[DETERMINANTS] BRYZNIGIAY e BN ogy =S

Chapter- 04
Determinants

It is the value (or number) associated with a square matrix. Only square Matrices have their

determinants. The matrices which are not square do not have their determinants.

If A=[aij] is a square matrix of order ‘n’ then the determinant of A is denoted by det A or |A| and

A A e a,,
|A| _ 821 a22 ...... a2n
A 9y e a,,

The determinant of a square matrix of order 1:-

If A=[a,,] is a square matrix of order 1, then |A|=|a,,|=a,,

Example:- If A=[7]andB=[-4] find |A| and|B|

Al=171=7,

Here, B|=|-4|=-4

The determinant of a square matrix of order — 2:-

If |A| =[:ll :12} is a square matrix of order 2, the determinant of a is defined as
21 22 %2

1 a12
1 22

|A| = =a;,9y;, —a,8y

a
d,

b

Example:- Evaluate (i) ‘i :g‘ (ii) :E 3

Solution:- (i) ‘i :g‘ —2(-5)—(-3)(4)=-10+12=12

(i)

:g _ba‘ =a’ +b’

The determinant of a square matrix of order — 3:-

The determinant of a square matrix of order -3 is the sum of the product of each element ajj in the
ith row (or jth column) with (—1)i+j times the determinant of the matrix obtained by leaving the ith

row and jth column.

d;; 9, 39 + -+
If A=la,, a,, a,|—>|—- + -
d3; 33 9 + -+

ODM Educational Group Page 1




[DETERMINANTS] BRYZNIGIAY e BN ogy =S

(i) Using elements of the first row

2 3 -1
Al=l4 0 5
6 -2 3
_,|0 5 44 5_,44 0
4% 36 3R S

=2(0+10)-3(12-30)-1(-8-0)
=20+54+8=82

(ii) Using elements of the second column

2 3 -1

4 5 o2 -1 2 1
Al=a 0 22_3‘6 37 %% 3|t 5‘
=—3(12-30)+0+2(10+4)
=54+28=82

cosO —sinB

Example:- Evaluate sin®  cosO

cosO —sin®

Solution:- |-, =cos’0+sin’0=1
sin® cosO
Example:- Solve for x: 21x 2‘27
.o 2x 510
Solution:- 1 3‘—7
= 6x—-5=7
=6x=12
=x=2
2x 5/ |6 5 ..
Example-3 If 3 x_‘S 3,fmdx
.. |2x 5 |6 5
Solution:- 3 x_‘s 3‘

=2x*-40=18-40
=2x* =18
=x>=9

=>x=13
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2 3

Example - 4 IfA:[1 1

] then show that [3A|=9|A|

Solution:- Now 3A:3[2 3}:[6 9}

1 4|73 12
_[6 9|_ _ _
:|3a|—3 15| =6%12-9x3=72-27=45 cc..cccrnen (1)
And |A|:E 2‘:2x4—1x3:8—3:5
= 9|A|=9X5=45 ... (2)

From equation (1) and (2) we get [3A|=9]A|

2 -3 1]
Example:- If A{—l 2 3 |, prove that [2A|=8|A|
1

3 4|
2 3 1] [4 -6 2
Solution:- 2A=2(-1 2 3 [=[-2 4 6
3 1 4] |6 2 -8
4 -6 2
=PA=|-2 4 6 Expanding by R1, we get
6 2 -8
14 6 -2 6 -2 4
‘4‘2 —8‘_(_6)‘ 6 -8726 2‘

=4(-32-12)+6(16-36)+2(—4—24)

=—176—120—56=-352 ..ccorrtritritrierieriirreiiidierins (2)
2 3 1

And [A|=|-1 2 3 Expanding by R1 we get.
3 1 -4

R 3 -1 3] L1 2

‘2‘1 —alt|3 —4‘*1‘3 1‘

=2(-8-3)+3(4-9)+1(-1-6)
=-22-15-7=—44

= 8|A|=8(—44) =352 ....ccccoccereerrrrrrerrenn (2)
From (1) and (2) we get [2A|=8|A|

Home Work:-

NCERT Book — Exercise — 4.1
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Properties of Determinants:-
Property -1

The value of the determinant remains unchanged its rows and columns are interchanged.
-3

Example:- Verify property 1 for A = 0
5

= ON
NP~ o,

Solution:- Expanding the determinant along with the first tow we have

3 5
A=l 0 4:2‘0 4‘—(—3)‘6 4l+s
5 7

5 -7 1 -7 1 5

_O0ON

60‘

=2(0-20)+3(—42-4)+5(30-0)
=-40-138+150=-28

By interchanging rows and columns, we get

2 6 1

A=-3 0 5 Expanding by the first column
5 4 -7

_40 5 6 1 6 1

—2‘4 —7“(‘3)‘4 71"l 5‘

=2(0-20)+3(—42-4)+5(30-0)
=-40-138+150=-28

Clearly A=A,

Hence, property 1 proved
Property — 2

If any two rows (or columns) of a determinant are interchanged, then sign of determinants changes.

2 -3 5
Example:- Verify property 2 for A=|6 0 4
1 5 -7
2 -3 5
Solution:- A=|6 0 4(=-28 (As shown in the previous example)
1 5 -7

Interchanging rows Rz and Rz e.g R, <> R, we have

2 -3 5
A=l 5 -7
6 0 4

Expanding the determinant A, along the first row, we have.
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Alzz‘s ‘7‘—(—3)‘1 45

0 4 6 4

1 5‘
6 0
=2(20-0)+3(4+42)+5(0-30)

=40+138-150=28

Hence property 2 is verified.

Property -3

If any two rows (or columns) of a determinant are identical (all corresponding elements are the
same), then the value of the determinant is zero.

Proof:- If we interchange identical rows (or column) of a determinant A, then A does not change.

However, by property — 2, it follows that A has changed its sign.

a b c
A=ld e f R, &R,
a b c
S A=—A
=2A=0
=A=0
3 2 3
Example:- Evaluate A=[2 2 3
3 2 3

Solution:- A=3(6-6)-2(6—-9)+3(4-6)
=0-2(-3)+3(-2)

=6-6=0

Here R, and R, are identical

Property -4
If each element of a row (or a column) of a determinant is multiplied by a constant K, then its value

gets multiplied by K.

al bl Cl
Verification:- Let A=|a, b, ¢,
a3 b3 C3
Expanding by R1
A=a,(b,c; —b,c;)—b, (3,6, —a,¢, ) +¢; (3,05 =a,0, ) oo (1)

Now A, be the determinant obtained by multiplying the elements of the first row by K.
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Ka, Kb, Kc,
Al =3, bz ¢
CH b, C;

Expanding by the first row

= A, =K,a, (b,c, —b,c, ) —Kb, (a,¢c, —a,c, ) +Kc, (a,b, —asb, )

= A, =K[a, (b,c, —bsc, ) —b, (a,c; —asc, ) +¢, (b, —ab, ) |

= A, =KA From equation (1)
Ka, Kb, Kc, a, b, ¢
Hence,|a, b, ¢, |=K[a, b, ¢
a3 b3 C3 a3 b3 C3
Remember:-

By this property, we can take any common factor from any one row or any one column of a given
determinant

If corresponding elements of any two rows (or columns) of a determinant are proportional (in the
same ratio), then its value is zero.

b b b

1 2 3
Example:- A=|Kb, Kb, Kb,|=0 (.. Rz and Rz are proportional)
Cl CZ C3
102 18 36
Example:- Evaluate | 1 3 4
17 3 6
102 18 36
Solution:- | 1 3 4
17 3 6
6(17) 6(3) 6(6) 17 3 6
1 3 4 =61 3 4|=0
17 3 6 17 3 6
Homework:-
2 7 16
Provethat |3 8 75[=0. Using properties of determinant.
5 9 86
Property -5

If some or all elements of a row or column of a determinant are expressed as the sum of two (or

more) terms, then determinant can be expressed as a sum of two (or more) determinants.
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Example:- (1)
a,+a, b, ¢| |a, b, ¢ |8, b, ¢
(i) la;+a, b, c¢,|=la, b, ¢|+fa, b, ¢,
a;+a;, by, ¢ [as by ¢ |ag by ¢
a,+k, a,+k, a;+ks| |a; a, a| |k, k, ks
(i) | b, b, c, |[=|b, b, by|+b, b, b,
C1 CZ C3 Cl CZ c3 Cl CZ c3
a, a a, a, a, a, |8, a, a,
(iii) b, +A, b, b,+A,|=b, b, b+, 0 A,
cl CZ c3 cl c2 c3 Cl CZ C3
a b C
Example — 2 Show that [a+2x b+2y c¢+2z/=0
X y z
a b C a b c |a b ¢
Solution:- a+2x b+2y c+2z|=|a b c[+|2x 2y 2z
X y z X vy z[ |[X Yy 2z
=0+0=0 (by property 5 and property 3 and 4)
X a x+a
Example:- Using properties of determinants without expanding provethat [y b y+b|=0
zZ Cc z+c
X a x+a| |[x a x| |x a a
Solution:-ly b y+bj=|y b y/+ly b b
z c z+c| |z c z| |z c ¢
=0+0=0 RHS
Property — 6

If to each element of any row or column of a determinant, the equimultiples of corresponding
elements of other rows (or column) are added, then the value of the determinant remains the same,
i.e the value of the determinant remains same if we apply the operation

Ri=>R +KR, or C —C+KC

a, b, c a,+kb, b, ¢
Verification:- Let A=Ja, b, c¢,[,A, =la,+kb, b, ¢, Now A, can be written as
a, b, ¢ a; +kb, b, c,
a, b, c| kb, b, ¢ b, b, ¢
A, =|a, b, c,|+|kb, b, ¢ =A+Kb, b, ¢
a, by, ¢ kb, b, c, b, b, ¢
= A, =A+KO
=A, =A
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Note:-
(a) We can add or subtract any two-row or any two-column of a determinant then the value of the
determinant remains unchanged.

(b) We also can add the entire row or all columns at a time of a determinant remain unchanged.

a, a, a,| la,+a, a, a,
Example:- b, b, b,|=b,+b, b, b, C, >C +C,
C, C Gl |c,+¢c, ¢, ¢
a1 aZ a3
=b,-¢c, b,—c, b,—c, R, >R, —R;,
cl c2 c3
a,+a,+a, a, a,
=b, +b,+b, b, b, C,—>C, +C,+C,
c,+C,+C; C, C,
al a2 a3
= b, b, b, R, >R, +R, +R,
a, +b,+c, a +b,+c, a +b,+c,
X+y y+z z+x
Example — 1 Without expanding, prove that A=| z X y |=0
1 1 1
X+y+z X+y+z z+x+y
Solution:- =| z X y R, >R, +R,
1 1 1

Taking x+y+z common from Ri

111
=(x+y+z) zZ Xy (s, R1iand Rz are identical)
11

=(x+y+z)x0=0

Problem NCERT Exercise — 4.2:-

1 a a
Problem — 1, Using properties of the determinant show that [1 b b’|=(a—b)(b—c)(c—a)
1 ¢c ¢
1 a a
Solution:- LHS |1 b b’ R, >R, —R,, R, >R, —R,
2
1 c c
0 a-b a-b’
=|0 b—c b’—c’| Taking common (a—-b), (b-c)from R:and R, respect)
1 ¢ c’
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:[(a—b)(b—c):|§ i ﬁcitc’
=(a—b)(b—c)(0-0+1(b+c)-1(a+b)) By expanding by C1

=(a—b)(b—c)(b+c—a—b)
=(a—b)(b—c)(c—a) RHS

Home Work:-

NCERT Exercise 4.2 question number 8 (i)

Problem -2
X X yz
Using properties of determinants, show that |y y* zx|=(x—y)(y—z)(z—x)(xy +yz+zx)
z 7° xy
Solution:-
x x yz
LHS |y y° zx R, >R, —R,,R, >R, —R,
z 7 xy
x—y x'—y> yz—zx
=ly—z vy -2 zx—xy Taking (x—y)(y—2z) common from R: and Rz respectively
z z Xy
1 x+y -z
=(x-y)(y-z)|L y+z —x R, >R, -R,
z 77 xy

Taking (z—x) common from R,

z oz Xy
1 x+y -z
:(x—y)(y—z)(z—x)o 1 1 Expanding by C1
z 7 xy

(x—y)(y—z)(z—x){l(xy—zz)—0+z(x+y+z)}

(x—y)(y—z)(z—x){xy—z2 +zx+zy+22}

=(x—vy)(y—2z)(z—x)(xy +yz+2x)=RHS
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Xx+4 2X 2x
2X  x+4 2x

=(5x+4)(4—-x)’
2X 2x  x+4 ( )( )

Problem —3 Using properties of Determinants show that

Xx+4  2X 2X
2Xx  x+4  2x
2X 2x  x+4

Solution:- LHS R, >R, +R, +R,

5x+4 5x+4 5x+4
2x X+4 2X
2x 2X X+4

Taking common (5x+4) from R1

1 1 1
=(5x+4)2x x+4 2x
2X 2x X+4

¢,—»(C-C,C —>C,-C,

0 0 1
=(5x+4)x—4 4-x 2x Taking (4 —x) common from C,
0 x—4 x+4
0 0 1
=(5x+4)(4-x)jx-4 1  2x Expanding by R; we get
0 -1 x+4

- (5x+4)(a-x){0-0-+(-1)}(x-4)-0x1
=(5x+4)(4—x)(4—x)
=(5x+4)(4-x)" =RHS

Home Work:-

NCERT Exercise — 4.2 Question number 10 (ii) and question number (11)

b+c a a
Problem -4 Provethat| b c+a b |[=4abc
C C a+b
b+c a a
Solution:- LHS| b c+a b R, >R, —R, —R;,
c C a+b
0 -2c -2b
=lb c+a b Expanding along R1 we obtain
C c a+b
oA b b b c+a
=A=0-(-2c). . plt(=2D)[ "¢

:2c(ab+b2 —bc)—Zb(bc—c2 —ac)

=2abc +2cbh? —2bc? —2b%c +2bc? +2abc
=4abc =RHS

ODM Educational Group Page 10




[DETERMINANTS] BRYZNIGIAY e BN ogy =S

X x° 1+x°
Problem -5 Ifx,y, zare differentand A=ly y> 1+y?|=0, thenshow that 1+xyz=0
z 72 1+7°
x XX 1+x°
Solution:- A=ly y° 1+y’[=0
z 22 1+7°
x x* 1 |x x* X
=ly v 1+ly y* y’|=0 (By property — 5)
z 221 |z 2 2

For 1%t determinant using (c, <> c,and thenc, <>c,)

For 2" determinant taking x, y, z common from R1, Rz and Rs respectively

2

1 x x
31 y V22(1+XVZ)=O R, >R, =R,,R; &>R; =R,
z z
1 x X
= (1+xyz)[0 y—-x y’—x’|=0
0 z—x z2-%°

Taking out a common factor (y—x),(z—x) common from R, and Rz respectively.

X2

1 x
= (1+xyz)(y—x)(z=x)|0 1 y+x/=0
0 1 z+x

= (1+xyz)(y—x)(z—x)(z—y)=0, expanding by C1
Since, A=0 and x, y, z are all differenti.e x—y#0,y—z#0,z—x=0
S A=(1+xyz)=0 (Proved)

1+a 1 1

Problem —6 Show that | 1 1+b 1

1 1 1
:abc(1+—+—+—J:abc+bc+ca+ab

1 1 1+c a b c
1+a 1 1
Solution:- LHS=| 1 1+b 1
1 1 1+c

Taking a, b, c common from R1, Rz, and Rz respectively
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1 1 1
—+1 — —
a a a
1 1 1 .
=abc] - —+1 - Applying R, >R, +R, +R,
? b1 1b
- S |
C C C
T W T L TE
alb C a b c alb C 111
= abc — —+1 — Taking | 1+—+—+= | common from
b b a b c
1 1 1
= = |
C c C
1 1 1
1 1 1)1 1
=abcl 1+—+—+—- |- —+1 — ¢,—»(C-C,C, —C(C,-C
a b c/b b
1 1 1
!
C C C
0 O 1
1 1 1 1
:abc(1+—+—+—j -1 1 — Expanding by R, we get
a b c 1b
0O -1 —+1
C

:abc(1+1+%+1j:abc+bc+ca+ab:RHS
a c

Homework:-

NCERT Exercise 4.2 question number (12)
Problem No. - 7:-

NCERT Exercise — 4.2 question (13)

Prove by using properties of determinants

1+a°-b’ 2ab -2b ,
2ab 1-a’+b’ 2a :(1+a2+b2)
2b —2a 1-a°—b’

Solution:- From LHS, taking b and a common from C1 and C; respectively we ger.

1+a’ -b’
S —2b
b
1-a’ +b’ . . .
=b.a 2a - 2a Now multiplying b with R1 and R respectively we get
a
2 -2 1-a’-b’
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1+a’ —b? 2b’ -2b’
=| 2a° 1-a’+b’ 24’ Applying C, >C, +C,,C, >C, +C,
2 -2 1-a’ —b’
1+a’ +b’ 0 -2b’
=|1+a’+b> 1+a’°+b’ 2a’° Taking common (1+a2 +b2) from both C; and C; we get
0 —(1+a2+b2) 1-a° -b’
o -2
=(1+a2 +b2) 1 1 2a’° Now expanding by C; we get

0 -1 1-a°-b?
=(1+a +b2)2{1{(1—a2 —b2)+2a2}—1(0—2b2)+o}
:(1+a2+b2)(1+a2+b2):(1+a2 +b2+c2)3

Problem No. — 8:- NCERT Exercise 4.2 question number 14

a’+1 ab ac
Prove by using properties of determinantthat | ab  b*>+1 bc |=14+a*+b*+c’
ca cb +1

Solution:- From LHS taking a, b, c common from R1, Rz, and Rs respectively.

a +1
b C
a
b* +1 . o :
=abc s Taking a, b, ¢ multiplying in C1, C; and Cs respectively
¢ +1
a
C
a’+1 b’ c’
=l a b+1 ¢ C, >C,+C,+C,
a’ b> *+1
1+a’°+b°+c> b’ c’
=|1+a’+b*+c> b°+1 Taking (1+a2+b2+c2) common from C;
1+a’+b*+c> b>  +1

C
=(1+a’+b’+c’ )1 b’+1 ¢ | R, >R, -R,, R, >R, R,

0 -1 0
:(1+a2+b2+c2)0 1 -1 :(1+az+b2+c2)><1:1+a2+b2+c2 (By expanding by Ri1)
1 b> +1
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Problem - 9:- If a, b, c are positive and unequal, show that the value of the determinant
a b c

A=lb ¢ a|is—ve
c ab

Solution:- Applying C, - C, +C, +C,

atb+c b ¢
atb+c ¢ a
atb+c a b

=A= Taking (a+b+c) common from C;

1 b c

=(a+b+c)jl ¢ a R, >R, —R,, R, >R, —R,
1 a b
1 b C

=(a+b+c)0 c-b a—c Expanding by C1 we get
0 a-b b-c

:(a+b+c)[(c—b)(b—c)—(a—c)(a—b)]

:(a+b+c)(—a2—bz—c2+ab+bc+ca)

:—%(a+b+c)(2a2 +2b” +2¢” — 2ab— 2bc - 2ca)

:-%(a+b+c)[(a-b)z+(b-c)z+(c-a)2]
Which is —ve a+b+c >0 and (a—b)er(b—c)er(c—a)2 >0

2y+4 5y+7 8y+a
3y+5 6y+8 9y+b
4y+b 7y+9 10y+c

Problem — 10:- If 3, b, c are in AP find value of

Solution:- Give a, b, carein AP so, 2b=a+C....cooorvrrrrrirrrenieeeeeeeeeeen, (1)

From LHS Applying R, >R, +R, — 2R,

6y+10-6y—-10 12y+16-12y—-16 18y+a+c—18y—-2b
= 3y+5 6y+8 9y +b
4y +6 7y +9 10y +c
0 0 a+c—2b

=|3y+5 6y+8 9y+b
dy+6 7y+9 10y+c

0 0 0
=|3y+5 6y+8 9y+b
dy+6 7y+9 10y+c

(From equation 1)

=0

ODM Educational Group Page 14




[DETERMINANTS] BRYZNIGIAY e BN ogy =S

(erz)2 Xy X
Problem -11:- Show that A=| «xy (x+z)2 yz :2xyz(x+y+z)3
Xz yz (x+y)2

Solution:- From LHS R, = xR,,R, = yR,,R; — zR; and dividing by xyz we get

x(y+z)2 X’y X’z
1 2 2 2
=—1| xy y(x+2) v’z
X2 g2 vz’ z(x+y)2

Taking common x, y, z from C1, C; and Cs respectively, we get

2 2 2
2 (y+z2) X' X
=—| v*  (x+z2) y’ c,—>C,—-C,C,—>C,—-C
Xzl 2 (x+y)2
(y+z)2 xz—(y2+z) x*—(y+z)
= vy (x+2z) —y? 0 Taking common factor (x+y+z) from Cz and Cs
7 0 (x+y) -2°
(y+z) x—(y+z) x—(y+z)
2 2 .
=(x+y+z)| vy X+2)-y 0 Applying R, —(R, +R,)
7 0 (x+y)-z
, 2yzz -2z -2y - 1 1
=(x+y+2z) |y’ x—-y+z 0 Applying C, —| C, +=C, |and C, —| C, +=C,
z 0 X+y—z y z
22 0 0
=(x+y+z)2 y. X+y Yy Expanding by R,, we get
z
2
2 = X+y
y

=(x+y+z)2 2yz((x+z)(x+y)—yz)=(x+y+z)2 2yz(x2 +xy+xz)
=(x+y+z)3 2xyz

Aria of a Triangle:- In co-ordinate Geometry, we have studied that area of a A whose vertices are

L 1
(%.,¥1),(%,,, )and(x,,y,) is given by the formula E[xl(y2 —v3) %, (Vs —v. )+ %5 (v, —yz)]. Now we

1 vy, 1
can express in the form of a determinant as = 2 X, y, 1
X; y; 1
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Note:-

(a) The area is always a positive quantity

(b) The area of the triangle whose vertices are three collinear points is zero.
Example -1

Find the area of the triangle formed by the points (3,8),(—4,2)and(5,1).

Solution:-
The area of the triangle formed by

3 81
-4 2 1
5 11

A=Z
2

:1[3(2—1)—8(—4—5)+ 1(—4—10)]

1 1
:—[3+72—14]:6—sq.units
2 2
Example — 2
Show that the points A(a,b+c),B(b,c+a)andC(c,a+b) are collinear.

Solution:-

To prove three points collinear, we have to prove the area formed by them is zero.

112 b+c 1 la—b b—a 0
==b c+a l==b-c c-b O (.R, >R, —R,,R, >R, —R,)
2ic a+b 1 c a+b 1

Expanding by Cs3

1
=>{0-0+1((a=b)(e=b)~(b~c)(b-2))
:%{O—O+ac—ab—bc+b2 —b® +ab+bc—ca}

1
:EXOZO Hence, collinear

Example -3

Find the value of K if the area of the triangle is 4 sq. Units and verities are (K, 0), (4, 0), (0, 2).

o~ X
N OO
[l
Il

N

1
Solution:- ATQ E

=-0+0-2(K-4)=8 (By expanding C;)
—-2K+8=8

=K=0
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Example -4
Find the equation of the line joining (1, 2) and (3, 6) using determinant
Solution:- Let P(x,y) be and point on the line given A(1, 2), B (3, 6).

As A, P, B points are collinear

=0

WX =
o< N
[

1
2

=1(y—6)—-2(x—3)+1(6x—3y)=0

=>y-6-2x+6+6x—-3y=0

=4x-2y=0

=2x-y=0

Which is equal to the line

Home Work:-

NCERT (Exercise — 4.3)

Minors and co-factors:-

Definition of minor:- Minor of an element aij of a determinant is the determinant obtained by
deleting its ith row and jth column in which element aij lines.

Minor of an element aij is denoted by Mij

1 2 3
Example:- Find minor of a1z, az3, @z, as1of A=|4 5 6
7 8 9
Solution:-
Minor of a,, =M, =‘§ g‘:36—42:—6
Minor of a,, =M., =‘% §‘=8—14=—6
. 1 3
Minor of a,, =M,, =|5 g|=9-21=-12
Minorofa31=M31=‘§ g‘=12—15=—3

Definition of Co-factor:-

Co-factor of an element aij, denoted by Aij or Cij is defined by A, =(—1)i+jM where M; is minor of

ij 2

aij
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Example:- Find the minor and cofactors of elements of A :‘1 _2‘

3 4
Solution:-

Minor of a,, =M,; =4

Cofactor of a,, =A, = (—1)1+1 M, =1x4=4

=3

Minor of a,, =M,,

Cofactor of a,, =C,, =(-1) "M, =(-1).3=-3
Minor of a,, =M,, =-2

Cofactor of a,, =A,, =(-1)""M,, =(~1).(-2)=2
Minor of a,, =M,, =1

Cofactor of a,, =A,, =(-1)"M,, =1x1=1

Note:-
If elements of a row (or column) are multiplied with cofactors of any other, row (column) then their
sum is zero.

Example:- A=a A, +a,A,, +a,;.A,,

1+1(a a 1+2|a d 1+31a a
=a, (_1) 12 Bl +a, (_1) 11 13| +a,, (_1) 11 12
a32 a33 a31 a33 a31 a32
dy 9 dg . .
=la,, a,, a,|=0 (Because Ry and R; are identical)
a31 a32 a33

Note:- If elements of a row (or column) are multiplied with cofactors of the same row (or column)

then their sum s |A].

Example:-
2 -3 5

Find the minor and cofactors of the elements of the determinant (6 0 4| and verify it
1 5 -7

a;, Ay +a,Ag, +aA,, =0.

Answer:-
My, = ‘g _47‘ =0-20=20,A,, =(-1)"" =-20
M,, = ‘(15 _47‘ ——42-4=-46, A, =(~1)"" (-46)=46
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M, =[5 g‘ =30-0=30,A,, =(-1)"".30=30

M=o _57‘ =21-25=-4, A, =(-1)"" (-4) =4

M,, = i _57‘ =-14-5=-19, A,, =(-1)""(-19)=-19
2 -3 2+3

My=l] ¢ ‘:10+3:13, A, =(-1)""(13)=-13

M, =[o 2‘2—12—02—12, A, =(-1)" (-12)=-12
2 5 3+2

M, =|¢ 4‘:8—30:—22, A, =(-1)"(-22)=22
2 -3 3+3

My, =g 5 ‘:O+18:18, A,,=(-1)""(18)=18

So, a,A,, +a,A;, +a,A,; =2(-12)+(-3)22+5(18)=—24-66+90=0
Homework:- Exercise — 4.4 NCERT Book
Adjoint and Inverse of a Matrix:-

Adjoint of a matrix:- The adjoint of a square matrix A=[aij] is defined as the transpose of the

nxn

matrix [Aij]rlxrl , Where Ajj is the cofactor of the element aj. Adjoint of a matrix is denoted by adj(A)
all a12 al3
let A=|a,, a,, a,
a31 a32 a33
.
. All A12 A13 All AZl A3l
Then adj(A)=|A,, A,, A, | =|A, A, A,
A31 A32 A33 Al3 23 A33

Example—-1 Find adj A for A :B ﬂ

1+2

Answer:- We have A, =(-1)"4=4,A,=(-1)"1=-1

A21 — (_1)2+1 3 _ _3 AZZ _ (_1)2+2 2 _ 2
. A A A A
Hence adJ(A)z[Ai AZ}[AE Azﬂ

— adj(A) =[_41 _ﬂ
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Note:- For a square matrix of order 2 given by A= [aﬂ 212}
21 22

The adj A can also be obtained by interchanging a11 and a2 and be changing the signs of a1, and a1
ie ade=|:an a1z:|=|: Ay _alz}
9 9 —a, a;
1 -1 2
Example:- Find the adjoint of the matrix. A=| 23 5

-2 0 1

Solution:-

A =(-1)"P i‘=1(3— )=3
A, =(-1)"7[2 §‘=—1(2+10)=—12
A, =(-1)"7|2 3‘=1(0+6)=6
A= ()01
A, =(-1)"|2 2‘:1(1+4)=5
Ao =(-177 S l=(-2)(0-2)=2
A, =(-1)" 2 2‘ ~1(-5-6)=-11

Aa=(1) - (1)(s5-4)-1

Ay =(-1)"f _31‘=1(3+2)=5
3 -12 6 3 1 -1
So, adj(A)=| 1 5 2|=/-12 5 -1
-1 -1 5 6 2 5
Theorem -1

If A be any given square matrix of order n, then
A(adj(A))=adj(A). A= |A[I

Where | is the identity matrix of order ‘n’.
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Proof:-
all a12 a13 ) All A21 A31
let A=|a,, a, a, |=adj(A)A, A, A,
a31 a32 a33 A13 A23 A33
. all a12 a13 All A21 A31
Now, Aadj(A)=(a, a, a,|A, A, A,
a31 a32 a33 A13 A23 A33
_ 0 _
Rl - a11A11 + a12'A12 +a13A13 a11A21 + alZAZZ +a13A23
0 a11A31 + a12A32 + al3A33
= RZ - aZlAll + a22A12 + a23A13 a21A21 + aZZAZZ + a23A23
0 a21A31 + a22A32 + aS3A23
R3 - a31A11 + a32A12 + a33A13 a31A21 + a32A22 + a33A23
L a31A31 + a32A32 + a33A33 J
i 1+1|a a 1+2 |a a 1+3 (a a i
e R e e o I
0
:R2 - 0 a (_1)z+1 PRI +a (_1)2+2 Ay 9 +a (_1)“3 a; 9,
2 a32 a33 2 a3l a33 = a31 a32
3+1(a a 3+2|a a 3+3|a a
" : U S T S R S
Al 0 o0
=10 |A ©
0 0 |Al
1 00
=0 1 0 =|A|=1
0 01

Similarly, we can prove adj(A).A=|A|.I
Hence, Aadj(A)=|A|.J=adj(A).A
Note:- A square matrix A is said to be singular matrix if |A| = 0. If |A| #0 then A is said to be a non-

singular matrix.

2 1

Example:- If A= [4 3

} Here |A|=4-4=0
So, Ais a singular matrix

14 5
TREH

A|:12—10:2¢0 so, A is a non-singular matrix

Here,

Theorem:- If A and B are non-singular matrices of the same order then AB and BA are also the non-

singular matrix of the same order.
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. 11 2 12 4
Example:- Let A—[?’ 4L2,B—[3 1L2

Here |A|=0and [B|=0

AB = 1x2+2x3 1x4+2x1|_| 8 6
T|13x2+4x3 3x4+4x3| |18 16

Here |AB|#0 i.e 8x16-18x6=128-108 =200

ap_[2x1+3x46 2x2+4x4]_[14 20
| 3x1+1%x3 3x2+1x4 || 6 10

Here [BA|#0 i.e 14x10-20%6

=140-120=20+%0

Hence, not singular

Theorem:-

The determinant of the product of matrices is equal to the product of their respective determinant is

|AB|=|A|.|B| .where A and B are square matrices of the same order.

. 11 20, 12 1
Example:- Let A—[3 2},8—[3 2}

|A|I=2—-6=—4and[B|=4-3=1

So, RHS = |A||B|=-4x1=-4

11 22 1
Now, AB—[3 2}[3 2}

C|1x2+2%x3 1x1+2x2
T 3%x2+42%x3 3x1+2x2

gin]

= |AB| =56 —60 =—4 =LHS

So, |AB|=|A| |B|

Remember:- We know that (adjA).A=|A]l

Al 0 o
=0 |Al 0| |A=0
0 0 |A

Taking determinant in both sides
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Al 0 0
pai(a)l=[0 [o] o
Al
()| -Jaflo 2 0
— ladj(A)|=|A 1
0 0 1

= [adi(A)|al=|aP x1
= l[adj(A)|=|A]

n-1

A

In general, if A is a non-singular matrix of order ‘n’ then |adj(A)| =

Theorem —4 A square matrix A is invertible if and only if A is a non singular matrix
Proof:- Let A be the invertible matrix of order n and | be the identity matrix of order n.

Hence, there exists a square matrix B of order n such that AB=BA =1

Now, AB=1=|AB|=|l|
= |Al.jB|=1 (- |aB|=|A|.|Bland]|i|=1)

Here,

A|#0, hence A is non-singular

Conversely, let A be non-singular

Then |A| #0

Now A(adjA)=adj(A).A=|A|l

:A(ﬁadeJ :(ﬁadj(A)}A =1

1

A

1
This Ais invertible and A™ = —adjA

Or AB=BA=I, Where B=-—adj(A)

A
1 3 3
Example:- If A=| 1 4 3|, then verify that A adj A=|A|l.. Also, find A™
1 3 4

Answer:- We have |A|=1(16-9)-3(4-3)+3(3-4)=1#0
Cofactors

4 3

A :(_1)1+1 3 4

11

‘:1(16—9):7
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A, =(-1)"7 % 4‘:—1(4—3):—1
A, =(-1)"f ‘3“:1(3—4):—1
A, =(-1)" g 2 =-1(12-9)=-3
Ay =(-1)7l 3l=1(4-3)=1

A, =(-1)"3 3=1(9-12)=-3
A, =(-1)"] §‘=—1(3— )=0
Ay =(-1)"]1 i‘:1(4— )=1

-1 0 1
13 3][7 -3 -3
Now A.(adj(A))=|1 4 3||-1 1 ©
1.3 4)-1 0 1

7-4-3 —3+4+0 -3+0+3

7-3-3 —3+3+0 —3+0+3
7-3-4 —3+43+0 -3+0+4

100 [100
= Aadj(A)=|0 1 0|=1/0 1 O|=|A|l

001 001
1 17 -3 3] [7 -3 -3
So, A =—adj(A)==|-1 1 0|=[-1 1 0
Al 1.1 0 1] |1 0 1

. _ 2 3 |11 2 . -1 p-1p-1
Question — 1 IfA—[1 _‘JandB—[_1 3} , verify that (AB)  =B™A

.o [2 371 2] [-1 5
Solution:- AB—[1 _4}[_1 3}—[5 _14}

= |AB|=14-25=—-11=0
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So, (AB)f1 exists

Cihent 1o 1[-14 5] 1[14 5

Now, |[A|=-8-3=-11=0
B|=3-2=1%0

So, A',B™ both exist and are given by
-1 _ _1 —4 —3 -1 _ 1 3 2
A=Tl-1 2B T 1
NOW 871 A*l__i 3 2 _4 _3
’ ) a 11 1 1 -1 2

_ 1714 —5|_1[14 5
- 11| —5 —1_11 5 1
- (AB)" =A™

Question -2

Show that the matrix A:B ﬂ satisfies the equation A> =4A+1=0, where | is 2x2the identity

matrix and O is 2x2 the null matrix. Using this equation, find A™.

ish. 2 ~12 312 3|7 12
Solution:- We have A —A.A—[1 2}[1 2}_[4 7}
. A2 _n_|7 12| |8 12 1 0
SA —4A+I—O—[4 7} [4 8}{0 1}

-1 07 1 o] Jo o]
‘[o —1}{0 1}[0 0}_0
Now, A —4A+1=0

— AA—4A=—]|

Multiplying A™ both sides (post multiplication)

=N A.A(A‘1 ) —4AA T =A™

:AI—4I:—(A’1)
S A N W

a1 | 2 -3
w2 7]
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3 2
11

s a2 13 2|13 2| |11 8
Solution:- A —A.A—[1 1}[1 1}_[4 3}

Now A’ +aA+bl=0

Question — 3 For the matrix A :[ }, find the numbers a and b such that A> +aA+bl=0

Post multiplying A™ both sides

=(AA)A" +aAA" +blAT =0.A™
= A(AA?)+al+bA™" =0

= Al+al+bA™ =0

= A+al=-bA™"

a1 11 21 (1 =2
Now A _WadJ(A)_I[_l 3}—[_1 3}
We have from equation (1)
1 2]__1[(3 2) (a ©
-1 3|77 pl\1 1)7\o a

1 2] 1[3+a 2
=1 3}‘5[ 1 1+a}

i (3+a) 2

1 2| | b E
~|-1 3}‘ 1 1+a

b b

By equality of matrix

e b-t1and 27%-10 3421
b b

=a=-4
1 1 1

Question —4 Forthe matrix A=|1 2 —3| show that A>—6A*+5A+111=0 hence finds A™.
2 -1 3

1 1 1
Solution:- Given A=|1 2 -3
2 -1 3
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1 1 111 1 1
So, A’=AA=1 2 -3[|1 2 -3
2 -1 3

1+2-6 1+4+3 1-6-9

1+1+2 1+2-1 1-3+3
2-1+6 2-2-3 2+3+9

4 2 1
=A’=-3 8 -14

7 -3 14
4 2 111 1 1

Now, A’=A’A=(-3 8 -14|1 2 -3
7 -3 14 (|2 -1 3

-3+8-28 -3+16+14 -3-24-42

44242  4+4-1 4-6+3
7-3+28 7-6-14  7+9+42

8 7 1
=A*=|-23 27 -69
32 -13 58

S A>—6A°+5A+111

B 7 4 4 2 1 1 1 1 1 00
=|-23 27 -69|-6/-3 8 -14|+5/1 2 -3|+11/0 1 O
| 32 -13 58 | 7 -2 14 2 -1 3 e}
8 7 1] [2a 12 6 5 5 5 11 0 0
=|-23 27 -69|-|-18 48 -84|+|5 10 -15|+| 0 11 O
032 -13 58| |42 -18 84 10 -5 15 0 0 11
24 12 6 24 12 6

=|-18 48 -84|-|-18 48 -84

| 42 -18 84 42 -18 84

[0 0 0O

=0 0 0/|=0

0 00

Now, A®>-6A>+5A+111=0
= AAA-6AA+5A+111=0
Post multiplying A™ both sides

= AAAA'-6AAAT+5AAT+11IAT =0

= AAI-6AI+5+11A" =0

=11A"=—-A?> +6A -5
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114 2 1 1 1 1 1 00
=——||-3 8 -14|-6/1 2 -3|+5/0 1 0O
111 7 -3 14 2 -1 3 0 0 1

_4]/3 -4 5| 4[-3 4 5
=A"'=—|-9 1 4 |=—|9 -1 -4
115 3 1| 115 3 1

3 4 5]

11
9
5

=
[y
=

R
O e
1 11
1

=
=
=

-3 -1

11 |

[N
Y
=

Question -5

Let A be a non-singular square matrix of order 3x3. Then |ade| is equal to
(a) |Al (b) A (c) |Af (d) 3|A

Solution:- Heren =3

We have ‘adj(A)‘ :|A|3_1

= [adi(A) =[af

Question — 6

If A'is an invertible matrix of order 2 then det(A‘l) is equal to

1
det(A)

(a) det (A) (b) (01 (d)o

Solution:- A is an invertible matrix
1
A

As matrix A is of order 2

. A'lexistsand A™ =—adj(A)

Let A:E 3}:|A|:ad—bc and ade:[_dC _ab}
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'd b
L1 A |A
So,Alzwadj( )= |—c| L'
Al A
0 11d b 1
=A== =—(ad—bc)
A I=e @1 |af
1 1
=A== x|Al==
S
) 1
So, det(A 1): det(A)

Theorem:- If A and B are non-singular square matrices of the same order, then
adj(AB)=adj(B).adj(A)

Proof:-

Since A and B are non-singular square matrices of the same order. Hence, AB exists

~.|AB|=|A.[B]£ 0 (-|a]=0,B

#0)

We know that (AB)(adj(AB))=|AB[IN ........ccveirerrirrrrnriciicciinns (1)
Also (AB)(adjB.adjA)=A(B.adjB).adjA

=a.(|B|.In)adjA

~[p|(A ac A)

o)

=|AB

In

= (AB)(adjB.adjA) =|AB

|y ceveeeeneneeeesnsesennnnnannns (2)
From equation (1) and (2) we get
(AB)(adjAB)=(AB).(adjB.adjA)

Pre multiplying (AB) " both sides

= (AB) " ((AB)(adjAB))=(AB) ' ((AB)(adjB.adjA))
= ladj(AB)=I(adjB.adjA)

= adj(AB) =adjB.adjA
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Theorem:- If A is an invertible square matrix then adj A" =(adj A)T
Proof:- Since A is an invertible matrix |A| =0 :>‘AT‘ #0

= AT is invertible (-]aT|=]a))
We have
A.adjA=|Al.1,
=[Aadi(a)] =[|a

= (adjA) AT =|A

L]

L e (1)

1

Again (adj A" ).A" =|A

= (adjA").AT =|A

From equation (1) and (2)

(adjA™).(AT)=(adjA)" (A7)

—=adj A" =(adj A)T (By canceling A" both sides)

Theorem:- Prove that adjoint of a symmetric matrix is also a symmetric matrix.
Proof:- Let A be a symmetric matrix = A=A"

We know (adj A)T =(adj AT)

= (adj A)T =(adjA)

.. adj Ais a symmetric matrix

n-2

Theorem:- If A is a non-singular square matrix, then adj (adj A) =|A| A

Proof:-

A1

We have B(adjB)=[B

Replacing B by adj (A)
We have (adj A)[adj (adj(A))] =[adjA|.I,

n-1

= (adjA)[ adj(adjA) | =|A]"" 1,

Premultiplying A both the side

n-1
I

= A.(adjA)[ adj(adj A) |=A.|A

n

n-1

= (A.adjA)(adjadjA)=|A|" A,
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= |A]l, (adjadjA) =|A[".A
=|A|(1, (adjadja))=|A["" A
= |A|(adjadj A)=|A["".A
—adjadj A=|A".A

2
Theorem:- If A is a non-singular matrix of order n, then ‘adj (adj A)‘ = |A )

n-2

Proof:- We know that adj(adjA)=|A

n-2

= [adj(ad A)H Al A
= [adj(adj A)|=|A]"""|A|
n2-2n+1 (n—l)2

:>‘adj (adj A)| =|A

=|A

Problem:-

01. If ais an invertible matrix of the order 3x3 such that |A|=2, then find adj(adjA).
Answer:- adj(adj A)=|A]"” A=|A|.A=2A
02. If Ais a square matrix of order 3 such that |A| =2, then write the value of [adjadjA|

2
Answer:- [adjadjA|=[A[" " =26 =24 —16

3 0 -1
03. f A={2 3 0 |,thenfind, |adjadjA
0 4 1

Answer:- Try it. (1)

2 3
1 -4

. 2 371 =27 [-1 5
Solution:- AB—[1 _4}[_1 3J—[5 —14}

= |AB|=14-25=-11%0

Question -1 If A:[ }andB

Il
I
N

_32} then verify that (AB)f1 =B'A™!

So, (AB)_1 exists

a1 o 1[-14 5] 1[14 5

Now, |[A|=-8-3=-11=0
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B|=3-2=1%0

So, A™,B™" both exist and are given by A™ =—i[:4 _3},3‘1 :1[3 2}

111-1 2 111 1
Now. BLA™ __i 3 2(-4 -3
’ ) - 1111 1} -1 2

_ 1714 —5]_1[14 5
- 11 -5 -1 _11 5 1
-(AB) " =B"A™"
Question - 2

Show that the matrix A:[2 3

1 2}satisfies the equation A’ —4+1=0, where | is 2x2 the identity

matrix and O is 2x2 the identity matrix and O is 2x2 the null matrix. Using this equation, find A™".

i 2 12 3|2 3| |7 12
Solution:- We have A —A.A—[1 2}[1 2}_[4 7}

DA [7 127 [8 12] .1 0
oA 4A+I—[4 7} [4 8}{0 J

-1 07 1 o] Jo o]
‘[o —1}{0 1}[0 0}_0
Now, A>—4A+1+0

S AA—4A=-1

Multiplying A™ both sides (post multiplication)

=AA(A) —4AAT =A™

= Al-41=—(A")
S A HE N W

a1 | 2 -3
w2 7]

Question — 3 For the matrix A =B ﬂ, find the numbers a and b such that A> +aA+bl=0
s A2 13 23 2| |11 8
Solution:- A —A.A_[1 1}[1 1}_[4 3}

Now A’ +aA+bl=0

Post multiplying A™ both sides
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=(AA)A" +aAA" +blAT =0.A™
:>A.(A.A’1)+al+bA’1 -0
= Al+al+bA?t=0

= A+al=-bA™

:>A‘1=_?1(A+al) .................................... (1)

a1 111 -2 1 -2
Now A~ :WadJ(A):I[_l 3 }=[_1 3 }

We have from (1)

R (RN

1 2] 1[3+a 2
~|1 3}“5[1 1+a}

By equality of matrix —%z—l:bzland ?zl:—S—azlza:—4

1 1 1
Question No. —4 For the matrix A:{l 2 —3}.Showthat A’ =6A%+5A+111=0 find A™.
2 -1 3
1 1 1
Solution:- Given A=|{1 2 -3
2 -1 3
1 1 11 1 1
So, A’=AA=1 2 -3[|1 2 -3
2 -1 312 -1 3

1+2-6 1+4+3 1-6-9

1+1+2 1+2-1 1-3+3
2-1+6 2-2-3 2+3+9

4 2 1
=A'=|-3 8 -14

7 -3 14

4 2 111 1 1
Now, A’=A’A=|-3 8 -14|1 2 -3

7 -3 14 |2 -1 3
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44242
-3+8-28
7-3+28

|
:,As{

8
-23
32

S A*—6A+5A+11I

4+4-1 4-6+3
-3+16+14 -3-24+42
7—-6-14 7+9+42
7 1
27 69
—-13 58

[ 8 7 1 4 2 1 1 1 1 100
=|-23 27 -69|-6/-3 8 -14|+5/1 2 -3|+11]0 1 O
| 32 -13 58 7 -3 14 2 -1 3 0 0 1
8 7 1 24 12 6 5 5 5 1 0 0
=|-23 27 -169|-|-18 48 -84|+|5 10 -15|+|/ 0 11 O
|32 -13 58 42 -18 84 10 -5 15 0 0 11
24 12 6 24 12 6
=|-18 48 -84 |—|-18 48 -84
42 -18 84 42 -18 84
[0 0 O
=[0 0 0|=0 Now, A* —6A> +5A+111=0
10 00

=AAAAT—6AAAT+5AAT+11IAT =0
= AAI-6A.1+5H+11A" =0
=11A"=-A*+6A -5l
-1 1 2
—A :—(—A +6A—5|)
11

-1

:—1(A2—6A+5I)
11(4 2 1 1 1 1 1 00
=—||-3 8 -14||-6/1 2 -3|+50 1 0
111\ 7 -3 14 2 -1 3 0 01
_4/3 -4 5| 4[-3 4 5
SA'=—|-9 1 4|=—|9 -1 -4
115 3 1| 11| 5 3 -1
(3 4 5]
11 11 11
O R
11 11 11
s> 3 -1
11 11 11

ODM Educational Group Page 34




[DETERMINANTS] BRYZNIGIAY e BN ogy =S

Question No. — 05

Let A be a non-singular square matrix of order 3x3. Then |ade| is equal to
(a) |A| (b) A (c) |Af (d) 3[A|

Solution:- We have ‘adj(A)‘ :|A|3_1

= adi(A)|=|A

Question No. — 06

If A'is an invertible matrix of order 2 then det(A‘l) is equal to

1

(a) det (A) (b) det(A)

(1 (d)o

Solution:- As a is an invertible matrix
1
A

As matrix a is of order 2

- A7 existsand A =—adj(A)

LetA:[i 3}:|A|:ad—bc and ade:[_dC _ab}

de=h
So,A1:7%PdKA)= gg kﬂ

LA Al
—[a =ﬁ_dc N =#(ad—bc)
=[a |y
So, det(A‘l)z detl(A)

Theorem:-

If A and B are non-singular square matrices of the same order, then adj(AB)=adj(B).adj(A)
Proof:- Since A and B are non-singular square matrices of the same order.

Hence, AB exists

~.|AB|=|A|.[B] 0 (- ]A]=0,

B|¢O)
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We know that (AB).(adj(AB))=|AB|.I, ..ccrveveeirrrrrrrreerrisnrenrriinneans (1)

Also (AB)(adjB.adjA)=A(B.adjB).adjA

A(jB

1,)adjA
=[B|(A adjA)

)

In

=Bl (|

=[All8

[ag]),
= (AB)(adjB. adjA) =|AB|l, .c..ocvverierirriceciaee, (2)
From equation (1) and (2) we get
(AB)(adjAB)=(AB).(adjB.adjA)

Pre multiplying (AB) both side

= (AB) *((AB)(adj AB))=(AB) " ((AB)(adjB.adjA))
=ladj(AB)=I(adjB.adjA)

= adj(AB)=adjB.adjA

Theorem:- If A is an invertible square matrix then adj A’ =(adj A)T

Proof:- Since A is an invertible matrix
~|Al0 =|AT|=0

= A" isinvertible ( ‘AT‘:|A|)
We have AadjA=|A|.1,
= [Aadi(a)] =[|A1, ]

= (adjA) A" =|A

e (1)

Again (adj.A").AT =\AT

A,

= (adj.AT).AT =|A

RS (2)

From equation (1) and (2)
(adj A").(AT)=(adjA)" (A)'

= adj A" =(adj A)T By canceling A" both sides
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Theorem:- Prove that adjoint of a symmetric matrix is also a symmetric matrix.

Proof:- Let a be a symmetric matrix = A=A"
We know (ade)T :(adj AT)

= (adj A)T =(adjA)

.. adjA is a symmetric matrix.

n-2

Al A

Theorem:- If A is a non-singular square matrix, then adj(adj A) =
Proof:- We have B(adjB)=|B|, (for n order b matrix)
Replacing b by adj(A)

We have (adj A)[adj(adj(A))] =[adj A

A

n-1

n

= (adjA)|[ adj(adjA) | =|A

Pre-multiplying A both the side

= A.(adja)[ adj(adjA) |=A.|A["" 1,
= (AadjA)(adjadjA) =|A["" Al,

= |A[1, (adjadjA) =|A["".A
=|A|(1, (adjadjA))=|A]" " A

= |A|(adjadjA) =|A"".A
—adjadj=|Al"".A

Theorem:-

(n-1?

If A is a non-singular matrix of order n, then ‘ad(ade)‘ = |A

Proof:-
We know that adj(adj A) = A" A
= adi(adjA)| = A" A
= ladj(adj A)|=[A""|A]
n%-2n+1 . (n—l)2

:‘adj(ade)‘: A

_|A
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Problems:-

01. If Ais aninvertible matrix of the order 3x3 such that |A| =2, then find adj(ade)
Answer:- adj(adj A) =|A]"" A=|Al.A=2A
02. If ais a square matrix of order 3 such that |A|=2, then write the value of [adjadjA|

(n-1)?

Answer:- |adjadjA| =|A[" " =20 —2* —16
3 0 -1
03. If A=|2 3 0 |, thenfind, [adjadjA|
04 1

Answer:-Try it (1)
Applications of determinants and Matrices:-
We shall discuss the application of determinants and matrices for solving the system of linear
equations in two or three variables and for cheeking the consistency of the system of linear
equations.
Consistent System:-
A system of equations is said to be consistent if its solution (one or more) exists.
Inconsistent system:-
A system of equations is said to be inconsistent if its solution does not exist.
Remark:-
In this chapter, we restrict ourselves to the system of linear equations having unique solutions only
i.e only one solution.
The solution of a system of linear equations using the inverse of the matrix:-
Consider the system of equations
ax+byy+c,z=d,
a,x+b,y+c,z=d,

a,x+b,y+c,z=d,

a, b, c X d,
let A=|a, b, ¢, [, X=|yl|andB=|d,
a, b, ¢ z d,

Then the system of equations can be written as AX=B
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Case — 1 If Ais a non-singular matrix, then the inverse exists. Now
AX=B

= A" (AX)=A"'B (By pre-multiplying by A™)
=(A"A)X=A"B

=X=A"B

This method of solving the system of equations is known as the Matrix method.

Case — 2 If Ais a singular matrix, then |A|=0 in this case, we calculate (adjA). B

If (ade)B;tO (0 being zero matrices) then the solution does not exist and the system of
equations is called inconsistent.

If (ade)B=O, then the system may be either consistent or inconsistent according to the system

have either infinitely many solutions or no solution.

Example — 1 Solve the system of equations 2x+5y=1,3x+2y=7

Solution:- Given 2x+5y=1 3x+2y=7

an=[3 Sxef3]s- ]

So, AX=B

=SATAX=A"B=IX=A"B

Here |A|=4-15=-110

So A™! exists

So has a unique solution

Now adj(A) =[_23 _25}

From equation (1) we get

X=A"B

-Bs AR

Hence, x=3,y=-1
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Example:- 2 Solve the system of equations 2x+3y =5 2x+3y=1
— 2 3. _
Solution:- Here |A| —‘2 3‘ =6-6=0
So, A" can not be found out .. the system of the equation has no solution.

Example:- 3
Solve the following system of equations by matrix method 3x—-2y+3z=8 , 2x+y—-z=1,

4x -3y +2z=4

3 -2 3 X 8
Solution:- Here A={4 1 -1|X=|y|[,B=|1
4 -3 2 z 4

Here |A|=3(2-3)+2(4+4)+3(-6—-4)=-17=0

So, A" can be found out

Co-factors:-
A, =-1 A, =-8 A, =-10
A, =-5 A,,=-6 A,=1
A, =-1 A32 =& A33 =7
. All AlZ A13 All A21 A31
adJ(A) =1Ay Ap Ayxl=lA, A, Ay
31 A32 33 A13 A23 A33
-1 -5 -1
So, adj(A)=| 8 —6 9
-10 1 7
adj(A) 1|1 -5 -1
A= J( ):— -8 —6 9 We have AX =B
Al -17|—10 1 7

=ATAX=AT"B
=IX=A"B
=X=A"B

x| _4[-1 -5 -1]8
=>|ly|=—=| 8 -6 9|1
z| 17]-10 1 7|4

17| [1
-1
=—|-34|=|2 So, By equality of matrix x=1,y=2andz=3
171 —s1] |3

Home Work:- Exercise — 4.6 (NCERT Book) Question number 01 to 14
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Question No. - 01

The sum of three numbers is 6 if we multiply the third number by 3 and add the second number to it,
we get 11. By adding first and third numbers, we get double the second number, represent it
algebraically and find the numbers using the matrix method.

Solution:- Let first, 2"* and 3" numbers are x, y, and z respectively.

ATQ x+y+0 y+3z=11 X+z=2y

=>x—-2y+z=0

1 1 1 X 6
Let A=| 0 1 3|, X=|y|,B=|11
-1 -2 1 z 0

We have AX=B...cccoovrrrrrreeeeeennnn. (1)

Now, |A|=1(1+6)—(0-3)+(0-1)=9=0

Now to find out adj A

Co-factors
A,l(1+6)=7 A,=—(0-3)=3 A,=-1
A21 =-3 Azz =0 Azs =3
A, =2 A,,=-3 A;;=1
T
7 3 -1 7 -3 2
So, adjA=|-3 O 3] =3 0O -3
2 -3 1 -1 3 1
7 -3 2
1 1
A'=—adjA==[3 0 -3
|A| 91 3 1

From equation (1) A 'AX=A"'B
=IX=A"B

=X=A"B

x] 17 -3 276

So,|y|==| 3 0 -3|11

z| 99-1 3 1|0
1[42-33+0] 4] 9
==| 184+0+0 |==|18
9| -6+33+0| 9|27

X 1
=|y|=|2| So,x=1,y=2andz=3
z 3
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Problem -2 If A{3 2 —4} find A™. Using A" solve the system of equations
1 1 -2

2x—3y+5z2=11;3x+2y—-4z=-5;x+y—2z=-3

2 -3 5
Solution:- |A|= 3 -4

1 1 =2
=2(—4+4)+3(-6+4)+5(3-2)=0-6+5=-1=0

Therefore, A is a non-singular matrix so A~ exists

C, =0;C,=2;C,=1C, =—-9;C,, =5 C, =2;C,, =23;C,, =13
o 2 117 Jo -1 2
adjA=|-1 -9 -5| =2 -9 23
2 23 13 1 -5 13
1 1[0 -1 2 0 1 -2
SJATT="adjA=—|2 -9 23|=|-2 9 -23
|A| -1{1 —5 13| |-1 5 -13

The given system can be expressed as AX=B, where

2 -3 5 X 11
A=({3 2 -4|,X=|y|,B=|-5
1 1 -2 z -3

Now, AX=B=X=A"'B

'x] [o 1 -21112
=|yl|l=l-2 9 -23|/-5

-1 5 -13]|-3

'x] | 0-5+6 1
=|y|=|-22-45+68 |=|2
Z

| -11-25+39 3

N <<

On equating, we getx=1,y=2andz=3

Problem -3

The cost of 4 kg onion, 3 kg wheat, and 2 kg rice is Rs. 60. The cost of 2 kg onion, 4 kg wheat, and 2 kg
rice is Rs. 90. The cost of 6 kg onion, 2 kg wheat, and 3 kg rice is Rs. 70. Find the cost of each item kg
by matrix method.

Solution:-

Let the cost of per kg = Rs. X

Cost of wheat per kg =Rs. Y

And the cost of rice per kg =Rs. Z
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According to question 4x+ 3y +2z=60; 2x + 4y + 6z =90and6x +2y +3z=70

The giver system of equations can be expressed as AX = B where

4 3 2 X 60
A=|2 4 6| X=|y|andB=|90
6 2 3 z 70
4 3 2
Al=]2 4 6
6 2 3

|A|=4(12-12)-3(6-36)+2(4-24)=0+90-40=50+0
= The system has a unique solution

¢,=0,c,=30,C,=-20,C, =-5,C,,=0,C,=10,C,, =10,C,, =—-20,C,, =10

o 30 -2 [0 -5 10
adjA=|-5 0 10| =/30 0 -20
10 —20 10 20 10 10

1 1/ 0 -5 10
A'="_adjA=—{ 30 0 -20
A 50| 20 10 10

AX=B=X=A"'B

x| 1[0 -5 10 60]
y|==—|30 0 -20/90
z| 50|20 10 10 [|70]

1| 0-450-700 112507 [5
=—| 1800+0-1400 |=—|400 |=|8
50| -1200+900+700 | 50|400| |8

X=5y=8andz=8

Thus, the cost of 1 kg onion =Rs. 5
Cost of 1 kg Wheat =Rs. 8

Cost of 1 kg Rice =Rs. 8

Problem -4

1 -1 1

If A=|2 1 -3/ find A" and hence solve the system of linear equations
1 1 1

X+2y+z=4,—x+y+z=0,x—-3y+z=2

1 -1 1
Solution:- We have A=|2 1 -3
1 1 1
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1 -1 1
A= 1 -3(=1(1+3)+1(2+3)+1(2-1)=10=0
11 1

So A is invertible

Let Cjj be the co-factors of elements ajj in Alaij], then

+1|1 =3 22 =3 32 1
cn—(—l)“1 1‘:4 cn—(—l)”1 1‘:—5 clg—(—l)”1 1‘:1
w1 1 +2(1 1 31 -1
Cy =(-1)"[ 1‘:2 C, =(-1)""|; 1‘:0 C=(-1)"f; 1‘:—2
+1-1 1 +2(1 1 +311 -1
C,=(-1)"] 5=2 C, =(-1)"}; _3‘=5 C=(-1)"}; 1‘:3
4 5 11 [4 2 2
adjA=2 0 -2|=/-5 0 5
2 5 3| 1 -2 3

a1 . 115 0 5
A _|A|adJA_1o[1 12 3}

Now, the given system of equations is expressible as
1 2 1| «x 4
-1 1 1j|lyl=|0
1 3 1}z 2

X 4
Or, AT™X =B, where X {y} andB —{0}
z 2

Now,

AT‘:|A|:1O¢O, so the given system of equations is consistent with a unique solution given

'x] 1[4 5 1]
=>|y|= 2 0 -2
z 2 5 _0

0

|

10

= x=9/5,y=2/5andz=7/5

|

16+0+2
8+0-4
8+0+6

H

9/5}
2/5
7/5

Hence, x =9/5,y =2/5 and z = 7/5 is the required solution.
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-4 4 4|1 -1 1
Problem — 5 Determine the product {—7 1 3 Ml -2 —2} and use it to solve the system of
5 -3 1|12 1 3

equations x—y+z=4,x—-2y—-2z2=9,2x+y+3z=1

1 -1 1 -4 4 4
Solution:- Let A={1 -2 -2l|andC=|-7 1 3.

2 1 3 5 -3 -1

-4 4 4|1 -1 1
Then the given productis CA=|-7 1 3 ||1 -2 -2
5 -3 -1}|2

-4+4+8 4-8+4 -4-8+12 8 0 O 1 00
=CA=|-7+1+6 7-24+3 -7-24+9 |=|0 8 0|=8/0 1 0|=8I
0

5-3-2 -5+6-1 5+6-3 0 8 0 0 1
1
:>§CA:I3
1
SKECJA:E
=A'T==C
1[-4 4 4
SA =27 1 3 e (1)
85 3 1

The given system of equations can be written in matrix form as

B

1 -1 1 X 4
Or AX=B,whereA=|1 -2 -2|,X=|yl|andB=|9
2 1 3 z 1

The solution of this system of equations is given by

X=A"B

1|4 4 474
=>X=—|-7 1 319
85 -3 -1]1

x] 1[-16+36+4] ;[ 24 3
=|y|==| —28+9+3 |==|-16 |=| -2
z| 8| 20-27-1| 8| -8 -1

=x=3,y=—-2andz=-1
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2 3 10 4 6 5 6 9 20
Problem:- 06 Solve the following system of equations —+—+—=4;, ———+—=1, —+———=2
z X

X y z ;y y z

1 1
Solution:- Putting —=a, —=b,
X y

N | =

=c in the given system of equations we get

2a+3b+10c=4 4a—6b+5c=1 6a+9—-20c=2

The system of the equation can be expressed as

2 3 10 a 4
AX=BwhereA=|4 -6 5 |,X=|b|andB=|1

6 9 -20 c 2
2 3 10

Now, |[A|=[4 -6 5 |=2(120-45)-3(-80-30)+10(36+36)=1200+0
6 9 -20

.. The system has a unique solution

C, =75,C,,=110,C,, =72,C,, =150,C,, =—100,C,, =0,C,, =75,C,, =30,C,, = —24

75 110 727 75 150 75
AdjA=150 -100 O | =|110 -100 30

75 30 -24| |72 0 24

1 1 [75 150 75

A'=—AdjA=——|110 -100 30
A 12001 72 0 -24

a 1 [ 75 150 754
=|b|=——[110 -100 30 ||1
c| 1200| 72 0 -2412

al 4, [300+150+150] ; [600
=|b|=-=—| 440-100+60 |=-——| 400
C

1200 288+0-48 12001 240
a 1/2
=|b|=[1/3
c 1/5
1 1 1
=a=-=>x=2 b=-=y=3 c=—=1z=5
2 3 5
Questions:-
4 -1 0
01. f A=2 1 4| find(i))M2z (i) Ca2
1 0 3

02. The area of a triangle with vertices (k, 0), (1, 1), and (0, 3) is 5 sq units. Find the value of k
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03.

04.

05.

06.

07.

08.

09.

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.
20.

21.

22.

Find the area of a triangle, whose vertices are (0,3), (-1, 4), (2, 6)

Ay 9 9 .
If A=la,, a,, ayl,findthevalueof a,C, +a,C,, +a,,C;;
a31 a32 a33

Find the value of p such that the matrix [ 4

2} is singular
p

sin20° —cos20°

Write th | f
rite the value ot |in70°  cos70°

If A is a square matrix satisfying A'A =1, write the value of |A|

If A and B are square matrices of the same order such that |A| = 3 and AB = |, then write the
value of |B].

If A is a skew-symmetric matrix of order 3, write the value of |A].

i A=[? ﬂ and B:[‘l’ (1)} find the value of |A|+ 8|

1 2 [1 o],
If A—[3 _Jand B—[_l 0} find |AB|

2 X
—4

Find x, if ‘_1 2‘

4 8

1 2

If matrix A:[O 1

]find |A|

Write down the adjoint of the matrix [g 3}

If A =[(1’ (ﬂand B =[(1) ﬂfind (AB)*

Is the following system of equations consistent? 2x—3y=4 3x+2y=1
Find the number of solutions of the system of equations 3x+2y=5 6x+4y=3
If A'is a scalar matrix of the order 3x3 such that a,, =5 then find det A.

Find the value of x, such that the points (0, 2), (1, x), (3, 1) are collinear
For two given square matrices A and B of the same order, such that |A|=20 and |B| = -20, find

|AB|

For the adjoint of a matrix A :[_‘9’5 ﬂ

Find the inverse of the matrix [—16 —31;8}' if possible
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23. If Aisof order 5x5 and |A| =1, find |A]

a b

24. IfA=[C d},find adj(adj A)

0 a-b a-c
b-a 0 b-c

25. Write the value of the determinant —
c—a c—b 0

cosec’® cot’® 1

26. Find the value of the determinant | cot’0®  cosec’®0 -1
42 40 2

2
27. Find the value of the determinant X —X+1 x-1

x+1 x+1
3 1 8
28. Findthevalueof -4 2 6
-5 3 24
Problems on Determinants:-
1 a a
Problem — 1 Prove, using properties of determinants [1 b b*|=(a—b)(b—c)(c—a)
1 ¢ ¢

1 a a
Solution:-LHS=[1 b b’

1 ¢ ¢

1 a 2

=0 b-a b’-a’ (On applying R, >R, —R, R, >R, -R,)
0 c-a c¢’-a°

1 a a
=(b-a)(c-a)l0 1 b+a (On taking common (b—a) from R,and (c—a)fromR,)

0O 1 c+a
:(b—a)(c—a)[l{(c+a)—(b+a)}—0+0] (On expanding along C,)
=(b—a)(c—a)(c—b)
=(a—b)(b—c)(c—a)=RHS

1 1 1
Problem -2 Provethat;3 ;)3 Cc3 =(a—b)(b—c)(c—a)(a+b+c)
1 1 1
Solution:- [a b <
a> b &
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1
=|la b-a c-a (On applying C, »C,-C, C, >C,-C))

QU =
= O

0
1 (On taking common (b—a) from C, and (c—a) from
a> b’+a’+ab c?+a’+ac

1 0 0
a 0 1
a> b*-c®+ab—-ac c?+a’+ac

(On applying C, - C, -C,)

1 0 0
:(b—a)(c—a)(b2 —c +ab—ac) a 0 1 (On taking common (b2 —c +ab—ac) from
3
1

a ¢’ +a’ +ac
C,)
:(b—a)(c—a)(b—c)(b+c+a)[1{0—1}—0+0] (On expanding along R, )

=(a—b)(b—c)(c—a)(a+b+c)=RHS

Problem -3
X=y+2z X y .
Prove that z y +2+2x y |=3(x+y+2)
z X z+Xx+2y
Solution:-
X=y+2z X y
z y+2z+2x y
z X Z+x+2y
2X+2y+2z X v
=|2x+2y+2z y+z+2x y (On applying C, - C, +C, +C,)
2X+2y+2z X Z+Xx+2y
1 X y
=(2x+2y+2z)|1 y+z+2x y (On taking common (2x+2y +2z) from C,)
1 X Z+X+2y
1 X Y
=2(x+y+z)|0 y+z+x 0 (On applying R, >R, —R, R, >R, -R,)
0 0 Z+X+y

=2(x+y+z) 1{(x+y+z)2 —O}—O+O} (On expanding along C,)

= RHS

ODM Educational Group Page 49




[DETERMINANTS] BRYZNIGIAY e BN ogy =S

a—-b-c 2a 2a ;
Problem — 4 Prove that | 2b b—c—a 2b |=(a+b+c)
2C 2c c—a—b
a—-b-c 2a 2a
Solutions:- 2b b—-c—a 2b
2C plo c—a—-b

a+b+c a+b+c a+b+c
2b b-c—a 2b
2C 2c c—a-b

(On applying R, >R, +R, +R;)

1 1 1
=(a+b+c)j2b b-c-a 2b
2c 2c c—a—-b

(On taking common (a+b+c) from C,)

1 0 0

=(a+b+c)2b —(a+b+c) 0 (On applying C, >C,-C, C,—>C,-C,)
2c 0 —(a+b+c)

:(a+b+c)_1{(a+b+c)2 —0}—0+0} (On expanding along R, )

=(a+b+c)’ =RHS

y+z 2 y
Problem —5 Prove, using properties of determinates | z z+x  x |=4xyz
y X X4y
y+z 2 y 0 —-2x  —2x
Solution:- LHS=| z z+x X |=|z z+Xx X (On applying R, >R, =R, —R,)
y X -~ X+yl |y X  x+y
0 1 1

(On taking common (—2x) from R, )

0O 0 1
=-2X|z z X (On applying C, - C, -C,)
Yy -y X+y
:—2x[0—0+1(—yz—yz):| (On expanding along R,)
=4xyz =RHS

Homework:- NCERT Exercise — 4.2 Question number 10 (ii) and question number 11

b+c a a
Problem —6 Provethat| b c+a b |=4abc
c C a+b
b+c a a

b c+a b
c C a+b

Solution:- LHS = R, >R, —R, —R;
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0 -2c -2b
b c+a b
C c a+b

(Expanding along R, , we obtain)

b b
c a+b

b c+a

A=0—-(-2c) c .

+(—2b)

:2c(ab+b2 —bc)—Zb(bc—a2 —ac)

=2abc +2ch? —2bc? —2b%c + 2bc? +2abc =4abc =RHS
x x° 1+x°
Problem -5 Ifx, y, z are differentand A=|y y> 1+y’|=0 then show that 1+xyz=0
z 72 1+7
x XX 1+x°
Solution:- A=ly y> 1+y?=0
z 22 1+7°
x x2 1 |x x* x°
=ly vy U+ly ¥ y’|=0 (By property -5)
z 221 |z 2 2

For 1%t determinant using (C, < C, and then C, < C,)

For 2" determinant taking x, y, zcommon from R,,R, andR, respectively

2

1 x x
:>1 y yz2 (1+xyz)=0 R, >R, —R,,R, >R, —R,
z z
1 x X’

= (1+xyz)|0 y—x yzz—xz2 =0
0 z—x z°—x

Taking out a common factor (y—x),(z—x) common from R,andR, respectively.

XZ

1 x
= (1+xyz)(y—x)(z-x)[0 1 y+x/=0
0 1 z+x

= (1+xyz)(y—x)(z—x)(z—y) =0, Expanding by C1
Since A=0 andx, y, z are all differenti.e x—y#0,y—z#0,z#x=0

S A=(1+xyz)=0
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Problem-6 Showthat| 1 1+b 1 =abc(1+—+—+—J:abc+bc+ca+ab
1 1 1+4c a b ¢
1+a 1 1
Solution:- LHS | 1 1+b 1 (Taking a, b, c common from R1, Rz and Rs respectively)
1 1 1+c
1 1 1
—+1 — —
a a a
1 1 1 .
=abc b E+1 b (Applying R, >R, +R, +R;)
1 1 1
e |
C C C
FETETESPUE SR U PUE T OE:
alb C alb C alb C 111
=abc — —+1 — (Taking | 1+=+—=+=| common from)
b b b a b c
1 1 1
= = 41
C C C
1 1 1
1 1 1)\1 1 1
=abcl 1+—+—4+—-||- —+1 — c,—>(C —-C,C, —>C, -C
a b cJ/lb b b
1 1 1
e |
C C C
0O o0 1
1 1 1 1 '
=abc(1+—+—+—j -1 1 - Expanding by R1 by we get
a b c 1b
0O -1 —+1
C

:abc(1+1+%+1):abc+bc+ca+ab:RHS
a c

Home Work:- NCERT Exercise 4.2 question number 12

Problem - 07
1+a’—b*  2ab -2b ,
Prove by using properties of determinants | 2ab 1-a’ +b’ 2a  |= (1+ a’ +b’ +b2)
2b —2a 1-a> b’

Solution:- From LHS, taking b and a common from C1 and C; respectively we get
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1 2_ 2
ta b 2b _2b
b
1-a’ +b?
=b.a 2a a—b 2-a
d
2 -2 1-a°-b’

Now multiplying b and a with R1 and R, respectively we get

1+a*—b’ 2b’ —2b?
=| 2a° 1-a’+b’ 24’ Applying C, »C, +C,,C, >C, +C,
2 -2 1-a’-b’
1+a’ +b’ 0 -2b°
=|1+a’+b*> 1+a’°+b’ 2a° Taking common (1+a2 +b2) from both C; and C, we get
0 —(1+a2+b2) 1-a’-b’
1 0 —2b?

:(1+a2+b2)21 1 2a°
0 -1 1-a°-b?

Now expanding by C; we get

:(1+a2 +b2){1[(1—a2 —b2)+2a2}—1(0—2b2)+0}

:(1+a2 +b2)2(1+a2+b2):(1+a2+b2)3

a’+1 ab ac
Problem — 8 Prove by using properties of determinant that | ab ~ b?2+1  bc |=1+a’+b*+c?
ca cb  c*+1

Solution:- From LHS taking a, b, c common from Ri1, Rz and Rs respectively

241
2 b C
a
b2 +1 . S .
=abc b Again a, b, c multiplying in C,,C, andC, respectively
c’+1
a
c
a’+1 b? c?
=l a®> b*+1 ¢ C,—>C,+C,+C,
a’ b?  c2+1
1+a’+b*+c?  b? c?
=[1+a2+b*+c2 b2+1 2 Taking (1+a?+b? +c?) common from C;
1+a’+b*+c?  b> c*+1
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1 b? c?
=(1+a’+b*+c?)|1 b*+1 ¢ R, >R, —R,,R, >R, —R,
1 b cc?+1
0 -1 0
=(1+a’+b>+c?)0 1 -1 |=(1+a’+b?+c?)x1=1+a>+b?+c>  (By expanding by Ri)
1 b c*+1

Problem -9 If g, b, c are positive and unequal, show that the value of the determinant A=

0o T w
O o T
(o3l Ie)

is—ve
Solution:- Applying C, -»C, +C, +C,

atb+c b
=A=l|a+b+c c
atb+c a b

c
a Taking (a+b+c) common from C1

1 b c

=(a+b+c)l ¢ a R, >R, -R,,R, >R, —R,
1 a b
1 b c

=(a+b+c)l0 c-b a-c Expanding by C; we get
0 a-b b-c

:(a+b+c)[(c—b)(b—c)—(a—c)(a—b):l

=(a+b+c)(—a?—b? —c? +ab+bc+ca)

=—%(a+b+c)(2a2 +2b? +2¢2 —2ab—2bc—2ca)

=—(a+b+o)[(a-b) +(b—c)’ +(c-a) |
2
Which is —ve (sincea+ b +c>0and (a—b)2 +(b—c)2 +(c—a)2 >0

2y+4 5y+7 8y+a
Problem-101f a, b, care in AP find value of |3y+5 6y+8 9y+b
4y+6 7y+9 10y+c

Solution:- Given a, b, carein AP so 2b=a+c
From LHS applying R, =R, +R; = 2R,

6y+10—-6y—10 12y+16-12y—-16 18y+a+c—18y—-2b
= 3y+5 6y +8 9y +b
4y +6 7y +9 10y +c
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0 0 a+c—2b
=|3y+5 6y+8 9y+b
4y+6 7y+9 10y+c

0 0 0
=|3y+5 6y+8 9y+b From (10)
dy+6 7y+9 10y+c

=0
(y+z)2 Xy X
Problem — 11 Show that A=| xy (x +y)2 yz |=2xyz(x+y +z)3
Xz yz (x+y)2

Solution:- From LHS R, - xR, R, = yR,,R, = zR, and dividing by xyz we get

x(y+z)2 X2y X’z
1 2 2 2
—| xy y(x+2) y2z
Xyz 2
xz2 yz? z(x+y)

Taking common x, y, z from C1, C2, and Cs respectively we get

(y+z)2 x2 x2
:I_zz v (x+2) oy c,—»C,-C,,C,—>C,—C,
22 7 (x+y)2

= y2 (x+y)2 —-y? 0 Taking common factor (x+y+z) from C; and C3
22 0 (x+y)2 o
(y+z)2 x—(y+z) x—(y+z)
=(x+y+z)2 y? (x+2z)-y 0 Applying R, >R, —(R, +R,)
z? 0 (x+y)-z
2yz -2z -2y 1 1
=(x+y+z)2 y? x—y+z 0 Applying C2—>(C2+—Cljand C3—>(C2+—Clj
2’ 0 X+y-—z y z
2yz 0 0
2
=(x +y+z)2 v2  X+y y Expanding by R1 we get
z
z2? z X+y

=(x+y+z)22yz((x+z)(x+y)—yz)=(x+y+z)22yz(x2 +Xy +X2) =(x+y+z)32xyz
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x+a b c
Problem — 12 Use properties of determinants tosolvefor x:| ¢ x+b a |=0andx#0
a b x+c
x+a b C
Solution:-Let A= ¢ x+b a
a b x+c
X+a+b+c b C
=x+a+b+c x+b a On applying C, - C, +C, +C,
X+a+b+c b x+c
1 b C
=(x+a+b+c)jl x+b a On taking common (x+a+b+c) from C,

1 b X+c

1 b c
=(x+a+b+c)0 x a-c On applying R, >R, —R, andR, —R, —R,
0 0 «x

:(x+a+b+c)[1(x2 —O)—0+0]
=x2(x+a+b+c)

Given that A=0

= x?(x+a+b+c)=0

=x+a+b+c=0

=>x=-a—b-c

Xx 2 3
Problem —13 If x=—4 istherootof A=|1 x 1], then find the other two roots
3 2 x

x 2 3 |x-3 0 3-—x
Solution:- Given A=|1 x 1j=|1 x 1 On applying R, =R, —R,
3 2 X 3 2
1 -1
=(x-3)1 x 1 On taking common (x—3)fromR,
3 2 X
10 0
=(x—3) 1 x 2 On applying C, - C, +C,
3 2 x+3
~3)[ 1{x(x+3)-4}-0+0]
=(x—3)(x*+3x—4)
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=(x—3)(x—1)(x+4)

Given that A=0

= (x—3)(x—1)(x+4)=0

=>x=3,1,-1

Hence, the other two required roots are 3 and 1

Problem - 14

a+bx? c+dx* p+agx? b d q
Prove the following using properties of determinants: [ax>+b cx*>+d px*+q :(x4 —1) a c p
u v w u v w
a+bx? c+dx? p+agx?
Solution:- We have |ax> +b cx®*+d px*>+q
u v w
a—ax* c—cx* p—px*
ax?+b ox?+d px*+q On operating R, >R, —x*
u v W
a(1-x*) c(1-x*) p(1-x*)
=| ax?+b cx? +d px% +q
u v W
a C p
=(1-x*)lax*+b o +d px*+q On taking (1-x*) common from R1)
u v w
a c p
=(1-x*)b d q On performing R, -R, —x°R,
u v w

d q
c p [R, ©R,]
AR

Problem - 15

b+c c+a a+b
Prove the following using properties of determinants: [c+a a+b b+c =2(3abc—a3 -b? —c3)
a+b b+c c+a
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b+c c+a a+b
Solution:- Consider [c+a a+b b+c
at+b b+c c+a

2(a+b+c) 2@+b+c) 2(a+b+c)

=| c+a a+b b+c By performing R, >R, +(R, +R;)
a+b b+c c+a
1 1 1
=2(a+b+c)lc+a a+b b+c By taking 2(a+b+c) common from R,

at+b b+c c+a

0 0 1
b+c By performing C, - C, -C,,C, —>C, -C,
c+a

=2(a+b+c)

=2(a+b+c)[0-0+1{(a=b)(b-a)-(a-c)(b—c)}]

2(a+b+c)[-a>—b? +2ab—ab+ac+bc—c?]

2(a+b+c)(ab+bc+ca—a’ —b? —c?)=2(3abc—a*—b* —c?)

a a+b a+b+c

Problem — 16 Using properties of determinants, prove that [2a 3a+2b 4a+3b+2c|=2a3
3a 6a+3b 10a+6b+3c

a a+b a+b+c
Solution:- Consider |[2a 3a+2b 4a+3b+2c
3a 6a+3b 10a+6b+3c

a at+b a+b+c
=0 a 2a+b By performing R, >R, —2R, and R; ->R; —-3R;
0 3a 7a+3b

= [a{a(7a+3b)—3a(2a+b)}-0+0]|
=a{7a’ +3ab—6a’ —3abj =a{a’} =2’
x—2 2x—-3 3x-4

Problem — 17 Find the value of x satisfying the determinant equation x—4 2x-9 3x-16(=0
x—8 2x—-27 3x—-64

Solution:- Using R, =R, —R, andR; =R, —R,
Xx—=2 2x-3 3x-4

-2 -6 -12 (=0
-4  -18 —48
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Xx—2 2x-3 3x-4
=(-2)(-2)| 1 3 6 |=0
2 9 24

On operating C, -»C, -2C,,C, - C, —3C,

x—2 1 2
1 1 3|=0

2 5 18
=(x—2)(18-15)-1(18-6)+2(5-2)=0
=3(x-2)-12+6=0

=3(x-2)=6

=>x-2=2

=>x=4

sino. coso. cos(o+8)
Problem — 18 Using properties of determinants prove that [sinf} cosf cos(B + 8) =0
siny cosy cos(y+3)

sino. cosa. cos(o+8)
Solution:- LHS = [sinB cosp  cos(f+3)
siny cosy cos(y+3)

sina.  coso. €osoLcosd—sinasind
=(sin cosB cosPcosd—sinPsind
siny cosy cosycosd—sinysind

sina. cosa cosocosd| |[sina coso  sinasind
=[sinf} cosB cosPcosd|—|sinB cosP sinPsind
siny cosy cosycosd| [siny cosy sinysind

sino. cosa cosa sino. coso  sina
=cosd|sinf cosB cosP|—sind|sinB cosP sinP
siny cosy cosy siny cosy siny

(On taking common cosd from Cs; in the first determinant and sind from Cs; in the second
determinant)
= c0s8(0)+sind(0)=0=RHS

a’+2a 2a+1 1
Problem — 19 Using properties of determinant prove that [2a+1 a+2 1 :(a—l)3
3 3 1

Solution:- LHS apply R, =R, —R, andR, =R, —R,
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a’+2a 2a+1 1
LHS=| 1-a?’ 1-a O
3-2a—-a*> 2-2a O

a’+2a 2a+1 1
=(1-a)] 1+a 1 0
(1-a)(3+a) 2(1-a) O

a®+2a 2a+1 1
=(1-a)’|1+a 1 ©
3+a 2 0

=(1-a)’{1(2+2a-3-a)-0+0} Expanding in Cs

~(1-a)'(a-1)
=(a-1)’(a-1)=(a-1)’ =RHs
Problem — 20 Show that the AABC is an isosceles triangle if the determinant

1 1 1
1+cosA 1+cosB 1+cosC |=0
cos?A+cosA cos’B+cosB  cos?C+cosC

1 1 1
Solution:- We have 1+cosA 1+ cosB 1+cosC
cos?A+cosA cos’B+cosB  cos?C+cosC

1 0 0
1+cosA cosB —cosA cosC—cosA
cos?A+cosA cos?’B—cos?A+cosB—cosA cos?C—cos?A+cosC=cosA

On applying C, - C,-C,,C, »C,-C,

1 0 0
1+cosA cosB—cosA cosC—coaA
cos? A +cosA (cosB—cosA)(cosB+cosA+1) (cosC—cosA)(cosC+cosA+1)

1 0 0
=(cosB—cosA)(cosC—cosA)| 1+cosA 1 1
cos’A+cosA cosB+cosA+1 cosC+cosA+1

On taking common (cosB—cosA)from C, and(cosC—cosA)from C,

1 0 0
=(cosB—cosA)(cosC—cosA) 1+cosA 0 1
cos’A+cosA cosB—cosC cosC+cosA+1

On applying C, - C, -C,
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1 0 0
1+cosA 0 1
cos?’A+cosA 1 cosC+coaA+1

=(cosB—cosA)(cosC—cosA)(cosB—cosC)

On taking common (cosB—cosC)from C,

(cosB—cosA)(cosC—cosA)(cosB— cosC)[{O -1}-0+ 0]

=(cosA—cosB)(cosB—cosC)(cosC—cosA)

1 1 1
Suppose that | 1+ cosA 1+cosB l1+cosC |[=0
cos’A+cosA cos?B+cosB  cos?C+cosC
(cosA—cosB)(cosB—cosC)(cosC—cosA)=0
cosA=cosB or cosB=cosC or cosC=cosA
A=B or B=C or C=A
Since AABC is isosceles.
(b+c)2 a2 a’
Problem — 21 Prove | b? (c+a)2 b> |=2abc(a+b +c)3
A c? (aer)2
(b+c)2 a2 -
Solution:- | b? (c+a)2 b2
% R (a+b)2
(b+c)2 —a? 0 al
_ 0 (c+a)’ —-b2 b2 On applying C, »C, —C,,C, >C, —C,
cz—(a+b)2 cz—(a+b)2 (a+b)2
(b+c+a)(b+c—a) 0 a2
= 0 (c+a+b)(c+a—b) b2
(c+a+b)(c—a—b) (c+a+b)(c—a—b) (a+b)2
b+tc—a 0 a’
=(a+b+c)2 0 c+a-b b2 On taking common (a+b+c) from C, and C,
c—a-b c—a-b (a+b)2
b+c—a 0 a?
:(a+b+c)2 0 c+a-b b? On applying R, >R, —R, —R,
—2b —2a 2ab
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2
b+c = @
b
2
:(a+b+c)2b— c+ta b?
a
0 0 2ab

:(a+b+c)2[0+0+Zab{(b+c)(c+a)_ab}]

1 1
On applying C, - C, +-C,,C, =>C, +EC3
a

:(a+b+c)2[2abc{a+b+c}] :2abc(a+b+c)3 =RHS

Multiple Choice Questions:-

4% 43 4*
01. Thevalue of |43 4% 45
44 4> 4°
(a) 42 (b) 4° (c) 412 (d)o
3x—8 3 3
02. If| 3 3x—8 3 [=0 then the values of x are
3 3 3x—8
2 11 7 9 1 11 29
a) —,— b) —,— c) —,— d) —,—
()33 ()33 ()24 ()55
2 3 4
03. The value of determinant |5 6 8 |is
6x 9x 12x
(a)1 (b)-1 (c)o (d)2
8 2 7
04. Thevalueof [12 3 5| is
16 4 3
(a)0 (b) 2 (c)7 (d) -2
102 18 36
05. Thevalueof | 1 3 4]is
17 3 6
(a) 102 (b) O (c) 18 (d) 4
Answer :-
1. (d) 02. (a) 03. (c) 04. (a) 05. (b)
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