ¢
Wehave [a+2x b+2y c+2z| =|a b c|+|2x 2y 2z
X y y X W -E ¥ R =

=0+0=0
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If, to each element of any row or column of a determinant, the equimultiples of corresponding
elements of other row (or column) are added, then value of determinant remains the same, i.e
the value of determinant remain same if we apply the operation.

R, =R, +kRJ. orC, — Ci+]f:'{2j

Verification:-

a, a, a, a,+ke, a,+ke, a;+ke,
let A=|b, b, b,JandA =| b, b, b,
Cl CE Ci ‘:] CE Cﬁ

Where A is obtained by the operation R, — R; +kR;. Here, we have multiplied the elements

or the third row {RS]I by a constant k and added them to the corresponding elements of the

firstrow (R, ).

Symbolically, we write this operation as R, - R, + kR,

= A +o(since R,and R, are proportional) Hence A=A,



Mote:

We can add or subtract any two row or column or all row or column of a determinant

Property —7

If each element of a row (or column) of a determinant is zero, then its value is zero

Examples

1) Prove by using properties of determinant

X

Yy
Z

Answer:

Mo o #

a x+a
b y+b
C ZT+C
a x+a
yt+b
c 4+ c

Operating €y} — C; + C,, we get

x4t+a a X +a

=i1y+tbk B y+b|=0.

Z24+c c iy i 4=

[+ C; and C4 are identical]
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2) Prove by using properties of determinant

a—b
b—c
cC—1a
Answer:
a-—b
A=|b-c
cC—da
0
A=|b-r¢
c—da

b——c
cC—a

a—b

b—-—¢c
c—4a
a—>b
0
c—a
a—b

c—a

b—c

a—b|=0.
c— L
a—b
b—i
O
a—>b|=

b—rc

Operating R; — R; + Ry + R3, we get
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3} Prove by using properties of determinant

2 7 65
3 8 1D
5 9 Bé6
Answer:
2 7
A=|3 8
5 2
65 7
|75 8
g6 9

65
75
86

65
75
86

Operating C, — C; + 9C5, we get

[+ C, and C; are identical]
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4) Prove by using properties of determinant

b+c gqg+r y+z a p'
cta r+p z+x|=2(b g
a+b p+qg x+y c r
Answer:
b+c q+r
Let A=|lc+a r+p
a+b p+g

X

b 4l B
<

Y+Z
Z+x
X+y

Operating R;— R; + R, + R, we get

2(a+b+0)  Ap+q+r)

A= c+a
a+b

r+p
ptq

2(x+y+2)
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atb+c p+g+r x+y+z
=2| c+a r+p Z+x
a+b p+q xX+y

Operating R, - R, = R),R3 - R3 — R,
atbtc prgtr xty+z

A=2 -b = e
-C =F =2

Opcrating R, =R, + R, + R,

a P x
A=2|=h g =3
- -r -
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—a? ab ac
ba -b* be |=4a’b?c’.

ca ch -c?

Answer:
_az ab ac
LHS.=A=| ba -b* e
ca cb ~c?

Taking a, b and ¢ common from Ry, R; and R3 respectively.
~-a b c
A=abc| a b ¢
a b -c



C, and Cj3 respectively, we get UDM&wﬁ
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A=a?b?c*| 1 -1 1
Bk =
Operating R, —> Ry + Ry, Ry =R + R,
1 1
A:azb26‘2 0 0 2

o 2 0
Interchanging C, and C3 we gel {1
A =(=1) albicifo 2 0
0o 0 2

oy e di 1 element.
Since the determinant of a triangular matrix Is product of its diagona

—(~Da*p* (D x ()% ()
—44%b%c* =R.H.S.



Q6) Prove by using properties of determinant

1 I 1
a b ¢ |=(a=b)(b—c)(c—a) (a+ b+ c).
b3

3 e

a

Answer:

Here LHS =| a b c

Operating C; —C, —Cy and C3 - C3 - C), we get

1 0 0
LHS =| a b-a c—a
a P 8

Taking (b—a) and (¢ - a) common from C, and C;
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=(b=a)(c=a)| a | i g your Tormorrow
a®  b?+bata’ c2+ca-l-a:Z
Operating C3; —C3 —C,, we get |
1 0 0
LHS =(b-a)(c—a)| a 1 0
a> b2 +ba+a* c2+ca—b2-ba

=(b—a)(c—a)(c2 +ca—-b* - ba)
= (b-a)(c-a)[c? =b* +a(c—b)]
=(b—a)(c-a)[(c-—b)(c+b)+a(c-—b)]

=(b-a)(c-a)(c—b)[c+ b+al
=(a-jb)(b-c)(c—a)(a+b+ ¢) = RHS.



Q7) Prove by using properties of determinant U_DM
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xX+4 2x 2Xx

2 x+4 2x |=(5x+4)(4 -x)?

2x 2x x+4

Answer:

x+4 2x 2x
A= 2x x+4 2x
2x 2X x+4

Operating Ry =Ry + Ry + Ry
Sx+4 5x+4 Sx+4

A=| 2x x+4 2x
2x 2x x+4



Taking (5x + 4) common from R,

A=(5x+4)

Operating C; - C,—Cy and C3 = C3 —(

A=(5x +4)

Since determinant of triangular matrix is product of its diagonal elements.
A=(5x +4)(4 - x)2 =RHS

1 1
2x x+4
2x 2x

1 0
2x 4-x
2x 0

1
2x
x+4

0
0
4-x
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Q8) Prove by using properties of determinant

x+ y+ 2z X Yy
Z y+ 2+ 2x y =2 (x+y+ 2.
z X Z+x+ 2y
Answer:
x+y+22 X y
A= z y+z+2x y
z % ° z+x+2y

Operating C; — C| +Cy +C3, we get
2x +2y+ 22 x

A=|2x+2y+2z y+tz+2x

2x + 2y + 2z x z+x+2y

Taking 2 (x + y +2) from C,
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. - - - 11 i ; ERESalle et
=2(x+y+2)|1 y+z+2x y
1 X z+x+2y
Operating Ry >Ry =Ry, R3 9 Ry — R
1 X y
=2(x+y+2)|0 y+tz+x 0
0 0 ZEZTTY

Since determinant of a triangular matrix is product of its diagonal elements.
A=2(x+y+2)(y+z+x)(z+x+Y)
=2(x -l-y-i-z)3 = RHS



Q9) Prove by using properties of determinant

1+a% -b*

2ab
2b

Answer:

Let

Operate C; — C;

2ab -2b
1—a2 + b2 2a =Q+a2 +b%)3.
—2a 1-a”> - b’
1+a®-b 2ab b
| 2ab 1-a% +b” 2a
2b ~2a 1~g" b
2 2 0 -2b
1+a“ +b 5
0 l+a2+b 2a
- 3 bt 1R
b+a2b+b ~g=a"= 8
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1+a? +b? 0 -2b
= 0 1+a% +b° 2a
b+a2 +b2) —a(+a? +b%) 1-a? -b?

Taking (1 + a? + bz) common from C; and C5, we get

1 0 -2b
A={+a* £b2)%|0 1 2a
b —a 1-—a%-b>

Operanng R3 -—)R3 —le we get,

A=0+a? +b%)2|0

Operating R3 — R3 +aR;,, we get
1 0 —2b
A=0+a?+b%)?%|0 1 2a
0 0 1+a?+b*

Since determinant of a triangular matrix is equal to product of its diagonal elements.

A=(1+a? +b%)> =RHS
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Q10) Prove by using properties of determinant —i

UCHIONAL ROLE
a + 1 ab ac
ab b2+l be |=1+a?+b% +c5
ca ch 2 +1
Answer:
a? +1 ab ac
Let A=| ab b*+1 bk
ca cb ¢ +1

Multiply Cl. C, and C4 by a. b and c respectively, we get

a(a +1) ab® ac?
K —;— b b +1) b’
s a’e ch* c(c2 +1)




Taking a, b and ¢ common from R, R, and Ry, we gel

; a2 +1 b2
A=a—;c a’ b2 +1
abc
a’ b?

Operating C; = C; + C, +C5, we gel

1+a? +b2 + 2
A= l+a2 + b2 + 2
1+a2 +l>2+r.-2

= A=0+a% +b2 1+¢%)

7

-

c

&
¥

c® +1

0DM=4»

EDUCATIONAL GROUP

Y Changing your Tomorrow M




0DM=4»

EDUCATIONAL GROUP

N Changing your Tomormow Ml

Operating Ry — R, — Ry, Ry = R; - R}, we gel

1 b ct
A=0+al+bt+c¥)j0 1 O
0o 0 |

Since the determinant of a triangnlar matrix is the product of its diagonal clements.

A;—.[-{-az-'g-bz-l'c2 =R.H.S.
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