ITHREE DIMENSIONAL GEOWETRY,

Chapter- 11
Three Dimensional Geometry

Introduction: -
Some basic concepts of three-dimensional geometry that we have discussed in class — Xl

Let O be the origin and X’0Y,Y’OYandZ’ O Z be three mutually perpendicular lines in space as

shown in the figure. These three lines are called rectangular axes of coordinates named as x-

axis, y-axis, and z-axis respectively. 21
X'« A(x,y,2)
Let A be any point in space such that
. V4

x=Perpendicular distance of A from YZ plane < :' >

iy

' X
y = Perpendicular distance of A from XZ plane N / 7

z = Perpendicular distance of A from XY plane
Then (x,y,z) are called co-ordinate of A we denote as A(x, y, z)

Direction Cosines (dcs) and direction rations (drs) of a line

If a line makes angles a, § and y with x, y, and z-axis respectively, then the angle a, fandy is
called direction angles of the line and cosines of these anglesi.e l = cosa,m = cos fandn =

cos y are called direction cosines.

Remark:-

(2) If [, m, n are direction cosines of a line, then —1, —m, —n are also dcs of that line
(2) For any line, there are two sets of dcs.

(3)if,m,naredcs ofalinethat > + m?> +n? =1

Direction Ratio:-
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ITHREE DIMENSIONAL GEOWETRY,

Any three numbers which are parallel to dcs of a line are called direction ratio (drs) of that line
Let [, m,n be dcs of a line AB, then a, b, c are drs of AB

Wherea = Al,b = Am,c = An, forsome A € R,A # 0

Remark:-

(1) Since A being any real number so for any line, there are infinitely many sets of drs.

(2) By takingA =1, wegeta = [,b = m, and ¢ = n, for any line, a set of dcs is also a set of drs.

. . a b c
(3) The dcs of a linewithdrsas a,b,c arel = = m=z n=i——
Y VaZ+bZ+cZ’ VaZ+bZ+cz’ “Va2+b2+c?

Direction cosines and Ratio of a line through two points:-

Consider a line through two given points A(x;, y4,2;) and B(x,, V5, Z5)
Then the line AB or 4B = (x; — ;)1 + (v, — v)f + (2, — 2,)k
The drs of the line AB (same as drs of the vector AB can be taken as Xy —X1,V2 — V1,22 — Z1

and the dcs of the line is.

X2 — Xq Xy — X1

l= =
\/(xz —x1)%+ (V2 —¥2)2 + (22 — 71)? 4B

=N ,n = ﬂ, where AB = distance between 4 and B
AB AB
Example:- Find the distance of the point P(p, g, ) from the x —axis.
Solution:- Let Q be the foot of perpendicular drawn from the point P(p, q,r) on the x-axis

Then co-ordinate of Q are P(p, 0,0)

Hence the length of the perpendicular is

PQ=(p—p)?+(q =002+~ 02 =g +7r?
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Example:-
01. What is the dcs of a line, if the drs of the line are 2, —1, —27
02. Find the dcs of x, y, and z-axis

03. Find the drs of the line passing through the two points (—2,4,—5) and (1, 2, 3) also find

dcs of the line

04. If a line makes angles 90°%,135% 45% with the positive direction of x,y, and z-axis

respectively find its dcs.
L. 111 . «
05. If thedcs of alineiis T then find values of ‘a’.

06. Find the dcs of a line which makes equal angles with the co-ordinate axis
07. if aline makes, , 5,y with the positive direction of co-ordinate axes then prove that

(a) sin? a + sin® B + sin’y = 2 (b)cos2a + cos2P +cos2y =—-1
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Equation of a line in space:-

Vector equation of a line through a given point where the position vector of the point is a and

parallel to a given vector bis
F=d+Ab;1€R
Here the line £ passes through point A whose P.V is d and parallel to b.

Let 7 be the P.V of an arbitrary point P on the line

. = A B
As AP is parallel to b z T'/ p /
- | T
AP = b d
— —_— —_— 0 ~
Also AP = OP — 0OA ’
>Ab=7—ad X

S
z

s>7r=a+1
Note:-

Ifb = ai + bj + Cié, then a, b, c are drs of the line and conversely if a, b, c are drs of a line, then

b=al+ bj + ck will parallel to the line

Cartesian equation of a line:-

Let the line € passes through the point A(x4,y;,2,) and drs of the line be a, b, c
Let P(x,y, z) be any point on line then

#=xi+yj+zk d=x04y]+zkandb = ai + bj + ck

Substituting in equation (1) and equating coefficients of i, J, k we have
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ITHREE DIMENSIONAL GEOWETRY,

x=x;+Ada,y=y;+1b,z =2z + Ac

X — X X — X Z—27
:}A: = =

a ' b '’ c
Thus, the Cartesian equation of the line which passes through (x;,y;,2;) and a, b, c as its drs is

X=Xy Y=V _Z—Z
a b c

Example:- Find the vector and cartesian equation of the line passing through (1,2, 3) and

having drs 2,1, 0.
Equation of a line passing through the given points:-
Formula:-

The vector equation of the line passing through the given points whose

5
position vector as d and b is

F=d+A(b-a)

Let 7 be p.v of any point P-on line which passes through two points Aand X B with p.v as
dandb.

_ L, ——>

Here OA = 4,08 = b,0P = 7

As AP and AB are collinear
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Formula:- The Cartesian equation of the line passing through two points A(xy,y,,2;) and

B(x3,¥2,22)

X=X Y= Y2 Z72

Xo—=X1 Y2—=Y1 Z— 73

Here we have # = xi + yj + zk,d = x,i + y;j + z,k and b= Xo1 + yof + 2,k
Substituting in (1) we can get the result.

Example:- Find the vector and cartesian equation of the line which passes through the points

(=1,0,2) and (3,4, 6)
Angle Between two lines:-

Let L; and L, be two lines with drs aj, b, c1 and ay, by, ¢, respectively and 8 be the acute angle

between them

b,.b
Then cos 0 = |=—=
[b1]|b2|
aiaz+biby+cqc
cos 0 = 1a2+b1batcicy

Jatbieet [ag+niecs

Here Bl = a0+ byj + ik Bz = a,i + b,j + c,k and 6 is also the angle between 1_9)1 and Bz
Note:-

(1) Two lines L1 and L, are perpendicular if 51.52 =0= a0, + b1by+cic, =0

. e . a b c
(2) Two lines are parallelif b = Abi.e—+t ==+ ==
a; by ¢

b1.b,

(3) The angle 6 between the two lines 7 = @, + Ab, and # = d, + ub, is cos 6 = AT
1 2
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(4) The angle 6 between the two lines — = = and = =225 c0s0 =
a; by c1 a; b C2

a1a2+b1b2+C1C2

Jat+vieet a3 biecs

Example:- Find the angle between the two lines # = (21 — 5] + k) + A(31 + 2j + 6k) and # =

(7i — 612) + ,u(i + 2] + ZlAc) (use both vector and Cartesian form)

2x-1 _ 3y+5 2-z

Example:- If the equation of a line iST =5 then find drs of line and a point the
line.
Example:- If the Cartesian equation of a line is 3% = yTM = 224_6, write vector equation of the
line
. . 1— -2 -3 -1 -1 6-
Example:- Find the value A so that the lines X Y28 g =2 20 e
3 21 2 31 1 7

perpendicular to each other.
Example:- Show that the two lines given by

7= (31+8))+ A(Zi —j+ E) and 7 = (14— l?) + u(—4i + 2j — 2k) are parallel to each

other.

The shortest distance between two lines

We have to determine the shortest distance between the two lines. Consider two lines L; and L

whose vector equations are given by # = d, + Ab, and 7 = @, + ub,

Let @, be the p.v of point A on L; and d, be the p.v of point B on Ly. Then the following cases
arise

Case — | (L1 and L; are intersecting)

In this case, the distance between L1 and L is zero
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Case — Il (L1 and L; are parallel lines) b B(éz) L

v

-

In this case, L1 and L, are coplanar and 51 =b, = b

Let C be the foot of the perpendicular from B on the line L1 as shown. > ] >
AGE) b C L,
Then |Bf| = BC is the shortest distance between L1 and L,
Let ZBAC = 6 which angle between AB and b
E - C_iz - C_il
in 6@ Bc BC = ABsin @
= — =
sin 1B sin
Now AB X b = |AB||b| sin 8 f
|4B x b| = |AB||b| sin 6
= |4B x b| = BC|b|
AB x b d, —d,) X b
- po - B xB| _ |G — )
|b| |b|
Hence the shortest distance between two lines Ly and L, = |(a2_|§|1)><b|
Case - Il (L; and L are skew lines i.e neither intersecting nor parallel)
In this case, L1 and L, are non-coplanar and I;l * Bz
Let the line of shortest distance L intersects the lines L1 and L, in points C and D respectively as
shown. -
b, B(,) L
Then |C_D)| = (D is the shortest distance between L; and L, D\,
A_B) = C_iz - C_il
B B —}C
Let 7 be a unit vector along CD. Since CD is perpendicular to both A(é ) b
- - 1 1
b, and b,
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[~
iy

X

(=)
N

Sofi =

=
S
X
o

N

(52—51)-(E1X52)

Thus, the shortest distance between L, and L, = B2xEa]
1 2

Example:- Find the shortest distance between two lines 7 = (i + 2]+ 312) + /1(2i + 3]+ 4]2)

and 7 = (21 + 4f + 5k) + u(4i + 6f + 8k)

Ans:- iunits
\I 29

. -1 — 1 .
Example:- Show that the lines xT i V. N and =T = o= % intersect each other and

find their point of intersection

Ans:- (4,0,—-1)

Example:- Find the image of the point (1, 6, 3) in the Iine% = yT_l 23;2

Ans:- (1,0, 7)

Example:- Find the equation of the line passing through (2,—1, 3) and perpendicular to the
lines.7# = (14+j—k) + A(2i — 2j + k) and # = (21 — j — 3k) + (i + 2] + 2k)

Ans:-7 = (21— j + 3k) + (21 + ] — 2k)
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Plane:-
Definition:- A plane is a surface such that if any two distinct points A and B are taken on it,

then the line segment AB lies on the surface.
Equation of Plane:-
Normal Form:- The vector form equation of a plane which is at a distance d from the origin, and

7l is the unit vector normal to the plane through the originis 7. = d

04 = df, 7 =P.V of P.

By triangle law

Since AP 1 #i

If I, m,n be the dcs of normal to plane drawn from origin then
i=1i+mj+nk
>rfA=d
s>lx+my+nz=d

Then the Cartesian equation of the plane in the normal form which is at a distance of d from
the origin and [, m, n as dcs of normal drawn from the originis Ix + my + nz =d .............. (2)
Note:-
(a) The co-ordinate of the foot of perpendicular drawn from the origin to the plane is
(Id, md,nd)
(b) From equation (1) and (2) It is clear that when 7. (ai + bj + cl:f) = d is the vector equation

of a plane, then ax + by + cz = d is the cartesian equation of the plane where a, b, c are

drs of the normal to plane and ai + bj + ck = N (say) vector normal to the plane.
Example:- Find the vector equation of a plane that is at a distance of 18 units from the origin
which is normal to vector 2i + 3 + 6k.
Ans:- 7. (21 + 3] + 6k) = 126
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Example:- Find the length of the perpendicular from origin to plane x — 2y — 2z = 15. Also,

find dcs of the normal to the plane and coordinate of the foot of perpendicular.
Equation of a plane perpendicular to a given vector and passing through a
given point:-
Vector equation of the plane passing through a given point whose position
vector d@ and perpendicular to N is (# — d@).N = 0
Let 7 be the p.v. of any point P on a plane and A be a point on the plane whose
p.vis d.
AP lies on the plane so it is perpendicular to N
AP.N =0

> {#—d).N=0
Cartesian equation of the plane passing through the point A(x,y, z) and a, b, ¢ as drs of normal
isa(x —x;)+b(y—y;)+c(z—2,)=0
Hered = x;1 + y.f + zlle,ﬁ = ai + bj + ck and 7 = xi + yj + zk the result can be obtained

by putting these values in the vector equation.

Example:- Find the vector and Cartesian equation of the plane which passes through the point
(5,2, —4) and perpendicular to a line with drs 2,3, —1.

Equation of the plane passing through three given points which are non-collinear:-

Let 4, B, C be three points in the plane with position vector a, E,Erespectively and P be any
arbitrary point with p.v7. As 4, B, C, P lies on the same plane so Tﬁ,ﬁandﬁ are coplanar
then
[AP 4B"AC] =0
— AP.(AB x AC) = 0

=>@F-a).[(b-d)x@-ad]=0
Then is the vector equation of the plane through three points whose p.v are @, band ¢
The cartesian equation of the plane which passes through points

A(X1,¥1,21), B(x2,¥2,22) and C(x3, 3, 23) is
X=Xy Y=V Z—Z
X —=X1 Y2—YV1 Z2— 21| =0
X3 —X1 Y3— V1 23— 741
As? = xi+y] + zk,d = x,0 + y1f + 2.k, b = x,0 + yof + 2.k, & = x50 + 3] + z3k
Example:- Find the vector equation of the plane passing through (2,2,-1), (3,4,2),(7,0,6)
Example:- Prove that equation of the plane whose intercepts on the co-ordinates axes as

a,b,cis E + % + % = 1. This is the intercept form of a plane.
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Angle Between two planes:-
The angle between two planes is defined as the angle between their normals. Let 8 be the

angle between two planes 7. IVl =d, and 7. IVZ = d, then 8 will be the angle between 171 and

—

N,

If 8 be the angle between planes a;x + by + c;z+d; =0and a,x + b,y +c,z+d, =0

aiay +b1b2+C1C2

Here normal has drs a4, by, ¢ & a,, by, ¢, then cos 6 =
Jat+viect [ageniecs

Note:-
(a) Two planes are perpendicular if ﬁl.ﬁz =0oraa, + byb, + cic, =0

o = aq b1 Cq
(b) Two planes are parallel if N; = AN, or—=-"-=~-
2 2 2

Example:- Find the angle between two planes 3x — 6y +2z=7and2x + 2y —2z =5

Example:- Show that the planes 2x +6y +6z=7 and 7. (32 + 4j — SE) =8 are

perpendicular to each other.
The angle between a line and a plane:-

The angle between a line and a plane is defined as the complement of the angle between the
line and normal to the plane. when 8 is the angle between the line and a plane, then g —0is

the angle between the line and the normal to the plane.

Then the angle 8 between the line x_axl = y—by1 = Z_Czl and plane Ax + By+ Cz+ D =0is

T ad + bB + cC
cos (—— 6) =
va? + b? + ¢?VA? 4+ B? 4 (?

2

ald + bB + cC

= sinf = |
va? + b2 + c2VA? + B? + (2
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Example:- Find the angle 8 between the line xT_Z = y—;3 = ? and the plane 2x — 2y +z—-5 =
0

Example:- If the line XT_l = y—Jer' = 22;7 is parallel to the plane 3x — 2y + cz = 14 then find the
value of c.

Ans:-C=-2

Example:- Find the co-ordinate of the point where the line joining points (1, -2, 3) and (2, -1, 5)

cuts the planex — 2y + 3z = 19
Ans:- (2,-1,5)

Co-planarity of two lines:-

Let the given lines be# = d, + Ab, and # = @, + ub,. The 1% line passes through point A
whose p.v is d; and parallel to 1;1 and the 2" line passes through point B whose p.v is d, and

parallel to 52.
As the two lines are coplanar then AB = d, — d, is perpendicular to I;l X Bz .
i.e AB. (Bl X 1;2) =0
Or (d, — d,).(by X b)) = 0
And the equation of the plane containing them is (¥ — a,). (51 X 132) =0
X1 _ YV _ 2oZg XXa _ YV _ 277

. . X
In Cartesian form for two lines =
aq b1 Cq a bz C2

Here, C_l)l = xli + yzj + Zlié, BI = ali + blj + Clie
C_iz = xzi + ij + sz\, 1_52 = azi + sz + Ccié
(C_iz - C_il) (b1 X bz) =0

::’[az—&l 51 Bz]:O
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Xo—=X1 Y2—YV1 Zp—Z;
a; by C1
a, b, %)

=

Which is the condition of coplanar and equation of the plane containing the given two lines is
X=X Y= Z— 2
a; by €1
a b, C2

Note:- If the two lines are parallel then the two lines will be coplanar.

Example:- Show that the lines 7= (i+j+k)+A(i—j+k)and? = (4] + 2k) +
u(Zi —j+ 312) are coplanar. Also, find the equation of the plane containing them.

. 5-x -7 _ z+3 x-8 _ 2y-8 _z-5
Example:- Show that the lines —= = yT =—and— = yT = =~ are coplanar.

Plane Passing through the intersection of two planes:-

Let P1,P2 be given intersecting planes and F.IVI =d;, F.IVZ = d, be their equations

respectively.

Let P(7) be any point on their line of intersection. It must satisfy both

equations

Therefore, we get#. N, = dy, .N, = d, = #.N; + A% N, = d; + Ad,, for all

real A S
— F (1_\71 + /11_\72) - d1 + Adz
= P satisfies the equation 7. (JV1 + /'1172) =d; + Ad,

But 7. (171 +}LIV2) = d; + Ad, represents a plane say P3, which is such that if the position
vector 7 of any point satisfies the equation of the planes P1and P2. It also satisfies the

equation P3.
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Note:- The equation of the plane passing through the intersection of the planes 7. 171 = d; and
#.N, = d, is 7. (171 + /1172) = d, + Ad, for the different real value of A representing a family

(system) of planes through the line of intersection of planes 7. N, = d; and r . 172 =d,.

Similarly, the Cartesian equation of the plane through the line of intersection of planes a;x +
b,y +ciz=d; and ayx + b,y +c, =d, is (a4x + by +ciz—dy) +Alayx + by + ¢, —
d;) =0

Example:- Find the vector and Cartesian equation of the plane passing through the intersection

of the planes 7. (i + j + k) = 6 and 7. (21 + 3j + 4k) = —5 and the point (1,1, 1)
Ans:- 7. (20i + 23] + 26k) — 69 = 0

Example:- Find the equation of the plane which is perpendicular to 5x + 3y + 6z + 8 = 0 and

which contains the line of intersection of planesx + 2y +3z—4 =0and2x+y—z+5=0
Ans:-51x + 15y — 50z + 173 =0

Example:- Find the equation of the plane passing the line of intersection of the planes 2x + y —
z=3and5x -3y +4z+9=0,and paralleltothelinexT_lzy—_?’:?

Ans:-7x +9y —10z—-27 =0

Example:- Show that the line of intersection of the planesx + 2y + 3z =8 and 2x + 3y +

4z = 11 is coplanar with the IinexTH=yT+1=z3L1. Also, find the equation of the plane

containing them.

The distance of a point from a plane:- A (X Y., Z )
] ]

To find the distance of a point A(x4, y;, 2;) from the plane ax + by + cz = T

d N

Let B be the foot of perpendicular drawn from A to the given plane.

Then AB is perpendicular to the plane.

AB is parallel to normal to the given plane. The direction ratio of AB and
normal to the plane are proportional.

~drsof AB are ka, kb, kci.ea,b,c
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—X1 y—Y1 Z—Z3

So the equation of AB is ad — = =

X—X - z—z
Let 1_ Y—Y1 — 1_ k

a b c

Then general point on the line AB can be taken as B(x; + ak,y, + bk, z; + ck)

As B lies on the given plane
Then, a(x; + ak) + b(y; + bk) + c(z; + ck) =d
ax, +by, +cz; —d
a? + b2 + ¢
S0 AB = \/(x; + ak — x)% + (y; + bk — y1)2 + (21 + ck — 7;)?
= |k|Va® + b* + c?
_ | ax,+by,+cz,— |m

>K=-

a?+b?+c?
_ |ax1+byi+cz,— d|
| VaZ+pZ+c?
Note:-
. = __ 3. |ax1+by t+cz—d
(a) The distance of the point (xy, y;,2;) from the plane ax + by + cz =d is W|
d
(b) In vector form the distance of the point whose p.v is d from the plane 7. N=dis all\;\”

Example:- Find the distance of the point (2,5, 3) from the plane 7. (6i =] Zk) =4

Ans:- g units

Example:- Find the distance between the planes3x + 4y —7 =0and 6x + 8y + 6 = 0.

Ans:- 2 units

Example:- Find the coordinate, of the foot of perpendicular and perpendicular distance from
point P(4, 3,2) to the plane x + 2y + 3z = 2. Also, find the image of P in the plane.

Ans:- (3,1, -1), distance = V14 units, image (2,—1,—4)

Example:- Find the equation of the plane passing through the line of intersection of the planes
7.(i1+3))+ 6 =0and7. (3i —j+ 412) = 0. Whose perpendicular distance from the
origin is unity.

Ans:-2x +y+2z=-3&x—-2y+2z=3

The practice of Problems from NCERT example and Miscellaneous exercise:-

Problem - 01:- Find the distance of the point (—2,3,—4) from the I|neE = 2y4+3 = %

measured parallel to the plane 4x + 12y —3z+1 =0

17 .
Ans:- 5 units
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Problem — 2 Find the equation of the plane passing through the point (1, 1, -1) and
perpendicular to the planesx + 2y +3z—7 =0and2x — 3y +4z =0

Ans:-17x +2y—7z—-26=0

Problem — 3 Find the equation of the plane through the points (2,1,—1) and (—1, 3,4) and
perpendicular to the plane x — 2y + 4z = 10.

Ans:-18x + 17y +47 —-49 =0

Problem — 4 Find the equation of the plane through the point (3,0, —1) and parallel to lines

=22 =L and 7 = (i + 4 — 2k) + Q20 — 3j + 4k)

Ans:-17x + 2y —7z—58 =0

Problem —-05 Find the distance of the point (2,3,4) from the plane3x + 2y +2z+5=0

) x+3 &2 z
measured parallel to the line — yT B

Ans:- 7 units

Problem — 6 Prove that if a plane has the intercepts a, b, ¢, and is at a distance of p units from

1 1 1 1
N =

the origin, then —
a P

Previous year board problems:-

Problem:- A-line makes angles «, 8,y, and & units the diagonals of a cube prove that

4
cos? a + cos? B + cos?y + cos? 8 = 3

Problem:- Find the equation of the plane which passes through the point (3, 2, 0) and contains

. x-3 -6 zZ—4
the line— = Y= = —.
1 4

Ans:-x —y+z—1=0
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Problem:- Find the sum of the intercepts cut off by plane 2x + y — z = 5 on the coordinate

axes.
5
Ans:- -
2

Problem:- Find the value of k for which the following lines are perpendicular to each other.

x+3 -1 5-7 x+2 2- z . . ..

GALAEpAnt M ;| — = ZY = Z Hence find the equation of the plane containing the above
k-5 1 -2k-1" -1 -k 5

lines.

Ans:-k =—1,4x + 31y +7z = 54

_y+1 _ z-1 x-3 y—k

. -1 . .
Problem:- If the lines xT =5 = and — = = ? intersect, then find the value of k and

hence find the equation of the plane containing these lines.
Ans:-k=§;—5x+2y+z+6= 0

Problem:- Write the equation of the plane which is at a distance of 5v/3 units from origin and

the normal to which is equally inclined to co-ordinate axes.
Ans:-x +y+z =15

Problem:- Write the vector equation of the plane, passing through the point (a, b, c) and

parallel to the plane 7. (I + j + I’E) = 2.

Ans:-7.(x+y+z)=a+b+c
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