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Adjoint and Inverse of a Matrix:-
» Adjoint of a matrix is the transpose of the matrix of cofactors of the given matrix

a a

11 a

12 13

» let A=|a, a, a,

da. a a

31 32 33
‘ﬂill Iﬂ'!"'lﬁ Ali
» Matrix formed by the cofactors are | A,, A,, A,
Ail ‘%32 ASE
All AIE ﬁli "'!!L“ ‘q"ﬂl Aﬁl
adj A=Transposeof | A,, A,, A, [=A, A, A,
A, A, A A, A, A

31 23 33
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Note:-

For a square matrix of order 2, given by

a a
n 99
A=
dy Aaxp

The adj A can also obtained by interchanging a1 and a2z and by changing signs of ajp and a;; i.e

a a 2 a') —a 2
ade 7! 11 12 e 2 12
a 2, —-a,, alll

Theorem-1

If A be any given square matrix of order n, then A (adj A) = (adj A) A= |A]| I, where | is the
identity matrix of order n.
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E3'11 alﬂ al]- All "5"'12 ‘%'13
let A=la, a,, a, ,thenadjA=]A, A, A,
331 332 333 ‘ﬂj"i'l A]Z AH

Since sum of product of elements of a row (or a column) with corresponding cofactors is equal
to |A| and otherwise zero, we have

Al 0 0 1 0 0
A(adjA)=| 0 |A| o0 |fA[l0 1 0|=A]|l
0 0 |A 00 1

Similarly, we can show (adjA)A=|A|l

Hence A (adj A) = (adj A) A = Al



0DM=t»

EDUCATIONAL GROUP

N Changing your Tomormow Ml

Singular and No singular matrix
A square matrix a is said to be singularif |A| = o

A square matrix A is said to be non-singular if |A|l=o0

Theorem -2

If A and B are non-singular matrices of the same order, then AB and BA are also non singular
matrices of the same order.

Theorem -3

The determinant of the product of matrices is equal to product of their respective
determinants, that is |AB| =|A||B/|, where A and B are square matrices of the same order.
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We know that, (adjA)A=|A[I=| 0 [A| 0
U -

Writing determinants of matrices on both sides, we have

JA o0 0
[(adjA)Al=| 0 [A]| 0
|0 0 |A]

1 0 0
[(adjA)[[A=/A%]j0 1 0
0 0 1

[(adjA) || A= A%(1)
[(adjA) = A

In general, if A is a square matrix of order n, then |adj(A)|=/ A e
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Theorem -4

A square matrix a is invertible if and only if A is non-singular matrix

Verification:-

Let A be invertible matrix of order n and | be the identity matrix of order n. Then, there exists a
square matrix b of order n such that AB=BA =1

Now AB=1,50 |AB| =lor |A]| |B| =1 (since |I]|, |AB| = |A] |B|). This gives | A|Z0.Hence Ais

non-singular.

Conversely, let a be non-singular. Then (A #0
Now Aladj A) = (adj A) A= |A] | (Theorem 1)

[ 1

A

adjA ‘=‘ —adjA ‘A=I
) A ,.

|

1 .
AB=BA =ILwhereB= ?'ad_] A
I

A is invertible and A~ = adj A



Properties:-

1.

A.(adj(A))=adj(A).A =|A|1,

adj(A)|=|A [
adj(adj(A)) 5 A =0

L . T
ad_](AT) =(adj(A))
adj( AB) = adj(B).adj(A)

adj(A™) = (adj(A))"

adj(KA)=K""adj(A)

If Ais singular then

adj(A)|=0

10.

11.

12.

13.

14

15.
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(A7) =(a7)
(AB)" =B A"
(A¥) = (A7) . KeN
adi(A™) = (adj(A)”
(A7) =a

1

- |a7= - N

AB=AC = B=Ciff|A|#0



Example:
133

IfA=|1 4 3| then verify that A adj A=|A|L Also find A+
1 3 4

Answer:

We have [A| =1(16-9) -3 (4-3)+3(3-4) =120

NowA =7, A, ,=-1 A ,=-1,A =3 A =1A,=0A =-3A_=0,

A =1
7 =3 3
Therefore adiA=|-1 1 0
=f W 1
1 3' 3 7 -3 3
Now A (adl A)= 1 4 3||-1 1 0
1 3 4||-1 0 1
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A=

1

adj A —

-3+3<+0
-3+4+0
—3+3+0

=3 4+0+3
-3+0+3
-3+0+4

0

0|=|al.1

1

-3 =3

1 O

0 1
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Example:
z 3 1 -2
IfA = § and B = b = b then verify that (AB) = B'A™.
Answer: )
S 2 31|11 -2 i -1 5
PR kg 3 1S -1

|AB| =—11 # 0, (AB)"! exists and is given by

i ]
(AB)—@J i1l 5 -a] 5 1

Further, |A| =—110and [B| =13 0. Therefore, A~ and B~ both exist and are given by

1'1-4—3B_1_32
A M=t 27 11

: 3 A4 =31 iy e’
Therefore B A™=—— __1[-14 5] 1f14 s

Hence (AB)! =B' A™
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ShowthatthematnxA=[ ]satisﬁestheequationAz—4A+I=O,
1 2 :
where I'1s 2 x 2 identity matrix and O 15 2 x 2 zero matrix. Using this equation, find A~
Answer:
' 2
We have A=A A=|" = 34 4T 32
L 2L Z 3 7
5 7 12] [8 121 1 o] [o o
Hence A —-4A+1= — - = =0
& 2 4 8 0 1 0 0
Now A’—4A +I=0
Therefore AA-4A=-1
or A AAH)-4AAT=—1A" (Post multiplying by A~ because |A| # 0)
or AAAN-41=-A"1
or Al -4l =-A1

: a o] |2 3] [z 3
or A7 =4l-A =145 4|7|1 2|7 |1 2

s [T =3
Hence A =
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