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LIMIT, CONTINUITY AND
DIFFERENTIABILITY OF FUNCTION

LIMITS

INDETERMINATE FORM

Some times we come across with some functions which do
not have definite value corresponding to some particular
value of the variable.

For example for the function,

X2—

4 4-4 0

2P0
which cannot be determined. Such a form is called an
indeterminate form. Some other indeterminate forms are

f()=

o 0

"%’ 0’

0x00,0% 19, 0—o0 o0

LIMITS OFAFUNCTION

Let y=1£(x) be a function of x and for some particular value
of x say x = a, the value of y is indeterminate, then we
consider the value of the function at the points which are
very near to ‘a’. If these values tend to a definite unique
number / as x tends to ‘a’ (either from left or from right)
then this unique number / is called the limits of f (x) atx =a
and we write it as

lim f(x)=/¢.
X—a
Meaning of ‘x > a’:

Let x be a variable and a be a constant. If x assumes values
nearer and nearer to ‘a’ then we can say ‘X tends to a’ and
we write ‘x —>a’.

It should be noted that as x — a we have x # a.

(i) x=a

(i) x assumes values nearer and nearer to ‘a’ and

(iii) We are not specifying any manner in X a
which x should approach to a. x may -
approach to a from left or right as shown a X

in figure. —

EVALUATION OF LEFT HAND AND RIGHT HAND LIMITS

The statement x — a~ means that x is tending to a from the
left hand side, i.e. x is a number less than a but very close
to a. Therefore x — a~ is equivalent to x =a—h where h> 0
such that h — 0. Similarly x — a™ is equivalent tox =a+h
where h— 0. Thus, we have the following algorithms for
finding left hand and right hand limits at x = a.

Algorithm For Finding Left Hand Limit :

To evaluate LHL of f (x) atx=a,i.e. lim f(x)weproceed as

X—a
@i Write lim f(x)
x—a
(i) Putx=a—handreplace x - a~ by h — 0 to obtain
lim f(a—h).
h—0
(ii)) Simplify }}irr}) f (a — h) by using the formula for the given
-
function.
(iv) The value obtain in step (iii) is the LHL of f (x) atx =a.
Algorithm For Finding Right Hand Limit :
To evaluate RHL of f(x) atx=ai.e. lim f(x)we proceed
X—)&Jr
as follows :
@) Write lim f(x)
X—)élJr
(i) Putx=a+handreplace x — a’ by h— 0 to obtain
lim f(a+h)
h—0
(i) Simplify }}im f(a+h) by using the formula for the given
-0
function.
(iv) The value obtained in step (iii) is the RHL of f (x) at x =a.
EXISTENCE OF LIMIT
The limit of a function at some point exists only when its
left-hand limit and right hand limit at that point exist and are
equal. Thus lim f(x) exists
X—a
= lim f(x)= lim f(x)=/
x—a~ x—a*
where / is called the limit of the function
Example1:
2
> .
£y = 4% T2 21 fhen find the value of lim £(x)
2x+1, x<1 x—1
Sol. lim f(x)= lim [2(1-h)+1]=3
x—>1-0 h—0

lim f(x)=

x—>1+0

lim [(1+h)2+2]=3
h—0

~ LHL=RHL, so ' (x)=3

—
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Example2:
1 x—-3
Find the value of 3|x 3]
i B =3 —h
Sol. LHL = h— 0\(3 h)-3]| h—>0|—h|_71
i B3 h
RHL = G+ 1) -3 oo [h| !

LHL # RHL, so limit does not exist

Example3:

Find the value of lim [x].

x—1

Sol. Lefthandlimit=lim f(x)= lim [x]=0

x—1 x—1

and right hand limit = hm f(x)= hm [x]=1
xo1T xo1t

lim f(x)= lIm f(x) . limit does not exist.
- x—o1t

x—1

DIFFERENCE BETWEENTHE VALUE OFA FUNCTION AT A
POINTAND THE LIMITAT APOINT

@

(i)

Let f (x) be a function and let a be a point. Then, we have
the following possibilities :

lim f(x) exists but f (a) (the value of f (x) at x=2) does not

X—a

exist

2
-9
Ex. Consider the function f(x) defined by f(x) = X 3
X —

Clearly, this function is not defined at x = 3 i.e. f(3) does not

0
exist, because it attains the form 0 But, it can be easily

seenthat lim f(x)= hm f(x)=6 So, llm f(x) exists.
x—3" x—>3%

Thus, the 1im3 f(x) exists but the value f(3) does not exist.
X—>

The value f(a) exists but lim f(x) does not exists
X—a

Ex. Consider the function f(x) = [x]
Value of function at x=2
=1(2)=[2]=

LHL atx=2

Im )= lim £(2h) = lim [2-h]
RHLatx 2
= 11m f(x)_ hm f(2+h)= hm [2+h]=

x—2"

Clearly RHL # LHL so limit of ﬁlnctlon does not exist but
value of function exist.

(iii)

@iv)

lim f(x) and f (a) both exist but are unequal
X—a

Ex. Consider the function f (x) defined by

x*-4 X #2
fx)=yx-2"
3, x=2
It can be easily seen that lim f(x)=4= lim f(x)
x—2" x—2"

So, li_)mz f(x) exists and is equal to 4. Also, the value
X

f(2) exists and is equal to 3.
Thus lim f(x) and f(2) both exist but are unequal.
x—2

lim f(x) and f(a) both exist and are equal
X—a

Consider the function f (x) defined by
x> —4

x=2"
4,

f(x) = X#2

x=2

For this function, it can be easily seen that lim f(x) and
X—2

f (2) both exist and are equal to 4.

THE ALGEBRA OF LIMITS

(@)

(i)

(iii)

(iv)
V)
(vi)

Let fand g be two real functions with domain D.We define
four new functions f * g, fg, f/ g on domain D by setting

(f+g) (x)=f(x) £g(x),

(fo) ) =f(x) g (x)

(f/g)(x)=f(x)/g(x),ifg(x) #0foranyx € D.
Following are some results concerning the limits of these
functions.

Let lim f(x)=/¢and 11m g (x)=m. If £ and m exist.
X—a

lim (f+g)(x)= lim f(x)+ lim g(x)=/+m
X—a X—a X—a

lim (fg) ()= lim £(x). lim g(x)=/m
X—a X—a X—a

lim f(x) ’

li _ x—a _r .

xlglak J(x) lim g(x) mprov1dedm;r&0
X—a

lim k f(x)=k. hm f(x), where k is constant
X—a

lim [f(x)+k]

X—a

lim |f(x)|=| lim f(x)|=]/]
x—a x—a

= lim f(x)+k where k is a constant
X—a

.. lim g(x) —ym
(vil) M (£ (x))
(viii) If £ (x) < g(x) for every x in the deleted nbd of a, then

lim f(x)< lim g(x)
x—a x—a

=
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() Iff(x)<g(x)<h(x)for every x in the neighbourhood of a

and lim f(x)=/= lim h(x)then lim g(x)=/
X—a X—a X—a

®) ilgla fog (x) =1 ( lim g(x)) =f(m)

In particular
(a) lim logf(x)=1log ( lim f(x)) =log ¢
X—a X—a

lim f(x)
— egX—>a =el

(b) lim "

X—a

(i) If lim f(x)=+wor—oo, then lim —— =0
Xx—a x—a f(X)

METHODS OF EVALUATION OF LIMITS

1. When x — o0 : In this case expression should be expressed
as a function 1/x and then after removing indeterminate
form, (If it is there) replace 1/x by 0.

Example4:

. . 2x2% +3x
Find the value of lim ————
x> 3x° +4

2 2 2
lim 2X° +3x _ lim +(3/X) _“

SOl e 3x2+4  xom3+(4/xY) 3

Example5:

. . axZ +bx +c
Find the value of lim ——

x—>o dx“ +ex+f

ax’+bx+c x x? a
—— = lim —2—=—
2 X—> 00 N f d

Sol. lim

x—>0 dx“ +ex+f

Example6:

Find the value of lim 3
X —00 X

im x(x+l)(2x+1): - (1+1/x)(2+1/x):l

=1 li

X—>00 6X3 X —> 00 6 3
Example7:
3n+1 +4n+1
Find the value of lim —————
n—o 30440
n+l +4n+1

n
m 2368,

Sol. Given limit= lim —— =
344" now 14+(3/4)

n—oo

2. Whenx—a,acR.

(i) Factorisation method :

If £ (x) is of the form 1X)
g(x)

this form is removed by factorising g (x) and h (x) and

cancel the common factors, then put the value of x.

and of indeterminant form then

Example8:
21

) X
Find the value of lim -
x>-1| x“+3x+2

x-DHx+1) -1-1

Sol. Limit= lim = =-2
o L X ) (x4 —1+2
Example9:
(Jx-8)
Find the value of lim @
et Yx—a)
(Jx-8) ¥ -8
Sol. lim Vx-8 = lim P Here y®=x
X—)64L%/;—4J y=2ly® -4
_ 2 2
lim =G +2y+4) (T +2y+4)
y—=2  (y=-2)(y+2) y—2 y+2
_4+4+4 _3
o242
Example 10 :
) . x?-3x+2
Find the value of lim ———
22 X“4+x-6
2_ . (x=2)(x-1
Sol. lim X" —=3x+2 _ lim ( )( )
22 X2 4x—6 x—2(x—-2)(x+3)
_2-h 1
+3 5
(ii) Substitution Method : For evaluating lim g(x)’
X—a h(X)

we follow the following steps-

(a) Putx=a+h, where hissmall (#0) asx—>a,h—0

(b) Simplify numerator and denominator and cancle h
throughout (h # 0)

(c) Puth=0, we get the required limit.

e
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Example 11 :
2

Evaluate lim
x—1 x—1

. (1+h)2—1_1. h? +2h

.= lim————=lim = lim- g oy
SoL = e (I~ h)—1 n30  h ho (172)=2
Example 12 :

lim VI+x +v1-x
x—0 1+x

1+40+v1-0 2

1+0 1

Sol. From direct substitution, 2

(iv) Expansion Method :

(iii) Rationalisation Method : In this method we rationalise the
factor containing the square root and simplify and we put

the value of x.

Example 13 :

X
lim ————
Bt o i x —Vi-x

imit = lim =
Sol. Limit 0 (1 0-(-%) o 2

Example 14 :

. 1-+x—-4
Evaluate lim ————
x—5 X-95

1-vx—4 l-vx—4 1+vx-4

Sol. lim————" — lim ,
° x—>5 X-=95 x—>5 X-5 1+vx—4

. I-x+4 . —-(x-95)
lim = lim
xo5 (x=5)(1+vx—4) x55(x=5)(1+Vx—4)

-1 -1 -1
lim = =—
x>5(1+vVx—-4) (1++5-4) 2
Example 15:

=

Evaluate lim M

x—0 X

Sol. By rationalisation of numerator

. \/1+x+x2 -1 \/1+x+x2 +1
lim .

x>0 X Vi+x+x2 +1

o lx+x2-1 , x(1+x)
= lim = lim
0T+ x+x2 +1] 0% (V1+x+x2 +1
. 1+x 1
lim ———=—

011 x+x2+1 2

X(VI+x +41-x) lim VI+Xx +4/1-x%x _

1

If x — 0 and there is atleast one function in the given
expression which can be expanded then we express
numerator and Denominator in the ascending of x and
remove the common factor there. The following expansions
of some standard functions are given.
' 23
() eX=1+x+—+—+. ...

21 3l

2 3

S e X—lox4 2 X
(i) e 1-x+ YRR F o

2
(iii) log(1+x):xfx?+

X X
iv) log (1 -X)=—X— — — — — ...
(iv) log (I -x)=-x R

2 3
(xloga) N (xloga) N
2! 3!

(v) a*=1+(xloga)+ —————+ ————— +........
3 5

(Vi) SInX=X— — + — .
315!

2 X4

(vi)cosx=1— BTl + T
3

X
vil)tanx=x+ — + — X+ oo,
(viid) 3 15

( x> 9x° )

n QE— —_—
(X)00571X:57LX+3!+ 5 Fol )

3 XS 7

(xi) tan I x=x— —+ — S
3 5 7

-1
(i) (1 +x)"=1+nx+ n(nz! ) X2+

Example 16 :

. 1 1
Find the value of ilm {—2 - }

-0 x sin2 X

2
(e
X——+..... -X
o _sin® x—x? 3! J
Sol. Limit= lim 5 ., = lim
x>0 x“.sin“xX x>0 (3 \2
X X——+.....
)
X2—1X4+ ..... —X2
= lim 5 =-1/3
x—0 ( X2

[#
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Example 17 :

e +log{(1-x)/e}
tanx — X

Evaluate lim
x—0

e +log(1-x)-1

Sol. Limit= lim
x—0 tan X — X
2 A 2.3
I+x+—+... —x- X
! 2 3
= lim =—1/2
x—0 X3 XS
X+—4+—+...—X
15
Example 18 :
. . 1l—cosx
Find the value of lim —;
x—0 SInXx
(X2 x* )
[ T
. l—cosx 21 4!
Sol. lim — = lim
x—>0 sinXx X—0 X3 5
- § ; T eeeees
(1 x2 )
X| o
kZ! 4!
= lim =0
x—0 X2
-t
3!
3. Evaluation Of Limits By Using De’L’ Hospital’s Rule :

If £ (x) and g(x) be two functions of x such that
(i) lim f(x)= lim g(x)=0

X—a X—a
(i) both are continuous at x = a,

(iii) both are differential able atx =a,
(iv) £’ (x) and g’ (x) are continuous at the point x =a , then

fim 3 _ i P
X—a g(x) X—a g'(X)

Note : The above rule is also applicable if lim f(x)=o0and
X—a

provided thatg(a)=0.

lim g (x)=oo.
X—a

Generalisation : If lim w assumes the indeterminate
X—a g’(x)

0
form 0 and f' (x), g '(x) satisfy all the conditions embodied

in De' L' Hospitals rule, we can repeat the application of

' . f (%)
this rule on f'(x) to get lim &: m

g'(x) x—>a g(X) x—a & (x)
Sometimes it may be necessary to repeat this process a
number of times till our goal of evaluating limit is achieved.

Example 19:

Y L
Evaluate lim
x—0 X

. a*=b* (0
Sol. lim aform

x—0 X

a*loga—b*logb

= lim
x—0 1

(by ‘L’ Hospital rule)

= log (a/b)

Example 20 :

. _ox?-2x
Find the value of lim -
x—0 2sinx

x2 —2x . 2x=-2 2
— lim =——=-1
x—0 2c0sX 2

(by ‘L’ Hospital rule)

lim

Sol. -
x—0 2sinX

Example 21 :

sinx + log(1—x)

Evaluate lim >

x—0 X

0
Sol. Itis in — form, so using Hospital rule, we have

0
1
COSX — T—x 0
Limit= lim —X —form
x—0 2x 0
—sinx — 5
~gim 4207
x—0 2

4. SOME STANDARD LIMITS

sin X

= lim —
x—0 Sinx

@ lim

=1; lim sinx=0
x>0 X

x—0

(i)

lim cosx= lim [ ) =1
x—0 x—0 \COSX

. tan x .
(i) lim = lim =1; lim tanx=0
x>0 X x—0 tanx x—0
sin' x X
(iv) lim = lim =1
x—0 X x—=>0 sin” X
. tan”! x . ).
(v) lim = lim — =1
x—0 X x—0 tan X
X
: lim a ; 1/x a
(vi) I+—| = lim (1+ax)!/*=e
X—®© X x—0
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(vidlim a -1 =loga (a>0)
X
X J—
(viii) lim <=1 =}
x—0 X
(ix) lim T L
X—a X—a
® lim log(1+x) _
x—0 X
o) fim LED-L
x—0 X
o lim SINX  [i;m €OsX
(i) X0y XD oy
. lim sinl/x _
(xiti) X2 /x
(xiv) MM 1/x=0
lim _!
XV — =
( ) X—>0 ‘X|
0, if lal<1
1, if a=1
(xvi) xlfgo a¥= 00 if a>1
does not exist if a<-1

1 ~lim g(x)[f(x)~1]
(xvii) ;}I—Ig [f(x)]8™= ex—a

Example 22 :
sin? 2x

Evaluate lim
x—>0 x

sin2 2x
2

Sol. lim

x—0 x

. (2sinxcos x)2 _sin’x
= lim ———————— =4 lim

x—0 x2 x—>0 x

.cos2x=4

Example 23 :

.ox(e* -1
Evaluate lim ———=
x—>0 1—cosx

2x2(e* - 1)

. X
4sin® =

x/2)% |(e*-1)
—n 1
_2X1—>0Lln (X/Z):|L X J

X
-1 .
Sol. lim —x(e ) = lim
x—>0 1—cosx x—0

Example 24 :

x3 cotx

Evaluate lim
x—0 1—cosx

(x3cotx y 1+cosx\

3
. X~ cotx .
Sol. lim = lim L J
x—=0 1_COSX x—0 1 —COS X 1 + COS X

3
. X . .
= 11m[ - j x lim cosx x lim (1+cosx) =2
x—>0\SInx x—0 x—0

SOME LIMITS WHICH DO NOT EXIST

o tim (1)

Ix]

(ii) lim Xl /x
x—0

(iii) lim (iv) lim [x—a]

x—0 x Xx—>a X-—a

(v) lim sin(lj
x—0 X

(vii) lim el/x
x—0

. 1
(vi) lim cos[—j
x—0 X
(vii)) lim sinx
X—>0

(ix) lim cosx
X—>00

5. LIMITSOFTHEFORM lim (f (x))* «,
Form : 09, oo?
Let L= lim (f (x))&®
X—a

= log. L =log, [ lim (f (x))® (X)}
X—a
= lim g (x)log,[f (x)]
X—a
Form:1%®

X
(i) lim (1+x)"* =e or lim [1+l) =e
X

x—0 X—>0

(ii) = lim f (x)2® if lim £ (x)=1and lim g (x) =0

X—a

Then L= lim f (x)2™

X—a

(F (-1 xg (x)
= lim (1+f (x)— 1)f(">1

X—a

( P (D e
=Llim (1+f (x)—l)f(x)_IJ
X—a

lim (f (x)-1) xg (x)
—eXx—a

5
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Example 25:

Evaluate lim (1 + X)Cos ec x
x—0

X

Sol.  lim (14 %)X = [im[(1+ x)/*]sinx
x—0 x—0
lim —
={lim[(l+x)]/x}‘_’0 X _el=e
x—0
Example 26 :
( sinx j
Evaluate lim (ﬁj xosmx
x—0 X
. sinx
Sol. Since, lim ——=1 and
x>0 X
fim —S0X gL 1

x—0 X —sin x x—)O( X 1) 1-1
sin x

= lim
x—0

( sin x ) im (sinx 1]( sinx )
(smx] X—sinx —e X X—sin X

X

6. SANDWICH THEOREM
(Squeeze play theorem for evaluating limits) :
General : The squeeze principle is used on limit problems
where the usual algebraic methods (factorisation or
algebraic manipulation etc.) are not effective. However it
requires to “squeeze” our problem in between two other
simpler function whose limits can be easily computed
and equal.
Statement : If f, g and h are 3 functions such that
f(x) <g(x) <h(x) for all x in some interval containing the
point x = ¢, and if

Iimf(x)=limhx)=L=limg(x)=L
X—>C X—>C X—>C

A

2

X
) h(X) :1+7
y=g(x) (0’1)\ 5
f(x) =1 _XT

>
»

From the figure note that [jm g(x)=1
x—0

Note : The quantity c may be a finite number, +oo or —oo.
Similarly, L may be a finite number, +co or —o.

Example 27 :

Eval lim X +7sinx
valuate A ox +13

We know that—1 <sinx <1 for all x.

= -7<7sinx<7

= x-7<x+7sinx<x+7

Dividing throughout by —2x + 13, we get

using Sandwich theorem.

Sol.

x—7 >x+7sinx> xX+7 cor all x that arc
xt 13- 2x+13  —2x+13 or all x that are large.
-7
Now, _x=7 lim —2%— _1-0__1
x—0—2X+13 X—>00 2 13 240 2
— +7
X
| 7
x+7 . T 1401
and x—0 —2X+13 x;)oo_2+E 240 2
X
x+7sinx -1

lim ——=—
x—wo —2X+13 2

7. LIMITS OF FUNCTIONS HAVING BUILT IN LIMIT

WITHTHEM
Examples :
0, O<axl o, O0<axl
lim a" ={1, a= lima" =41, a=1
n—o0 > 1o
o, a>1 0, a>1
Example 28 :

tanx” + (x +1)" sin x

f (x)= lim 3 ,find lim f (x).
n—o0 X7+ (x+ 1)Il x—0
sin x , x>0
Sol.  f (X)=1tannx>
5 X< 0
X

lim f(x)= lim sinx=0

x—0" x—07"
2
. . tan tx
lim f(x)= lim > =T
x—0" x—0 X

= LHL#RHL= lim f (x) =DNE
x—0

T
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8. ONE SIDED LIMITS
Example 29 : i
p (ICOS eC2X 2COS BCZX Ccos esz\Sln x
. 2 [x)lx . + +3
Evaluate ilino(l +tan” Vx) Q.10 )11_% [ )
Feeen +100¢08¢¢ X

.1 5
Sol. Let (1+tan2 \/;)l/x’ (= lim —In (1+tan \/;)

x—0t X 1 | 2x
( 22 ) Q.11 Evaluate limO—sin_ [ 2]
X
lim lLtan2 \/;—M+ ..... J = l1+x
(= x>0 ? —el=¢
. x—1
Q.12 Evaluate lim 277 tan [_)
im Lin (1+tan2 V) X 2%
f =ex—0" X
imi ioni Jx i 13 Evaluate lim —2—1—
So, here left hand limit has no significance as x isnot Q. valuate o m 1
defined for x <O0.
14 Eval lim logx —loga
TRY IT YOURSELF-1 Q14 Evaluate B —a
Q.1 Evaluate the following limits ([ . ], { . } denotes greatest
integer function and fractional part respectively) Q.15 Evaluate limlog - (tan? 2x)
x—0 tan™ x
. . |x .
@ lim Ix] (i) lim . 1 -1
x=0 X x—0In | x| . sin x—tan X
Q.16 Evaluate lim — 3
. . . . -1 x—0 X
(i) lim [x]+/{x} (iv) lim sin™ [secx]
x—0 x—0

2
Q.2  Evaluate the left and right-hand limits of the function [tan” x]-2[tanx]-3

17 lim h is th
|x—4| Q x—>tan 13 [‘[an2 x]—-4[tanx]+3 (where [x] is the
f(x)=< x-4"~ #4 greatest integer function of x)
0 ,x=4 (A)is 173 (B)is2
(C)is3 (D) does not exist.
2
Q.3 Evaluate lim X +X logezx —logx—1 o+ X)l/x —e
x-l (x* =D Q.18 Evaluate lim ————
x—0 X
V2+x -2
. lim ———
Q4 Evalmate B0 ANSWERS
10 (1) (i) doesnot exist, (ii) exist (iii) exist (iv) exist
Q5 Evaluste lim =2 () LHL=-1,RHL=1 @1
x—2 x” =32
@ 1/2\2 (5) 64
2 4 2
Q.6 Evaluate lim V3 -1-42x -1 B2
X2 4x+3 (6 2 (7)3/10 ®) (A)
Q.7 Evaluate ILm (V25x% = 3x + 5%) 9 B (10) 100 11) 2
X—>00
(12) a2 (13)2log2 (14) 1/a
1/3 1/2
- 15) 1 16) 172 17) 1/3
08 lim €030 —os0)? as) 16) an
x—0 Sin2 X (18) —/2
(A) 1/12 B)1/6
©)1/3 (D) 12
In (sin2x)
Q9 x—0 In (sinx)
(A0 ®)1
©)2 (D) non-existent

=
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INTRODUCTION

The word ‘Continuous’ means without any break or gap. If
the graph of a function has no break or hole or gap or jump,
then it is said to be Continuous. A function which is not
continuous is called a discontinuous function.

In other words, if there is slight (finite) change in the value
of a function by slightly changing the value of x then
function is continuous, otherwise discontinuous, while
studying graphs of functions, we see that graphs of
function sin x, x, cos x, e* etc. are continuous but greatest
integer function [x] has break at every integral point, so it is
not continuous, Similarly tan x, cot X, sec x, 1/x etc. are also
discontinuous function. Ex.

Y

Y = sinx
Y4x
r X
$
5
X o X e )X

[9)

Y " v

(Continuous Function) Y
Y=1/x

Discontinuous at x =0
For examining continuity of a function at a point , we find
its limit and value at that point, If these two exist and are
equal, then function is continuous at that point..

CONTINUITY OFAFUNCTIONATAPOINT
A function f (x) is said to be continuous at a point x = a if
(1) f(a) exists

(ii) lim f(x)exists and finite
X—a

so lim f(x)=
x—>a+

(iii) lim f(x)=1f(a)
X—a
or function f (x) is continuous at x =a

If lim+ f(x)= lim_ f(x)=1(a)

X—a X—a

lim £ (x)

X—a

i.e. Ifright hand limit at ‘a’ = left hand limit at ‘a’ = value
of the function at ‘a’

Example 30 :
Test the continuity of the function f (x) at the origin :
[ x|
—; x=#0
fx)=1 x
1; x=0
Sol. We have (LHL at x=0)
= lim f(x)= lim f(0-h)= lim f(~h)
x>0~ h—0 h—0
o =hl _
= lim = lim (-1)=-1
h—0 —h  h-0

and, (RHL atx=0)
= lim f(x)=

x—0

lim £(0+h)= lim f(h)
h—0 h—0

I
g
|
I

im I Iim 1=1
m — = lIm =
h  h-o

Thus, wehave lim f(x)= lim f(x)
x—0 x—=0"

Hence f (x) is not continuous at the origin
ALITER We have,

X1, x>0
x| )
f=1 <0 V01X k<o
1; x=0 x
1 ) X=O

el

o (LHLatx=0)= lim f(x)= lim —1=-1
x—0" x—>0

x>0
x<0

 f(x)=-1for x<0 and x >0~
means that x<0 st x—0

(RHLatx=0)= lim f(x)= lim 1=1
x—0

x—0"

+ f(x) =1 for x>0 and x > 0"
means that x>0 st. x—0

o lim fx)# lim f(x).
x—0" x—0"

Hence f (x) is not continuous at the origin.

o
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Example 31 :
Examine the continuity of the function
2 —
X -9 , when x # 3
fx)=1 %3 ; atx=3
6 , when x=3

Sol. f(3)=6(given)
(x-3) (x+3) _6
x-3)

lim _ lim
x—3 f(X)— X1—)3

o lim £(9=1(3)

.. f(x) is continuous at x =3

Example 32 :
xcos(1/x), x#0
Iff(x)= 0 . x=0 is continuous at x =0, then
(Hk<o0 2)k>0
3)k=0 “®k=0

Sol. (2). Since f(x) is continuous at x =0
~ lim f(x)=1(0)
x—0
but f(0) =0 (given)
o lim f(x)= lim xcos (1/x)
x—0

x—0

=0,ifk>0

CONTINUITYFROM LEFTAND RIGHT
Function f (x) is said to be

(i) Left continuous at x =a if xlirar}() f(x)=f(a)

(i1) Right continuous atx =a if xl—ig}o f(x)=1f(a)

Thus a function f (x) is continuous at a point x = a if it is left
continuous as well as right continuous at x = a.

CONTINUITY OFA FUNCTION
Continuity On An Open Interval:
A function f (x) is said to be continuous on an open interval
(a,b) iff it is continuous at every point on the interval (a,b).
Continuity On A Closed Interval :
A function f (x) is said to be continuous on a closed inter-
val [a,b] iff
(i) fis continuous on the open interval (a,b)
(i) lim f(x)=1f(a),and
x—>a+
(i) lim £00=1)
x—b
In other words, f(x) is continuous on [a,b] iff it is continuous

on (a,b) and it is continuous at a from the right and at b
from the left.

Example 33 :
Check the continuity of the function
x+2 , x>3
fx)=9 5 , x=3 atx=3
8—x , x<3
Sol. f(3)=5
Lefthand limit lim (3+h)+2
x—3t
lim (5+h)=5
h—0
Right hand limit lim 8—(3-h)
x—3
lim 5+h=5=LHL
h—0

- f(3)=RHL=LHL
.. function is continuous

Example 34 :
1 s x<2
Ifthe functionf (x)=<ax+b , 2<x<4
7 s x>4

is continuous at x =2 and 4, then find the values of a and b.
Sol. Since f(x) is continuous at x =2
f)= lim f(x)
x—2"
= 1= lim (ax+b)
x—2"

1=2a+b .. )
Again f (x) is continuous at x =4,

f(@)= lim f(x)

x—4"

= 7= lim (ax+b)
x—4"
7 =4a+b e (2)
Solving (1) and (2), we geta=3,b=-5

CONTINUOUS FUNCTIONS
A function f (x) is said to be continuous if it is continuous
at each point of its domain.

Everywhere Continuous Function : A function f(x) is said
to be everywhere continuous if it is continuous on the
entire real line (—oo, o).

Listed below are some common type of functions that are
continuous in their domain.

(i) Constant Function : Every constant function is everywhere
continuous. Let f(x) =k, where k is a constant, be a constant
function. Its graph is shown. It is evident from the graph
that this function is everywhere continuous.

e
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\/
Y

(ii) Identity Function : The identity function I(x) is defined by
I(x) =x for all x € R. This function is everywhere continu-
ous as is evident from its graph.

Y
\

I(x)=x

\4
Y

(iii) Modulus Function : The modulus function f (x) is

x,if x>0

defined as f(x)=|x|= { 0 Clearly, the domain of

—-x,if x<

f (x) is R and this function is everywhere continuous.

Y
4

fx)=]x]

0)

v

Y

(iv) Exponential Function : Ifa is a positive real number, other
than 1, then the function f (x) defined by f (x) = a* for all
x €R, is called the exponential function.
The domain of this function is R . It is evident from its
graph that it is everywhere continuous.

Yy
a>1
0<a<l1
(0,1)
0 > x

() Logarithmic Function : If a is positive real number other
than unity, then a function defined by f(x) = log, x is called
the logarithmic function. Clearly its domain is the set of all
positive real numbers and it is continuous on its domain. It
should be noted that it is not everywhere continuous .

Y
logx (a> 1)
(1,0) >
0 5

logx(0<a<1)

(vi) Polynomial Function : A function of the form

f(x) =agta;x+ a X2+ + a x", yvhere A),21,8y,..., 8y € R
is called a polynomial function. This function is everywhere
continuous.

(vii) Rational Function : If p(x) and q(x) are two polynomials,

p(x)
then a function f (x) of the form f (x) = @, qx)=0is

called a rational function. This function is continuous on
its domain, i.e. it is everywhere continuous except at points
where q (x) =0.
(viii) Trigonometric Functions :
(a) The sine & cosine functions are everywhere
continuous.
(b) The tangent, cot, sec and cosec functions are
continuous in their domain.
Inverse Trigonometric Functions :
We know that the graph of the inverse of a function is the
mirror image of the graph of the given function in the line
y =x. Therefore, graphs of sin~1x, cos™!x,tan"!x,cot 1,
sec”!x and coses!x are the mirror images of those of the
corresponding trigonometric functions in the line y = x.
Since trigonometric function are continuous in their
domains, Therefore each of the inverse trigonometric
functions is continuous in its domain.
Properties of continuous functions:
If f and g are two continuous functions on their common
domain D, then
(i) £+ giscontinuous on D
(ii) f— g is continuous on D

(ix)

)
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(B)

©

@)
(i)

@)
(i)

(iii) fg is continuous on D
(iv) a f is continuous on D where o is any real number.

) £ is continuouson D — { x ; g (x) # 0}
g

1
(vi) T is continuous on D — { x ; f(x) # 0}

The composition of two continuous functions is a
continuous function.

If fis continuous on its domain D, then | f| is also continuous
onD.

For examples :

e + sin x is a continuous function because it is the sum
of two continuous function ¢2* and sin x.

sin (x2 + 2) is a continuous function because it is the
composite of two continuous functions sin x and x2 + 2.

Note:The product of one continuous and one
discontinuous function may or may not be continuous.
For example :

f (x) = x is continuous and g (x) = cos 1/x is discontinuous
whereas their product x cos 1/x is continuous

f (x) = C is continuous and g(x) = sin 1/x is discontinuous
whereas their productC sin 1/x is discontinuous.

. n
Continuity of functions involving limit nh_rgo a .

0, 0<ac<l
We know that lim a" =<1, a=1
n—oo
o, a>1

Example3S:

Sol.

2n

. X
Discuss the continuity of f (x) = lim —
n—oo x M 41

1
2\n T 2w
-1
f(x)=lim%:hm ()
n—-ow (x7)" +1 n—wy 1
(x*)"
, x<-1
—L, 0<x’ <l o x=-1
=0, x2=1 ={-1, -1<x<1
1, x>>1 0, x=I
1, x>1

Thus, f (x) is discontinuous at x == 1

Continuity of functions in which f (x) is defined differently for
rational and irrational values of x :

Example 36 :

Sol.

Discuss the continuity of the following function :
1, if x is rational

F)=9, o
0, if x is irrational

Foranyx=a,

LHL.= lim f(x)= lim f(a-h)=0orl
x—a Xx—a

[as &L)nlo(a ~h) can be rational or irrational.

. _ lim f(x)=1limf(a+h)=0o0rl
Similarly, R H.L.= ot h—o0

f (x) oscillates between 0 and 1 as for all values of a.
L.H.L.and R.HL. do not exist.
= f(x) is discontinuous at a point x = a for all values of a.

Continuity of composite functions

If fis continuous at x = a and g is continuous at x = f (a)
then the composite g [f (x)] is continuous at x = a.

Example 37 :
x+1 1
If f(x)= and g(X)=——, then discuss the
x—1 x—=2
continuity of f (x), g (x) and fog (x).
x+1
1. f(x)=
Sol. (a) f(x) 1

fis not defined atx = 1.
fis discontinuous at x = 1.

1
(b) g(x) =<2

g (x) isnot defined atx =2
.. gis discontinuous at x = 2.
(c) Now, fog will be discontinuous at x =2
[point of discontinuity of g (x)]
g (x) =1 [when g (x) = point of discontinuity of f (0)]

1
g(x) :X_z =x=3

fog (x) is discontinuous at x =2 and x = 3.

1
+1
Also, fog (x)=xli
-1
x—2
Here, fog (2) is not defined.
1
+1
lim fog (x) = lim X=2— — Jim 17 X=2 _
x—2 x—2 1 1 x—>21-x+2
X—2

[#
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fog (x) is discontinuous at x =2 and it has a removable
discontinuity at x =2.
For continuity at x =3

1

+1
lim fog (x)= lim X=2 = oo
x—=3* XH3L_1
x—2
L+1
lim fog (x) = limX=2 -
x—3" X%?’L_l
x—2

fog (x) is discontinuous at x = 3 and it is a
non-removable discontinuity at x = 3.

DISCONTINUOUS FUNCTIONS

@

(i)

(iii)

A function is said to be a discontinuous function if it is
discontinuous at at least one point in its domain.

The discontinuity may arise due to any of the following
situations:

lim f(x)or lim f(x)ofbothmay notexist
x—at Xx—a

lim+ f(x)aswellas lim f(x)may exist, but are unequal

X—a X—a

lim f(x)aswellas lim f(x)both may exist, but either
x—a’ Xx—a
of the two or both may not be equal to f (a).
We classify the points of discontinuity according to various
situations discussed above.

Removable Discontinuity: A function f is said to have

removable discontinuity at x=aif lim f(x)= lim f(x)
x—a~ x—a*

but their common value is not equal to f (a).

Such a discontinuity can be removed by assigning a suit-

able value to the function fat x = a.

Discontinuity of the first kind:
A function f'is said to have a discontinuity of the first kind

atx=a if lim f(x)and lim f(x)both existbutare not
x—a~ x—a*
equal.

fis said to have a discontinuity of the first kind from the left

atx=aif lim f(x)existsbutnotequalto f(a). Disconti-
X—a
nuity of the first kind from the right is similarly defined.
Discontinuity of second kind : A function fis said to have
a discontinuity of the second kind at x = a if neither
lim f(x) nor lim f(x) exists.
X—a
fis said to have a discontinuity of the second kind from the

X—a

leftatx = aif lim f(x) does not exist.
Xx—a

Similarly, if lim+ f(x) does not exist, then f'is said to have
X—a

discontinuity of the second kind from the right at x = a.

Following are examples of some discontinuous function -

O fx)=1k atx=0

(i) f(x)=elx atx=0

(ii1) f(x)=sin 1/x, f(x)=cos 1/x atx=0

@iv) fx)=[x] at every integer

v) fx)=x-[x] at every integer

(vi) f(x) =tanx, f(x) =secx, whenx=(2n+1)7/2,n € z.

(vi))f (x) =cotx, f(x)=cosecx, whenx=nm,n € z.

Example 38 :
Find the points of di tinuity of f (x) = —/———
ind the points of discontinuity of f (x) Ysinx_1
N
(= 2sinx —1

Sol.

Q.1

Q2

Q3

Q4

f (x) is discontinuous when 2 sinx — 1 =0

. 1
= sinx=—= X =2nm+ = or x:2nn+5—n,n el
2 6 6

TRYIT YOURSELF-2
Find the points of discontinuity of f (x) = e
1—ex-2
cot2 X
£ (x)= (cosx) if x#0 .
Y , find whether the f(x) is
e if x=

continuous at x = 0 or not.

—1_"0;4" if x<0
X
f(x)=1 a if x=0
ok if x>0
16++/x -4

Determine ‘a’ if possible so that the function is
continuous at x = 0.

€ +D)—(x+1) (X +e7¥)

ifx#0
Let f(x)= x (e* -1)
k ifx=0
If f (x) is continuous at x = 0 then k is equal to —
(A)1/2 B)1
©)312 (D)2

rew
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\/x2+kx+l

Q5 Letf(x)= 2 . The interval (s) of all possible
x2 -
values of k for which fis continuous for every x € R, is
(A) (0, 2] (B)[-2,0)
(OR-(-2,2) D) (=2,2)
(x-2)° | .

Q.6 Ifthe function f(x)= |~ [sin (x=2)+acos (x-2),
[ . ] denotes the greatest integer function which is
continuous in [4, 6], then find the value of a.

Q.7 Iff(x)=sgn (2sinx + a) is continuous for all x, then find
the possible values of a.

Q.8 Find the value of k so that the function
f(x)= kc)i):; 111; ); i z , iscontinuous atatx =7

Q.9 Find the values of a and b such that the function defined

5 if x<£2
by f(x)=jax+b if 2<x <10 isa continuous function.
21 if x>10
Q.10 Find all the points of discontinuity of f defined by
fx)=|x|-|x+1]|
ANSWERS
(1) x=2andx=1 (2) continuous (3) 8
@ B 3 ®B) (6)a>064
(7) a<-2ora>2 (8)-2/11 9)a=1,b=1
(10) no point
DIFFERENTIABILITY

DIFFERENTIABILITY OFAFUNCTION

A function f (x) is said to be differentiable at a point of its
domain if it has a finite derivative at that point. Thus f (x) is
differentiable atx =a

im f(x)-f(a)

= |1 exists finitely
X—a X—a

i TOT@ L 00-f@
x—>a~ X—4a x—at X—a

L O @) L Farh) —f)
h—0 -h h—0 h

= f'(a—0)=f"(a+0)

= Left - hand derivative = Right - hand derivative
Generally derivative of f (x) at x =a is denoted by ' (a)

f(x) - f(a)
X—a

lim
X—a

f'(a)=

Example 39:

Sol.

Show that f (x) =x2 is differentiable at x = 1 and find f'(1).
(LHD atx=1)

_lim f(X)—f(l): i FA=D) = F (D)
xolm x—1 h—»0 1-h-1
212 _ 2
_ hmwz limﬂ: lim2—h =2
h—0 —h h—»0 —h h—0
(RHD atx=1)
i fO-fO) i A~ £
*X_>1+ x-1 ~p50 1+h-1
2 2 2
TP (et el L R T S
h—0 h h—0 h—0

. (LHDatx=1)=(RHDatx=1)=2.
So, f(x) is differentiable atx =1 and f' (1) =2

Example 40 :

Sol.

For what choice of a and b is the function

{xz , X<Z¢
f(x)=

is differentiable at x =c.
ax+b, x<c

It is given that f (x) is differentiable at x = ¢ and every
differentiable function is continuous. So, f(xX) is continuous
atx=c.

lim f(x) = lim f(x) =f(c)

X—>C X—C
— lim x> = lim (ax+b) =¢2  [Using def. of f(x)]
X—C x—ct

= c2=ac+b
Now, f(x)is differentiable atx =c
= (LHDatx=c)=(RHDatx=c)

lim f(x)—f(c): lim f(x)—-f(c)

=
x—>c~ X~C x>t X=C
2 2 2
. - . +b)— _
= lim X 7C im (ax+b)-c [Using def. of f(x)]
x—=>¢c X—C X—C X—=C
o ox2-dt ax+b—(ac+b) L.
= lim = lim [Using (1)]
x—>c X—C X—C X—C
lim (x+c¢)=lim a
= X—>C ( ) X—>C
= 2c=a .. (i)

From (i) and (ii), we get
2=2c2+b=b=-c%
Hence, a=2c and b=—c2.
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GEOMETRICALMEANING OF DIFFERENTIABILITY Sol. (2). Differentiability atx =0
. f(0+h)-1(0)
! = hm _—
RIF(0)] h—0 h
2 —
= limwz Iimh=0
h—0 h h—0
. f(0-h)-f(0) . —(0-h)-0
' - lim—— = lIm—— =
LI h—0 -h h—0 -h

R{f'(0)]=L[f'(0)]
f(x)is not differentiable atx =0
Differentiability atx =1

Thus, f(x) is differentiable at point P, iff there exists a unique

tangent at point P. In other words, f (x) is differentiable at a R[f(1)]= lim fa+h) -0

point P iff the curve does not have P as a corner point. h—0 h
DIFFERENTIABILITY FROM LEFTAND RIGHT i D’ (@b 41-1 L 24307+

A function f (x) is said to be h—0 h h—0 h

. f(x)—f(a —h)-— —h)-
(i) Left differentiability atx =a if xl_lgl% exists. L[f'(1)] = &1310 fd Ii)h iy, = l}f}) fd _1111) l
ii) Right differentiable at x = a if tim L0-1@) ist :limﬂzz
(i1) Right differentiable atx =a i et x-a exists. e
ThusR [f'(1)]=L{’'(1)]

DIFFERENTIABILITY OF A FUNCTIONIN A SET - Function f (x) is differentiable at x = 1

Differentiability on an open interval : A function f(x) defined

on an open interval (a, b) is said to be differentiable or Example42:

derivable in open interval (a, b) if it is differentiable at each Show that the function f (x) defined by

point of (a, b).

X for x<1
Differentiability on a closed interval : A function f (x) f(x)= 2-x for 1<x<2

defined on [a, b] is said to be differentiable or derivable at
the end points a and b if it is differentiable from the right at
a and from the left at b.

2+43x-x°> for Xx>2

is differentiable at =2 butnotat x =1
_ . f(x)-f(b Sol. Differentiability at x =2
In other words lim 0 -f(@) and lim fx-f®)

x—>at  X—a xo>b~  X—b [1(2—)())
both exist. (LHDatx=2) = { 4« !
If f is derivable in the open interval (a, b ) and also at the
end points a and b, then f is said to be derivable in the

d ’ ]
=7 = | —(-2+3x-x
closed interval [a, b] (RHD atx=2) [dx ( )

x=2
(1) Di.fferenti?lble' at ev?ry point of interval (a, b) =(3-2x),_,=3-4 -
(11) Right depva.tlve eglsts atx=a - (LHDatx=2)=(RHD atx=2)
(iii) Left derivative exists at x =b. So, f(x) is differentiable at x = 2.
Differentiability atx = 1
Example41 : q
—X if x<0 (LHDatle):[d_(X)) =1
X x=1
Function f(x) = x2 if 0<x<1 d
x> —x+1 if  x>1 (LHDatle):(&(z—X)] -1
x=1
is differentiable at — Clearly, (LHD atx=1)#(RHD atx=1)
(1)x=0butnotatx=1 (2)x=1butnotatx=0 So, f(x) is not differentiable atx = 1.
(3)x=0and x= 1 both (4) neitherx=0norx=1

T
I 135




SOAL

ODM ADVANCED LEARNING

STUDY MATERIAL : MATHEMATICS

DIFFERENTIABLE FUNCTION
A function f is said to be a differentiable function if it is
differentiable at every point of its domain.
Every where differentiable function :
If a function is differentiable at each x € R, then it is said to
be every where differentiable.

SOME STANDARD RESULTS ON DIFFERENTIABILITY :

(i) Every polynomial function is differentiable at each x € R.

(i) The exponential function a*, a>0 is differentiable at each

xeR.

Every constant function is differentiable at each x € R.

The logarithmic function is differentiable at each point in

its domain.

Trigonometric and inverse-trigonometric functions are

differentiable in their domains.

The sum, difference, product and quotient of two

differentiable functions is differentiable.

(vii) The composition of differentiable function is a differentiable
function.

(viii) If a function is not differentiable but is continuous at a

point, it geometrically implies there is a sharp corner or a

kink at that point.

If f (x) and g(x) both are not differentiable at a point, then

the sum function f (x) + g(x) and the product function f (x).

g(x) can still be differentiable at that point.

(iii)
(iv)

v)
(Vi)

(ix)

RELATION BETWEEN CONTINUITYAND
DIFFERENTIABILITY

(i) Ifa function f (x) is differentiable at a point x = a then it is
continuous at x = a.

If f(x) is only continuous at a point x = a, there is no guarantee
that f(x) is differentiable there.

If f(x) is not differentiable at x = a then it may or may not be
continuous at x = a.

If f (x) is not continuous at x = a, then it is not differentiable
atx=a.

If left hand derivative and right hand derivative of f (x) at
x = a are finite (they may or may not be equal) then f (x) is
continuous at x = a.

(i)
(iii)
(iv)
v)

REMEMBER
For a function f :
Differentiability = Continuity ;
Continuity =% derivability ;
Non derivibality = discontinuous
But discontinuity = Non derivability

Example43 :
Prove the function f (x) =| x | is continuous at x =0 but it is
not differentiable atx =0
Sol. Checking of continuity atx =0
[LHL atx=0]

lim f(x)= lim |x|=0
x—0" x—0"

[RHL atx =0]

=

Q.1

Q2

Q3

Q4
Q5
Q.6

= lim f(x)= lim |x| =0 [Valueof functionatx=0]
x—0 x—0
£(0)=]0|=0; LHL=RHL=f0)

So function f (x) is continuous at x = 0
Checking of differentiability at x =0

(LHD atx=0)
lim f(x)—-1(0) _ lim f(0—h)—f(0)
0~ x-0 h—»0 O0-h-0
= lim —f(—h)—f(O)
h—0 —h
= i L2101 “ml—hl,
h—»0 -h h—0 —h

= lim 2 = fim (~1) =1

h—0—-h h—0
(RHD atx=0)
I {6 Et (VN f(0+h)—1(0)
ot x—0 h—0 h
= tim SO _ i 0T i B i 2y
h—0 h x—0 h—»0h h—o0
(LHD atx=0) = (RHD atx=0)
So, f(x) is not differentiable at x =0
TRYITYOURSELF-3

xm-sin(l] if x#0
X

0 if x=0

If f(x)=

is continuous but not differentiable at x = 0 then find m.

Let fbe defined as follows:

{sin X
£ (x)=

mx+n if

if x<m

X2T

where m and n are constants. Determine m and n such

that f'is derivable on set of real numbers.
If f (x) is differentiable at x =a and f' (a) = 1/4. Find

2 2
i £ (@+20%)—f (a=20%)
h2

h—0

Prove that the function fgiven by f (x)=|x—1],x e Ris

not differentiable atx = 1.
Prove that the greatest integer function defined by

f(x)=[x], 0 <x <3 isnotdifferentiable at x =1 and x =2.

Discuss the differentiability of f(x)=|x |+ |x—1].

ANSWERS
(1) me[0,1] 2)ym=-1,n=7n1 (3)1
(6) f(x)isnon-differentiable atx=0andx=1.

2
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MEANVALUE THEOREM
Rolle’s theorem
Let f (x) be a function of x subject to the following
conditions
(i) f(x)isacontinuous function of x in the closed interval of
a<x<b.
(ii) f'(x) exists for every point in the open interval a<x <b.
(iii) f(a)=f(b).

Then there exists at least one point X =c such that a<c <b
where ' (¢)=0.

Alternative statement: Rolles theorem states that between
ay two real zeroes of a differentiable real function f, lies at
least one critical point of f (x).

Note:

1.  Converse of Rolle's theorem is Not true i.e. f'(x) may
vanish at a point within (a, b) without satisfying all the
three conditions of Rolle's Theorem.

2.  The three conditions are sufficient but not necessary for f
'(x) =0 for some x in (a, b)

3.  Ifthe function y = f (x) defined over [a, b] does not satisfy
even one of the 3 conditions then Rolle's Theorem fails i.e.
there may or may not exist point in (a, b) where f' (x) = 0.

/° /\ fi1)
E f(a)

ol a b I
f is not continuous in [a, b] f is not derivable
and Rolles theorem failing in open (a, b)

f(a) +
f(a) = £ (b)

Geometrical interpretation of rolle's theorem :

Let f(x) be areal valued function defined on [a,b] such that
the curve y = f (x) is a continuous curve between points
A(a,f(a) and B(b,f (b)) and it is possible to draw a unique
tangent at every point on the curve y = f (x) between points
A and B. Also, the ordinates at the end points of the

interval
Ai’
[c.f(c)]
(Ala,f(a ]\3[b,f(b)]
0 (a,é) (©.0) (biO) >

[a,b] are equal. Then there exists at least one point
(c,f(c)) lying between A and B on the curve y = f(x)
where tangent is parallel to x-axis.

Algebraic interpretation of rolle’s theorem :

Let f (x) be a polynomial with a and b as its roots.

Since a polynomial function is every where continuous
and differentiable and a and b are roots of f(x), therefore
f(a)=1(b)=0. So f(x) satisfies conditions of Rolle's theorem.
Consequently there exists ¢ € (a,b) such that f'(c) =0
i.e.f'(x)=0atx =c. In other words x =c is aroot of f'(x).

Thus, algebraically Rolle's theorem can be interpreted as

follows :
YA

Ala,f()]  Bb,f(b)]

[e.f(0)]

\

[e.f(0)] [c,f(c)]

O

Q

(a,0>\y

\j
y
Between any two roots of a polynomial f(x), there is always
aroot of its derivative f'(x). OnRolle’s theorem generally
two types of problems are formulated.
(@ To check the applicability of Rolle's theorem to a given
function on a given interval.
() To verify Rolle's theorem for a given function on a given
interval. In both types of problems we first check whether
f(x) satisfies conditions of Rolle's theorem or not.
The following result are very helpful in doing so.
(i) A polynomial function is everywhere continuous and
differentiable.
(i) The exponential function, sine and cosine functions
are everywhere continuous and differentiable.
(iii) Logarithmic function is continuous and differentiable
in its domain
(iv) tan x is not continuous at x = + /2, + 37/2, + 57/2 .....
(v) |x|isnotdifferentiable at x =0.
(vi) If f '(x) tends to+ o as x — k, then f(x) is not
differentiable at x = k.For example, if f (x) = (2x — 1)1/2,

lim f'(xX)=c.
x>1/2)t
So, f(x) is not differentiable at x = 1/2.
(vii) The sum, difference, Product and quotient of
continuous (differentiable) functions is continuous
(differentiable).

1
then f'(x)= N is such that
X —

Example 44 :
Discuss the applicability of Rolle's theorem for the
following function on the indicated intervals f (x) =|x | on

(-1, 1]
-1<x<0

0<x<1

—X, when

Sol. Wehave, f(x)=|x|= {

X, when
Since a polynomial function is everywhere continuous and
differentiable. Therefore, f (x) is continuous and differen-
tiable for all x <0 and for all x >0 except possibly atx =0.
So, consider the point x = 0.

Atx=0,wehave lim f(x)= lim x=0and,

x—0" x—0"
lim f(x)= lim x=0
x—>0% x—=0
lim fx)= lim f(x)=f(0)= f(x)iscontinuous atx =0.
x—0" x—0"

Hence, f (x) is continuous on [-1, 1]

T
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£(x)=£(0 —x=0
Now, (LHDatx =0)= fim 2 ~1©® -

= lim
x—0" x-0 x>0 X
[+ f(x)=—=xforx<0and f( 0)=0]
 lim — = lim—1=_1
x—=0 X x—0
f(x)-f(0 -0 X
i O 20 X 1o
x—>0" x-0 x—0 x=0 X x50
(LHD atx=0)=RHD atx =0 = f(x) is not differentiable
atx=0¢e(-1,1).
Thus, the condition of derivability at each point of
(-1,1) is not satisfied. Hence, Rolle's theorem is not
applicable to f(x)=|x|on[-1, 1].

(RHD atx = 0)

Example 45 :
Discuss the applicability of Rolle's theorem for the
following function on the indicated intervals f (x) = tan x
on [0, 7]

Sol. We have, f’ (x) =tanx, x € [0,7].
. T . . T
Since 3 € [0, ] and f (x) is not continuous at X = 3
So, the condition of continuity at each point of [0, &] is
not satisfied.
Hence, Rolle's theorem is not applicable to f (x) =tan x on
the interval [0, 7]
Example 46 :
Discuss the applicability of Rolle's theorem on the function
x> +1, when 0<x<l
f(x)=
3—x when 1<x<2
Sol. Since a polynomial function is everywhere continuous

and differentiable. Therefore, f (x) is continuous and dif-
ferentiable at all points except possibly at x = 1.

Now, we consider the differentiability of f (x) at x =1.

We have, (LHD atx=1)

lim f)-f(1) (x2+1)—(1+1)

= _ ——==lim
x—1 x—1 x—1 x—1
[- f(x)=x2+1for0< x< 1]
21
= lim = lim (x+1)=2and,(RHDatx=1)
x>l x—1 x—1
i fO-f@)
x—)lJr x—1
. B=x)-(1+D . —(x=1)
=lim ————— =lim ——— =-1
x>l x—1 x—1 x-1

. (LHDatx=1)#(RHDatx =1).

So, f(x) is not differentiable at x =1,

Thus, the condition of differentiability at each point of
the given interval is not satisfied.

Hence, Rolle's theorem is not applicable to the given
function on the interval [0, 2]

Example 47 :
If 2a + 3b + 6¢ = 0, then show that the equation
ax2+ bx + ¢ = 0 has at least one real root between 0 and 1.

ax’>  bx?
Sol. Letf(x)= =5 + - +cx be apolynomial.

a b 2a+3b+6¢
Thenf(0)=0and f(l)=—+- +c=——F—"—=0
3 2 6
[--2a+3b+6c=0(given)]
This shows that 0 and 1 are roots of f (x) =0
Hence, by the algebraic interpretation of Rolle's
Theorem f' (x) = 0 i.e. ax% + bx + ¢ = 0 has a real root

between 0 and 1.

Example 48 :

Verify Rolle's theorem for function on indicated intervals

f(x)=sinx+cosx—1 on [0, /2]

Since sin x and cos x are everywhere continuous and

differentiable. Therefore, f (x) = sin x + cos x —1 is

continuous on [0, 7/2] and differentiable on (0, ©/2)

Also f(0)=sin0+cos0—1

and f(n/2)=sinn/2 +cosn/2-1=1-1=0

- £(0)=f(n/2). Thus, f(x) satisfies conditions of Rolle's

theorem on [0, ©/2], Therefore, there exists ¢ € (0, m/2)

such that f' (¢)=0

Now, f(x)=sinx+cosx—1 = f'(x) =cos x —sin x
f'x)=0

=>cosx—sinx=0=sinx=cosx =>tanx=1=>x=n/4

Thus, ¢ = /4 € (0,m/2) such that f'(c)=0,

Hence, Rolle's theorem is verified.

Sol.

Example 49:
Find the point on the curve y = cosx —1, x €[n/2, 31/2] at
which the tangent is parallel to the x-axis.
Let f(x)=cosx—1

Clearly, f (x) is continuous on [n/2, 3%/2] and
differentiable on (7t/2, 31/2).

T T 3n
f[—): ——1 =_ :f(—)
Also, 2 Cos > 1 2 )

Thus, all the conditions of Rolle's theorem are satisfied.

Sol.

Consequently, there exists atleast one point ¢ (g,%{)

for which f'(c)=0. But. f'(c)=0=-sinc=0=>c=nx
~f(c) =>cosn-1=-2

Lagrange’s theorem about finite increments of a function

(Mean value theorem, LMVT)
Let f (x) be a function of x subject to the following
conditions

(i) f(x) isacontinuous function of x in the closed interval of
a<x<b.

e
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b, f(b)
c, f(c)

a, f(a)

I
(ii) f'(x) exists for every point in the open interval a <x <b.
(iii) f(a) = f(b). Then there exists at least one point X =c such
f(b) - f(a)
that a<c <b, where f'(c)= T b_a

Geometrically meaning of LMVT :
The slope of the secant line joining the curve at x=a &
x =b is equal to the slope of the tangent line drawn to the
curveatx=c.

b, f(b)
c, f(c)

a, f(a)

Now [f(b)—f(a)] is the change in the value of function
f as x changes from ato b so that [f (b) — f(a)] / (b—a) is the
average rate of change of the function over the interval
[a, b]. Also f'(c) is the instantaneous rate of change of the
function at x = c. Thus, the theorem states that the average
rate of change of a function over an interval is also the
actual rate of change of the function at some point of the
interval. In particular, for instance, the average velocity of
a particle over an interval of time is equal to the velocity at
some instant belonging to the interval.
This interpretation of the theorem justifies the name
"Mean Value" for the theorem.
Rolles theorem is a special case of LMVT since
- f(a
Fa)=F(b) = ' (0) = - o) =
Alternative formof LMVT :
Another form of statement of Lagrange's Mean Value
Theorem. Ifa function f is continuous in a closed interval
[a, a+h] and derivable in the open interval ] a, a+h [, then
there exists at least one number 6 € (0, 1) such that
f(a+h)=f(a)+hf'(a+06h). 6 (0,1)
We write b — a = h so that h denotes the length of the
interval [a, b] which may now be rewritten as [a, a + h]. The
number, 'c' which lies between a and a + h, is greater than
aand less than a + h so that we may write c =a+ 6 h, where
0 is some number between 0 and 1.
Thus the equation (i) becomes

f(a+h)—f(a)
h
= f(a +h)=f(a)+hf' (a+0h)

—f'(a+0h)

Example 50 :
State the mean value theorem in the equation
f(b)—f(a)=(b—a)f'(c) determine c lying between a and
b,iff(x)=(x—1)(x-2) (x—3)anda=0,b=4.
fx)=(x-1)x-2)(x-3)
f(0)=(0-1)(0-2)(0-3)=-6
f4)=(4-1)4-2)(4-3)=6
f'X)=x-2)x-3)+E-1)x-3)+x-1)(x-2)
=(x2—5x+6)+ (x> —4x +3) + (x> —3x +2)
=32 - 12x+11
f'(c)=3c2—12¢c+11
By Mean value theorem, we have
f(b)y—f(a)=(b—a)f'(c)
f(4)-£f(0)=4-0)f"'(c)
6—(-6)=4f'(c) ; 3=1'(c)
Putting the value of f' (c) in (1), we get
3=3c?—12¢c+11
3¢2-12¢+8=0

124414496
B 6

+ +

_ 12448 12+ 4J—_2+2\f_2+
6 6

lies between 0 and 4.

Sol.

N

Example 51 :
Using LMVT prove that |cosa—cosb|<|a—D|

Sol. Consider f(x) =cosxin [a, b]
cosb—cosa
T p_a | T |-sinc|<1

= |cosb—cosa|<|b—a|
|cosa—cosb|<|a—-D]|

Example 52 :
Using Lagrange's mean value theorem, find a point on the

curve y=+/x — 2 , defined on the interval [2, 3], where the
tangent is parallel to the chord joining the end points of
the curve.

Let f(x) =+/x —2 . Since for each x €[2, 3], the function

f (x) attains a unique definite value.
So, f(x) is continuous on [2, 3]

Sol.

Also, f'(x)= exists for all x € (2, 3). So, f(x) is

1
2Ux -2
differentiable on (2, 3).
Thus both the conditions of Lagrange's mean value
theorem are satisfied. Consequently, there must exist some
f3)-f2

c €(2,3)suchthatf'(c)= 32

Now, f(x)=/x -2 = ' (x)= £(3)=1&f(2)=0

1
2Wx=2"
£(3)-£(2) 1 1-0

3-2 Wx—2 3-2

A (x)=

B
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| Example3:
= =1=24(x-2)=1=x-2=1/4 =>x=9/4 in (eX2 _
Nx=2 Evaluate lim sinEe -1
Thus.c=2 < (2 3) such that £ () — £f(3)-f(2) x—>2  log(x—1)
us,c74e(, ) such that ' (¢) = P {h 5 J
9 1 . sin| h+—+....
N A, N . sin (e" -1 ) 2
Now, f(c) = 4 2 2 Sol. Given limit= lim sin(e” -1 _ im—— =~
h—0 log(l+h)  n-o h2
Thus, (c, f(c)) = (9/4, 1/2) is a point on the curve y =+/x — 2 h— Py T
such that the tangent at it is parallel to the chord joining 3
the end points of the curve. [ p2 Yol p2 )
Lh + EX + J - akh + EX + J 4o
TRYITYOURSELF-4 = }}in}) 5 =1
Q.1 Verify Rolle’s theorem for the function - h-— h® +..
f(x)=x3—6x2+ 11x—6 inthe interval [1, 3]. 2

Q.2 Discuss the applicability of Rolle’s theorem in the interval ~ Example4 :
[-1, 1] to the function f (x) = | x |. 11

Q.3 Verify Lagrange’s Mean-value theorem for f(x) = log, x in Evaluate )}1_% X 2 log (1+x)
the interval [1, 2]. X

Q.4 Applying Mean-value theorem, show that Sol. lim l—%log (1+x)
X

x—0 X
x>log (1+x)>x—lx2forx>0 x> X3
¢ 2 ' X—4X——+—....
Q.5 Using Lagrange’s Mean value theorem, show that _ lim 2= log(1+x) _ 1 2 3 _1
sinx <x forx>0. x—0 x2 x>0 x2 2
ADDITIONAL EXAMPLES Example5:
Example1: x|
X+ | X
Iff(x)= then find i
24 L x>l . x) , then find )}inof(x)
Iff(x)= , then find the value of lim f(x).
3x-1, x<l1 x—1 —h+|h]|

Sol. LHL = lim = lim (0)=0
h—0 h—0

Sol. Lefthand limit= lim f(x)= lim (3x—1)=3.1-1=2

x>l e . h+h|
. , RHL = lim =2; LHL # RHL = does not exist
and Right hand limit= 1im f(x)= lim (x2+1)=12+1=2 h—0
x—>17T x—>17"
. ) Example6:
lim f(x)= lm fx)=2. So lim f(x)=2
x>~ x->1" x—1 . sinx
Evaluate lgn "
o0
Example2: *
. . sinx 1 )
Evaluate lim 056 +sin® Sol. lelo  ~ lim — lim sinx
T T Xx—w X X—00
0> 2 0+ 4 =0 x (a finite number between— 1 and 1) =0
Sol. Put 0+ =hor0=——+h Example? :
4 4
T . (m ) f(x)-3
cos| ——h|—sin| ——h Iff(9)=9 and f (9) =4, then find the value of lim ————
Liite lim 4 4 x>9 fx -3
]ml h—0 h Sol. Given limit is in 0/0 form, so using Hospital rule, we get
cos(%—h)—cos(%Jrhj #f'(x)
— lim S 2t £' 99 43
h—0 h Limit= lim = =—=4
x—9 1 Jf9) 3
2sin*sinh 2/x
= lim ————=+/2
h—0 h

£
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Example 8 :

Evaluate lim

X(

2% -1

x—>0 1—cosx

X 2 x_ )
Sol. L= lim 21 X7 i 2L iy X
x>0 X l-cosx x20 X x50, 20X
“log2. 2 M\ Ginx/2)) ~2log
Example9:

Evaluate : lim
x—0

Sol. Limit= lim

t

an x —sin X

X3

x—0 X3
x> [l + lj + (—)x2 +oene
lim 3 6
~ x>0 X3 =12
Example 10 :
sin[x
X xgzo fim
Iffx)=4 [x] thenfind ") f(x)
0 ,[x]=0
sin(-1) |

Sol. When—-1<x<0, then f(x)= R sin 1

and when 0 <x< 1, thenf(x)=0[ - [x] =0 = f(x)=0]

. f(0-0)= lim sin1=sin1
h—0

. £(0+0)= lim (0)=0
h—0

L f(0-0)=f(0+0) .. 1imo f (x) does not exist.
X—>

Example 11 :

If lim =

x—5

k k

X —

=500, then find the value of k.

Sol. Itis in 0/0 form, so by L’ Hospital rule, we have

lim
X—5

k=4

kxk1 -0

=500= k5K 1=500=4x53

Example 12 :

sin(7 cos? X)

Evaluate lim 5

x—0 X

Sol. Limit is in 0/0 form, so by Hospital Rule

cos(m cos’ X)2mcos x(—sin X)

Limit= lim
x—0 2x
; 5 lim [sin x]
= x11)110 {—=. cos (mcos“x). COS X} . o x
=nl=n
Example 13 :

If f (x), g(x) be differentiable functions and f(1) =g(1) =2
fgx)-fx)gM-fO+g@

then find the value of lim
x—1

g(x)—f(x)
fOgx)-fx)eg®-fO)+gd (0
Sol- ) 20— f(x) (rom]
i TOE ) g0
xol g (x0)—1'(x) x>l g'(x)—f'(x)
Example 14 :

Let f (x) be a twice differentiable function and f" (0) =5,
3f(x)—-4f(3x) +f(9x)

then find the value of lim 5 .
x—0 X
o i TOHQO0OD (0]
x—0 X
_ lim 3f'(x) —12£'(3x) + 9f'(9x) (gform]
x—0 2x 0
_lim 3f"(x)—36f"(3x)+81f""(9x)
x—0 2
3£ (0)-36f"(0)+81f"(0
= © 2( ) ( ):24f'(0):24.52120
Example 15:

Find the value of lim (sinx)@"*

T
X—=—
2

lim tanx(sinx—1)

b
t )
Sol. lim (sinx)™"* =e
b
X—>—
2
. sin“ x—sinx i _
lim lim 2sinx co's X—COS X
T COSX P —sinx
X X——

B
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Example 16 :
Check the continuity and differentiability of
xsinl/x , x#0
f(x)= 0 X=Oatx:0

Sol. For function to be continuous
f(0+h)=1(0-h)=1(0)

f(0+h)= }}in() h sin 1/h =0 x (a finite quantity) =0
£(0—hy= "M _hsin (1/-h)

=0 x (a finite quantity) =0
Also, )}1310 xsin 1/x =0 x (a finite quantity) =0

= function is continuous at x =0
For function to be differentiable
f'(0+h)=1(0-h)

£(0+h)—£(0)

f'(0+h)=
(0+h) b
hsinl—o lim si (1]
: m S| —
= }};mo b = h50  \h

which does not exist.
(—h)si [—l) -0
sin 0 o ( 1)
- ¢ _limsin|——
-h h—0 h

which does not exist. So function is not differentiable at
x=0

£(0-h)= lim

Example 17 :
log(1+ax)—log(1 - bx)

If f(x) = l’i

, x#0
x=0

is continuous at x = 0, then find the value of k.
Sol. -- f(x) is continuous at x =0, so

£(0)= 1M £(x)

_ lim log(1+ ax) —log(1 —bx)

(tor)

=k x—0 X
:lim( 2,0 ):a+b
x>0 \1+ax 1-bx
Example 18 :
T
w(i)
Letf(x)= ;,xv& 1 Find the value which should

cot 2x

be assigned to f at x = m/4, so that it is continuous
everywhere

Sol. For fto be continuous at x =n/4, we must have

lim TC
x—)% f(x) =f Z

li tan [E— )
m 4

But lim f(x) =
T

X—— X——
4 4 cot2x
. (l—tanx)
= lim
n tan 2x 1+tanx
X—>—
4
) 2tanx 1—tanx lim 2tan x
= lim 7 =L T 5
T 1-tan”x 1+ tanx 4 (I+tanx)
4

) 2 1 [Ej_l
Tasn? 4 2 ¢ TG

Example 19:

ax(x-D+b , x<l1

Let f(x)= x—1 , 1<x<3

px2+qx+2 , XxX>3

Find the values of the constants a, b, p and q so that
(1) f (x) is continuous for all x
(i1) f (x) is not differentiable at x = 1
(ii1) £’ (x) is continuous at x =3
Sol. It is given that f(x) is everywhere continuous.
So, itis continuousatx=1and x =3
“lim f(x)= lim f(x)=1(1)

x—1" x—1
and lim f(x)= lim f(x)=f(3)
x—3 X3

= limax(x—1)+b=Ilimx—1
x—1 x—1

and, lim x—1= lim px2+qx+2
x—3 x—3

= b=0and2=9p+3q+2
= b=0and9p+3q=0
= b=0and3p+q=0
Now, f(x) is not differentiable at x = 1
= (LHDatx=1)#(RHDatx=1)

d
;{&(x—l)}

= [a@x-D],_#z1=a=l
It is given that f' (x) is continuous at x =3

= [i (ax(x—-1)+ b)}
dx

x=1 x=1

lim 1= lim (2px+q)
x—3" x—3
= l=6p+q .. (i)
Solving (i) and (ii), we getp=1/3and q=—1
Hence,a# 1,b=0,p=1/3andq=-1

=
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CHAPTER 4 : LIMITS, CONTINUITY AND DIFFERENTIABILITY

EXERCISE - 1 [LEVEL-1]

PART -1 : LIMITS
Evaluate the following limits (Q.1-Q.10)

Q.1 lirn3 X+3
(A)2 B)4
©e6 D)8
. sinax
Q2 il—% sinbx’ 2,b#0
(A) a/b B)1/b
(C)b/a (D) 1/a
I sin (T —X)
Q3 x-n T(T—X)
(A= (B)2/n
©O)1/n (D)2n
Q4 lim COS X
x—>0 T—X
(A)m (B)2/n
©O)1/n (D)2n
lim cos2x —1
Q5 x—0 cosx —1
(A)2 B)4
©6 D)8
6 lim ax + X cos X
Q x—0 bsinx
oy 251 i DL
*) = ®
a—1 b-1
©%% O
Q.7 Hglo X SeCX
(A0 B)1
©2 D)3
. sinax +bx
Q38 )};mo ax +sinbx batb=0
(A)0 ®)1
©2 D)3
Q.9 lin}) (cosecx —cotx)
(A0 B)1
©2 D)3
Q10 lim tan 2x
x—7/2 T
X —
(A)0 B)1
©2 D)3

Q.11

Q.12

Q.13

Q.14

Q.15

Q.16

Q.17

Q.18

Q.19

Find lim f (x) and lim f (x), Where
x—0 x—1

2x+3, x<0
f)=13(x+1), x>0

(A)1,2 (B)3,6
©2,3 D)2,4
) . x? -1 , x<1
Find )1{1211 f(x) where f(x)= “x2-1, x>1
(A)0 B)-1
O)-=2 (D) does not exist
M, x=0
Evaluate |im f (x),where f(x) = X
x—0 0, x=0
(A)0 ®1
©)2 (D) does not exist
X+| X |
Iff(x)= ,then Ilim f(x)equals-
x—0
(A)2 B)0
O1 (D) Does not exist
lim  Sin X
X — 00 equals-
A1 B)0
(O (D) Does not exist
e VX
XLE% T is equal to-
A1 (B)-1
©o (D) Does not exist
| Xx= sin X lim
Iff(x)= —x tcos2x’ then | —, o f(x) equals-
(A)0 (B)
O1 (D) None of these
im  G(x)-G (1)
IfG(x)=— /25«2 sthen o -1 equals-
(A) 1724 B)1/5
©)-24 (D) None of these
B B im V) -3
Iff(9)=9andf(9)=4,then , _, g NP is equal
to-
(A1 ®)3
©4 D)9

B
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Q.20

Q.21

Q.22

Q.23

Q.24

Q.25

Q.26

Q.27

Q.28

lim sin Xx°

X0 is equal to -
(A1 (B) n
©)x (D) = /180
x—-1, x<0
Iff(x)= 1 1/4,x=0 then . "7 | £(x) equals-
x2, x>0
(A)0 ®)1
O)-1 (D) Does not exist
X
lim (1 4 i} _
X—>0 X
(A1 (B)e
(C)e? (D) None of these
lim V3+x-+3-x
x—0 X
(A)-1 B)0
1
©3 ® 75
£(x) = x, if x is rational )
If )= —x, if x is irrational’ then' 1im f(x) 18
x—0
(A) Equalto 0 (B) Equalto 1
(C) Equalto—1 (D) Indeterminate
X/2 _ 3
The value of lim is
x—2 3% -9
(A0 B)1/3
©)1/6 (D)In3
PART -2 - TINUITY

x, if x is rational
If function f (x) = ,
1—x, if x is irrational

then the number of points at which f (x) is continuous, is
(A)oo ®)1

©o (D)2

Iff (x) = sgn (x) and g (x) = x (1 —x2), then the number of
points of discontinuity of function f (g (x)) is —

(A) exact two (B) exact three

(C) finite and more than3 (D) infinitely many
Examine the continuity of the function

x2 -9
x—3
6 s

, when x# 3
; atx=3
when x =3

f(x)=

(A) f(x) is continuous at x =3
(B) f(x) is continuous at x=2

(C) f(x) is continuous atx =1
(D) f(x) is continuous at x =4

Q29 Iff(x) =|x—2],then
(A) lim f(x)#0

X—2+

(B) lim f(x)#0

X—2—

© xli)nél + f(x) # Xlglzl_ f(x) (D) f(x) is continuous at x=2

(xz/a)—a, when x < a

If f(x)= 0, when x =a, then

Q.30

a—(xz/a), when x >a

(A) lim f(x)=a

X—a
(B) f(x) is continuous at x =a
(C) f(x) is discontinuous at x =a

(D) lim f(x) =1

X—a
x2 sinl henx #0
Q31 If f(x)= < , then
0, whenx=0
(A)f(0")=2 B)f(07)=1

(C) fis continuous atx=0 (D) f(0")=-1
2
—x“,whenx <0

5x—4,when0<x <1
, then

4x% —3x,when 1< x <2

Q32 If f(x)=

3x+4,whenx >2

(A) f(x) is continuous at x =0
(B) f(x) is continuous x =2
(C) f(x) is continuous at x = 1
(D) Both (B) and (C)

é—x,whenx<2

If f{(x)=4 1 ,whenx=2,then

Q.33

x—%,whenx >2

(A) f(x) is continuous at x =2
(B) f(x) is discontinuous at x =2
(©) lim f(x)=1

x—2

(D) lim f(x)=1/3

x—2

1—cos4x

X2

, whenx <0

Q.34 Iff(x)=

a, when x =0,
k.
J16++/x) -4
is continuous at x = 0, then the value of ‘a’ will be

(A)8 (B)-8
(©)4 (D)2

, whenx >0

B

STUDY MATERIAL : MATHEMATICS
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Q.35

Q.36

Q.37

Q.38

Q.39

Q.40

x—4
|x—4]
a+b,x=4-

+a,x<4

Let f(x) =
X_
|x—4|

+b,x >4

Then f{(x)is continuous at x =4 when

(4)a=0,b=0 (B)a=1,b=1

(©a=-1,b=1 (D)a=1,b=-1
1/x

If the function f(x)= (cosx)"", x#0
k,x=0

is continuous at X = 0, then the value of k is

A1 (B)-1
©0 (D)e
sin{x] , forx >0
[x]+1
cosﬁ[x]
If f(x)= , forx < 0 ; where [x] denotes the

[x
k,atx =0

greatest integer less than or equal to x, then in order that
fbe continuous at x = 0, the value of k is
(A)Equalto 0 (B) Equalto 1

(C) Equalto—1 (D) Indeterminate
2 —_
If f(x)= szerZS for x # 5 and f'is continuous at
x"—=7x+10
x=5, thenf(5)=
(A4)0 B)5
©10 (D)25
1-sinx T
, XF
If f(x)=4 "~ 2x 2 be continuous at
T
A, X=—
2
x =7/2 then value of A is
A-1 B)1
©0 (D)2

1—sinXx + cos x

The function f(x) = is not defined at

1+sinx +cosx
x = 1. The value of f () so that f (x) is continuous at
X=T,18
(A)-1/2
©O-1

B)1/2
D)1

Q.41

Q.42

Q.43

Q.44

Q.45

Q.46

Q.47

Q.48

Q.49

The function f (x) = [x], where [x] denotes the greatest
integer not greater than x, is —

(A) continuous for all nonintegral values of x.

(B) continuous only at positive integral values of x.

(C) continuous for all real values of x.

(D) continuous only at rational values of x.

logx .
Ffx)=1{% if x#1 js continuous at x = 1, then the
k if x=1
value of k is —
(A)e B)1
O-1 D)0
3sin x
—, x#0 . .
Iff(x)= 5x is continuous at x =0, then the
2K , x=0
value of K is
(A) w10 (B)3w/10
©) 3n2 (D) 3m/5
3x-8 if x<5
f(x)= 2k if x>5 is continuous, find k
(A)2/7 B)3717
©4/7 (D)7/2

PART -3 -DIFFERENTIABILITY

Which of the following is not true

(A) Every differentiable function is continuous.

(B) If derivative of a function is zero at all points, then
the function is constant.

(C) Ifafunction has maximum or minima at a point, then
the function is differentiable at that point and its
derivative is zero.

(D) If a function is constant, then its derivative is zero at
all points.

Which of the following statements is true

(A) A continuous function is an increasing function

(B) An increasing function is continuous

(C) A continuous function is differentiable

(D) A differentiable function is continuous

The function f (x) =|x|atx=01s

(A) Continuous but non-differentiable

(B) Discontinuous and differentiable

(C) Discontinuous and non-differentiable

(D) Continuous and differentiable

The left-hand derivative of f (x) =[ x ] sin (nx) atx =k, k is

an integer and [x | = greatest integer < x is

(A) (-D* (k=D ®) (D (k-D)n
©) (~)*kn D) (-1 kn

Let f(x+y)=f(x)f(y) and f(x)=1+sin(3x)g(x)
where g (x) is continuous then f' (x) is

(A)f(x)2(0) (B)32(0)
(O)f(x) cos 3x (D)3 f(x)g(0)

B
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Q.50

Q.51

Q.52

Q.53

Q.54

Q.55

Q.56

Q.57

Q.58

f(5)—-fd

If f(x) = x> —2x+4 and %: f'(c) thenvalue
of ¢ will be
(A0 B)1
©)2 D)3

X, 0<x<1
If f(x)= , then

2x -1, 1<x

(A) fis discontinuous at x = 1

(B) fis differentiable at x =1

(C) f'is continuous but not differentiable at x = 1
(D) None of these

2
+b; x<0 .
If f(x) = o * possesses derivative at x = 0,
xz;x>0
then
(A)a=0,b=0 (B)a>0,b=0
(C)aeR,b=0 (D)a=1,b=1

If f(x) = x(vx —/x+1), then

(A) f(x) is continuous but non- differentiable at x =0
(B) f(x) is differentiable at x =0

(C) f(x) is not continuous at x =0

(D) Both (B) and (C)

The function f (x) =[x —2| +x is —

(A) differentiable at both x =2 and x =0.

(B) differentiable at x =2 but notat x =0.

(C) continuous at x =2 but not at x = 0.

(D) continuous at both x =2 and x = 0.

PART -4 -MEAN VALUE THEOREM

-2x

Consider the function f(x)=e sin 2x over the

interval (0, 7/2). Areal number ¢ € (0, n/2), as guaranteed
by Rolle’s theorem, such that f' (¢c) =0 is

(A)T/8 B)m6

(OF4 D) /3

Ifthe function f(x) = x> —6x> +ax+b satisfies Rolle’s

( )
theorem in the interval [1, 3] and f ‘Lzﬁ *l J =0, then
3
(A)a=-11 (B)a=-6
(©C)a=6 (D)a=11

In the mean value theorem, f(b)—f(a)=(b—a)f'(c) if

a=4,b=9and f(x) = \/; then the value of ¢ is

(A)8.00 (B)5.25

(©)4.00 (D)6.25

If the function f (x) = x3 — 6ax? + 5x satisfies the condi-
tions of Lagrange’s mean value theorem for the interval
[1, 2] and the tangent to the curve y = f (x) at x = 7/4 is
parallel to the chord that joins the points of intersection
of the curve with the ordinates x = 1 and x =2. Then the
value of a is

Q.59

Q.60

Q.61

Q.62

Q.63

Q.64

Q.65

(A) 35/16 (B)35/48
(©)7/16 (D)5/16
Let f (x) satisfy the requirements of Lagrange's Mean

1
Value Theorem in [0, 2]. If f{0) =0 and |’ (x)| < 5 for all x

in [0, 2], then -
(A)f(x)<2 B)Ifx)<£1

O)f(x)=2x (D) None of these

If for f (x) = 2x — x2, Lagrange’s theorem satisfies in [0, 1],
then the value of ¢ € [0, 1] is

(A)c=0 (B)c=1/2

(C)c=1/4 (D)c=1

Iff(x) =x3 and g (x) =x> —4x in—2 <x <2, then consider
the statements:

(a) f(x) and g (x) satisfy mean value theorem.

(b) f(x) and g (x) both satisfy Rolle’s theorem.

(c) Only g (x) satisfies Rolle’s theorem.

Of these statements

(A) (a) and (b) are correct
(C) None is correct

(B) (a) alone is correct
(D) (a) and (c) are correct

PART -5 -MISCEILLANE

e —(1+4x)"?
In (1-x2)

(A) an irremovable discontinuity at x =0

(B) aremovable discontinuity at x =0 and f (0) =—4

(C) aremovable discontinuity atx =0 and f (0)=-1/4
(D) aremovable discontinuity at x =0 and £ (0) =4

Iff(x)= for x # 0, then fhas —

10-x% if —3<x<3
Given f(x)= 5

—e*3 if x23

The graph of f (x) is —

(A) continuous and differentiable at x =3

(B) continuous but not differentiable at x =3
(C) differentiable but not continuous at x =3
(D) neither differentiable nor continuous at x =3

log (2+x)—x>" sinx

1+x2"

If f(x)= lim , then —
n

-
(A) fis continuous atx=1 (B) Xlgfll f(x) = £(1)

© lir{} f(x) doesnotexist (D) linl] f(x) doesnot exist

—-X if x<0
Function f(x) = x? if 0<x<1 isdifferentiable
X —x+1 if  x>1
at -

(A)x=0butnotatx=1
(C)x=0and x= 1 both

(B)x=1butnotatx=0
(D) neitherx =0norx=1

=y
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Q.66

Q.70
X—a
Iff(x)= Kx—a is continuous at x = 1, then f (1) equals

The values of a, b and ¢ which make the function

sin(a +1)x + sin x
sin@+hx+sinx

(A) \/g B)2 \/g f(x) = : ,x=0 continuous atx =0 are —
©)a (D)2a Vx+bx? —/x x>0
: b2 ’
Q.67 Letf(x)= ;1(13}0 sin2"x, then number of point(s) where *
- 1 1
f (x) is discontinuous is — (A) a=7,0=5,b=0 (B)a=%,c=5,b¢0
%0 . EN
©)2 (D) infinitely many (Ca=—,c=—,bz0 (D) None of these
Q.68 Iff(x)=(x+ 1) Xis continuous at x = 0, then f(0) = 2 2
(A)O B)1 l+sinnx/2 , -oo<x<1
©) 1/ (D)e Q.71 Iffunctionf(x)=1 ax+b , 1<x<3
Q.69 Let f(x) be defined as follows : 6tannx/12 , 3<x<6
is continuous in (— o, 6), then values of a and b are
(cosx —sinx)<* ~ Ty <0 (A)0,2 ®)1,1
2 (©)2,0 D)2,1
f(x)= a, x=0 Q.72 Iff(x)=[x] (sin kx)P is continuous for real x, then—
/X 4 e?x 4 e¥x n (A) k e{nm,n €l},p>0
I a0 0<x<7
ac”™ +be 2 (B) k e {2nm,n €l},p>0
If f(x) is continuous at x = 0, then ordered pair (a, b) is (©) k e{nm,n €l},p eR - {0}
equal to B
(A) (e, 1/e) (B)(1/e,¢) (D) k e{nm,n e,n#0},p eR—-{0}
©)(e.e) D) (e e
EXERCISE -2 [LEVEL - 2]
Q.1 Choose the correct statements —
(A) If f' (a*) and f' (a) exist finitely at a point then f is 1200 ee
continuous at x = a. Q4 Iffx)=1¢ 1+x , then the value of f(|2k|)will
(B) The function f(x) =3 tan 5x — 7 is differentiable at all I, x=-1
points in its domain. be (where [ ] shows the greatest integer function)
(C) The existence of lim (f(x)+ g(x)) does not imply (A) Continuous at x =—1 (B) Continuous atx =0
x=¢ (C) Discontinuous at x = 1/2 (D) All of these
of existence of lim f(x) and lim g(x) 1—cos4x
x—¢ x—¢ Q.5 Function f(x) = ————, wherex#Oand f(x) =k where
(D) All of these 8x
) y x = 0 is a continous function at x = Othen the value of k
el will be
Q2 Iff(x)=q Ux o~ lUx” (A)k=0 B k=1
kK . x=0 O k=-1 (D)k=-2
Q.6  The function defined by
(A) fis continuous at x, when k=0
(B) fis not continuous at x = 0 for any real k. Ix=31; x21
(C) limit does not existatx =0 fx)=41 , 3 13 is
—X"—=x+—;x<1
(D) Both (B) and (C) 4 2 4°
2% —sin~ ! x (A) Continuous atx = 1 (B) Continuous at x =3
Q.3 In the function f(X) = —————,(x#0) is (C) Differentiableatx=1 (D) All the above
2x+tan X
continuous at each point of its domain, then the value of e*+ax, x<0 )
. Q7 If f(x)= is differentiable at x = 0,
f(0)is b(x—-1)2, x>0
(A)2 B)1/3 T
(©)2/3 (D)-1/3 then (a, b) is
(A)(=3,-1) B)(3,1)
©GE. D) GE,-1)

YR
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Q8

Q.9

Q.10

Q.11

Q.12

Q.13

Q.14

Q.15

Q.16

The function f(x) = b2
ax + T -1,

is continuous and differentiable for
(A)a=1,b=2 (B)a=2,b=4
(C)a=2,anyb (D)anya,b=4

The function f(x) = x> sin-, x %0, f(0)=0 atx=0
X

(A) Is continuous but not differentiable
(B) Is discontinuous

(C) Is having continuous derivative
(D) Is continuous and differentiable

Let £(x) = sinx, forx>0 d X Th
et £(x) = 1—-cosx, forx<0 " g (x)=¢". Then
(gof)' (0)is
(A)1 (B)-1
©0 D)-2
Function y = sin”! [1 ij is not differentiable for
+Xx
(A)[x|<1 B)x=1,~1
O |x|>1 (D)x=2,-2
3+|x-Kk]| , x<k
Iff(x)=1,2_,  sinx (x-k) x>k
(x-k)
has minimum at x =k then —
(A)aeR (B)|a|<2
©)lal>2 D)1<|a|<2

Overx € (0, 10) the function [sin x] + [sin 2x], (Where [ . |
denotes greatest function) is discontinuous at —

(A) 11 points (B) 10 points

(C) 9 points (D) 8 points

The left hand derivative of f (x) =[ x ] tan ©tx, where [ . |
denotes greatest integer function, at x = k, where k is
integer is —

(A) (~D*m (k1) (B) 1 n(k-1)

©) (k-1 (D)— m(k—1)
IFf(x)= ZX_[X]”(')Si“ (X_[XD” ’;i%where[.]is
GLF. then—

(A) f(x) is differentiable atx =0
(B) f(x) is differentiable at x =2
(C) f(x) is continuous but not differentiable at x =0
(D) Discontinuous at x =0
1-tanx

Letf(x)= — = x # = x €| 0,= | Iff(x) is
4x—m 4 2

continuous in {0,%} , then f [%] is —

(A)-1
(©)-172

B)12
D)1

Q.17

Q.18

Q.19

Q.20

Q.21

Q.22

Q.23

Q.24

|X_3| s
For the function f(x) = (ij (3X

7)+(%) , x<1

x>1

4

choose the incorrect option —

(A) continuous at x = 1 (B) differentiable at x =1
(C) continuous at x =3 (D) differentiableatx =3
f(x) is a function such that f'" (x) =— f(x) and f’(x) = g(x)
and h (x) is a function such that h (x) = [f(x)]? + [g(x)]? and
h (5) =11, then find the value of h (10).

(A)11 B)12

©21 (D)22

The set of the points where f(x) = x | x | is twice
differentiable, will be —

(MR (B)R,

(OR* (D)R™

1
If f(x) = <’ then the points of discontinuity of the

function f[ f {f(x)}] are
(A) {0,-1} (B){0,1}
© {1,-1} (D) {-1,2}
[x]-1
Iff(x)=1 x—1  then f(x)is
0 ,x=1

(A) continuous as well as differentiable at x = 1
(B) differentiable but not continuous at x = 1
(C) continuous but not differentiable at x = 1
(D) neither continuous nor differentiable at x = 1

Iff(x)=4/1_+1-x2 ,thenatx=0,

(A) f(x) is differentiable as well as continuous

(B) f (x) is differentiable but not continuous

(C) f (x) is continuous but not differentiable

(D) f(x) is neither continuous nor differentiable
Letf(x)=|x|+|x—1],then—

(A) f(x) is continuous at x =0

(B) f(x) is continuous atx = 1

(C) f(x) is not continuous atx =0 and x =1

(D) Both (A) and (B)

Consider two function y = f (x) and y = g (x) defined as

ax® +b , 0<x<1
f(x)=42bx+2b , 1<x<3 and
(a-Dx+2a-3, 3<x<4
ox?+d ,0<x<2
g(x)=9dx+3-c , 2<x<3
x2+b+1 , 3<x<4
g (x) is continuous at x =2 if —
c=1,d= c=2,d=
(A)c=1,d=2 (B)c=2,d=3
c=1,d=- c=1,d=
(©)c=1,d=-1 (D)c=1,d=4

£
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Q.25

Q.26

Q.27

Q.28

Q.29

Q.30

Q.31

Q.32

Q.33

If f(x) = min {1, x2, x3}, then—

(A) f(x) is discontinuous ¥ x € R
B)fx)>0vVxeR

(O) f(x) is not differentiable but continuous V¥ x € R
(D) f(x) is not differentiable for two values of x

The value of lim [cos vx+1—cos/x]
X—>00

(A)2 B)1
©o (D) None of these
. 3x2 +5x+1
Evaluate lim —————
x—>0 7x“ +3x -1
(A)172 B)1/7
©32 (D)3/7
, A+ x3) =A1-%2
Find the value of lim 5
x—0 X
(A)-2 B)1/2
©)o D)1
hm —+ L+ ! + !
Find the value of 1272373 4 n(n+1)
(A)-2 B)1/2
O1 (D)0
/
a* +b* \] *

Evaluate (im
x—0 L

)

(B) 2+/ab
(D) Ja/b

(A) Jab
(©) \2ab

. x+35\*
Evaluate lim [ )

X—o\ X — 1
(A)e? (B)e*
(C)ef (D) &
3)(2 +1 )

2
If f (x) = —cot ! then the quadratic
i

L(X-D(X-@J’

equation withroot's [im f(x) and lim f(x) will be

x—1 x—2
(A)x2-2x+1=0 (B)x2-x=0
(C)x2-3x+2=0 (D)x2-2x=0

\/7—\/cos71 X

lim ————— is equal to —
x—>-1F Vx+1 1

1 1 1 -1
W5 B OF O

Directions : Assertion-Reason type questions.

Q.34

Q.35

(A) Statement- 1 is True, Statement-2 is True, Statement2
is a correct explanation for Statement -1

(B) Statement -1 is True, Statement -2 is True; Statement2
is NOT a correct explanation for Statement - 1

(C) Statement - 1 is True, Statement- 2 is False

(D) Statement -1 is False, Statement -2 is True

Let f(x) =2+ cos x for all real x.

Statement 1 : For each real t, there exists a point ¢ in

[t, t + 7] such that f' (¢) = 0.

Statement 2 : f(t) =f(t+ 2n) for eachreal t.

Statement -1 : f(x)=sinx +[x] is discontinuous at x =0,

where [ . ] denotes the greatest integer function.

Statement -2 : If g (x) is continuous and h (x) is

discontinuous at x = a, then g (x) + h (x) will necessarily

be discontinuous at x = a.

Passsage (Q.36-Q.37) :

Q.36

Q.37

3 10%-3 + 1 3
Consider the function f (x) = (X=3)—— 1 X
10x-3 —1
0 , Xx=3
The function f (x) is —
(A) odd (B) even
(C) neither even nor odd (D) None of these
The function f (x) is —

(A) continous for all x
(B) continous for all exceptx =3

(C) continous for all exceptx =0
(D) None of these

Passage (Q.38-Q.40) :

Q.38

For 0<X<%,1et

n

f,(x) = ?;1 sec gx + rg %sec gx +(r- 1)_g and
np 6
f,(x)—2f,(x) = 2tan 8X +?5

Also, f,(x) +f5(x)=0 and

i e(eerfz(x)Hanx i
i(exp.) x <0
i 2(eX-1)
1
f,00=i k ;x=0
1
i ko
';' (1] £5 () ) ) ;x>0

The value of k; and k,, if f4(x) is continuous at x =0 is —

e 1
_,2 e’ p—
2 (D) I 2

(B)e, 1 ©

1
») 72

e
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Q.39

Q.40

y=H(x)is—
(A) discontinuous and non-derivable at x = /4 and ©/3

(B) neither continuous nor derivable at x =271/5

(C) continuous and derivable in (0, 1t/2)

(D) continuous but not derivable at x = 27/5

For n= 3, the solution of equation f}(x) +4 =0, in (0, 7/2)
is—

(A) /6
(C)yw/3

B)m4
(D) non existent

NOTE : The answer to each question isa NUMERICAL VALUE.

Q.41

Q.42

Q.43

Q.44

Q.45

Q.46

Q.47

Find the number of points of discontinuity of y = [sin x],
x € [0, 2w) where [ . ] represents greatest integer function.

n.3" 1
= g where n € N, then

f lim n+l n
n-on(x-2)" +n3"" -3

find the number of integer(s) in the range of x.

) 1 T 21 nrw X
lim —| tan—+tan—+...+tan— | = Z“]og2 then
4n T

n—oon 4n 4n

find the value of X
For positive integers k=1, 2, 3, .....n, let S, denotes the
area of AAOB, (where O is origin) such that

K
£ AOB, =5, 0A= 1 and OBy =k. The value of the

. Find the value of X.

sin3x + A sin 2x + Bsinx
X5

ous at x = 0, then find £ (0).

Iff(x) = (x#0) is continu-

:élnC
B b

1 1 1 1
lim( + + +oe ]
Let M0\ 20+l 2043 2045 4n-1

where A, B,C e N.

—D—c(3x> +x°)

—x)—bx4+c(4x4+1)+2x2+5x

a (2x3 —x2)+b (x3 +5x%°
a (SX4

then the value of (a + b + ¢) can be expressed in the

If lim

X—>0

:15

lowest form as b . The value of (p + q) is.
q

Q48

Q.49

Q.50
Q.51

Q.52

Q.53

Q.54

Q.55

Q.56

Q.57

. _1- cos® x cos’ 2x cos® 3x
Find the value of lim 3
x® 0 X

(cosx—l)(cosx—ex)

The integer n for which Lim isa

x—0 x"

finite nonzero number is —

For x > 0 value of )1(1_1’)1’10 ((sin X)X+ (1 /x)s10 %) js —

Let p(x) be a polynomial of degree 4 having extremum at

x=1,2and lm'(l) [14‘ p(x )j 2 Then the value of p(2) is

The largest value of the non-negative integer a for which

1-x
) {—ax+sin (x—l)+a}l—& 1.
lim =

X +sin (x—1)—1 4

4

x—1

Letf: R — Rand g: R — R be respectively given by
f(x)=|x|+1andg(x)=x2+1.Defineh:R —Rby

_ Jmax {f (x),g(x)} if x<0,
h o= {max {f (x),g(x)} if x>0.

The number of points at which h(x) is not differentiable is
Let m and n be two positive integers greater than 1.

( ccos (™) 76\
=)

2 .
sin (Bx
Let o, €R be such that Jim 22 EPX) (Bx)
x—0 0oX —sinx

If lim

a—0

€ m
|3/, then the value of " is—

=1, Then
6 (oo + B) equals
x " log, x)

a” log, a)

cot™!

Find the value of Limit
X—>00 sec

@>1)

-1 _

Find the valueof Limie VX1 ‘/;)
1{(2“1) }

secC

x-1

X—>0

2
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Q.1

Q2

Q3

Q4

Q5

Q.6

Q.7

Q8

Q.9

: Lim YT ~1
Iff(1)=1,f"(1)=2,then 7 ﬁ:[AIEEE 2002]
(A)2 B)1
©3 (D)4

; 1—cos2x) sin 5
The value of 1M ( = x)sin 5% . | AIEEE2002]
X~ sin 3x
(A)10/3 (B)3/10
©)6/5 (D)s/6
fim X e5xe3) AIEEE 2002
X0 L X2 +x+3 J B [ |
(Aa)et (B)e?
(©) e’ (D)e
- logx" —[x]
lim 08X ~IX]
o) x] , 0 € N, (where [x] denotes greatest
integer less than or equal to x) [AIEEE-2002]
(A) Has value — 1 (B)Has value 0
(C)Has value 1 (D) Does not exist
X Xe€
If f(x) = {—x ¢Q’ then f'is continuous at-
[AIEEE-2002]
(A) Only at zero (B)onlyatO0, 1
(C) all real numbers (D) all rational numbers
(3
gt
1Ff(x)= {xe ‘X ¥ x %0 thenf(x)is [AIEEE 2003]
0 , x=0

(A) discontinuous everywhere

(B) continuous as well as differentiable for all x

(C) continuous for all x but not differentiable at x =0
(D) neither differentiable nor continuous at x =0

- log(3+x)—log(3—

If 11m0 0g+x)=log(3=x) _ k, the value of k is -
X—> X

(A)-2/3 B)0 [AIEEE 2003]

(©)-1/3 (D)2/3

Let f(a) = g(a) = k and their n'? derivatives " (a), g"(a)
exist and are not equal for some n. Further if

im @) g0~ (@)~ g(a) F(x) +g(a)

xoa 2 () —f(x) =4 then the
value of k is- [AIEEE 2003]
(A)0 B)4
©)2 ©O1
lim {l—tan[gj}[l—sin x|
is- [AIEEE 2003]

e {1 +tan [;H [rn—2x]

Q.10

Q.11

Q.12

Q.13

Q.14

Q.15

Q.16

Q.17

ODM ADVANCED LEARNING
(A) o ©)1/8
®)0 (D) 1/32
2x
lim (1,2, )
If X300 1+—+—2 = ¢4, then the values of a and b,
X x

are- [AIEEE 2004]
(A)aeR,beR (B)a=1,beR
(C©)aeR,b=2 (D)a=1land b=2
Lot fix) = 2% (L X {05} If f(x) i

et f(x) = X_n,x¢4,xe S| (x) is

T T
continuous in {0,5} , then f (_] is-  [AIEEE 2004]

4
A1 B) 12
(©)-122 (D)-1

If fis a real-valued differentiable function satisfying
| f(x) - f(y) | < (x—y)% X,y € Rand f(0) = 0, then f (1)

equals [AIEEE-2005]
(A)-1 B)0
©2 D)1

Suppose f(x) is differentiable at x =1 and

o
WM — £y 4 h)=5 thenf(1)equals- [AIEEE-2005]

h—0 p
(A)3 B)4
©s5 De

Let o and P be the distinct roots of ax + bx + ¢ = 0, then

1—cos (ax2 +bx +¢)
(x-a)®

lim
X—>o

isequal to - [AIEEE-2005]

2
(A) % (0—B) B)0

2
(©) =~ (a-p? D) 3 (@B

The set of points where f(x) = —| is differentiable is

1+]x

(B) (— 0, ) [AIEEE 2006]
(D) (~ o0, 0) U (0, o0)

(A) (o0, = 1)U (-1,%0)
(©)(0,)

2
e -1

The function £: R\{0} — R given by f(x) =+ —
X

can be made continuous at x = 0 by defining f (0) as
(A)2 (B)-1 [AIEEE 2007]
©0 D)1

Let f: R — R be a function defined by

f(x)=Min {x+ 1, [x| + 1}. Then which of the following is
true ? [AIEEE 2007]
(A)f(x) > 1forallx eR

(B) f (x) is not differentiable at x = 1

(C) f (x) is differentiable everywhere

(D) f(x) is not differentiable at x =0

=
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Q.18

Q.19

Q.20

Q.21

Q.22

Q.23

1
—1)sin—— if 1 .
(x~Dsin =1 X Then which one of the fol-
0 if x=1

Let f(x) = {
lowing is true ? [ATIEEE 2008]
(A) fis differentiable atx =0 and atx =1

(B) fis differentiable at x =0 butnotatx =1

(C) fis differentiable at x = 1 butnotat x =0

(D) fis neither differentiable at x=0noratx=1
Letf(x)=x|x|and g (x) =sinx. [AIEEE 2009]
Statement — 1 : gof is differentiable at x = 0 and its
derivative is continuous at that point.

Statement — 2 : gof'is twice differentiable at x =0.

(A) Statement -1 is true, Statement-2 is true; Statement-2
is a correct explanation for Statement -1

(B) Statement -1 is true, Statement-2 is true; Statement -2
is not a correct explanation for Statement -1.

(C) Statement -1 is true, Statement -2 is false.

(D) Statement -1 is false, Statement -2 is true.

Let f: R > R be a continuous function defined by

f(x)=
®) X +2e7

Statement-1: f(c)=1/3, forsomec € R.

[ATEEE 2010]

Statement-2: 0 <f(x) < i ,forallx e R

NG

(A) Statement-1 is true, Statement-2 is true; Statement-2
is not the correct explanation for Statement-1.

(B) Statement-1 is true, Statement-2 is false.

(C) Statement-1 is false, Statement-2 is true.

(D) Statement-1 is true, Statement-2 is true; Statement-2
is the correct explanation for Statement-1

Let f: R = R be a positive increasing function with

fim 28 1 Then tim 13~ |AIEEE2010]
X—>0 f(X X—>®0 f(X

(A)2/3 (B)3/2

©3 D)1

The value of p and q for which the function

sin (p+1) X +sinx

, x<0
X
f(x)= q , X=
\/x+x2—\/; 0
312 » X2
is continuous for all x in R, are — [AIEEE 2011]
aplg 3 R
(A)p=5,4=—3 B)p=7.9=7
S D | spol o3
©pr 2 4=5 D) p 5475
; ((J1=cos 2 (x-2)} )
im
Jim L — J [AIEEE 2011]

(A) does not exist (B) equals 2

Q.24

Q.25

Q.26

Q.27

Q.28

Q.29

Q.30

Q.31

Q.32

1
(C) equals — 2 (D) equals E

If f: R > R is a function defined by f (x) = [x] cos

[2X2_ 1) 7, where [x] denotes the greatest integer

function, then fis :

(A) continuous for every real x.

(B) discontinuous only at x = 0.

(C) discontinuous only at non-zero integral values of x.

(D) continuous only at x = 0.

Consider the function, f (x) =|x—-2|+|x—-5|,x € R.

Statement-1:f'(4)=0 [AIEEE 2012]

Statement-2 : fis continuous in [2, 5], differentiable in

(2,5)and £ (2)=1(5).

(A) Statement-1 is false, Statement-2 is true.

(B) Statement-1 is true, statement-2 is true; statement-2
is a correct explanation for Statement-1.

(C) Statement-1 is true, statement-2 is true; statement-2
is not a correct explanation for Statement-1.

(D) Statement-1 is true, statement-2 is false.

[AIEEE 2012]

im (I-cos2x) (3+cosx)

1 .

x—0 X tan 4x is equal to
(A)-1/4 (B)1/2 [JEEMAIN2013]
O1 (D)2

sin (T cos? X)
lim ——————— isequal to — [JEE MAIN 2014]
x—0 X2
(A)m/2 B)1
©)—n D)n
. _Jkx+1, 0<x<3
If the function, g (x) = {mx 42 3<x<5
is differentiable, the value of k + mis [JEE MAIN 2015]
(A) 16/5 (B) 10/3
©4 D)2
. (1—cos2x) (3+cosx)

lim = [JEE MAIN 2015]
x—0 X tan 4x
(A)3 B)2
©12 (D)4
Forx e R,f(x)=|log2—sinx|and g(x)=f(f(x)), then:

(A) g'(0)=cos (log2) [JEE MAIN 2016]
B) g'(0)=—cos (log2)
(C) gisdifferentiable at x=0and g' (0) =—sin (log 2)

(D) gisnot differentiable atx =0

Let p= lim (1+ tan? \/;)1/2)( then log p is equal to —

x—0"
A1 (B)1/2 [JEEMAIN2016]
©) 14 D)2
Forx e R,f(x)=|log2—sinx|and g(x)=f(f(x)), then:
(A)g'(0)=cos (log2) [JEE MAIN 2017]
(B)g'(0)=—cos (log2)
(C) gis differentiable at x =0 and g' (0) =—sin (log 2)
(D) gis not differentiable atx =0

ey
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Q.33

Q.34

Q.35

Q.36

Q.37

Q.38

Q.39

Q.40

COtX —COsS X

lim —————— equals — [JEE MAIN 2017]
x->1/2 (n-2x)°
(A) 18 B)1/4
©) 124 (D) 1/16

Foreacht € R, let [t] be the greatest integer less than or

. 1 2 15
equal to t. Then hm+ X[ = |+ = |+t —
x—0 X X X

[JEE MAIN 2018]
(A)is equal to 120 (B) does not exist (in R)
(C)isequalto 0 (D)isequal to 15
LetS={teR:f(x)=|x—n]|- (e®—1)sin]|x|is not
differentiable at t}. Then the set S is equal to

[JEE MAIN 2018]
(A) {m} (B) {0, 7}
(C) ¢ (an empty set) (D) {0}
4 pa—
lim vitylry -v2 M [JEE MAIN 2019 (Jan)]
y—> y

(A) exists and equals 1/42 (B) does not exist

1 1
(C)exists & equals ﬁ (D) exists & equals 22 (2+1)

Let f: R — R be a function defined as :

5, if x<1
£ (x)= a+bx, if 1<x<3
T |b+5x, if 3<x<5 [JEEMAIN2019 (Jan)]
30, if x>5
Then, fis :

(A) continuous ifa=5andb=5

(B) continuous ifa=-5and b= 10

(C) continuous ifa=0andb=15

(D) not continuous for any values of a and b

2

lim % equals: [JEE MAIN 2019 (April)]
(A) 242 (B) 42
O 2 D)4

Let f: R — R be a differentiable function satisfying
f'3)+£'(2)=0. Then

(1+f G+x)—f 3N

T F o) _f)) scaulto

[JEE MAIN 2019 (April)]
(A) ¢? B)e
©e! D)1

Letf:[-1,3] > R be defined as

[ x|+[x], —1<x<1
fx)=1X+|x], 1<x<2
=i x] L 2<x<3

Q.41

Q.42

Q.43

Q.44

Q.45

Q.46

Q.47

where [t] denotes the greatest integer less than or equal
to t. Then, fis discontinuous at: [JEE MAIN 2019 (April)]
(A) four or more points (B) only one point

(C) only two points (D) only three points
Letf(x)=15—|x—10];x € R. Then the set of all values of
x, at which the function, g (x) = f (f(x)) is not differentiable,

is: [JEE MAIN 2019 (April)]
(A) {5, 10, 15,20} (B) {10, 15}
(C) {5,10, 15} (D) {10}

T T
If the function f defined on (_ _] by

63
V2 cosx -1 2T
f(x)=4 cotx-—1 4 . .
K 4 It iscontinuous, then ks equal
> B - 4
to [JEE MAIN 2019 (April)]
(A)1/2 B)1
©)1/42 (D)2
i 3 +3* 12
Evaluate XI—IIIZW [JEE MAIN 2020 (Jan)]

11
Iff (x) is defined in X E(_E’ 5)

(Htog( 2], x=0
() =10 e\1225)
k , x=0
Find k such that f (x) is continuous.
[JEE MAIN 2020 (Jan)]
2
/
lim (322) ™ lto— [JEE MAIN 2020 (J
x»0L7x2 +2) is equal to— . (JAN)]
(A) 2 (B) &2
(C) e2/7 (D) e3/7
X
[ tsin (10t) dt
lim 2 is equal to —
x—0 X
[JEE MAIN 2020 (JAN)]
(A1 B)10
©5 D)0
Let f be any function continuous on [a, b] and twice

differentiable on (a, b). If for all x € (a, b), f'(x)>0 and

f"(x) <0, then for any ¢ € (a, b), -t (@) is greater

f (b)—f (c)

than : [JEE MAIN 2020 (JAN)]
b b-

™5 ® o,

©1— (D)1

B
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sin(a+2)x+sinx Q.49 Let [t] denote the greatest integer < tand lim x [i} =A.
——;x<0 x—0 | X

Q48 If f(x)= b ;x=0 Then the function, f (x) = [x2] sin (nx) is discontinuous,
(x+3xH)"P —x717 <> 0 when x is equal to : [JEE MAIN 2020 (JAN)]

S () JA+S B) VA+T
is continuous at x = 0, then a +[ fl‘t; };S lsl(}:;ll t;)o.20 AN (©) A D) JA T2l
(A)-1 ®)1
©)-2 D)0
ANSWER KEY
EXERCISE -1
Q(1]2]|3|14|5|6|7]8|9]|10|11]|12|13|14]|15]|16]|17|18|19]|20]|21]|22|23|24 |25
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Q|(26|127|28(29(30(31|32|33(34(35|36|37(38(39(40|41|42(43(44|45|46|47 (48|49
A|DID|IDIB|A(B|A|D|A[C|A|D|B|D|[D|C|A]|72|5|A|D|JC|D|B
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@IMIT CONTINUITY & DIFFERENTIABILITY OF FUNCTION) TRY SOLUTIONS ADVRNCED LEARNING
CHAPTER-4: N
2+x -v2) 2+ x+2
LIMIT. TINUITYAND 0( ( \/2: ( N \/—) 2)
X‘) X X
DIFFERENTIABILITY OFF TI
2+x-2 ~ lim 1 1
LUTI TOTRYITYOURSELF x—)O(x/2+X+\/_)x Cxo02+x+42 242
TRYITYOURSELF-1
| x| £09=1 10510
O O fx=— hasnolimitatx:0< _ %10 1024 10_510 —
£(0)=-1 li = lim = lim
®) X—2 xs -32 x—2 XS _25 x—>2 X5 _25
@) lim existsatx=0f(0")=f(0")=0 x—2
x—>01n|x |
even if £ (0) is not defined . x10-p!0
lim 10x 210-1
(ii)) lim [x]+4/{x} existsatx=0as _x22 X=2 _ _64
x—0 ) XS _ 25 5 x 25*1
lim
lim f(x)=0+0=0 lim f(x):—l+\/I:O x—2 X—2
x—>0" ? x—0"
1
(iv) lim sin™ [secx], where [ ] denotes greatest integer k2 —1-\2x2 -1 » || \/3—)(2— Ix] \/2 2
x—0 6) i
function, exists and is equal to ©/2 x_m xt3 X x+3
(2) LHL.off(x)atx=4 7 ]
3-—-.2-——
lim f(x)= 11m f(4 h) = M - lim x2 2 3-\2
X4~ haO 4-h-4 ot 3 4
4+—
. |=h| . . X
= lim —h: hm—h: lim-1=-1
h—0 — h—0— h—0 i 2
RH.L. of f(x)at x=4 (7  Wehave, )}irgo (V25x” =3x +5X) (00— 0 form)
|[4+h—4| 5
llmfx-llmf4+h—l —_— =1 25y" +3y -5 =
o (x) ( ) W A h—4 yl_rgo( y Y =5Y)  where y=—x
:limli—‘:hmazlimlzl 25y +3y—25y° lim Y
o0 ho0R 0 " J25y2 43y 45y YO sty +3y +5y
2
1 -1 -1
@ lim T TEOE AT 08 (9 form) . 3 303
x>l (x* =1 0 = lim 5 ~55°70
D +x+1 0 R
n (D Qogexext) (04 ) y
ol (x+D)(x-D) 0 ®  (A).Lety=cosx
loge x+x+1 loge1+1+1 0+2 (cosx)"? = (cos x)""? 1/3 _ 12
B n o e 2 ! lim 2 = lim p
x>l (x+1) + x—0 1-cos” x y=>1 I-y
V2+x -
(4  Whenx =0, the expression x =2 takes the form ( y3 Nl g2 - N
L - J —L . J 1(1)2/3 _1(1)71/2
~ lim ~— 3 2
, Rationalizing the numerator, we have y—l fl — yz\ -2
L I-y J
C 2ex-2
lim ——
x—0 X 1 1
_3 2.1
-2 12
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) ®). lim In (sin2x) ~ im In2 +Insinx +Incosx i log (tan 2x) [ o rm)
x>0 In(sinx)  x—0 Insinx as) x50 log (tfan? x) \o0
. In2  Incosx Using L’hospital rule
=lim|l+———+— =1+0+0=1
x—0 Insinx Insinx
[ 3 2 tan 2x sec? ij x2
tan” 2x

We have L = lim

2 x—0 2
(ICOS eC2X + 2COS eC2X 3COS ec X\Sln X 0 tanZ 2X 2 tan xsec x
lim ©
(10) x—0 L 100005 eczx [ ]
T + 2 ( 1 j ( 1 j
~ lim sin2xcos2x/ lim sin 2x cos 2x
( 2 \sm2 X x—0 1 x—0 ( 1 j
[L)cosec x+(ijcosec X Sin X COS X Sinox
100 1i 100 100
im
x—0 99 cosecZx = lim ! =1
+ (ﬁ] +1 x—0 COs 2X
_ sin'x—tan"'x
=100 (0+0+.......0+1)°=100 (16) lim ————r
x—0 X

2x
= -1 —1<x<
1+x2j 2tan'x, for-1 <x<1 (1- x) /1 2
» X_’03x2\/1 X2 (1+x2)
o1 2x . 2tan "X
= lim —sin — = lim ==/ 2 —

2
x—>0X 1+x x—0 X (1+X) /1 X
X%O?axz\/l x> (1+x%)

(11)  We know that sin~! [

(Using L’hospital’s rule)

)
X
a2) lim 2 tan [21] = lim %Tz [%fo ] +x’ --x% 1
X—>00 X—0
[2)() H03x2\/1 2 (1+x2 ) A+x2)+V1-x2
(Rationalizing)
tan y a
=2 fim 22 ,where y=—=—
2y_>0 y y= ZX 2 - lim X +3X 1
2033 21— x% (1+x> ) A+x2)+V1-x2
2X-1 (0
13) We have, lim —— (— form)
) Y x0T x—1\0 X043 1 1
21 (Wrxsl) x=031-x2 (1+x2) (1+x y+Vl-x2 2
x—)O\/1+X I (W1+x+1) ) . [tanz x]—2 [tan x]—3
7
-1 17 x—>tan*13[tan2 x]—4[tanx]+3
= lim lim (V1+x +1)
x>0 X x50 . 8-4-3 1
= lim =—
= (log2) (W1+0+1) =2log?2 x—>tan 13 8-8+3 3
(14) Letx—a=h,thenifx—>a,h—>0 1
1 ) 0 1+ )l/x ;ln(ler)
L fim Jogx—loga [_ form) A8) g (P Tme e e
x—a X—a x—0 X x—0 X
log s j (ln(1+x)—x \
ele S -1
— Jim 0g(@+h)—loga _ limh—a:l i J(ln(ux)xj
h—0 h h—0 L a = m (ln(l+x)—x] 2
X

ey
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In(l+x)

. e X . (In(d+x)-x
=¢ lim - lim
x>0 [ln (1+x) _1) x>0 x2
X

ol

TRY IT YOURSELF-2

(1) )= ——

1-ex—2
f (x) is discontinuous when x — 2 = 0 also

x+1 X+l

when I_GE =0=x=2and X2 =1

x—1

x=2and =0=x=2andx=1

2
@  limf(x)= lim(cosx)®" X

x—0 x—0

) A 2
fim (cosx—)%L X fjm UTC0SX) X7

ex—0 — x>0 x2
= f(x)is continuous at x =0.

_ . . 1—cos4x
3) f(0 )= l1m_ f(x)= hm_—2 =8
x—0 x—0 X

f(0")= lim f(x)= lim x

x—0" x—0" \[16+\/;—4
- Jx - (W16 ++/x +4)

Ii
ot 164+/x-16

lim (V16++/x +4)=8

x—07"

£(0)=f(0")=8=f(0)=>a=8

@) x+D) (e +e )
k=1
) ®).k=lim -]

X +1)—(x+1) (X +e )

= lim 5

x—0 X

22X —(x+1) (e —e ¥)=(eX +e¥)

®)

©)

Y

@®

tan?x _ e V2 ¢ (0)

(C)

= lim
x—0 2x
By L’Hospital rule
2x X =X\ _ (aX _ amX\ X X
=lim4e x+D) (" +e ")—(e"—e ")—(e"—e ")
x—0 2
_4—2—0—0_1
2

B).x2—k#0VxeR

= k<0 L. (1)
x2+x+120¥xeR

= k?-4<0=>-2<k<2 .. Q)
Fromeq. (1) and eq. (2), k € [-2,0)

sin (x — 2) and cos (x — 2) are continuous for all x.

Since [x] is not continuous at integral point.

So, f(x) is continuous in [4, 6] if

=]
a =0 Vxel[4,6]

Now, (x— 2)3 € [8, 64] forx € [4, 6].

3
= a>64 for l:ﬂ}:o
a

f(x) =sgn (2sin x + a) is continuous for all x.
then 2 sin x + a # 0 for any real x.

>] >a<-2o0ra>2

. a a
= sinX #——=>|—
2 |2

kx+1 ifx<m

We have, f(x) = cosx ifx>m

LHL.= lim f(x)= lim (kx+1)
X1 XM
Putx=n-hasx—>n,h—>0

lim k(r—h)+1=1lim kn—kh+1=kn+1
* h—>0 h—0

RHL.= lim f(x)= lim cosx
X—)TC+ X—)TE+
Putx=n+hasx—>n,h—>0

. lim cos (m+h)= lim —cosh =-1
* h—0 h—0
f(m)y=kn+1 [ fxX)=kx+1]

Thus f (x) is continuous at x = 7.
S~ LHL=RHL.=f(n)=>kn+1=-1=k=-2/11

5 if x<2
We have f(x)= qax+b if 2<x<10
21 if x2>10

Atx=2, LHL.= lim f(x)= lim (5)=5

x—2" x—2"

RHL.= lim f(x)= lim (ax+b)
x—27F x—27"
Putx=2+hasx—>2",h—>0

" lim [a (2+h)+b]= lim (2a+ah+b)=2a+b
h—0 h—0

f(2)=5,
Since f(x) is continuous at x =2
.. LHL.=RHL.=fQ2)=2a+b=5 ... ¢))
Atx=10, LHL.= lim f(x)= lim (ax+b)

x—10" x—10"

Putx=10-hasx—> 10, h—>0

=
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(10)

Q)

()

&)

. lim [a (10—h)+b] = lim [I0a—ah+b] =10a+b
h—0 h—0 “@

RHL.= lim f(x)= lim (21)=21
x—10* x—10

£(10)=21

Since f (x) is continuous at x =10

.. LHL.=RH.L.=f(10)= 10a+b=21
Solving eq. (1) and (2), a=1,b=1
Letg(x)=|x|andh(x)=|x+1|

Now g (x) = | x | is the absolute value function, so it is
continuous function.

h (x) =| x + 1| is the absolute value function, so it is
continuous function.

Since g (x) and h (x) are both continuous functions, so
difference of two continuous function is a continuous
function.

Thus f(x) =sin |x |—|x + 1|is a continuous function at all
points )
There is no point at which f (x) is discontinuous.

TRYITYOURSELF-3

x™ -sin [l] if x#0
f(x)= X
0 if x=0
For continuity at x =0
. . . (1
lim £ (0+h)=f (0)= lim hmsm[—] =0=>m>0
h—0 h—0 n

For function to be not differentiable at x =0

L £O+h)-f(0)

li — DNE
x—0

m - _
fim 2SI =0 e hm i (l) = DNE
h—0 h h—0 h

= m-1<0=>m<l1
m € [0, 1] for functiion f (x) to be continuous but not
differentiable atx = 0.

sin x
f(x)= {

(©6)

if x<m

mx+n if x>=xn

Since f (x) is continuous at X =7t
0=mn+n ... @))
Now, f(x) is differentiable atx =t
cosx|_ =m=>m=-1=>n=n M

2y A2
Limit — 1ig 1.+ 2h°) —f (a=2h%)

tt=h2
h—0 h2 pu

 lim f(a+2t)—f (a—2t)
h—0 t

and denominator.

~ lim 2f" (a+2t)—2f" (a—2t)
h—0 1

differentiating numerator

=2f"(a)+2f'(a)=4f"(a)=1
We have f(x)=|x—1|

x—1ifx>1
1-x if x<1
LHD.atx=1
lim f (1-h)-f(1) ~ lim I-1-h)-(1-1)
h—»0 (I-h-=1) h—0 —h
= lim —=-1

h—0 —h

RH.D.atx=1
f _ “1-(1-

m (1+h)-f()  lim (1+h)-1-(1-1)  lim E:l
h—»0 (I+h-1) h—0 h h—0 h
.. LH.D.#2RH.D.

Thus f(x) is not differentiable at x =1
We have f(x) =[x]
RH.D.atx=1
f — _
(A+h)-f(1) ~ lim u:()

h—0 (I1+h-1) h—0 h

LHD.atx=1
f(l—h)—f(l):1im 0_1:11ml C ot
h—»0 (I1-h-=1) h—»0 —h  h—0h
defined. .. LH.D.#RH.D.
Thus f(x) is not differentiable at x =1
. fQ2+h)-f2) .. 2-2
-9 lim ——————==1lim ——=0
RHD.atx=2, 0 @+h-2) n50 h
L.H.D.atx=2,

L €t €TINS S N LY

h—0 (2-h-2) h—»0 -h  h-0-h h-o0h
= not defined.
.. LH.D.#2RH.D.

Thus f (x) is not differentiable at x = 2.
fx)=|x|+|x—1].

f (x) is continuous everywhere at | x | and | x — | are
continuous for all x.

Also | x| and | x — 1| are non-differentiable at x = 0 and

x =1, respectively.

Hence, f(x) is non-differentiable atx =0 and x=1.

TRYITYOURSELF-4
We have, f(x)=x3—6x2+ 11x—6 (Polynomial)
We know that a polynomial function is everywhere
continuous and differentiable. Therefore,
(i) It is continuous on [ 1, 3]
(i1) It is differentiable on (1, 3)
(iii) Also, f(1)=13 -6 x 12+ 11 x 1 -6=0
andf(3)=33-6x32+11x3-6=0=f(1)=f(3)
Thus, all the conditions of Rolle’s theorem are satisfied.
So, there must exist some ¢ € (1, 3), such that f' (¢)=0
Now, f'(c)=3c2—12¢c+11=0

v
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()

€)

12+/144—-132 _[ 1)
cC=———— :>C— Zi—
6 NE)

Clearly, both the values of ¢ lie in the interval (1, 3). Hence,
Rolle’s theorem is verified.

Rolle’s theorem is applicable to a function f (x), if the
function possesses a differential coefficient for every
value of x in the domain (-1, 1). But, f (x) =| x | is not
differentiable at x = 0. Hence, Rolle’s theorem is not
applicable to the function f (x) =| x | in the interval [-1, 1].
We have, f(x)=1logxon[l,?2].

(i) Since, logarithmic function is continuous everywhere,
therefore f (x) is continuous on the closed interval [1,2].
(i1) Since, f' (x) = 1/x, which exists for all x # 0. So f (x) is
derivable on open interval (1, 2).

Thus, both the conditions of Lagrange’s mean value
theorem are satisfied.

Hence, there exists at least one ¢ € (1, 2) such that,
f(b)-f(a)
b—a
wherea=1andb=2.
Now, f'(x)=1x=1f"'(c)=1/c
f(b)y=f(2)=log2andf(a)=f(1)=log1

=1'(c)

log2—-logl 1

1
From (1), we get, o1 o> longloglzz

1 1
=log2= = C= log2 =logs e [ og1=0]

Nearly, log,e lies in the interval (1, 2).

Hence, Lagrange Mean value theorem is varified.

“@

®)

Letf(x)=x—log, (1+x)= f'(x)= I—L
I+x

f'(x)>0forx>0

f(x)isincreasing forx>0 ; x>log, (1+x) ... 1)
XZ
Let F(x):loge(1+x)fx+7 ;
, 1
Fr(x)=——-1+x ; F'(x)>0forx>0
1+x
X2

F'(x)isincreasing forx>0i.e.,log(l +x)>x— o 2)

Fromeq. (1) and (2), we have, x>log, (1 +x)>x— X?

Let f(x) = x —sin X, defined on the interval [0, x], where
x>0

Clearly, f(x) is everywhere continuous and differentiable.
So, (i) f (x) is continuous on the closed interval [0, x]

(i1) f (x) is differentiable on the open interval (0, x)

Thus, both the conditions of Lagrange’s Mean value
theorem are satisfied and therefore there exists ¢ € (0, x).

_ ) -f(0)
==

f'(c) 0

[By Lagrange’s Mean value theorem]

X —sin X X —sinx

= l-cosc= >0 [ 1-cosc>0]

=
X X
= x-sinx>0 [ x>0]

= x>sinx = sinx<xforallx>0

¢
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CHAPTERA4 : 1 X 0

= lim

LIMIT TINUITY AND (7) (A). Here, I xseex = X x A hcosx 1
DIFFERENTIABILITY ) b
sinax = bx
EXERCISE-1 . sinax +bx o +?
@ ©. liﬁm3 x+3=3+t3=6 ®) (B). We have, x_,0 ax +sinbx  x—0 aX N sin bx
X ar  SHbA
@ @ 7
limax "X+ limb alim > >+ limb
1. Sin ax l sin ax — x—0 X x—0 — x—=0 X x—0
im = lim X aX X — i i
x>0 sinbx  x—0| ax sinbx lima+ limbx >  lima+b lim >
bx x DX x>0 x50 X x—0 x—0 X
_a()+b_a+b . sinx
=1 ~+ lim =1
- lm sinaxxixﬁ _A sinax>< 1 a+b(1) a+b x=0 X
Cx>0| ax  bX bx| bxos0| ax  sinbx | cosx
bx bx 9  (A). Here, hm (cos ecx —cotx) = lim ( ——— )
x>0 \sinx sinx
=2, Ixl=—
b ~ im 1—'cosx ; 2sin? (x/2)
. x—0 sinx x%O 2sin (x/2)cos (x/2)
lim S0 (m—x)
@) (©. Wehave, "0 " m-x) = lim tan (x/2) =0
x—0
1 .. sin(n—x) 1 sinh 10) (©O.
=— lim ——~=—lim
Txon (T—X) Txon h lim tan 2x {gform} Put X:§+yas x—)%,y—)O
[+x—>nm=n-Xx—>h] X/
L [ lim X :1} -
T T x—>0 X tan 2 [i + y)
i 2 _q tan (m+2y)
4 (0. lim SB5X _cos0 1 Soyhe moTm oy
@ © 1 T-X n-0 = 27772
@ @), Jim SZL i LS ~fim Y gy B2 0 oo
x—>0 cosx—1 x>0 1-cosx y>0 Y y—0 2y
~ lim 2sin? x ~ lim (2sinx/2cosx/2)2 i flx)= 2x+3, x<0
x->02sin2x/2 x>0  sin®x/2 (D ®- F=13 (x4, x>0
(1) We have to find lim f(x)
_ lim 4sin® (x/2) cos (x /2) ~ lim 4cos> (x/2) o x—0
x—0 sin2x/2 x—0 Left hand limit
=4x1=4 = lim f(x)= lim 2(x)+3=1lim[2(0—h)+3]=3
X0~ x—>0-h h—0
ax +XcosX _ .. ax X COS X . .
lim ————— = lim [ + j Right hand limit
© @ x50 bsinx x—>0\bsinx bsinx ' £
= lim f(x)= lim 3(x+1)—hm [3(0+h)+1]=3
a . 1,. xcosx x—0" x—>0+h
=—Ilim —+— lim —
bx—0sinx bx—o0 sinx Here, lim f(x)= hm f(x)= hm f(x)=3
x—0" x—0" x—07"
X
:—] +—hm -~ lim =1 .. i =1l = =
O X Tanx [ o sinx } G mfo=lim3(tn=30+)=6
1 . X 2
== = . lim =1 x“ -1, x<1
oty ()= o [ x50 tan x } (12) (D). Here, f(x)= {_Xz sl

£
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13)

(14

15

(16)

LHL.= lim f(x)= lim (x*-1)

x—1 x—1
Putx=1-hasx—>1,h—0
lim [(1+h)? —1]= lim [1+h? -2h—1]
h—0 h—0
=(0)2-2%x0=0
hm f(x)= lim (—x —l)

-1t x—1t
Putx:1+hasx—> I,h—>0

RHL.=

lim [-(1+h)? —1] = lim [-1-h? —=2h —1]
h—0 h—0

=—(0)2-2x0-2=-2

LHL #RHL
ThlS limit does not existatx=1.
D).
u, x#=0
We have to find |im f (x) , where f(x)= X
x—0 0, x=0
LHL= lim £00= fim P pim R
x50~ x—0-h X x—h
. . [x| .. |h]
: - lim f(x)= lim —=1lim—=1
Right hand limit et ) xs0+h X xoh

lim f(x)= Lm £(x) . Limit does not existatx =0
x—0" x—0"

im —h+[h]
(D).LHL=, 10y ——— =, 5 (=0

lim h+|h|_
RHL=} 0~ =

LHL # RHL = does not exist.

lim  Sin X
®). T

=5 h_n; o (@ finite number between —1 and 1)/o0
=0

1/h
Lim I+e

(D). LHL =17, 1_el/h

e Vb

I

_ Lim
h—0

LHL = RHL, so given limit does not exist.

a7

(18)

19

(20)

@n

22

(23)

29

(25)

{1—(sinx/x)}

li li
(©. xinoo fx )_xgnoo

3 1—0 -1
1+0

(D). Here G(1)=— /25 _x2 =—
im  —V25—-x2 +~24(0
T L

.. Given limit= X1

X —
= lim

x —1 \/25 XZ T

(C). Given limit is in 0/0 form, using Hospital rule, we get

(By L Hospital rule)

Lo i 2fx) f(x) 10 fOAD _43_,
t= m D —— = —=
imi oo I f—f(9) 3
2Vx
. qim sin(m/180)x (9 ]
(D).Limit= | _, — Oform
_lim (n/lSO)cos(n/lSO)xi b
x>0 1 180
Lim Lim 2
(D). Here X —0" flx)= x50t X =0
Lim
and X5 0" flx)= X0 x-1)=-1
Lim Lim
Vot =L -0 _>0f(x)doesnotex1st
a X
lim 21 2 1/x —
©. ™ (HX] —gao(wax) X =¢d
lim 2x 2 _ 1
(D)'X—>0x( 3+x++3-Xx) 2«/5 NED
(A). lim f(x)—hm f(0- h)—hm f(0-h)=0
x—0"
and hm f(x)= 11mf(0+h)— hm -(0+h)=0
x—07"
. hrn f(x)=0, L hm f(x)= lim f(X)J
x—0"
lim =lim | ————
©). x»z( 9J x—2 L(3x/2)2_32)

B
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(26) (B).Letx=aeQ
f(a)=a ; f(at)=1-aora; f(a-)=1-aora 11)m+f(x)— 1Ler\/m““ X+4=8 Hencea=S8.
continuous at where | —a=a=a=1/2 * x A ho 4
= continuous at one point l1m f(x) = hmf 4—h)= 1 [
(35) (D). (x) = (4-h)= - 4|
1, x<-1
91’ ff<_,1<0 zlim—£+a:a—l.
@27 f(g(x) =10, x=0 h=0
, 0<x<l1 A+h—4
0, x=1 _
-1 = lim fx-hmf4+h—lm— b=b+1
L x>1 o £ (4+h) h—0|4+h—4]
. Points of discontinuity are x=—-1, 0, 1 andf(4)=a+b
(28) (A).f(3)=06(given) Since f(x) is continuous at x =4
lim p )= lim (x-3) (x+3) _ Therefore xllﬂl,f (x)=f4)= Xl_1)1141+ f(x)

x—3 x—3 (X—3)
=a-l=a+b=b+1=>b=-1 and a=1
. lim3 f(x)=f(3) .. f(x)iscontinuous atx =3
X—>

1/x

. .1
29) (D).Heref(2)=0 36) (A). )}% (cosx) " =k = ilgi);log (cosx) =logk
lim f(x)—hm f(2- h)—hm |2-h-21]=0 |
x2- = lim — lim logcosx =logk
lim f(x)= hm f(2 h) = hm |2-h-2|=0 x>0 X x50
X—2— 1
Hence it is continuous at X = 2. = lim —x0=log. k =>k=1,
(30) (B).f(a)=0 x>0 X
(20 5 (37) (A). Iffiscontinuous at x =0, then
lim f(x)= lim \X__ = im {(a ~b) —a} -0 lim £(x)= lim f(x)="f(0) =f(0)= lim f(x)
X—a— x—a—\ a h—0 a x—0" x—0 x—0"
T
(a+h)2 cos—[0—h]
and lim f(x)= lim {a - =0 k= lim £(0—h) = lim —2———
x—a+ h—0 a h—0 h—>0 [0—h]
Hence it is continuous at x = a.
1 1 cos%[—h] cos—[ —h—1]
31) (C). lim f(x)=x° Sm— but—1<sin—<1and 0 k = lim = lim
SO Y x o ax— hs0 [<h]  ho0 [-h-1]
Therefore, lim f(x)=0= lim f(x)=1f(0)
x—0" x>0 cos[—ﬁj
Hence f (x) is continuous at x =0 k = lim _ N 2/ k=0.
32) @) lim f(x)=0; f(0)=0, lim f(x)=—4 hoo -l
x—0— x—>0+ )
. . _ -1 2
f (x) discontinuous at x =0 38) (A). f(5)= 11m f(x) - lim X 0x+25
and lim f(x)=1and lim f(x)=1, f1)=1 x5 x2 —7x+10
o x—>1+
Hence f (x) is continuous at x = 1. ~ lim (x— 5)2 _5-5

Also lim £(x)=4(2)2=3.2=10 o3 (-D(x-5) 5-2
X—>2—

. . T
£(2)=10and xlinzlJr f(x)=3(2)+4=10 39) (O).f(x)iscontinuous at X = 2 then

Hence f (x) is continuous at x =2

lim £(x)=f(0) oy = lm ~=SnX (9 form]
x—>m/2 xon/2 T1—2x > \0

lim f(x)—l lim f(x)—l =
33)  (®. X—2- 2 and X2+ 2 and £(2)=1 Applying L-Hospital’s rule,

—COSX . COSX
4-3 = A= lim
= xon/2 =2 xon/2 2

[ 2sin? 2x ) A= i
(34 (A). hm f(x)= th zlzr;)zx m

x—0

=0.

[#
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(40)

(1)

(42)

(43)

(4
45)
(46)

7

48

49

(50)

X . X X X . X
2c0s% = —2sincos—  cOS - —sin
2 2 2 2

(©). f(x) =

[n
=tan| ——
4

(A). The function f (x) = [x] in discontinuous at every
integral value of x. If n is any integer, then

2 . X X X . X
2c0s” —+2sin—cos— coS— +sin—
2 2 2 2 2

X Y
E atx=m, f(TE)Z—tanZZ—l,

lim [x]=n-1 and lim [x]=n
x—n x—n*
. LHL #RHL. f(x)=[x] is not continuous for rational
or real values of x as both contain integers.

k= fim 22X _ i XX Usine T Hospital Rul
(B). xo] X—=1 x—1 1 [Using ospital Rule]
3sin x
lim [ jzzk
(B). x—0 5x
nzlim smnx_Zk 3n 2k:>k=3_n
5x>0 X7 5 10
(D). LHL=RHL=f(5)=2k=15-8 . k=7/2
©.

(D). Statement (D) is true, because differentiable func-
tion is always continuous.

(A). Since this function is continuous at x =0

Now for differentiability

f(x)=|x|=]0]=0 and f(0+h)=f(h)=h|

In_

iy FO+)=£(0) _ .

. lim
" ho0- h

h—>0- h

lim
h—0+ h
Therefore it is continuous and non-differentiable.
[k —h]sin t(k —h) —[k]sin tk
-h

g fim FOFW=FO)

h—0+ h

=1,

(A). f'(k=0) = lim

i (~D* !k =T)sinth -k x 0
h—0 —h

okl e
~ lim &Y (lih Dsinmh _ ok - yr

h—0
(©). f(x) =1+sin(3x)g(x)

f'(x) =3cos3xg(x)+sin3xg'(x) =f(x)cos3x.
D). f(x)=x%-2x+4 ; f(x)=2x-2
Atx=c,f'(c)=2c-2
f(5)= 52 -2(5)+4=19 ; f(l)—12—2(1)+4 3

£(5)—f() 19-3 16
- LAk PO S P
sop @ =5 =4

:40220—2:20760rcf3.

1

(32)

(33)

(54

(33

(56)

(57

x, 0<x<1
(©). )= {2 -1, x>1

lim f(x)= hm f(l h)= hm(l h)=1

x—1"

hm f(x)= hm f(1+h)—11m2(1+h) 1=1

x—)l
< lim f(x)= lim f(x)=1
x—>1" x—1
.. Function is continuous at x = 1.

Lf'1) = lim fa-h)-fd = lim (-h)-1 =1
h—0 -h h—»0 -h
Rf,(l)zlmf(1+h)—f(1): mz+2h—1—1:2
h—0 —-h h—0 h

. LE'(1) = RE'(D)

.. Function is not differentiation at x = 1

(O). f(x) possesses derivative at x =0, so it is both con-
tinuous and differentiable at x = 0.

Now f(0+0)=0,f(0-0)=b,f(0)=b, .. b=

Also Rf'(0)=0,Lf'(0)=0,Va eR

S £'(0)=0ifb=0.

(D). Since the function is defined for x > 0 i.e. not defined
for x < 0. Hence the function neither continuous nor
differentiable atx =0. i

D). f(x)=|x—-2|+xis

continuous atx =2 and x =0

O x=2

¥sin2x = f(x) = 2e > (cos 2x — sin 2x)

A). flx)=e>
Now, f'(c)=0

o
=cos2c—sin2c=0=tan2c=1=>~7¢"

D). fix)=x> —6x> +ax +b

= f(x)=3x*-12x+a

= f0)=0 = f[2+%j:0

N 3[2+%}2—12(2+%J+a—0
4

- 3[4 +§+fJ—12[2+%J+a:0

124144v3-24 43 4+a=0=a=11.

D). fx) = Vx
1
s fl@)=E =2, fiby=A9 =3 1 [)= =
_JSBO)-flog_3-2_1
Also, f(c)= s 943

e
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(38)

(9

(60)

(61)

(62)

1 1 25
m=g = c:T:6.25 .
(B). f(b)=f(2)=8-24a+10 =18 —24a
flay=f()=1-6a+5=6—-6a
f(x)=3x*-12ax +5
From Lagrange’s mean value theorem,

b)-fla) 18-24a—-6+6a
f(x):fb)if = 21 L f(x)=12-18a
7 49 7
x=—,3x—-12ax—+5=12-18a
At 4 16 4
147 35 35
3a=—--7 3a=— a=—
= 6 = 6 — T4

(B). Letx € [0, 2]. Since f (x) satisfies all the conditions of
L.M.V. Theoremon [0, 2].
.. italso satisfied on [0, x] < [0, 2]

f(x)-f(0
where 0 <x; <x<2ie. 0<x;<2
=>fx)=x1"(x;) [-- £(0)=0]
=) =K1 (x))

1 1
:|x||f’(x1)|S2.E:1 {-_~|x|£2and|f’(x1)|ﬁz]

=S f)<1
(B). Here M =1
—a
1-0 wb=1,a=0
=12 {:f(l): 1,f(0)=0}

1 [ f)=2-2x
= 2e=-1=°"%  pe)=2-2¢

(D). f (x) and g (x) are both continuous is [-2, 2] and
differentiable is (-2, 2).
f(x) and g (x) satisfy Mean Value Theorem
Now f(-2)=-8,f(2)=8 .. f(-2)=f(2)|g(1)=g (-
2)
f (x) doesn’t satisfy Rolle’s theorem.

2x 1/2
(B)_flim—2 cx20In(d-x7) >
x>0 In (1-x2) — 5 (=x9)

V2 2x
i (4012 —e

x—0 X2

(l+l4x+l(l71] 16x2 +....\

2 282 )2

( 2 )

—L1+2—X+4L+ ..... )
1 2!

lim 5 =_2-2=-4
x—0 X
B).
_ _ehy_ (b _
137y = lim SO ZIG) Qe e 2
h—0 h h—0 h h—>OL h J
2 2
£137) = lim f3-h-f3) _ . \10-(3-h) T J1+(6h—h?) -1
h—>0 —h h—0 —h h—0 —h
6h—h> . h(h-6) -6

— lim —=-3

= = lim =
b0 _h(y1+6h—h? +1) P0hH/1+6h-h?+1 2

Hence, f'(3") #£(37)

(B). Case (i) : x2>1

1 .
—-log(2+x)—sinx

f(x)=lim & . =—sinx
n—oo L + lj
(XZn
Case (ii) : x> <1 i.e., —1<x<1
_,2n
f(x)= lim OEEFOTXTSNX 40004
n—o 1+x2"

(oif |x|<1, limx*™ =0)

Case (iii) : x=1

f(x) = £(1) = lim log 32—sm1 _ log3—sinl

2
(B). Differentiability atx=0

R (£~ lim £(0+h)—£(0)

h
2_
im0 0 n—o
h—0 h h—0
_ f(0—h)—f(0) .. —(0—h)—0
- lim ——— 7y VT
LIFOI= o= ho0  —h

SR (0)]#L[f(0)] .. f(x)isnotdifferentiable atx =0
Differentiability atx=1

. f+h) -~ (1)

=1
RIFCD] h1—>0 h
3 _ 2 4.3
~ lim (1+h)y -(d+h)+1-1 — lim 2h+3h"+h
h—0 h h—0 h
. f(1-h)—-f(1) . f(-h)-1
= lim———Y _ |{im=——"
LIF] hl—rﬁ) —h hl—rﬁ) —h
. —2h+h?
— lim 0 o ThusR[F(1)] =L £(1)]
h—0 —h

£
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(66)

(67)

(68)

(69)

(70)

-+ Function f(x) is differentiable at x = 1
(B). “ f(x) is continuous at x =a

ot = gy = fim
(Vx ~a)(Vx +a)
i a

x= lim (sin® x)"
n—o

_ lim

X—a

i (5 a) -2
(D). f(x)= lim sin?"

= @2n+1) g nel

0, x# (2n+1) g,nel

T
Clearly, f(x) is discontinuous at x=(2n+ 1) 3 nel

(D). - f(x)is continuous at x =0, so £ (0) = l o Tx)

lim
x—0

f(X) — 11 (X + 1)cotx

= logA= ili% cotx. log (1 +x)

— lim M (%form]

x—0 tan x

L A=el=e=f(0)=c.
Limf(0—h) =f(0) = Linf(0+h
B). Lim£(0—h) =1£(0) = Lim£(0+h)

f(0)=a
Limf(0—h) = Lim(cos h + sin h)~<°*¢¢h
h—0 h—0

. h h
sin——cos—
Lim 2
h—0  cos—
Lim (—cosech)(cosh+sin h—1) _e 2 =e_1
= eh—>0
r 2 3
eh +eh +eh
2 3
a.ch +beh

Limf(0+h) = Lim
h—0 h—0

divided by e3/h

1 1 1 1
. == a,b E[—,e)
i asomr o @hE(]
(C). In the definition of the function, b # 0, for then f (x)
will be undefined inx >0

- f(x)is continuous at x =0

. LHL=RHL=f(0)

We get Liml—
cge h—0b

(71

(72)

)

\/x+bx -Jx

. sin(a+1)x +sinx
i SiN@+Dx +sinx

= x>0 X x~>0 bx o2 = Y
x<0 x>0
. sinfa+1)x sinx . Al+bx -1
= lim| ——+—| = lim ——=
x—0 X X x—0 bx
C(+bx)-1

_ lim
=@rDFL= o bx (fi+bx +1)

=a+2= lim

1
x—0 /14 bx

—E,c :l,b #0
2 2

1
¢ 2

L a=

(O). Since f(x) is continuous in (— o0, 6). so it is continu-
ousatx=1andx=3.
Now, f(1)=2=f(1-0)
f(1+0)=a+b
But f (x) is continuous at x =1
=f(1-0)=f(1+0)=f(1) >a+b=2 (D)
Alsof(3)=6=£(3+0)
f(3-0)=3a+b
.. f(x) is continuous at x =3
=f3-0)=f(3+0)=1(3)
from(1) & (2)=>a=2,b=0
(A). f(x)=[x] (sinkx)P
(sin kx)P is continuous and differentiable function
YV x €R,keR andp>0.

[X] is discontinuous at x € |

=3a+b=6  ..(Q2)

For k=nmn, nel
f(x)=[x] (sin (nmx))P
lim f(X) 0,a el and f(a) 0

X—a

So, f(x) becomes continuous for all x € R.

EXERCISE-2
(D).
f(a+h)—f(a)
(A) haO + T exist finitely

lim f(a+h)—f(a) = lim (M] h=0

h—0" N h
= lim f(a+h)="f(a)
h—>0"
Similarly, lim f(a+h)="f(a)

h—0"
.. fis continuous atx =a
(B) Function is not differentiable at 5x = (2n+ 1) 7/2 only,
which are not in domain

v
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1
(O Letf(x)=— and g (x)=— Lz’
X X

lim f(x)+g(x) exists whatever lim f(x) and
x—0 x—0
lim g(x) does not exist.
x—0
/ / el
e/X _ ,—¢/X - _2e/x
' © .eX(l-e
@ (D). lim 1/x -/x = lim ¥ =10
+ -2/x
x—>0" € +e x—0T  (I+e )
e/x —e/x —e/x s 2e/x
. e’ —e . e e -1
hm _— hm ( )

1/x —1/x

x>0~ € X +e x—0" e_e/"(e”/X +1)

7[67_1) [e2e/x _ 1\
Lez/x +1J =

Limit doesn't exist, so f (x) is discontinuous.

= lim e
x—0"

2x —sin”! x\

( 0
G ®).f(x) x%bxﬂan‘li ©-15

Applying L-Hospital’s rule,

( 3
>
£(0) = lim Iox/ 271 1
Ho( 1 ] 241 3
2+ 3
1+x
I-| x| 1 ,x<0
—,Xi_
@ @M. fx)=1 1+x and f(x)=91-x
x>0
1 ,x=-1 l+x’
1 ,x<0
1 ,x<0 1 ,0§x<%
R o o e R
1+[2x] 0, <x<l
—l ,1<x<—
3

1
= f (x), for all values of x where X < Ea continous

1
function and for x = ) and x = 1, f (x)be a discontinous
function.

1—cos4x X
G B)rfx)=] g
k ,x=0

#0

If f (x) is continous function at point x = 0 then

(©)

™)

®

lim [f(x)= lim [f(x)]
x—>0+ x—0-

im[f(x)]= lim [f(0+h)]
x—0 h—0-

_ .2 )
_ lim[f(h)] = lim 1—-cos4h — lim 2sin” 2h  lim S0 2h
h—0 h—>0 8h2 h—0 8h2 h—0 4h2

. 2
= lim [S‘HZhj -2 =1
h—>0\ 2h
lim f(x) = lim[f(0—h)]
x—=0" h—0
— lim[f(=h)] = lim w _ fim 12084
h—0 h—>0  8(h) h—0  8h?

fO)=1=k=1.

(D). Since |x-3|=x-3, if x23 =—x+3,ifx<3
". The given function can be defined as

—X“—=x+—, x<I1
4 2 4
f(x)= 3-x, 1<x<3
x-3, x2>3

Now proceed to check the continuity and differentiability
atx=1

(B). Given f{x) is differentiable atx=0.

Hence, f (x) will be continuous atx = 0.

lim (¢* +ax)= lim b(x—1)°
T x—0” x—0
= e +ax0=b0-1> =b=1 o)
But f (x) is differentiable at x = 0, then

d d
Lf'(x)=Rf'(x) = d—X(eX +ax):d—xb(x—1)2

= " +a=2b(x-1)
Atx=0,0+a=-2b=a+1=-"2b=a=-3
=(a,b)=(-3,1).
(C). fis continuous at
x=0,.. £(07)=f(0")=f(0)=-1
Also Lf'(0) =Rf’(0)
~ lim f(0-h)—£(0) ~ lim f(0+h)—1£(0)

h—0 -h h—0 h

2

ah+——-1+1

) Tem h

v
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(C)

(10)

(11)

(12)

(13)

(pe™2h)
_ lim| = | = lim (a+@]
-1 h—0 2

h—0
=2=a+0=a=2,banynumber.

1
lim f(x) = x> sin[—]
(D). m (x) ) »but

(1
—ISsm[—] <1 gnd x>0
X
lim f(x)=0= lim f(x)=£(0)
" x—0" x—0"

Therefore f (x) is continuous at x = 0. Also, the function

1
f(x)= x? sm; is differentiable because

h? sin l -0
Rf'(x) = lim——D 0,
h—0 h
2 .. _
LE/(x) = lim S0
h—0 —h

(©). (gof) (x) = g[f(x)]
= g[l—cosx]= el 7SX forx <0

(gof)'(x) = ¢! "% sinx, for x <0

(gof)'(0)=0
1 2(1+x%)-4x2
(B). y'= :
ez
1_
1+x2
’ 22 for |x|<1
2(1-x7) o 1+x
- 2,2 7T 2
Ja-x*2.1+x%) _ for [x P
1+x

Hence for | x | = 1, the derivative does not exist.

lim f(x)=3+nf(k)=3

x—k~

©.

f(k™)>f(k)and f(k™) > f(k) ; a2-2+1>3

la|>2

(O). [sin x] will be discontinuous at those points, where
sin X becomes 0 and 1 and is continuous when sin x =— 1
or elsewhere.

Nowsinx=0and 1.

Ifx=nmorx=(4n+1) w2

T

ie., x= —,n,2n,57n,3n andsin2x=0or 1

T
If2x=nmor2x=(4n+1) 5

14

15)

(16)

a7

(18)

19)

2x = E,n,Zn,—n,3n,4n,9—n,5n,6n
2 2
nnt 5t3 9 Sm
= X =—,—,TC,_,_,27T,_,_,3TC
42 42 4 2

= [sin x] + [sin 2x] is discontinuous at 9 points.

O).fx)=(k—-Dtanmx ; x<k
f'(x)=(k—Dmsecnx ; x<k
fk)=(k-1)(1)kr; x<k

(D). Continuity f(2*) =2+ 2 sin (0) =2
f(27)=3+2sin (0) =3 discontinuous at x =2
Atx=0,f(0")=2(0)-0-0xsin(0[0])=0
f(0)=2(0)—(=1)+0xsin(0— (1))
Discontinuous at x =0

©.f (%] = lim

x—>n/4 4X — T

l-tanx O
=—form

. —sec’x —sec’m/4 2 1
= lim = =——=-—
x—n/4 4 4 4 2
x-3 if x>3

3-x if 1<x<3
D). f(x)=

2

XX B

4 2 4

(1) = Limit f(1+h)—£(1)
h—0

3-(l+h)-2 _

= Limit -1

h—0

(1-h)?
4

3 13

- 2(1-h)y+—-2
Ly
~h

"(17) = Limit
£ = Lim

(1-h)>=6(1-h)+5

= Limit
h—0 —4h
_ _h>-2h+6h

= lelt— = —1
h—0 —4h

= fis continuous at x = 1

(A). 0 (x)=21(x) (x) +2 g(x) g'(x)
=21(x) g(x) +2 g(x) f'(x)
=2f(x) g(x)-2f(x)g(x) =0

=h(x)=c =>h(10)=h(5)=11

[ F' () =—f(X)]

X2,

B). - f(x)= { 5

-Xx-,

x>0
x<0

= f(x)=2x, when x >0 and f'(x) =—2x, when x <0
Alsof(0+0)=0,f(0-0)=0=f(0)=0

B
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2x , x>0
S f'(x)=1 0 , x=0 :f.y(x):{z , x>0
-2x , x<0 -2, x<0

Also f'(0+0)=2,f'(0—0)=-2 = f"'(0) does not exist.
Hence f(x) is twice differentiable in R,

1
(20) (B). Wehave, f(x) = T_x
Asatx =1, f(x) is not defined, x =1 is a point of disconti-
nuity of f(x).
) - -
Ifx =1, f[f(x)]=f —x) T 1-1/0-% ~ x_
:.x=0, 1 are points of discontinuity of f[{(x)] .
Ifx#0,x#1
[x - 1] 1
e =) = o -
X
(71ﬂ<x<1
x—1
(21) (D). Wehavef(x)= EJ <x<2
0 ,x=1
lim £(1-h) _ lim I L N
h—0(1-h)-1 ~ h>oh
.. f(x) is not continuous and hence not differentiable at
x=1.
- f(0—h)-f(0 J1=+1-h?
22) (O).Lf'(0) = m 100 =IO _ N1-N1-h"
—h h—>0  —h
lim i-Vi-h® x !
S0 ch Vi+41-h?
lim ——=
_haO[ J_
f(0+h) ) _ 1-V1-h?
R f'(0)= e — m-—
h h—0 h
lim ———
heO/ J_
Therefore, f(x) is not differentiable atx =0.
Since L f'(0) and R f '(0) are finite therefore, f(x) is
continuous at x = 0.
Hence f (x) is continuous but not differentiable at x = 0.
(23) (D).Forx=0,f(0)=1

lim f(x)=x+1-x=1

Forx=1,f(0)=1; 0t

lim f(x)=-x+1-x=1-2x=1
x>0

lim f(x)= lim x+x—-1=1
x>t x—1t
lim f(x)= lim x+1-x=1
x—1" x—1"

= f(x) is continous at x =0 and x = 1 also.

24 (A). lim g(x)= lim cx?+d=4c+d

x—2 x—2

hm g(x)= lim (dx+3 c)=2d+3-c¢c

x—27F x—27

g(2)=4c+d .. 4c+d=2d+3-c .. d=5¢c-3

3, x <1

25 , x>1

(C). Obviously, f(x)= {f

< f(x)=1=1(1), so f(x) is continuous at x = 1 and as such
f (x) is continuous ¥ x € R

Further, we note that f(1-0)=3 and f'(1 +0)=0

= f(x)isnot differentiable at x =1

Also f' (x) exists ¥ x € R. x# 1. Hence (C) are correct.

X+1+J;QHVX+1—J;
2 2

(26) (C). - lim 2sin

X—>®0

T
lim 25inm+\/_ 2 [ PrTedx)

- 2 m Kl 2
2

. Jx
lim
X—>00

Yerl-vx )
> )

= (finite) x 1 x zero=0 L

v +5y+3 3
Q7 D). Putx— —;limit= lim o=
y Y0 —y“ +3y+7

Shortcut :

lim 3x2 +5x+1 [2] _ coeff.of highest power 3

2 coeff.of highest power 7

x>0 7x% +3x — 1\

lim \/1+x2—\/1—x2 \/l+x2+\/1—x2
N S e

2

2%

1+x%-1+x

m+ﬁ)

— lim
x—0 2

x2 2

Vi+x% +41- ) N

2
2

= lim
x—0 2

]
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29

30

@31

(32

33

34

35

N . (36) (C), 37) (A).
(C) lim — +
n»oolz 23 34 n(n+1) 1 1
107+ 4
- ) £-0) = (x-3) o ey
Iim (l_lj +(l_l] +(l_l] + (l_ 1 ] 0X*3 -1 0—(X—3) -1
n—co 2 2 3 3 4 n n+l S
which is neither equal to f (x) nor equal to — f (x)
. 1 = f(x) is neither even nor odd.
= nlir;ol (1) = 1_; =1 (i) It is evident that f (x) is continuous for all x except

(2% -|-bx\1/X

possible at x = 3.

1

(A). LetA= lim 103+h=3 41
Hok J Atx=3, RHL = lim (3+h- 3)0—+
X Xy _ 0 103+h-3 1
~log A = lim log(a®™ +b™)—log2 (6 form]
x—0 X 1 1
_10h 41 1+10h
. a“loga+b*logh 1 _ lim ———= lim —=0
= lim r— =—logab .. A =ap x>0 2 x—0 1
x—0 a*+b 2 10h —1 1-10h
(C). Thisis in 1* form.So
1 1
X J—
103-h=3 41 LI |
Limit= lim {1+(X+5—lj} LHL= hm B-h- 3)—+ hm( h) L)
X—0 x—1 —
103-h=3 —1 10 h -1
. 6 T lim {L}x lim { 6 } Since f(3) =0 (given). f(x) is continuous at x = 3
= lim 1+ = exoml X = gl X =66 (38) (D), (39) (C), (40) (B).
X—>0 x—1
e 0
2 71(3(1—h)2+1\ n smggx-i-rpg gx-i-(r—l)po
(D). lim f(x)= lim —cot L—J = ¢ ) 690
- ho0m o ((-h)(-h-D) 1(0=24 — ;
=l cos 8x+(r— l)p_cosngrrp
(32-n?+1) 2 69 60
lim f(x)= lim Zcot™' k— J =Zn=2
x> b0 (-h)(-h) ) "= = po 5w = 20 pe
a +E5- + +— -
. Quadratic equation whose roots are 0 and 2 is _, g tan SX 6o MR EE T tan ¢ " 6 o6
2_2x=0 Bl 8 & & 3po6 2p00
(B). Putcos 'x=y=x=cosyandasx > —1;y > = ¢ TN g T tan§X+ 6 96
Vi gm ey L .
- limit=_lim SYPT Deos? N2 Foreeenen tangx+—p.-tangx+(n 1)p-
y—r /l+cosy COSZ tg 60 ﬂﬂu
(D). S-1 : £ (x) =2 + cos x — always continuous and ® @ npo 5
differentiable f(t)=2+cost = fix)=2 glan gX F- - tanx-
f(t+m)=2+cos(m+t)=2—cost
-+ f(t) # f(n+t) = Rolle's theorem is not applicable = ap 5
=> Statement 1 is false. forn=3,1; (x)=2 8 ngy +X—- tan X
S-2:f(t)=2+cost @ o
fQern+t)=2+cos(2n+t)=2+cost 1
=ft)=fQ2n+t) =2(-cotx—tanx)=-2——
Sin X cos x
lim (sinx+[x])=0 lim (sinx+[x])=-1
(A)- x>0 > x>0~ EE p 0
. : o 2f)(x) =1, (x) - 2tan
Thus, limit does not exist, hence f (x) is discontinuous at 8
x=0. S 2 is fundamental property and is a correct expla- ) )
nation of statement 1. — 2tan Sk +20- 2tanx - 2tan Gk + oo
& 60 & 60

e
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(1)

(42)

s (x)=—tanx
f;(x)=—1, (x),s0
f5 (x) =tanx
P
-li 2E*-1)
i ;x<0
Now, f4(x) =ik, ;x=0

i
i kp
} (4| tanx [)@nx ; x >0

1
Clearly, £(07) = eEIHe -Je

f£(07)=e"2 &£(0)=k,
(i) As f;(x) is continuous at x = 0, so be definition of
1)=f£(0")=£(0)
1
Lk =Ve & ky -3

Je=ek2 =k,

(i) As y=f3(x)=tanx
Clearly f5(x) is continuous as well as derivable
everywhere in (0, 71/2)

(i) n=3, fi(x)=-4

= —2(tanx+cotx)=-4

sinx , cosx _

= — =2
COSX sinX
. _bs po
= 1=2sinx.cosx X*ZI 230’55
0, 0<x<™
1, x=—
. i
2. y=[sinx]=40, —<x<7
-, t<x<2®m
0,x=2m
.. position of discontinuity are 7/2, &
n
5. We have, lim n3 L
n—on (x—2)" +n3 " -3" 3
So, 1im ;:l
n—o0 (x—zj“ 1
+3-—
3 n
x—2
Clearly, —1< <l = -1<x<5

43)

(44)

45)

2.1= lim Eltan

n—oo N

A e 4 w4 _4 _2
= nIO tantdt—n [logsect]o 7Tc10g\/7—n10g2

y
Bk
k
2. A
1
ol » X
OB, =k
kn 1 kn 1
Z AOB, =—: S; =—ksin— inc A= —absin0
k=505 5 T5 o (Using 5 )
kw.knlw.knll.nx
. L=—22s1n£=ZZst=EJ‘x.mn7dx
2n n=1 n=1 0
1 1
1| 2
:5 ——xcos% +—.[cos—dx
b 0 T
Zero
1| 2 2(. le 2
=—|0+—.—|sin— ==
2 T 2/ n
NN N
3! 5107
Al @0 @7
3! 51 77
3 5
+Bx-2 4+ 2 - 1
315!
1.£(0)= lim -— = )
x—0 XS

Now, f(x) is continuous at x =0, so we must have

2A+3+B=0 ... 2
27 8A B
and?+?+g=0 =8A+B=-27..... 3)

.. Onsolving (2) and (3), we get A=—4,B=5
Hence, f(0)=1
Alternatively : We have f (0)

— lim 3sinx — 4sin> x + 2A sin x cos X + Bsin x [9)

x—0 XS

[N'=3+2A+B=0]

= lim
x—0 X

3sinx—4sin3x+2Asinxc0sx—(3+2A)sinx 0 f
3 6 orm

5
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‘ ) now coefficient of x*inD'=5a—b+4c=0 ..(I)
iy SinX|3—4sin”x+2Acosx~3-2A [ 9] coefficient of x3 in Nf=2a+b — 3¢ =0 2)
T x50 X X4 0 form . 7.
coefficiently of x“ in N' | —a+sb—c |
=1_ -
. —2A (1-cosx)— 4sin2 < (0 coefficiently of X2 in D' 2
= th}) A [5] form s a-Sb+c+2=0 (3)
Solving (1), (2) and (3) we get
~4Asin® X —4sin® x -2 46 14
. 2 a=——, b=—andc=—
= lim 1 109 109 109
x—0 X
+b+c= 8 _p +q=167
—4Asin2%—l6sin2%cos2% =2 €= 109_q =pPTa=
- )}1_% 4 (48) 22.Using L’Hospital’s rule
X 5 X 5cos* x(sin x) cos® 2x cos® 3x
| sin” —| A+4cos B +3cos? 2x (2sin 2x) cos’ x cos> 3x
x50 x4 /4 2 lim 3cos” 3x (3sin 3x) cos” x cos” 2x

x® 0 2x

L A+4=0=>A=-4=>B=5
Also, f(0)=1
(46) S.Letgiven limit=L, then

5 9
=—+6+="3=22
2 2

Alternatively : Using expansion :

L= lim ( + 1 + 1 +... +L] cos’ x cos> 3x cos’ 3x
nso\2n+1 2n+2 2n+3 4n 5
1 1 1 1 T S B B - L B - S
. hm[ L +_] B B
n—o\2n+2 2n+4 2n+6 4n g o ¢ o8 9
2 2 & 2 ) ® 27x2 )
_ 1lim lzn n _lzn n = 1-5L+,.,_+(1-6X2+....) 1- X tos
T now nr=12n+r nr=12n+2r g 2 ] 8 2 o]
s®  27x2 )
- . _fL G200, 08 2, 2
. 11 1 g ¢ 68 2 po
_lim —z ——Z
T N5, T n:52+2(r/n) 5 5
n :1-27—X-62-5%+ ...... —1-22x2 +........
Tl el
= IZ dx—J . dx T 1- cos’ x.cos’ 2x.cos> 3x
0 2tX 021 2x Lm0 <2
2 1 ! ! - (1- 22x% +.....)
= [In2+x)];—=[In 1+x)];=n4-In2- = In2 _ i M 2AX T T -2
2 2 = ®0 2
X X
:(2—2]1n2=lln2=élnC (cosx—1) (cosx —e™)
2 2 B (49) 3. Given that, hnh "
Hence least value of A+ B+C=1+2+2=5 = X )
(47) 167. For limit to exist and equal to 1 = finite non-zero number
Coefficient of x* in denominator = 0 N x
(as degree of x in D' > NF) = lim (cosx —1) (1+cosx) (¢” —cosx)
Now degree of x in D" is 2 and degree of x in N'is 3 x>0 x" (1+cosx)

. coefficient of x3 in N = 0 otherwise L # 1 and will be

(sin?x) [ ¢* —cosx ) 1
. - i . ( ]
coefficient of x“ in N B m k X J k <2 J

=1 x—0 1+ cosx

infinity and ) )
Y coefficient of x% in D"

=
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2 .3 2 4 6 2
[Hx’ﬂ'+X'+...OOM1_X,+X,_X,+...@} {—a” JLocarl 1
el o2 3! 21 41 6! 2 4° ) )
: n-2
0 —a+tl=+1=a=0,a=2
a=2
x? 2x3 )
X[ 1+x+—+—+... 00
1 li k 3! 4! J f 1 2
=—1lim X)=|x|+ = +
5 m 2 (x)=|x] g(x)=x2+1
x? 2x° )
I+xX4+—+—+...0
1 31 41 J
=—lim 3
2 x-0 x" 53) 3.
For this limit to be finiten—-3=0=>n=3
. . 1/ 1
50) 1. lim [sinx) ™+ (/)7 (54) 2. m>2andn>2
1/x sin x cos (an)—l n 2n
= lim (sinx) +11m (1/x) _ lim e(e —I)Xcos(a )-Da
0 = i
- a0 (cos (a")—1) @M am
04 o0 W L sinx | <1 when x = 0]
L - o () (s @) e
— eX—>0 COSECX _ ,x_5() —COSEC X cotX _exagl}) MJ Xa;o LT)Xaiﬂoa
[Using L’Hospital rule]
lim % fan x :e><1><—l>< lim aZn—m
:exg)() X =e’ =1 2 as0
51) 0. px)=ax*+bx’+cx?+dx+e lim 220-™
P (x):4ax3+3bx2+2c:x+d Now, ail})a must be equal to 1.
p'(1)=4a+3b+2c+d=0 .. 0] ie, 2n—m=0
p'(2)=32a+12b+4c+d=0 ... (i)
m_,
lim (1 + p(;)) =2 n
x—0 X 5 3
. x“sin (Bx) . Bx
4 3 2 55) 7. lim—————==1 ; lim———=1
lim & +bx” +(c+Dx +dx+e:2 3 x—0 OX —sinx " x>0 0X —sinx
x>0 X’ a=1; 6p=1= p=1/6
ct1=2,d=0,e=0
c=1 6(a+P)= 6(1+ ]E
Now equation (i) and (ii) are 6
4a+3b=—-2and32a+12b=-—
=a=1/4andb=-1 1(loga
1-x (56) 1.Limit——————
52) 2. lim —ax+sin (x —1)+a |1-Vx X% 1( a* )
x5l | x+sin (x-1)-1 Lloga J
 (aQ=x)+sinx-1))" log, x (2% ) _ _
lim ; as | —2—| > 0& — oo (using L’opital rule)
x—=1 | (x=1)+sin (x—-1) x>\ xd log, x
sin (x—1) | =2
- +71 /2
lim . z“_l
x—1 1+sm x—1)
x—1

3
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(7

M

()

€)

)

1. Limitvx +1-vx =0 = cot 1(0)=n/2

X—>00

Limit =1
X—>0

(2x+1

X
) =0 =sec ! (0)=m1/2
x—1

EXERCISE-
A).f(1)=1,f'(1)=2

f(x)—lX\/;JrlX\/f(x)H

. f(x)-1
lim

—__ l1im
xol x -1 xol x=1 Jx+1 Jf(x)+1

f(x)-1  x+1
m X
x>l x=1  [f(x) +1

Jx +1
JEx) +1 e f=1

. ( Jx +1 )
xingHJ

1+1
= f'(l)x(—] =J2x1=2
1+1

_ pim YOO

-1 x-1

x—1 x—1

(1-cos2x)sin5x

7 = lim
sin 3x x—0

. 2sin? x sin 5x
(A). lim - - -

x—0 X X” sin3x

. sin x 2 sin 5x 3x 5
= lim 2 X — X =
x—0 X 5x sin3x 3

o 2 5 10
Applying limit=2 x (1) x 1 x 1 x §=?

®)

©)

(x24+5x+3)"
(A). lim LX2—5X3 J (1° form)
x>0 X7 +x+3
lim (x2+5x+3_1\><x lim (x2+5x+3—x2—x—3\ “x
X%wLx2+x+3 J X—><>0L x2+x+3 J

lim e oam o)
= eXD®\x +x+3J N xzklerl/xJJ)/xZJ
lim 14 3
X0 14—
=€ X x? e4
n
. —[x
(A). lim £ [ ], eN
X—>0 [X]
Xx—o; [x]=x
. nlogx—x . nlogx
. lim g lim EX
X—>00 X X—>0 X

Applying D.L. Hospital rule

1
n.—

= lim —2X-1=0-1=-1
X—>00

@A). f =1 0% 28
atx=0

Let neighbourbodd of 0 is irrational
lim f(0+h)= lim (—(0+h))=0
h—0 h—0
lim f(0—h)= lim —(0—h)=0 and f(0)=0
h—0 h—0
.. LHL.=RH.L.=f(0)=0

& if neighbourhood of 0 is rational

lim f(0+h)= lim (0+h)=0
h—0 h—0

lim f(0—h)=lim (0—h)=0 &f(0)=0
h—0 h—0
LHL.=RH.L.=f(0)=0

function is continuous at x =0

©. f(x)= xe_[l’l(Jr’l‘) ;

x#0
0 ;x=0
)
1.1
xe X ¥ i x<0
_[Lrl) X :x<0
=Ixe ‘X ¥ i x>0=1x¢?* ;x>0
0 N XZO O s X:()

f(x) is a differentiable as well as continuous everywhwere
except possibly atx =0

. L 0)= lim =10y X2y
x—0~ x-0 x—0~ X
. f(x)-1(0) xe /X
Rf'(0)= lim ————_ |jpm = =e =0
© x—0" x-0 x—0 X

. Lf'(0)=Rf'(0)
.. f(x) is not differentiable at x =0

lim f(x)= lim x=0

Again x>0 x>0

lim f(x)= lim xe?*=0
" x—ot x—07"

lim £(x)=0=f (0)
T x>0

.. f(x) is continuous at x =0

B
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. log 3+x)—log (3—x) 2x
lim =k . a b 2
™ . ™ " (10) (B). xh_r)x(l)o (1 +;+x—2) —e
. log3(1+x/3)-log3(1-x/3
= hn% - )x - L=k im0 )
X—> = X0 X X2J _ 2
. lim log3+log(1+x/3)—log3—log(1—x/3):k .
x—0 X lim (a+f) x 2
— eX—® X — 62 _ e221 — e2
. lim log(l+x/3)—log(1—x/3):k 04— =>a=1
x—0 X and b can take any real value
. log(1+x/3) ,. log(l-x/3 - a=landbeR
= hrr%) 8 " )_ hrr}) 8 " ) k (11)  (C). Since f(x) is continous in [0, /2]
= = .. it is continuous at x = /4
. log(+x/3 . log(1-x/3 _
lim 108 ) jim 108 )y fudy- lim £ - fjm 20X (Qform]
= x20 3 X x20 4 [i) o x—>m/4 xomn/4 4x—m \0
3 -3 Applying D.L. hospital rule
2
:l_[_lj:k { lim le} _ Ly SeCx_2_ 1
3 3 x—0 X x->n/d 4 4 2
2_, 12) B).[f®)-f(y)|< (x-y)?
= —=
3 fx)-f(y)
= % <|x-yl
L F@) 800~ @) - g@f () +g@) _, Y
® (B). 'm =
x—>a g(x)—f(x) i FO=FWO Xyl
 f=g@=k (1) = oy x-y|  xoy
lim kg(x)-k-kf(x)+k _ =|f'(y)[£0 {*o |f'(y)| cann’t be —ve}
Cxoa g0 () trom (L)} =1 )=0 | |
= f' (y) is constant function but f (0) = 0 (given)
- - f(y)=0
e KlEO-TOOL 19)=C
xoa  g(x)—f(x) =)=
(1-tanx /2) (1—sinx) 13 (©. £'() = lim LD
© . " 3 >0 h
x—>n/2 (I1+tanx /2) (7 —2x)
- = lim fa+h-f@) lim O] -+ lim fd+h) 5
Letx= 5 ~hifx—m/2thenh—0 h—0 h h-0 h h-0  h
- l-tan(n/4—h/2) 1-sin(n/2-h) &1310@ must be finite as f' (1) exists and
= ho0 1-tan (n/4-h/2) [x—-2 (n/2-h)]
.t f(1+h)
_ lim —==0 S f'(D) = lim =5
—, lim tan [E I Ej 1=cosh cozh h->0 h h—0 h
h—0 4 4 2/ (2h) (14) (A). " aand p are roots of equation ax? + bx + ¢ =0
Lax2+bx+c=0 ... (1)
. h 2sin>h/2 ax?+bx+c=a(x—a)(x—P)
— lim tan 5—3
h0 8h . l—cos (ax2 +bx +c)
. NOW, lim )
1. tanh/2[smh/2] 1 11 1 1 X—>00 (x—0)
= — Im X— = —X—X—=—
4h—>0 2h/2 h/2 4 4 2 4 32

(ax2+bx+c\

2sin? ij

5
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forx>0,x+1and|x|+ | are same

Esinz(i(x—a)(x—ﬁ)) forx<0
= lim 2 x<|x|
X—>00 (x —a)? =>x+1<|x|+1
x+1, x<0 .
a 2 fCO= x|+, x>0 {ifx=>0|x|=x}
{sin (5 (x—a) (x— [3))} )
_ ; 2 (v _R)2 x+1, x<0
_27‘12130 2 ) 4 (x=P) f(x)= x+1, x>0

a 2 2
T(X_a) (x=PB) f(x) =x+1,xeR

If we plot graph of f (x) that is a straight line
2

2
=215 (@B = S (a-B)
— f(x)

(15) (B).Heref(x)= m

X
(L Ix P>t =x [0 * |X|] .. itis differentiable every where
and f'(x) = " 2 . slope of this line is 1
(+[x]) or f(x)=x+1
P =1

2 oo _ ' _ .
X sif f(x) =[x then f'(x) =-1;x <0 . itis differentiable everywhere.

1+ -—
B | x| |and —=1Lx>0 |
B 2 X Xx—1)sin——- ,x =1
(I+]x] :—;;x<02 s (). f(X):{( ) 1
X =]x| 0 ,x=1
we will check differntiabilityatx=0and x=1atx=0
IxP £(0—h)—£(0
MY 1 LHD. = lim 10T
= = 7, eR h—0 ~h
(I+]x1) I+ x 1) |
(—h—-1)sin —sinl (0
' X e?X—1 h>0 ~h
-+ for function to be continuous at any point a Applying D.L. Hospital rule
LHL.=RHL.=f(a) . ' |
or lim f(x) =f(a) . (—h—l)cos(_h_ljx(h+l)2+s1n(_h_1)(—l)—0
X—>a lim
If function is continuous at x = 0 h—0 -1
lim 1.2 =1(0) :Mzcosl—sinl
x>0 X XX 1
. f(0+h)—f(0
. e2X_1-2x (0 RHD.= lim M
f(0) = lim — 0 form h—0 h
x—0 X(e X _1) 0
Applying D.L. hospital rule (h—1)sin b sinl
2 = lim h-1 [— form)
. 2e* -2 0 h—0 h 0
= lim — form
x-0 2xe?* +(e2¥ —1).1 \O Applying D.L. Hospital rule
Again applyin -
& pPyIne (h—l)cos[ ! jx ! +sin( ! jx(l)—O
2x i h-1 (h-1)? h-1
= lim 4e _ M =1 =f(0)=1 = lim
T 02k g2 1p 2 242 07 h=0 !
(17)  (C).f(x)=Min {(x+1),|x|+1} =cos(-1)+sin(-1)=cos 1 —sin 1

=
I 175




SOAL

ODM ADVANCED LEARNING

Q.B.-SOLUTIONS

STUDY MATERIAL : MATHEMATICS

- LH.D.=R.H.D.
= f(x) is differentiable atx =0
Atx=1,
lim f(l+h)-f(D)
h—0 h

(l+h—1)sin1

h—0 h
hsin h — lim si
=1 = lim sin— = i
}}I—I?o - L sy does not exist
LHD.= lim —f(l —h)—
h—0 -h
1
(1-h—1)sin —0  ~hsino
h—0 h h—0 —h
. L1
= lim —sin—
h—0

= LH.D.#R.H.D.
f(x) is not differentiable at x = 1
19 ©O).hx)=g(fXx)= sin?x, x> 0=—sinx2,x <0

h'(x) =2x cos x2,x >0
=-2Xcos x2, x<0

=h'(0")=h'(07)=0

h"(x) =—4x2 sinx2+2 cos x2, x >0
=_[-4x%sinx?+2cosx%],x<0

=h"(0h)=2
h"(07)=-2
ey O =
S X +2e X X422

(X +2) X -2 &
(62X +2)?

f'(x)=0= e +2=2¢*

eX=2=eX= )

mum (0 V2
maximum X:T_m

f'(x)=

1
0<f(X)§m Vv xeR

1 1
Since 0 < §<—:> for same c € R

202
f(c)=1/3
(21) (D). f(x) is a positive increasing function
= 0<f(x)<f(2x)<f(3x)
f(2x) < f(3x)
f(x) f(x)

:0<1

22

23

249

25

(26)

@n

2%

< tim 183

— lim I< lim 120
X—>0 f(X)

X—>0 X—>®0 f(X)

By sandwich theorem.

f(2

_ fim 12 _
x—o f(X)
(©O).f(0)=¢q
1/2 1+ ! X+ 1
l _1 TTOA T ceeene - 1

£0) = tim S T -

x—0" RS x—07" X 2
£(07)= lim sin (p+1) x +sinx

x>0 X
£(07)= lim (cos(p+1) x) (p+1)+cosx

x>0 1

=(p+tD+1=p+2

S S |
p —q—2:>P— 2,Q—2
. i -2)|
hm\/z\smx(x
A)- (x-2)

.. does not exist
(A). Doubtful pointsare x=n,n € |

LHL
_1] n=(n-1)cos [2112_1] n=0

—1) (2n—1]
T =1nCoS 5 =0

— lim [Xx] cos[2X

X—>n

. 2n
RHL. = lim [x]cos [
X‘)Il+

f(n)=0
Hence continuous.
©O.
f(x)=3 2<x<5
f'x)=0 2<x<5
f'(4)=0 )

1—-cos2
D). 1= lim ( cozs x) (3+cosx) x

x—0 X 1

“tan 4x

)
_ lim 2sin“ X 3+cosx X :2><4><%:2

x>0  x2 1 “tan 4x

sin (m—m sin? X)
2

. sin(n cos’ X) .
). lim ———= = lim
x—0 X2 x—0 X
sin (n sin’ X) msin? x _

= lim 3

x>0  msin” x X

kvx+1, 0<x<3

(D)'g(x):{mx+2, 3. x <5 gisconstantatx =3

ky4 =3m+2 ; 2k=3m+2 .. (D)
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29

30

31

(32

33

(34

35

(k) m
Also,(z\/ﬁJX=3 ;Z—m ; k=4m ... (2)
2 8
8m:3m+2;m:2/5,k:8/5;m+k=g+§=2

®). lim 2sin? x (3fcos X) cos4x s

x=0  x2 sin 4x 4
4x

(A).g"(0)=f'(£(0)) £'(0)
Forx — 0, log 2 >sinx
f'(x)=-cosx=f"'(0)=-1
Also,x = log 2, log 2>sinx
f(x)=log2—sinx
f'(x)=—cosx=f"(log2)=-rcos (log2)
g'(0)=(—cos(log?2))(—1)=cos (log2)

L(tanzx/;) 12

lim e2x =e
x—0"

(36)

s f(x)=log2—sinx

(B). p= lim (l+tan2 \/;)1/2); =
x—0"

log,p=1/2

(A). g'(0)=1f"(f(0)) f'(0). Forx —0,log2>sinx

. f(x)=log2—sinx f'(x)=—cosx=f'(0)=-1
Also,x > log2, log2>sinx .. f(x)=log2—sinx
f'(x)=—cosx = f'(log2)=-cos (log2)
g'(0)=(—cos(log?2))(—1)=cos (log 2)

. cotx (1-sinx)
D). lim ——————

Xx—7/2 T 3
+(x-3) @

1 2 15
(A).LetX[|:;:|+|:;i|+ ..... +|:?:D

. [1 {1} 2 {2} 15 {15}]

= lim x| ——{—(p+——9 =+t ——<—

x—0*t X X X X X X

= lim+ (1+2+4+3+....15)

m ([ {2 {5

+ lim xX|{—f+{—f+..ti—

x—0" X X X

Now, 0<{x}<1 V xeR =120
(O). Doubtful points for differentiability are 0 & «

[h—n]x ™ =1)xsin|h|-0

(3%

39

Atx=0, f'(07)= lim

h—s0" h
— h — 1
~ lim (mr—h)x(e" —=1)xsinh
h—0" h
in h
lim 22 1 and lim e —1=0
h—0" h—0"

f'(0")=nx0x1=0
_h— I=h| _ inl—h|—
£1(07) = lim [-h—=]x(e I)xsin|=h|-0
h—0" —h
. (n+h)x(e" =) xsinh

h—0" —h

. sinh . _
= lim —=1 and lim "' =0
h—0" h—0"

£f'(07)=(-m)x0x1=0; f'(0")=£'(07)=0
Similarly f'(z")=f'(n")=0
Hence f(x) is differentiable V x eR

(A)-
4
; 1+ ,1+y4 V)  lim I+41+y =2
1

m
y—0 Vv Y20 A (el yt +42)

o Gyt enalieyten

PO (feley? s Wy +1)

. 1+y* -1
= lim ry

y0 4 (m"L\/E)(WH)

= lim ! = \1/_
PO LIyt 42 (eyt 4 W2
5, if x<1
_Ja+bx, if 1<x<3
D) £ (X)=1p 155 if 3<x<5
30, if x>5

f(1)=5,f(17)=5,f(1 ) =a+b
f(3)=a+3b,f(3)=b+15, f3H=b+15
f(57)=b+25;f(5) =30, f(5)=30

From above we concluded that f'is not.

(Sin2X\(\/§+\/l+cosx)
. X 2
®). im = L2V, 5
% ] 1/2
i [LHE G 0T )
®)- x»0L1+f(2—x)—f(2)J (1% form)

£ (3+x)—f (2-x)—f (3)+f (2)
x (1+£ (2-x)—f (2))

lim
ex—0

=
Using L' Hopital

TGO 2x)
= axo0 I =)+ 2-%)-1(2))

f'(3)+f'(2)
e | =1

=
I 177
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—(x+1), —1<x<0 £ (x) will be continuous if f(0) = im £(x)
40) D). f(x)= 2 ?5;521 2
¢ ) X+2 . 2<x<3 (152 2\”"2 limlz{sxz+2‘l}
Xx+3 , x=3 @5 (A)LetL=lim| 2212 — &0 [7x72
x—0 L 7x2 + ZJ
Function discontinuous at x=0, 1, 3
(5,15)8 Q13 lim 12{ ‘42"2 }
_ ex—)Ox Tx“+2 _ e—4/2 _ e—2
41 (©. i 1010 in (10x)
/60 0\ (46) (D). Using L’Hospital, lim xsin (109 _,
fx)=15-|x-10,xeR
f(fx)=15-|f(x)—10|
=15-]15-|x-10]|-10| =15—|5—|x—10]|
x =35, 10, 15 are points of non differentiability
Aliter : Atx= 10 f(x) is non differentiable also, when (47) (C).
15—-|x-10]=10 : i ,
= x=5,15 T

Non-differentiability points are {5, 10, 15}

42) (A) Function should be continuous at x = /4 It is clear from graph that m; >my,

fo-f() fm)-f Ff-f@ c-a
lim f(x)= f(] lim M:k c—a  b-c ’f(b)—f(c)>b—c

x—>n/4 x—on/4 cotx—1

. . (sin(a+2)x sinx]_
- —2sinx . _ @8) (). lm ()= ;Ig},[—x )T
lim ————=Kk (Using L'Hopital rule)
x2m/4 cosecTX 20313
. . (x+3x7)77 —x
3 lim f(x)= lim —a
lim x/zsin3x:k . k:\/f(ij :l x—0~ x—>0 X
X—m/4 ’ \/E 2 "
(43) 72. Put3¥2=t lim 3% -1,
x—0 X
4¢% f(0)=b
. 3 2y t2-9)t? For continuity at x =0
im =
>3 _3 1 53 3(3+1) lim f(x)=f(0)= lim f (x)
t2 t x—0" x—0"
= a+3=b=1 ..a=-2,b=1 .. a+2b=0
. 4t2(3+t) 4x9x6 4 [4) 4
=1 = =72 = =1 BN I i g
I 3 49 (®). A= IEH eSS i Y
lim £ 6O I 1 1 (1 + 3x) f (x) = [x2] sin (nx) will be discontinuous at
“4 S 50 (x) aoolx I—2x non-integers
. (ln(l+3x) ln(l—2x)) =VA+1 ie V5
= lim -
x—0 X X
— lim (3ln (1+3x) 2In (1—2x)j
x—0 3x -2x
=3+2=5
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