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APPLICATION OF DERIVATIVES

TANGENT RMAL

SLOPES OF THE TANGENT & THE NORMAL

@

(i)
(iii)

(iv)

v)

Slope of the tangent : Let y=f (x) be a continuous curve,

and let P (x;, y;) be a point on it. Then, [?) is the
X
p
slope of the tangent to the curve y = f (x) at point P i.e. ;
dy Y
——| =tany =slope ofthe

dxp

tangent at P, where v is the
angle which the tangent at P
(x{, y;) makes with the posi-
tive direction of x-axis.

(¢}

S . . _1(d
The inclination of tangent with x—axis. = tan ! (d_yj
X

dy
Slope of the tangent = —
dx

If the tangent at P(x,,y,) of the curve y = f (x) is parallel to
the x—axis ( or perpendicular to y-axis) then ¥ =01i.e. its
slope will be zero.

=0

()
X7 (5 v1)

The converse is also true. Hence the tangent at (x,y,) is
parallel to x— axis.
=0

~(Y
dX/ (v

If the tangent at P(x,,y,) of the curve y = f (x) is parallel to

y—axis (or perpendicular to x-axis) then ¥ = /2 ,and its
slope will be infinity i.e.

m= d_y =
[de(Xl’yl)

The converse is also true. Hence the tangent at (x,y,) is
parallel to y—axis

(YY) e
[dx](xl,yl)

If at any point P(x,y,) of the curve y = f (x), the tangent
makes equal angles with the axes, then at the point P,
v =m/4 or 3n/4, Hence at P, tan \p =dy/dx =+1.

The converse of the result is also true. thus at (x;,y,) the
tangent line makes equal angles with the axes.

(4
[dX](Xl’yl)

Slope of the normal : The normal to a curve at P (x,y;) is
a line perpendicular to the tangent at P and passing

=%1

through P. ... Slope of the normal at
_ 1 _ 1 (&)
slope of tangent at P [ dl) L dy) »
dx/

Note: If normal makes an angle of § with positive direc-
tion of x-axis then

dx
——=tan0 o — =—cot0
dy X
Example1:
The tangent to a given curve is perpendicular to x-axis if
dy/dx=?
d d
Sol. & 0= o 0
dx dy
Example 2 :

Find the slope of the tangent to the hyperbola
2x2-3y2=6at(3,2).
Sol. Differentiating the given equation of the curve
4x — 6y. dy/dx=0 ..dy/dx=2x/3y

Example 3 :
Find the point on the curve y2 = x2 + ax + 25 touches the
axis of x.

Sol. =0 as tangent is X - axis

dx
2x+a=0 or x=-—a/2.
But point lies on the curve.

100—a?

y2:x2+ax+25: =0

asitliesonx-axis. .. a==10.

e
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Example4 :
Find the point at the curve y = 12 x - x3 where the slope of
the tangent is zero.
dy dy
— =12-3x2. Now, slope of the tangent=0= —— =0
dx dx
=>12-3x>=0=>x=2,-2.
Then from the equation of the curve y =16, -16
= Required points are (2, 16); (—2,— 16)

Sol.

ExampleS5:
Find the slope of the tangent to the curve x = t2 + 3t — 8,
y=2t2—2t— 5 at the point t = 2.

d—X*2t+3 dﬂ*4t 2
dt TR

dy dy/dt 4t-2
Codt dx/dt 2t+3
Thus, slope of the tangent to the curve at the point t = 2
. 2] g2 s
Bodx |, 202)+3 7

Sol. We have,

Example 6 :
Find the tangent of the curve y = 2x% — x + 1 is parallel to
the line y =3 x + 9 at the point.

d
Sol. We have d_z =4x—1=3 as tangent is parallel to y=3x+9.

.. x=1and hencey=2.

Example 7 :

Find the points on the curve y=x3 + 5 at which the tangents
are perpendicular to the line x + 3y =2.

Slope of the given line is —1/3 and hence of perpendicular
tangent is 3.

dy

= =3x2=3 = x=1,-1 and hence y =6 and 4 resp.

Sol.

EQUATIONS OFTANGENTAND NORMAL
We know that the equation of a line passing through a
point (X, y;) and having slope mis y—y; =m (x—x;)
Slopes of the tangent and the normal to the curve y = £ (x)

resp.

. [d_yj I
atapoint P (x, y,) are dx/p and —W
dx/p
Therefore the equation of the tangent at P (x,, y,) to the
<y (5]
curvey=f(x)is y-y,; = dx. P(X’XI)
Since the normal at P (x, y,) passes through P and has

_r
(&)
dx/p

slope — , therefore the equation of the normal at P

(x4, y;) to the curve y =1 (x) is

1
Yy=y17 —W (x=xp)
a/p

Note:

dy
1. If [d_) = oo, then the tangent at (x;, y;) is parallel to
X/ p

y-axis and its equation is x =x;.

dy
2. If [d_) =0, then the normal at (x|, y,) is parallel to
X/ p

y-axis and its equation is x =x 1

Example 8:
Find the equation of tangent to the curve y = sin x at the
point (7, 0).

SP—C

Sol. y=sinx= d—X:cos X = | gx (.0 =1

Therefore the equation of tangent at ( m, 0) is given by
y-0=-1(x-nm)=>x+y=mn

Example9:
Find the equation of tangent at the point 't' to the curve
X =acos3 t,y = asint.

Sol. dx/dt=—3a cos?tsint
dy/dt = 3a sin® t cos t
3asin® tcost sint
= dy/dx= > . T
—3acos” tsint cost

(slope of tangent at point 't")
Therefore the equation of tangent at the point 't' is written

3 sin't
as y—asin’t=—
cost

(x —acos t)

y . X
—— _asin?t=——— +acos’t
sint

= xsect+ycosect=a

Example 10 :

Find the equation of tangent at those points where the
curve y = x%— 3x + 2 meets x-axis.

Putting y = 0 in the given equation we get x2 —3x+2 =10
which gives x =1, 2. So the given curve meets x-axis at
(1,0) and (2, 0). Now

CRPNIPINC RN T o R
dx TP TN g T Ndx ) T

.. eqn. of tangent at (1, 0) is
y=-lx-1)=x+y-1=0

eqn. of tangent at (2, 0) is
y=1x-2)=x-y-2=0

Sol.

Y
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Example 11 :
Find the equation of the tangent to the curve y = \/g _ 242

at the point where the ordinate and the abscissa are equal.

Puttingy=xiny=./g9 _ 742 , we get

X=49_2x2 =x2=9-2x2 =

Sol.

x=3,-3

Since y > 0, therefore , the point is (\/3, \/3) .

Now, we have, y =9 — 2x2
Differentiating with respect to x, we get

)

N Nl R

So, the equation of tangent at (\/3 , \/3) is
(y-3)=-2(x-3)ie.2x+y-33 =0

Example 12 :
Find the equation of the normal to the curve
y (x—2) (x —3) —x + 7 =0 at the point where it cuts the
X-axis.
dy £

Sol. —=-—=

dx fy

_y@x=5-1 _ L at(7,0)
x-2)(x-3) 20
Slope of normal is — 20 and its equation is
y—0=-20(x-7)

Example 13 :
Find the equation of normal to the curve y =x (2 —x) at the
point (2, 0).

Sol. y'=2-2x=-2at(2,0)

x=2) ..

y—-0= X—2y=2

1
2
LENGTH OFINTERCEPTS MADE ONAXES BY THE

TANGENT
Equation of tangent at any point (x;,y;) to the curve

y=f(x)is y—y1=[j—ij x=x%x1) 1
)
Equation ofx—axis y=0 ......... 2 s
Equation of y—axis x=0 ......... 3)
Solving (1) and (2) , we get. P(xLy)
Yi —
T {(d}’/dx)(xl,yl)} ° * :

. Y1
.. x—intercept : OA= X, —{—
(dy/ dx)x,y1)

Similarly solving (1) and (3), we get

y—intercept, OB =y, —x, [ﬂ)
X (x11)

The length of intercept made by normal on x—axis is

+ [—] d length of int pt —axisis ¥y + X (_\
X and len, oI mtercept on y—axis 18
1TY1 i g Yy 1 l( 1 J

Example 14 :

The tangent at any point on the curve x* + y* = a* cuts
off intercepts p and q on the coordinate axes then find the
value of p ~ 43 + q 43

X=-x)f,+(Y-y) fy:O
(X-x)4x3+ (Y —y)4y>=0
or Xx3+4Yyd=x*+y*=at (1)
If intercepts are p and q then (p, 0) and (0, q) lie on (1)
px3=a?, qy° = a?

p —4/3 4 q —4/3 — (a4) —4/3 (X4 + y4) =q 163 44— 4-4/3

Sol.

Example 15:
At a point (a/8, a/8) on the curve x13 + y13 =al’3 (a> 0)

tangent is drawn. If the axes be of length /2 , then find

the value of a.

Sol. Slope of tangent is

_23

—

X

fy y

y 2/3
=7 =—[;) =—1at(a/8, a/f)

a
Tangentisy—a/8 =1 (x—a/8)orx +y=7

a a
Its intercepts on axes are A = 1 B= 1

Portion of tangent intercepted between the axes

is \JAZ + B2 =./2 (given)

2 2
a_+a_ =2 ora’=16=a=4
16 16

Example 16 :

The triangle formed by the tangent to the curve

f (x) = x2+ bx — b at the point (1, 1) and the coordinate
axes, lies in the first quadrant. Ifits area is 2, then find the
value of b.

dy
—— =2x+b=2+bat(l,1)
dx

Equation of tangentisy—1=(2+b) (x— 1)
Its intercepts A and B on the axes are obtained by putting
y=0and thenx=0

_L b+l
2+4b b+2
B=1-(Q2+b)=—(b+1)

Sol.

A=1-

4




(APPLICATION OF DERIVATIVES })

SOAL

ODM ADVANCED LEARNING

1
A= EAB:2 S AB=4

—(b+1)(b+1)=4(b+2)
or b2+6b+9=0 or (b+3)?=0
therefore b=-3

LENGTH OF PERPENDICULAR FROM ORIGIN TO THE
TANGENT
The equation of tangent at point P(x;,y;) of the given

curve y—ylz[j—yj (x—xl)
X

p

The length of perpendicular from origin (0,0) to the tangent
drawn at the point (x;,y,) of the curve y = f (x) is

o)
Y1—% (dx

2
1+ (d—yj
dx
The length of perpendicular from origin to normal is
d
o)
P’ = 5
1+ [ﬂj
dx
Example 17:

Find the distance between the origin and the tangent to
the curve y = e** + x2 drawn at the point x = 0.

Putting x = 0 in the given curve, we obtainy = 1.

So, the given point is (0, 1).

Sol.

) Yy

dy
Now, y = e+ x> = x =2e>*+2x = [&)

=2
(0.1
The equation of the tangent at (0, 1) is

y-1=2(x-0)=2x-y+1=0 (1)

1
Required distance = length of the L from (0,0) on (i) = E

Example 18 :

If p; and p, be the length of perpendiculars from the
origin on the tangent and normal to the curve

x%3 + y23 = a23 respectively, then find 4p,% + p,°.
Take the parametric equation as x =a sin30 , y=a cos> 0
Tangent is x cos0 + y sinf = (a/2) sin26.

Normal is y cosO — x sinf = acos 26

2)sin2
P = (a/2)sin20 =isin26

1
\/(cos2 0 +sin? 0)

Sol.

acos20

=acos20
\/(cos2 0+ sin? 0)

4p12 + p22 = aZ (sin%20 + cos? 20) = a2

P,=

Example 19:

Find the distance between the point (1, 1) and the tangent
to the curve y = e2X + x2 drawn from the point x = 0.
Puttingx=0iny=e*+x* ... 1)
We gety =1

.. the given point is P (0, 1)

Sol.

dy dy
From(l),d—X =2e*=2x= dx Jp =2

.. equation of tangent at P to (1) is
y-1=2x-0)=2x-y+1=0
Required distance = Length of | from (1, 1) to (2)

2-1+1_ 2
IENZES NG

ANGLE OF INTERSECTION OF TWO CURVES
The angle of intersection of two curves is defined to be
the angle between the tangents to the two curves at their
point of intersection.
Let C, and C, be two curves having equations y = f (x)
and y = g(x) respectively. Let PT and PT, be tangents to
the curves C; and C, respectively at their common point
of intersection. Then the angle 0 between PT| and PT, is
the angle of intersection of C; and C, . Let y, and y, be
the angles made by PT| and PT, with the positive direction
of x-axis in anticlockwise sense.
Then, m; = tan y, = slope
of the tangent to y = f (x) at

()
P=lax,

and m, = tan y, = slope of the
tangent to y = g(x) at 0

d
(&)

dx/ ¢
From ﬁgure it follow that ¢ = y; —y,.
= tand = tan (y; — y,)

(), (&)
_ dx dx

= tang = tany; —tany, _ C Cy

I+ tany; tany, 1+[ﬂ) (dlj
€ G2

dx dx

The other angle between the tangents is 180° — ¢.
Generally the smaller of these two angles is taken to be
the angle of intersection.

4
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ORTHOGONAL CURVES
If the angle of intersection of two curves is a right angle,
the two curve are said to intersect of orthogonal and the
curves are called orthogonal curves.

o a

¢:
m1m2271:> [ﬂ) (ﬂj =-1
dx Ci dx Cy

Example 20:
Find the angle of intersection between the curves
y=x and y?=4x at (4,4).

Sol. Differentiating given equations , we have

2) - (2]
Bt | ==
[dx 1 and {4x Y

- At(4,4) [j_ijl =1

2

[ )
2

Find the angle of intersection of the parabola y2 = 4ax and
x2 = 4ay at the origin.

=tan"!(1/3)

Angle of intersection = tan ™!

d
Sol. y2:4ax:>2y§ —daie _22

dx vy

dy T b
At (0, 0), it tanE = tan@, (say) 0, =5
d d
Again x? =4ay = 2x =4a &y: d_z:;_a
dy )
A(0,0), i =0=tan 0 = tan0, (say) .. 0,=0
Again between the two curves =|0, -0, |=n/2

Example 22 :
Find the angle between the curves y = sinx, y = cos X.

T
Sol. Clearlyx = 7 is a common point

(--sinx=cosx = tanx=1 =>x=n/4 .y=1/./2)

d e
Now For the first curve &y =CcosX= % where x = Z
dy 1
For the second curve — =—sinx=— —
dx 7

1+1[—1] -
NAWE 2
0=tan'(2./2)

Example 23 :
Find the acute angle between the curves y = | x%— 1 | and

y =|x% 3| at their points of intersection.
Sol. Wehavey=|x2—1]|

x?—1if x<-lor x>1
T li=x%if —1<x<l1

The graph of the curve is

C(0,1)

A £ >
1o B (10)

Also we have

5 x? =3 if xS—«/gorXZ\/g
y=Ix"=3|= 3-x2if - 3<x<\/§
Y

1G(0.3)

The graph of the curve is

Combining the two curves, we get
R is the point of intersection of -
y=x2-1 ‘

(»ﬁ‘os“‘-‘.\
andy=3—x2for 1 <x<+3 L)
x2-1=3-x2 =2x2=4

= x2=2 x=42 y=2-1=1

Ris (+/2,1). Similarly, Sis(—+/2,1)

Y
A

G (0.3)

c|O, 1

R
S

> X
B F
O o (30

E A
J3.00 1,0

dy
AtR, slope of (1) is 2v/2 [ o 2X)

dy
AtR, slope of (2) is — 2v2 ( o —ZXJ

22 +22

1-8

tan = 7

42 (42)
ED

= 50 = tan_lL

B
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LENGTH OFTANGENT,NORMAL,SUBTANGENT & SUB  Example 25:

NORMAL If x=a(0+sinf), y=a (1 —cosB), then at 6 =n/2, find the
Let tangent and normal to the curve y = f (x) at a point length of the normal.

P(x,y) meets the x—axis at point Q and R respectively. Then dx dy

PQ and PR are called length of tangent and normal Sol. — =a (1 +cos0); — =asin0
respectively, at point P. Also if PM be the perpendicular do do

from p on x— axis, then QM and MR are called length of

sub tangent and subnormal respectively at P. So from dy sin® 2511150055 )
the diagram at P(x,y) % 1tcosd o0 tanE
2cos” —
2
Y
dy)’
Length of the normal =y, 1+ i
—a(l-cosb /1+tan29— 1 cosb). sec >
X =a(1-cosb) 5 =a(l-cos ).sec2
© When 0 = /2
_ T T - -
0 lenah ot y 1+(dy/dx)2 Length=a (1_0055) .sec 2 a(l1-0).\2=42a
i) length of tangent ycosec W= y—F————
g gem Y (dy/dx) Example 26 :

The square of the subtangent to the curve by? = (x + a)?

(i) length of normal =PR =y sec ¥ . .
is proportional to

(iii) length of sub tangent

(1) (subnormal)3/2 (2) Subnormal
QM —ycot = ¥ /( dyj (3) (subnormal)!/2 (4) None of these
B dx
Sol. (2). by?>=(x+a)® = 2by dx =3 (x+a)?

dy
(iv) length of sub normal = MR =y tan = Y( )

dx dy 3x+a)? . dy _3(x+a)’
Example 24 : = Yax b ¢ dx 2by
n
i = = 2
Find the length of the tangent at t 4 to the curve Length of the subnormal = y dy _3(x ZJL a)
x=a(cost+tsint)
= mnt — > 2
x=a (sint — cost) (2> 0) Again, subtangent = Y Y 2by 5
( 1 nl j a ( n) dy/dx  3(x+a) 3(x+a)
———a —1-= 2by
Sol. yatt= \/— 4 \/— \/E 4 )
= (sub-tangent)
T os® 4 Tein ™ 4b%y? 2
a| cos cos—+—sin y 4b X+a 4
dy [ 4 "4 4) —— { 2) Y rap
| = 9(x+a)"  o9x+a)t b
dx | _® T T i
5 a[ sm4+zcos4+sm4] 4 2
+
= ; ? % :2_7 (subnormal)
n—asinﬁ :. (sub-tangent)? is proportional to subnormal
__ 4 4 _anT =
=——=tan—=1
ma s 4 Example 27 :
4 If at any point S of the curve by? = (x + a)>, the relation
Length of the tangent between subnormal SN and subtangent ST be
p (SN) = q (ST)? then find p/q.
a T
- 1 — 2
A [dYJ 2 ( 4] n dy
1+ == Jl+l=a|1-— (y/*]
dy dx 1 4 dy _ 3(x+a)? PN &)y 8b

s 4q dy)  (gy)? 27
dx dx 2by Y(&j (j%j
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POINT OF INFLEXION
If at any point P, the curve is concave on one side and
convex on other side with respect to x—axis, then the point
P is called the point of inflexion. Thus P is a point of

d’y Yy
d_2:0 ,but—sio

inflexion if at P,
X dx

Also point p is a inflexion

if f"(x) = f"'(x) =f"(x)=0 and " (x)#0 forodd n.

Example 28 :
Prove that origin for the curve y=x3 is a point of inflexion.
Sol. y=x
2 3
Y5029 I ¢
dx dx? x>

d’y a3
Clearly at (0,0), —5 =0 and —5#0
yat(0.0) dx? x>

There is a point of inflexion at (0,0).

LINEARAPPROXIMATION (DIFFERENTIALS)

In many problems we are interested in the change, or

approximate change, of values f (x) that correspond to

change in x.

If Ax = x — c represents a change in x, the corresponding

change in f (x) is denoted
Af=f(x)—f(c)

If fis differentiable at ¢, then we know from (1) that
f(x)=f(c)+f'(c)(x—c),so
f(x)-f(c)=f'(c) (x—c).

Let us rewrite this last statement as
Af=f'(c). Ax

Example 29 :
Use differential to approximate /101.

1
Sol. Let f (x)=+x ; £(100)=10& " (X)=—7=

L _1 =0.05 =>f(101)=10+0.05=10.05

Ay=—=
YT 00 20
TRY IT YOURSELF-1

A curve in the plane is defined by the parametric equations
x=c¢*+2e¢tand y = e +e'. An equation for the line
tangent to the curve at the pointt=1n 2 is —
(A)5Sx—6y="7 (B) 5x—3y=7
(©)10x—-T7y=8 (D)3x-2y=3

Q.1

Inx

Q.2 CurveC,:y=e*InxandC,:y= o intersect at point P
whose absicssa is less than 1. Find equation of normal to

curve C, at point P.

3

Tangent at point P on the curve y2 = x3 meets the curve

Q3

mg

F , where O is origin.

mOQ
If 0 is the angle b/w y =x2 and 6y = 7 — x> at (a, a). Find 6.
Show that at any point on the hyperbola xy = c2, the
subtangent varies as the abscissa and the subnormal varies
as the cube of the ordinate of the point of contact.
Using differentials, find the approximate value of (82)1/4
upto 3 places of decimal.
If the sum of the squares of the intercepts on the axes cut
off by tangent to the curve x1/3 + y13 =al’3 a >0 at
(a/8,a/8)is 2, thena=
(A1
©4

again at point Q. Find
Q4
Q.5
Q.6
Q.7

(B)2
(D)8

Q.8 Tangents are drawn from the origin to the curve y = sin x,
then their point of contact lie on the curve —
L L
(A) R (B) 2 ¥
©) xX2-y2= (D)x*>+y?=

Q.9 Find the equations of tangents to the curve
x% +y? —2x—4y+ 1 =0 which are parallel to the x-axis.
Q.10 Prove that every point of the curve y = bsin(x/a) is a point

of inflexion, where it meets the x—axis.

ANSWERS
@ © Q) x=1/e (3)-2
@) n/2 (6)3.009 (N (C)
8)(A) (9)y=0andy=4.
MONOTONICITY
INTRODUCTION

In this section, we shall study the nature of a function
which is governed by the sign of its derivative. If the
graph of a function is in upward going direction or in
downward coming direction then it is called as
monotonic function, and this property of the function is
called Monotonicity. If a function is defined in any
interval, and if in some part of the interval, graph moves
upwards and in the remaining part moves downward then
function is not monotonic in that interval.

MONOTONIC FUNCTION
These are of two types
Monotonic Increasing :
A function f (x) defined in a domain D is said to be
monotonic increasing function if the value of (x) does not
decrease (increase) by increasing (decreasing ) the value
of x or
We can say that the value of f (x) should increase (decrease)
or remain equal by increasing (Decreasing) the value x.

X1 <Xp = f(Xl) < f(Xz)
If {Or X; <Xy = f(X]) Jéf(Xz) ’ VXI’XZ eD

X1 > Xy jf(XI)Zf(Xz)
or {or X1 > Xy Df(Xl){ f(Xz) ’ VXI’XZ eD

vy
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Monotonic Decreasing : A function f (x) defined in a
domain D is said to be monotonic decreasing function if
the value of (x) does not increase (decrease) by increasing
(decreasing ) the value of x or We can say that the value
of f (x) should increase (decrease) or remain equal by
increasing (Decreasing) the value of x.

X1 <Xp = f(Xl) > f(Xz)
If {or X1 <X» :>f(x1)s€f(xz) ’ VXI’XZ eD

X1 > Xy = f(Xl) < f(Xz)
T {or X1 > Xy :>f(X]))éf(X2) ’ VXI’XZ eD

Y

O X

0 X

A function is said to be monotonic function in a domain
if it is either monotonic increasing or monotonic
decreasing in that domain.

Note: If x; <x, = f(x7) <f(x7)VXy,X, €D, thenf(x)

is called strictly increasing in domain D.

0 X

Similarly if x; < x5 = f(x;) > f(x,)VXy,X, €D thenit
is called strictly decreasing in domain D.

Y

For Example

(i) f(x)=e* is amonotonic increasing function where as
g (x)=1/x is monotonic decreasing function.

(i) f(x)=x2and g(x)=| x | are monotonic increasing for
x>0 and monotonic decreasing for x <0. In general

they are not monotonic functions.

(iii) sinx, cosx are not monotonic function whereas tanx,

cotx are monotonic.

METHOD OF TESTING MONOTONICITY

@

At a point : A function f (x) is said to be monotonic
increasing (decreasing ) at a point x = a of its domain if it
is monotonic increasing (decreasing) in the interval
(a—h, a+h) where h is a small positive number. Hence we
may observe that f (x) is monotonic increasing at x = a,
then at this point tangent to its graph will make an acute
angle with the x— axis where as if the function is monotonic
decreasing these tangent will make an obtuse angle with
x—axis. Consequently f '(a) will be positive or negative
according as f (x) is monotonic increasing or decreasing
atx=a.

Y

Y<m/2

=

\\P<7t/2
0 X 0 X

So atx =a, function f(x)is
Monotonic increasing = f' (a) > 0
Monotonic decreasing = ' (a) <0

Example 30 :

(i)

The function f (x)=cosx is decreasing at x = m/3 and
increasing at x = 471/3 since

f'(n/3)=—3/2<0 and f'(n/3)=+/3/2>0

In aninterval : A function f(x) defined in the interval
[a,b] will be

Monotonic increasing = ' (x) >0

Monotonic decreasing = ' (x) <0

constant =f'(x)=0 V x e(a,b)

Strictly increasing = f'(x)>0
Strictly decreasing = f'(x) <0

Note:

()
(i)

1)

@
©)

In the above result f' (x) should not be zero for all value
of x otherwise f (x) will be a constant function.

Ifin [a,b], f' (x) <0, for atleast one value of x and

f'(x) > 0 for atleast one value of x then f (x) will not be
monotonic in [a,b]. For example,

Function f (x) = sinx is monotonic increasing in [0, /2]

because f (x)=cosx >0Vx (0,7/2)

Function f (x) = e * is monotonically decreasing in

[-1,0],since ' (x)=—e*<0,Vx €(-1,0)
Function f(x) =|x | is not a monotonic functions in the
interval [-1, 1] because

x; x>0 x>0

1.

f(x)= ’fl X) = B
) {—x; x<0 (=) {—1;
f(x) =sin~! x + cos~! x is constant function in [-1, 1]
because f(x)=n2=f'(x)=0=>x € (-1,1)

x<0

Evrm
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EXAMPLES OF MONOTONIC FUNCTION
If a function is monotonic increasing (decreasing) at every
point of its domain ,then it is said to be monotonic
increasing (decreasing) function.
In the following table we have examples of some
monotonic/ not monotonic functions.

Monotonic Monotonic Not Monotonic
Increasing Decreasing

x> 1/x x2

X|x| 1-2x | x|

eX e X eX+eX
log,x,a>1 log x,a>1 sin x

tan X cot x COS X

x]

Example 31:

For all values of x, function f (x) = 2x3 + 6x2 + 7x— 19 is
(1) Monotonic increasing (2) Monotonic decreasing
(3) Not monotonic (4) None of these

M), f'x)=6x2+12x+7=6(x2+2x)+ 7=6 (x+1)>+1
which is positive for all value of x. Hence f (x) is monotonic
increasing function.

Sol.

Example 32 :
Function f(x) =x3—27x + 5 is monotonic increasing when
(Dx<-3 @)[x]>3
3)x<-3 @ |x]|=3

Sol. (2). f(x) will be monotonic increasing if
f'(x)>0=3x2-27>0=>x2>9=|x|>3

Example 33 :
The function f (x) =x —log (1 +x), x >—1 is increasing in
the interval

(1) (0, 0) (2)(=1,0)
(3) (—,0) (4) None of these
Sol. (1). We have, f(x)=x—log (1 +x),x>-1
X x(1+x)
=>f'x)=1- = = 3
1+x 1+x (1+x)
' x(1+x)
Sign scheme for (1+ X)z
< | |
-0 tve ] -ve 0 tve <
f'(x)>0ifx<-1lorx>0
Butx>-1. f'(x)>0ifx>0.
Thus, f(x) is increasing in the interval (0, o).
Example 34 :

Letf'(x) <0and g'(x) > o for all real x, then
(Df(ex+1)>glgx+5) (2 f(gx) <f(g(f(x+2))
B eg(f(x)<gf(x+2) @ eg(tx)>ef(x-2)
Sol. (1). Given, f'(x) <0 and g' (x) > 0 therefore g (x) is an
increasing function and f' (x) is a decreasing function
x+t1<x+5=gx+1)<gx+5)

= fgx+1)>f(gkx+5))
Againx<x+1=gx+1)
= fgX®)>flgx+1)
x<x+2=fx)>f(x+2)
= g(fx)>gfx+1))
x>x-2=>f(x)<f(x-2)
= g(fx)<g(f(x-2)

PROPERTIES OF MONOTONIC FUNCTIONS
(1) Iff(x)is strictly increasing function on an interval [a, b],
then ! exists and it is also a strictly increasing function.
(i) Iff(x) is strictly increasing function on an interval [a, b]
such that it is continuous, then f~! is continuous on
[f (), f(b)].
(@iii) If f(x) is continuous on [a, b] such that f' (¢) > 0 (f' (¢) >
0) for each ¢ €(a, b), then f (x) is monotonically (strictly)
increasing function on [a, b].
If f (x) is continuous on [a, b] such that f' (¢) <0 (f'(c) < 0)
for each ¢ €(a, b), then f (x) is monotonically (strictly)
decreasing function on [a, b].
(v) Iff(x)and g(x) are monotonically (or strictly) increasing
(or decreasing) function on [a, b], then gof (x) is a
monotonically (or strictly) increasing function on [a, b].
If one of the two functions f (x) and g(x) is strictly (or
monotonically) increasing and other a strictly
(monotonically) decreasing, then gof (x) is strictly
(monotonically) decreasing on [a, b].

(iv)

(vi)

Example 35 :
Let f(x) = cot ! [g (x)], where g(x) is an increasing function
for 0 <x <m. Then (x) is
(1) increasing in (0, m)

(2) decreasing in (0, )

p T
(3) increasing in [O, 5] and decreasing in [ 59”]

(4) None of these
Sol. (2). We have, f(x)=cot ™! (g (x))
= f'X)=—"""7 xg'(x
() 1+ g0 g (x)
<0Ofor0<x<m
-+ g(x)is increasing for 0 <x <m, .. g'(x) > 0]
Thus, f(x) is decreasing in (0, )

GREATEST AND LEAST VALUE OF FUNCTION

1. Case I : If a continuous function y = f (x) is strictly
increasing in the closed inveral [a, b] then f (a) is the least
value and f (b) is greatest value.

2.  Casell: Iff(x) is decreasing in [a, b] then f (b) is the least
and f (a) is the greatest value of f (x) in [a, b].

3. Case III : If f (x) is non-monotonic in [a, b] and is
continuous then the gratest and least value of f (x) in [a,
b] are those f(x) =0 or f' (x) does not exist or at the extreme
values.

v
I 222




(APPLICATION OF DERIVATIVES })

SOAL

ODM ADVANCED LEARNING

Example 36 :

Sol.

Q.1
Q2

Q3

Q4

Q5

Q.6

Find least and greatest value of f (x) = ex2—4x+3 in [-5,5]

2
f (X) — eX —4x+3

For f(x) max — x2 —4x + 3 be maximum in [-5, 5].
x2 —4x + 3 will be maximum at x =—S5 in the given interval.
1e., 25+20+3=48
Max f(x)=e* atx =—5
x2—4x + 3 will be minimumatx =2i.e.,4-8+3=-1
Minf(x)=e¢latx=2.

TRYITYOURSELF-2

X
Find intervals of monotonicity of f (x) = nx

If the function f (x) = (a +2) x> — 3ax? + 9ax — 1 is always
decreasing V x € R, find a.

X
Find the set of values of x for which In (1 +x) > Tex:

| x 1]
The function f (x) = — 3
X

(A) increases in (— 0 ,0) U (1, 2)

(B) increases in (0, 1) U (2, )

(C) decreases in (0, 1) U (2, 0)

(D) decreases in (—0, ) U (1, 2)

Find the intervals in which the given function increases or

xZ+x+1

2

decreases f(x) = .
X —x+1

Function f(x) = cos x — 2Ax is monotonic decreasing when
(A)A>1/2 BYA<1/2
C)r<2 D)r>2
ANSWERS
@ O,Hu(l,e) 2)a<-3
AB) f{x)>0Vxe(-1,0)u(0,0) @) (AC)
(5) Strictly increases in (—1, 1) ; Strictly decreases in (1, o)
(6)(A)

MAXIMAAND MINIMA

MAXIMUM AND MINIMUM VALUE OFAFUNCTIONINITS
DOMAIN

MAXIMUM : Let f (x) be a function with domain D — R.
Then f (x) is said to attain the maximum value at a point
aeD.Iff(x)<f(a)forallx € D.
Insuchacase, a is called the point of maximum and f'(a) is
known as the maximum value or the greatest value or the
absolute maximum value of f (x).
Consider the function

f(x)=—(x—1)2+10 forall x eR

-+ —(x-1)2<0forallx eR

—(x—=1)2+10<10forallx e R
= f(x)<10forallx eR
Thus, 10 is the maximum value of f (x). Clearly f (x) attain
this value at x = 1. So x = 1 is the point of maximum or the
point of absolute maximum.
MINIMUM: Let f (x) be a function with domain D — R.
Then f (x) is said to attain minimum value at a pointa € D
if f(x)>f(a) forallx eD.
In such a case the point a is called the point of minimum
and f(a) is known as the minimum value or the least value
or the absolute minimum value of f (x).

Consider the function

f(x)=(3x—1)2+5forallx eR

(3x—1)2>0  forallx eR

(3x—1)2+5>5 forallx eR
Thus, 5 is the minimum value or the least value or the
absolute minimum value of f (x) in its domain. Clearly, f (x)

1 1
attains this value at x = 3 So,x= 3 is the point of minimum

or the point of absolute minimum.

Example 37 :

Sol.

Find the maximum and the minimum values of the function
f(x) =sin (sin x).
We have f(x) =sinx,x € R -+ -1 <sinx< 1 forallx e R
.osin(—1) <sin (sinx) <sin 1 forallx e R

[-.r sinx is an increasing function on [—1, 1]]
= —sinl <f(x)<sinl forallx e R
This shows that the maximum value of f (x) is sin 1 and the
minimum value is —sin 1.

Example 38 :

Sol.

Find the maximum and the minimum values of the function
f(x)=3x2+6x+8,xeR
We have, f(x)=3x2+6x+8
=3(x2+2x+1)+5=3(x+1)2+5.
3(x+1)2>0forallx eR
3(x+1)2+5>5forallx e R
or f(x)>5forallx € R. Thus, 5 is the minimum value of
f(x) which it attains at x =— 1.
Since f(x) can be made as large as we please, therefore the
maximum value does not exist.

Example 39 :

Sol.

Find the maximum and the minimum values of the function
f(x)=—|x—1|+5forallx eR
We have f(x) =—|x—1|+ 5 forallx e R
|x—1|=0forallx e R
—|x—1|<0forallx e R
= —|x-1|+5<5forallx e R= f(x)<5forallx eR
So, 5 is the maximum value of f (x).
Now, f(xX)=5=>—|x—1|[+5=5=|x-1|=0=>x=1.
Thus, f(x) attains the maximum value Satx = 1.
Since f (x) can be made as small as we please, therefore
the minimum value of f (x) does not exist.

e
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Example 40 :

Sol.

Find the maximum and the minimum values of the function
fx)=x>+1,xeR

We have f(x)= x3+1,x eR

Here we observe that the values of f (x) increase when the
values of x are increased and f (x) can be made as large as
we please by giving large values to x. So f (x) does not
have the maximum value. Similarly, f (x) can be made as
small as we please by giving smaller values to x. So f (x)
does not have the minimum value also.

LOCALMAXIMA & MINIMA

We have talked about the greatest (maximum) and the
least (minimum) values of a function in its domain. But
there may be points in the domain of a function where the
function does not attain the greatest (or the least) value
but the values at these points are greatest than or less
than the values of the function at the neighbouring points.
Such points are known as the points of local minimum or
local maximum and we will be mainly discussing about
the local maximum and local minimum values of a function.
Local maximum : A function f (x) is said to attain a local
maximum at x = a if their exists a neighbourhood
(a— 09, a+9d) of a such that

f(x)<f(a)forallx e(a—5,a+0),x#a
or f(x)—f(a)<Oforallx e(a—d,a+9d),x#a
In such a case f(a) is called the local maximum value of
f(a)atx=a.

Local minimum : A function f (x) is said to attain a local
minimum at x = a if there exists a neighbourhood
(a— 09, a+ d) of a such that

f(x)>f(a)forallx € (a—9,a+9d),x#a
or f(x)—f(a)>0forallx e (a—0,a+d),x#a
The value of the function at x = a i.e., f (a) is called the
local minimum value of f (x) atx =a.
The points at which a function attains either the local
maximum values or local minimum values are known as
the extreme point or turning points and both local maximum
and local minimum values are called the extreme values of
f (x). Thus, a function attains an extreme value at x=a if f
(a) is either a local maximum value or a local minimum
value. Consequently at an extreme point 'a', f (x) — f (a)
keeps ths same sign for all values of x in a neighbourhood
ofa.

()
(i)
(iii)

(iv)

V)
1)

In Figure we observe that the x-coordinates of the points
A, C, E are points of local maximum and the values at
these points i.e., their y-coordinates are the local maximum
values of f (x). The x-coordinates of points B and D are
points of local minimum and their y-coordinates are the
local minimum values of f (x).

Note:

The maximum and minimum points are also known as
extreme points.

A function may have more than one maximum and minimum
points.

A maximum value of a function f (x) in an interval [a,b] is
not necessarily its greatest value in that interval. Similarly,
a minimum value may not be the least value of the
function. A minimum value may be greater than some
maximum value for a function.

If a continuous function has only one maximum (minimum)
point, then at this point function has its greatest (least)
value.

Monotonic functions do not have extreme points.

For example, )4
Function y=sinx, xe(0, 1)
has a maximum points

at x = /2 because the value
of sin=n/2 is greatest in
the given interval for sin x.

y=sinx

X

0 n/2 T

Clearly function y = sinx is increasing in the interval

(0, m/2) and decreasing in the interval (n/2, m) for that
reason also it has maxima at x = /2. Similarly we can see
from the graph of cosx which has a minimum point at x= .
() f(x)=x2, x € (-1, 1) has a minimum point at x = 0
becauseat x =0, the value of x2 is 0, which is less than all
the values of foundation at different points of the interval.

Y
N

=X

| I
o | X
-1 1

Clearly function y = x2 is decreasing in the interval (~1,0)
and increasing in the interval (0,1) So it has minima at x=0.

CONDITIONS FORMAXIMA & MINIMA

Necessary Condition : We have the following theorem
which we state without proof.

Theorem : A necessary condition for f (a) to be an extreme
value of a function f (x) is that f' (a) = 0, in case it exists.
Note:

This result states that if the derivative exists, it must be
zero at the extreme points.

A function may however attain an extreme value at a point
without being derivable thereat.
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@
(@)
(i)

b)
(@)
(i)

©

For example, the function f (x) =| x | attains the minimum
value at the origin even though it is not derivable at x =0.

A

y
WA i

Q

- R

x' 0 X
124 Ay
This condition is only a
f(x)=x’

necessary condition for
the point x = a to be an
extreme point.

It is not sufficient i.e., X' O
f (a) = 0 does not

necessarily imply that

X = ais an extreme point.

There are function  for \
which the derivatives vanish at a point but do not have
an extreme value thereat . For example, for the function
f(x)=x3, f'(0)=0 but at x = 0 the function does not attain
an extreme value.

As discussed in note 2 that all x, for which ' (x) =0, do not
give us the extreme values. The values of x for which
f'(x ) =0 are called stationary values or critical values of
x and the corresponding values of f (x) are called stationary
or turning values of f (x).

As we have seen in Remark 2 that f' (a) = 0 is not the
sufficient condition for x = a to be an extreme point. The
following theorem provided the sufficient conditions for
X = a to be an extreme point. This is known as the first
derivative test and is stated without any proof.

A

o 4

vy

Sufficient Condition :

First derivative test for local maxima and minima

Let f (x) be a function differentiable at x =a. Then

x =ais a point of local maximum of f (x) if

f'(a)=0and

f' (x) changes sign from positive to negative as X passes
f' (x) > 0 at every point in the left neighbourhood (nbd)
(a—0,a) of aand f'(x) <0 at every point in the right nbd
(a,a+9d)ofa.

x =ais a point of local minimum of f (x) if

f'(a)=0and

f' (x) changes sign from negative to positive as x passes
through ai.e., f' (x) <0 at every point in the left

nbd (a0, a) of a and f' (x) > 0 at every point in the right
nbd(a,a+ d)ofa.

Iff'(a) =0, but f' (x) does not change sign, that is, f' (a)
has the same sign in the complete nbd of a, then a is
neither a point of local maximum nor a point of local

ALGORITHM FOR DETERMININGEXTREME VALUES OF
AFUNCTION BY USINGFIRST DERIVATIVE TEST

Step I : Puty=1£(x)

o dy
StepII: Find —
dx

d
Step 111 : Put d—y =0 and solve this equation for x. Letc,
X

Cy, €3,... C, be the roots of this equation. ¢, ¢,, ¢3,...,C, are
stationary values of x and these are the possible points
where the function can attain a local maximum or a local
minimum. So we test the function at each one of these
points.

d
Step IV : Consider x = ¢;. If d_z changes its sign from

positive to negative as x increases through c,, then the
function attains a local maximumatx = c;.

dy
If —
dx

increases through ¢, then the function attains a local
minimumatx=c,.

changes its sign from negative to positive as x

d
If d—y does not change sign as x increases through c,
X

then x = ¢ is neither a point of local maximum nor a point
of local minimum. In this case x = ¢ is a point of inflexion.
Similarly we may deal with other values of x.

Example 41 :

Sol.

Find the local maxima or local minima, if any, of the function
f(x)=sin*x+cos*x, 0<x <72

using the first derivative test

We have y = f (x) = sin® x + cos*x

— =45sin3x cos x — 4 cos? x sin x
dx
=—4 cos x sin x (cos? x — sin® x)

=—2sin 2X cos 2x =—sin 4x

For alocal maximum or a local minimum, we have
dy

& =0=-sin4x=0=-sin4x=0=sin4x=0

= 4x=1 {:0<x<§.'.0<4x<2n}

= x=n/4
In the left nbd of x = /4, we have

b d
x< Z S4x<n=sindx>0=-sin4x<0= &y <0

In the right nbd of x =n/4, we have

T d
x> Z =4x>n=sin4x<0=-4sin4x>0=> &y >0

v
I 225




SOAL

ODM ADVANCED LEARNING

STUDY MATERIAL : MATHEMATICS

d
Thus, d—y changes sign from negative to positive as x
X

T T
increases through e Sox= 7 is a point of local minimum.

The local maximum value is
4 4
T . T b4 1
f[—) = (sm —] + (cos —j =—
4 4 4 2

Example 42 :
The f' (x) = (x—a)?" (x—b) 2P "1 where n and p are positive
integers then
(1) x=ais apoint of minimum
(2) x=ais a point of maximum
(3) x=ais a point of maximum or minimum
(4)None of these
(3). We have, f' (x) = (x —a)?" (x — b)2P*!
w f'x)=0=x=a,b
When x=a—h, f'(x) =h2" (a+h—b)2PH
and when x =a +h, f' (x) =h?" (a + h—b)2P™!
Thus we see that as x passes through a, f' (x) does not
change sign. Hence, there is neither a maximum nor a
minimum atx =a.

Sol.

Example 43 :

Iff' (x) = (x—a)?" (x—b) 2™ " where m, n € N, then

(1) x=b is a point of minimum

(2) x=Db1is apoint of maximum

(3) x=b is a point of inflexion

(4) None of these

(1). We have f' (x) = (x —a)?" (x — b)2m*!
f'x)=0=>x=a,b

Now, forx =b—h, f' (x) = (b-h—a)?" (<h)2m* <

and for x = b+ h, f' (x) = (b + h—a)2" h2m*l >(

Thus, as x passes through b, f' (x) changes sign from

negative Hence, x =b is a point of minimum.

Sol.

HIGHER ORDER DERIVATIVE TEST

(1)  The value of the function f (x) at x = a is maximum, if
f'(a)=0andf"(a)<0

(i) The value of the function f (x) at x =a is minimum if
f'(a)=0andf"(a)>0

@) Iff'(a)=0,f"(a)=0,f"(a)#0thenx=a is notan extreme
point for the function f (x). _
(iv) Iff'(a)=0,f"(a)=0,f" (a)=0 then the sign of (V) (a) will

determine the maximum and minimum value of function
i.e. £(x) is maximum, if f ¥)(a)<0 and minimum if fV)(a) >0.
V) f'@)=f"()=f"(c)=...=f"1(c)=0,and

(vi) f™(c) exists and is non-zero.
Then, Ifnisevenand " (c) <0 = x=c is a point of local
maximum.
Ifnisevenand f™ (c) > 0 = x = ¢ is a point of local
imum

Ifnis odd = x = c is neither a point of local maximum nor
a point of local minimum.

ALGORITHM FOR DETERMINING EXTREME VALUES OF
AFUNCTION
From the above test criteria we obtain the following rule
for determining maxima and minima of f (x).
Step I : Find ' (x)
Step II : Put ' (x) = 0 and solve this equation for x. Let ¢,
Cy,.... ¢ be the roots of this equation. ¢y, c,,.... ¢, are
stationary values of x and these are the possible points
where the function can attain a local maximum or a local
minimum. So we test function at each one of these point.
Step III : Find " (x). Considerx = ¢;.
If " (c;) <0, thenx = ¢, is a point of local maximum.
If " (c;)> 0, then x = ¢ is a point of local minimum.
If " (¢;)=0, we must find {™ (x) & substitute in it ¢, for x.
Iff" (c)) # 0, thenx = ¢/ is neither a point of local maximum
nor a point of local minimum and is called the point of
inflection.
If " (c;)=0, we must find f IV (x) & substitute in it ¢, forx.
Iffv (cy) <0, thenx =c, is a point of local maximum and
if fIV (c;)>0, then x = ¢ is a point of local minimum.
Iff'V (c,) =0, we must find fV (x), and, so on. Similarly the
values of ¢,, c; ..., may be tested.

Example 44 :

Find the points of maxima and minima for the function
f(x)=x3—9x2+15x—11.

Let f(x)=x3—9x2+15x—11.

then f'(x)=3x%—18x+15=3x (x?—6x+5)

For maxima and minima f'(x)=0=xZ—6x+15=0

= x-1)x-5=0=>x=1,5

Again " (1)=-12<0=x=1is apoint of maxima
and f"(5)=12>0= x=5 isapoint of minima

Sol.

Example 45 :
For the curve y = xe¥, the point
(1)x=-1 is apoint of minimum
(2) x=01s a point of minimum
(3)x=-11is apoint of maximum
(4) x=0is apoint of maximum

Sol. (1). We have, y =xe* = dy/dx = e* + xe*
For max. or min. dy/dx=0=¢e* (1 +x)=0=x=-1
L2y (d2y) 1
—_ X 4 X - 5 - _
Now, 02 2e*+xe* = dezsz_l e (2-1)>0

Hence, x =—1 is a point of local minimum.

Example 46 :
If the function f (x) = 2x3 — 9ax? + 12a% x + 1 attains its
maximum and minimum at p and q respectively such that
p? = q, then find the value of a.
Since f(x) =2x>—9ax?+ 12a% x + | attains max. and min. at
p and q, respectively. Therefore

f'(p)=0,1'(q) =0, f"(p) <0 and f"(q) >0
Now, f'(p)=0,f'(q)=0
= 6p2—18ap +12a2=0and 6q>— 18 aq + 12a2=0
= p?-3ap+2a’=0and q®—3aq+2a2=0

Sol.

ey
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:sz,wherex:tanA: d_x

= p=a,2a,q=a,2a (1)

3
Now,f"(p)<0:>12p718a<0:>p<5a (i)

3
andf"(q)>0=12p—-18a>0=q> 5 a ...(iii)

From (i), (ii), (iii), we get p=a, q = 2a.
Nowp?=q=a?=2a=a=0,2

But fora=0, f(x) =2x3 +1 which does not attain a max. or
min. for any value of x. Hence, a=2

Example 47 :

IfA>0, B> 0and A+ B = /3, then find the maximum value
of tan A tan B.

Sol. We have, A+ B =n/3.

B T A B 3 -tan A
= — _ t e ——

3 = fan 1+«/§tanA
Let Z =tanA + tan B. Then

«/g—tanA 7\/§tanA—tan2A
1+«/§tanA_ 1+x/§tanA

x-x2 dZ  (x+\3)W3x-1)
T (1+43%)

Z= tanA+

dz 1
FormaxZ, — =0=>x=—F

dx ﬁ’“/g

n
x#—.,/3 becauseA+B= 3 which implies that x=tanA> 0

it can b ily checked that &z <0 fi !
it can be easily checked that —- orx=—
Y dx? B

1 1
Hence, Z ismax. forx =—= i.e.tanA= —— orA=
NG Ng

oA

For this value of x, Z=1/3

GREATEST & LEAST VALUES OFAFUNCTIONINA GIVEN
INTERVAL

If a function f (x) is defined in an interval [a,b], then greatest
or least values of this function occurs either at x = a or
x =Db or at those values of x where f' (x) =0.
Remember that a maximum value of the function f (x) in
any interval [a,b] is not necessarily its greatest value in
that interval.
Thus greatest value of f (x) in interval [a,b]
=Max.[f(a),f(b),f(c)]
Least value of f (x) in interval [a,b]
=Min. [f(a),f (b),f(c)]
Where x = ¢ is a point such that f' (¢) =0

Example 48 :

Sol.

Find the greatest value of x> — 12x2 + 45x in the interval
[0,7].
Let f(x) =x3— 12x2+45x , then

f'(x)=3x2—24x +45

3(x-3) (x-5)

and f" (x) = 6x 24
Now for maximum and minimum values

f'x)=0=>3x-3)x-5)=0= x=3,5
Again f" (3) =— 6 <0 = The function if maximum at x =3
and " (5) = 6> 0 = The function is minimum at x = 5
Now f(0)=0,f(3)=54,f(5)=50,f(7)=70
= The greatest value in [0, 7]

=max. {0,54,50,70} =70

Example 49 :

Sol.

1 1
Iff(x)=cosx +5 cos 2X — 3 cos 3x then find the difference

between the greatest and least values of the function.

It should be noted that it is not a question of max. or min.
but question of greatest and least value of f (x) in a certain
interval. The function is periodic with period 27. Hence
the required difference in the difference between greatest
and least values in the interval [0, 27]

dy . . .
—— =—(sinx + sin2x — sin3x)
dx

. 3x X . 3x 3x
—_ | 2sin—cos——2s8in—cos—
2 2 2 2

2sin 3x [cosX cos 3X] 2si 3x 2si in>
—-_ = ——CcoS— | =— 2sin— sin —
2 5 5 > sin X. >

Q—Ot _02_75 27in [0, 2
% ax7,3,1t, min [0, 27]

Corresponding values of y at the above points are

7 -13
Hence greatest value is 5 and least is ED then

—13] 27 9

. 7 [
the difference is 6 nJ)-

Example 50 :

Sol.

Find the maximum value of x> — 3x in the interval [0, 2].
Let f(x) =x3 — 3x. Then f' (x) = 3x% — 3. For maximum or
minimum f' (x) =0 = x=+1.

Butx=-1¢ [0, 2].

Therefore x =1 only. It can be easily checked that f"(x)> 0
forx=1. So. f(x) attains a local minimum at x = 1

Now, f(0)=0,f(1)=-2andf(2)=6

Hence f (x) attains the maximum value at x =2

[4
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PROPERTIES OF MAXIMA & MINIMA

(i) Iff(x)is continuous function in its domain, then at least
one maxima and one minima must lie between two equal
values of x.

(i) Maxima and minima occur alternately .that is between two
maxima there is one minimum and vice-versa.

(iii) Iff(x)is a maximum (minimum ) at a point x =a, then 1/ f
(%), [f(x)=0]will be minimum (maximum) at that point.
(iv) Iff(x) >wasx—>aorbandf'(x)=0only for one value

of x (say c) between a and b, then f (¢) is necessarily the
minimum and the least value.

(v) Iff(x) >o as x —> a or b, then f(c) is necessarily the
maximum and the greatest values of the function

MAXIMA & MINIMA OF FUNCTION OF TWO VARIABLE:
If a function is defined in terms of two variables and if
these are associated with a given relation then by
eliminating one variable, we convert function in terms of
one variable and then find the maxima and minima by
known methods.

Example 51 :
If x + y = 8 then find the maximum value of xy.
Sol. LetZ=xy .. Z=x(8—x)or Z=8x—x2
dz/dx=8-2x=0=>x=4
d?Z/dx?>=-2<0
= x=4is amaximum point. So maximum value is
Z=8.4-42=16.

Example 52 :
Divide 64 into two parts such that the sum of the cubes of
two parts is minimum. The two parts are

(1)44,20 (2) 16,48
(3)32,32 (4)50, 14
Sol. (3).x+y=64
y=x+y3=x3+(64-x)}
dy 2 2
o =3 [x—(64—=x)"]=0=3[2x—-64)64]=0=>x=32
d2
— =+ ive, Hence min.
X
Example 53 :

Find the minimum value of px + qy when xy =r2.
Sol. LetZ=px+qy. Then

. dz qr2
Formaxormin — =0=>x=4 ,|——
dx p
2 2 2
r d°z r
Forx:,/q—,wehave _2qu >0
p dx X

2 2
. qr qr
H A :1/—+ =2ry
ence, z 1s min. for x P \/—2 r\/pPq
qa
p

SOME STANDARD GEOMETRICALRESULTS RELATED TO

MAXIMA & MINIMA
The following results can easily be established.

(1) The area of rectangle with given perimeter is greatest
when it is a square.

(i) The perimeter of a rectangle with given area is least when
itis a square.

(i) The greatest rectangle inscribed in a given circle is a
square.

(iv) The greatest triangle inscribed in a given circle is
equilateral.

(v) The semi vertical angle of a cone with given slant height

and maximum volume is tan~' /2 .
The height of a cylinder of maximum volume inscribed in

a sphere of radius a is 2a /~/3.

(vi)

Example 54 :
Find the maximum area of a rectangle of perimeter 176cms.
Sol. Let sides of the rectangle be x, y ; then
2x+2y=176
Its area A = xy =x (88 —x) =88 x — x>

dA ZA
= - =88-2x, 5 =-2<0
dx dx
dA ZA
Now, —— =0=x=44; Also then — <0.
dx dx

So area will be maximum when x = 44 and maximum area
=44 x44=19365sq. cms.

Example 55 :

If the sum of length of the hypotenuse and another side

of a right angled triangle is given, show that the area of

the triangle is max. when the angle between these is

1) w12 (2) n/4

3) /3 (4) /2

(3). AB+AC=constant=k

IfAB=xthen AC=k—x
BC?=(k—x)?—x2=k%—2kr

Sol.

1
A= —BC.AB
2 A

1
= xy/(k? - 2kx)

1 1
Let Z:AZZZ x2 (k> - 2kx) = 7 (k% x2 - 2kx3)

Z will be max. when x =k/3

oo X _ kI3 1
COSUT TX  k—k/3 2

0=mn/3

[4
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Example 56 :

Sol.

A running track or 440 it is to be laid out enclosing a
football field, the shape of which is a rectangle with a
semi -circle at each end. If the area of the rectangular
portion is to be maximum then find the length of its sides.
Perimeter =440 ft.

2x + mr+ i =440
or 2x+2nr=440

D X C

a
o5 P
-
N
-

A= Area of rectangular portion =x. 2r

400-2x) 1
X (—X)=; (440 x - 2x2)

dA 1

a=; (440—-4x) .. x=110

A ,

0 =—ive .. Aismax.whenx=110.
X

- 440-2x  440-220
N Y A

RATE OF CHANGE OF VARIABLE

Derivative as a rate measurer : Lety =f(x) be a function
of x. Let Ay be the change in y corresponding to a small

A
change Ax in x. Then, A—y represents the change in y
X

A
due to a unit change in x. In other words, A—y represents
X

the average rate of change of y w. . t. x as x changes from
xtox+Ax.

As Ax — 0, the limiting value of this average rate of change
of y with respect to x in the interval [x, X + Ax] becomes the
instantaneous rate of change of y w.r.t. x.

. Ay
lim — = Instantaneous rate of change of y w.r.t. x
Ax—0 AX

lim =% ==

Ay dy}
Ax—0AX  dx

d
= d—z =Rate of change ofy. w.r. t. X [

The word “instantaneous” is often dropped.

d
Hence, &y represents the rate of change of y w.r.t. x for a

definite value of x.
Note:

dy

dy . [ )
The value of dx atx =x;1.e. \ dx x=xg represents the

rate of change of y with respect to x at x =x,,

dy

Ifx =) andy =y () then - =L provided that o 0
x=¢ (t) andy = (t), then dx_dl’prOVI ed thai dti

dt

Thus, the rate of change of y with respect to x can be
calculated by using the rate of change of y and that of x
each with respect to t.

The term “rate of change” will mean the instantaneous
rate of change unless stated otherwise.

Example 57 :

Sol.

Find the rate of change of the area of a circle with respect
to its radius. How fast is the area changing with respect
to the radius when the radius is 3cm ?

dA

Let A be the area of the circle. Then A=mr? = E =2mr

Thus, the rate of change of the area of the circle w.r.t. its
radius r is 27r.

dA
whenr=3cm, we have o (21 x 3) cm?/cm = 6mem?/cm

Example 58 :

Sol.

A balloon, which always remains spherical, has a variable

3
diameter E(ZX + 3). Determine the rate of change of

volume with respect to x.
Let V be the volume of the balloon. Then

3

4m | 3 on
V= =(2x+3)p = — +3)3
3 {4( )} 16.(2x 3)

dv

DV _OT S oxe3p Laxizys Lo ZTE gy
- 16'(X )dx(X ):dx 8 (@x+3)"

dx

Related rates : Generally we come across with the
problems in which the rate of change of one of the
quantities involved is required corresponding to the given
rate of change of another quantity. For example, suppose
the rate of change of volume of a spherical balloon is
required when the rate of change of its radius is given. In
such type of problems we must find a relation connecting
such quantities and differentiate this relation w.r.t. time.
The procedure is illustrated in the following examples.

Example 59:

Sol.

The radius of a balloon is increasing at the rate of

10 cm/sec. At what rate is the surface area of the balloon
increasing when the radius is 15 cm ?

Let r be the radius and S be the surface area of the balloon
at any time t.

dr
Then, S =4 nr? and o =10 cm/sec

v
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Now, S=4 rr2

E_g ﬂ §—80 [-gzlocm/sec}
a O g a T At '

dS
= (E} =80m (15) =120 ncm?/sec
r=15

Example 60 :

Sol.

The volume of a cube is increasing at a rate of 7 cm?/sec.
How fast is the surface area increasing when the length
ofanedgeis 12cm?
Let x be the length of an edge of the cube, V be the volume
and S be the surface area of any time t. Then

V=x3and S=6x>

dv .
Also, — =7 cm?/sec [Given]

dt
d 5 , dx d_X_L
= it x’)=7= 3x &t =7= dt 352
dS dx
Now, S =6x% = EZIZXE
dsS 7 dx 7
—=12xx—— —=
= dt 3X2 |: dt 3X2:|
§§,_2§ [§§J ::2§ 2/ 72: 2/
= I x = 4t e 12 cm-/sec. 3 cm-/sec.

Example 61 :

Sol.

The length x of a rectangle is decreasing at the rate of

2 cm/sec and the width y is increasing at the rate of

2 cm/sec. When x = 12 cm and y =5 cm, find the rate of
change of (i) the perimeter and (ii) the area of the rectangle.
Let P be the perimeter and A be the area of the rectangle at
any time t. Then, P=2 (x +y) and A=xy.

o dx dy
It is given that i 2 cm/sec and i 2cm/sec.
(1) Wehave,P=2(x+Yy)
@w_, [d_x N ﬂ]
at at  dt =2(-2+2)=0cm/sec
i.e. the perimeter remains constant.
(i) We have, A=xy

a5, (o)
= &t Ua)V g

dA
DE =-2%x5+12%2 [--x=12cmandy=5cm (given)]

=

dA
= — =14 cm¥sec
dt

Example 62 :

Sol.

*

On the curve x3 = 12y, find the interval of values of x for
which the abscissa changes at a faster rate than the
ordinate?

Given x> = 12y, differentiating w.r.t. y

2
ey L X
dy dx 4
Now abscissa changes at a faster rate than the ordinate,
Y
dx :

= |x3|<4,x#20 =>-2<x<2,x#0=>x e (-2,2)— {0}

IMPORTANT POINTS |

If a quantity y varies with another quantity x, satisfying

then we must have

d
some rule y=f(x), then d_z or (or f ' (x)) represents the rate

dy
of change of y with respect to x and dx} (or f'(xg))
X=X()

represents the rate of change of y with respect to x at x =

A function fis said to be (a) increasing on an interval (a, b)
ifx; <x,in(a, b) = f(x,) < f(x,) forall x;, x, € (a,b).
Alternatively, if f' (x) > 0 for each x in (a, b).

(b) decreasing on (a,b) if x, <x,in(a, b) = f(x,) > f(x,) for
allx;, x, € (a, b). Alternatively, if f' (x) < 0 for each x in (a,
b)

The equation of the tangent at (X, y,) to the curve y = f(x)

d
is given by Y—Yoz_y (x—=xq)

dx lxo,yo)

d
If d_y does not exist at the point (X, y,), then the tangent
X

at this point is parallel to the y-axis and its equation is x =

Equation of the normal to the curve y = f (x) at a point
-1

"

X Jxg.50)

Let y = f (x), Ax be a small increment in x and Ay be the
increment in y corresponding to the increment in X, i.e.,
Ay=f(x+ Ax)—f(x). Then dy given by dy={"(x)dx or dy

(Xo-Yp) Is given by 'y -y = (x=xg)

= [?} Ax is a good approximation of Ay when dx = Ax is
X

relatively small and we denote it by dy =~ Ay.
A point ¢ in the domain of a function f at which either

f'(c)=0 or fis not differentiable is called a critical point of
f

B




(APPLICATION OF DERIVATIVES })

SOAL

ODM ADVANCED LEARNING

*

First derivative test : Let f be a function defined on an
open interval I. Let fbe continuous at a critical point ¢ in I.
Then :

(a) If /' (x) changes sign from positive to negative as x
increases through c, i.e., if f' (x) > 0 at every point
sufficiently close to and to the left of ¢, and f' (x) <0 at
every point sufficiently close to and to the right of c, then
¢ is apoint of local maxima.

(b) If £’ (x) changes sign from negative to positive as x
increases through c, i.e., if f' (x) < 0 at every point
sufficiently close to and to the left of ¢, and f' (x) > 0 at
every point sufficiently close to and to the right of c, then
¢ is a point of local minima.

(c) If f' (x) does not change sign as x increases through c,
then c is neither a point of local maxima nor a point of local
minima. Infact, such a point is called point of inflexion.
Second derivative test : Let fbe a function defined on an
interval I and ¢ € 1. Let fbe twice differentiable at c. Then
(a) x=cis apoint of local maxima if f' (¢) =0 and f"(c) <O0.
The values f(c) is local maximum value of f.

(b) x=cisapoint of local minima if f"(c) =0 and f"(c) > 0.
In this case, f(¢) is local minimum value of f.

(iii) The test fails if f"(c) = 0 and f"(c) = 0. In this case, we
go back to the first derivative test and find whether c is a
point of maxima, minima or a point of inflexion.

Rolle’s Theorem: If f: [a, b] — R is continuous on [a, b]
and differentiable on (a, b) such that f (a) = f (b), then there
exists some ¢ in (a, b) such that f'(c) = 0.

Mean value theorem: Iff: [a, b] > R is continuous on [a,
b] and differentiable on (a, b). Then there exists some c in

(a, b) such that f’'(c) = f®)-f@)
b-a

Increasing/Decreasing :

1. Iff’ (x) > 0 for all x in an interval I then f(x) is increasing

on the interval I.

2.Iff' (x) <0 for all x in an interval I then f (x) is decreasing

on the interval I.

3. Iff' (x) =0 for all x in an interval I then f (X) is constant on

the interval 1.

Concave Up/Concave Down :

1. Iff"" (x) >0 for all x in an interval I then f (X) is concave up

on the interval I.

2. If " (x) <0 for all x in an interval I then f (X) is concave

down on the interval 1.

dx|
ydy

dy
Length of Sub—tangent = ; Sub—normal = ‘yd—x‘ ;

Length of tangent = y

ey

Length of normal =

(@)

(b)

©

(d)
©

2.

Orthogonal trajectory : Any curve which cuts every
member of a given family of curves at right angle, is called
an orthogonal trajectory of the family.

Some common Parametric coordinates on a curve:

For x23 yz/ 3~ a%3 take parametric coordinate
x=acos’0 & y=asin’0.
For V/x + \/§=\/£ take x =acos*0 & y=asin*0.

n n
X

K1 + Z—n =1 taken x= a (sin0)*" & y=b (sin0)>'".
For ¢2 (x2+y?)=x2y? take x=csecO and y=c cosech.
Fory?=x3, takex=t%andy="1.

The tangent at P meeting the curve again at Q.

(Xpyy) / (X2,¥2)

Q

dyl _ya=-wi
= dxlp X, —Xx;

O

Different Graphs of the cubic:

y=ax>+bx2+cx+d
One real & two imaginary roots (always monotonic)Vx eR
Condition : f' (x) > 0 or f' (x) <0 together with either f'(x) =0
has no root (i.e. D <0) or f' (x) =0 has a root x = a. then
f(a)=0.

iInflection
i point

Ve

(1) either f'(x) = 0 has no real root
or (i1)if f'(x) =0 has a root x = o then f(a) =0
e.g y=x—2x>+5x+4

y'=3x2-4x+5 (D<0)

y=(x-2)}

y'=3(x-2)2=0 = x=2,also f(2)=0

givesx=2, y(2)=0
Note: In this case if ' (x) =0 hasarootx=o and f (o)) =0
this would mean f (x) = 0 has repeated roots which is dealt
separately.
Exactly one root and non monotonic

f(xp)-f(x)>0
where x; & X, are the roots of f' (x) =0

B
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two concident Equation of the tangent at (x; , y;) is
3.  Three roots <

One different -¥1
Y=%17 a2 (x—xy)

This meets x-axis at a point given by

/ \ X 7y:%(xfx1):>x:x17a
The curve meets y-axis at (0, ¢)
f(xp) - f(x)=0 [ ﬂ)
4.  Allthree distinct real roots “o\dx =cla

(0,0
So, equation of the normal at (0, c) is

1
—c=-—— (x-0) = ax+cy=c?
y—c¢ </a (x-0) >ax+cy=c

Example2:

f(x)) - f(x,)<0 Xy <\ y n
where x| & x, are the roots of f' (x) =0 If the line —+< =2 touches the curve [—j + (—) =2
5.  Allthreeroots concident a b a b
at point (a, b), then find the value of n.

y
. ﬂ t. . t n n
| }n ection pom Sol' [ij " (X) _ 2
X a b
‘ / (1)

dy ala [b)n (x\"*
f'(x)=00rf'(x)<0 & f(a)=0 A P el (Y L;J
where ais aroot of f'(x)=0 n [Z)
eg y=(x-1)7> b\n
Note :
(1) Graph of every cubic polynomial must have exactly ) [ﬂ) __b
one point of inflection. Ny a

(i) Incase(4)if f(a), f(b), f(c)and f(d) alternatively
change sign.

So tangent to the curve at (a, b) is

p=_ 2 XY _,
y-b=-— (x-2) = —+7

ADDITIONAL EXAMPLES Example 3 :
Example1: Find the angle between the tangent to the curve y2 = 2ax
In the curve y = ¢ e¥/3, then — at the points where x = a/2.

(A) subtangent is constant. Sol. Wehave,y?=2ax (i)

(B) subnormal varies as the square of the ordinate. a 5, a

(C) tangent at (x;, y,) on the curve intersects the x-axis at Putx= 9 y"=2a (Ej =y=*a
a distance of (x; —a) from the origin .

(D) equation of normal at the point where the curve cuts - The points are (a/2, a) and (a/2, -a)

y-axis is cy + ax = c2. Differentiating (1) with respect to x, we get
Sol. (A,B,C,D). We have,y=c eX/a dy dy a

2y — =2a=> —=—
dy ¢ yu dy 1 y dx dx -y
——=—¢ => —=—YyV = =a = const.
dx a dx a dy/dx (a ] dy a a

= subtangent = const. tz? "Xy a =1=m, (say)
Length of the subnormal
a dy a a
d 2 At[—a—) L= ==
=y ﬁ =y. Y_ ¥ (square of the ordinate) 2 ‘dx y -a m, (say)
a a

Since m;m, = — 1, the two tangents are at right angles.

v
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Example4:
Find the equation of the one of the tangents to the curve
y=cos (x ty),—2n < x <27 that is parallel to the line
x+2y=0.

d
Y gin(x+y).[1 +dy/dx] (1)
dx

Since the tangent is parallel to x + 2y =0

Sol.

dy 1 ..
therefore X slope =— 5 Putting in (1)

sin (x +y)=1=sin(1/2)
scos(xty)=0 ..y=cos(x+ty)=0
sosin(xt+y)=1=sinx=1 - y=0

n  3n

5,77 as—2n<x<2m

Hence the points are [(—37)/2, 0] and [n/2, 0] where the
tangents are parallel to the line x + 2y =0,

The equation of tangents are :

X=

1 1
nyIfE (x+3n/2)andy70:fz x-n/2)
orx+2y+3m/2=0 andx+2y—-n/2=0

Example5:
Find the number of tangents to the curve y2—2x3 — 4y+8=0
that pass through (1, 2).

Sol. Differentiating w.r.tx,

dy

d dy  3x?
2y x24T =0 =
dx

dx = dx

.. The equation of the tangent at (a, ) is

y-2

3oc2

B-2

y-B=

(x-a)

30

It passes through (1,2) if2—f = B2

(1-a)

or(B—-2)2=3a2(a—1)

Also, (o, B) satisfies the equation of the curve
B—203-4p+8=0o0r(p—2)*=20°—4
(B-2)2=302(a—1)=2a—4

LooP-302+4=0

or (a—-2)(a2—a—-2)=0or(a-2)*(a+1)=0

Whena=2,(B-22=120rf=2+23

When a.=—1, (B —2)2=—6 or p = non real number
(o, B) has two values

Example6:
Find the co-ordinates of the point P on the curve y% = 2x3,
the tangent at which is perpendicular to the line
4x — 3y +2 =0 are given by [Slope of given line is 4/3]

6x> 4

dy _ox* ox* 4
"2y 3

Sol. dx 2y

=—1(m;/m,=-1)

ny=4x2ory?=16x*=2x3 y=0orl1/8

Ly=0,- = fromy = 4x2. Now L= at (0, 0) and
Ly = Y romy =—4x~. owdx Oa(,)an

1 1
hence rejected .. Required point is [8 n_E]

Example7:
Find the angle which the perpendicular from the origin on
the tangent makes with the x-axis for the curve whose
parametric equations are x = a sin30, y = a cos6.

Sol. dy =Y slope of the tangent = — cot®.

dx x

Hence slope of a line through origin and perpendicular to
the tangent is = tan 0 as mym, = -1
Therefore it makes an angle 0 with x-axis.

Example 8 :
Find the point of inflexion for the curve y= (x —a)", where
n is odd integer and n > 3.

2
Sol. Here —5 =n(n—1)(x—a)" >
dx
2
Yy _ _
Now — =0=x=a
dx
Differentiating equation of the curve n times, we get
dny dl’ly dn—l
=n! .atx=a, #0and =0,
dx" dx" dx"!

where n is odd. Therefore (a, 0) is the point of inflexion.

Example9:
Find the interval of increase of the function
f(x)=x—e*+tan (2n/7).

2n

We have : f(x) =x —¢*+tan [7] =>f'(x)=1-¢*

For f (x) to be increasing, we must have
f'x)>0=>1-e*>0=>e*<1
=x<0=>x € (-x,0)

Sol.

Example 10 :
If a function f (x) = cos | x | — 2ax + b is an increasing
function on whole number line, then find the value of a.

d
Sol. - -—cos|x|=-sinx, forx e R

dx
~f'(x)=—sinx—2a
Now f (x) is an increasing function, therefore
f'(x)>0=-sinx—2a>0

1 1
—a<-— E sinx :>a£—§

Evew
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Example 11 :

Ify=2x+arccotx+/n[./1,x2 —x], theny
(A) increases in [0, oo

(B) decreases in [0,00]

(C) neither increases nor decreases in [0, oo[
(D) increases in ]—, 0]

(A, D). We have

y:2x+cot’1x+log[1/1+x2 —X]

Sol.

dy 1 1

X
= =2 + x -1
2
dx 1+x7 14x2 —x [\/1+x2 }
CaxP+l 1 @xPa)-wIex

1+x% J14x2 1+ x>

dy 5 Sol.
Now, = 20 =@+~ 1,2 20

= 2x2+1)221+x2=4x4+3x220
Which is true for all real values of x.
..y increases for all real values of x.

Example 12 :
Find the height of the cylinder of max. volume that can be
inscribed in a sphere of radius a.
Sol. If a be the radius and h the height, then from the figure
r+ (h%/4) = a2

h?=4 (2> -r?) 5 -
2 1o
NowV:nrzh:n(a —Zh)
a (0]
2, 1 3) (i
= a“h——h
h n[ 4 A
dv 2 3.5
" d_h:n[a _Zh j =0 for max. or min.

This givesh=(2/./3 ) a
d?V/dh?=—-6h/4<0

Hence V is max. whenh=2a/ \/3

Example 13 :
Find the ratio of the altitude of the cone of greatest volume
which can be inscribed in a given sphere to the diameter of
the sphere.

Let h be the height of the cone C
and r be its radius.
~h=CL=CO+0OL=a+O0OL

..OL=h-a a

r=LA=/(0A? -0L?)
h-a

or r=/{a>—(h—a)’} B T A
= (2ah—h?)

Sol.

Sol.

1 1 1
V=3 nr2h:§ n(2ah—h?) h= 3 7 (2ah? —h3)

dy 2
a =(m/3) (4ah—3h“)=0 .. h=0or4a/3

h=0isrejected ..h=4a/3=(2/3) (2a)
h=2/3 (diameter)

Example 14 :

Tsint
For the function f (x) = ,[ ¢ dt,wherex>0,
0

(A) maximum occurs at X =nmw, n even
(B) minimum occurs at x =nm, n odd
(C) maximum occurs at X =nm, n odd
(D) Minimum occurs at X = nm, n even
(C, D). We have

X COSX —SIn X

and f''(x) = 5
X

sin x

£(0="

For maximum or minimum, f' (x) =0

sin x

= =0=sinx=0;x#0

Sx=nmn=1,23,.. (- x>0)

NTCOSNT—SsinnNm  COSNT (_1)n

Atx=nm, f'(x)= 3 = =
(I'ITC) nm

Extreme points arex =nm,n= 1, 2, 3..... where the maximum

occurs at X = 1, 37, 57,.... and the minimum occurs at x =

2m, 4w, 6m,....

Example 15:

Iff(x)=|x|+|x—1|+|x-2],then

(A) f(x) has minima atx =1

(B) f(x) has maximaatx =0

(C) f(x) has neither maxima nor minima at x =0

(D) f(x) has neither maxima nor minima at x =2

(A,C,D). wehave, f(x)=|x|+|x—1|+|x—2]|

-3x+3 , x<0
-x+3 , 0<x«l
] x+1, 1<x<2
3x-3 , x2>2
-3 s x<0
does not exist , x=0
-1 , 0<x<l1
does not exist x=1
=)= 1 , l<x<2
does not exist , x=2
3 , x>2

Clearly f (x) has minima at x = 1 and neither maxima nor
minimaatx=0andx=2.

B
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Example 16 :

Sol.

Find the greatest value of f (x) = (x + 1)1/3 —(x- 1)1/3 on
[0,1]
We have, f(x)=(x+ )!3—(x— I3

} (x=1)?3 —(x+1)?3
= 3(x%-1)23

1 1 1
f'x)=73 x+1)73 - NE

Clearly, f'(x) does not exist at x == 1

Now, f'(x)=0= (x— 1)¥3=(x+1)*3=x=0
Clearly f'(x) # 0 for any other value of x €[0, 1] .
The value of f (x) at x=01s 2.

Hence, the greatest value of f (x) is 2.

Example 17 :

Sol.

2 .2
Find the minimum value of (2~ ~2X~Dsin"x_

2 . 2
Lety= e(2X ~2x=Dsin"X anq y=(2x2 - 2x — 1) sin?x

du ) ) g
Now &:(ZX —2x—1)2sinx cosx + (4x —2) sin“x

=sinx [2 (2x2— 2x) cos X + (4x —2) sin x|

u
— =0=sinx=0=>x=nn
dx

dz—u—'i2222 1 +(4x—2)si
02 =sInx dX[ (2x=—2x—1) cosx + (4x—2) sinx]
+cos X [2 cosx (2x2—2x— 1)+ (4x —2) sinx]
d’u 2 2.2
Atx:nn,d—2:O+2cos nn(2n” nc—1)>0
X

Hence at x = nm, the value of u and so its corresponding
the value of y is minimum and minimum value = ¢ =

Example 18 :

Sol.

A wire of length 'a' is cut into two parts which are bent
respectively in the form of square and a circle. Find the
least value of the sum of the areas so formed.

Given4x + 2nr=a

1
A=x2+mr?= T (a—2mr)? + mr?

“w_ o a
o glvesrfz(n+4)
2
for which is +ive and hence minimum
r
Ax =2 Dmr= an  4a
XTazomr=as n+4 mn+4
2
a a
- : 22—
i AZXitrm=

Example 19:

Sol.

Water seeps out of a conical filter at the constant rate of
5 c.c./sec. The height of the cone of water in the filter is
15 cm, the height of the filter is 20 cm and radius of the
base is 10 cm. Find the rate at which the height of the water
decreases.

Let at any instant, the radius of the base and height of the
cone formed by the water in the filter be x and y respectively
.". Volume of water in the filter at that time is

L, x_10_1
Vfgnxy Buty 20 2
10

P M
20
X y
(6]
1 1 1, ny
=—y . V=-n—y  y=—1
=Y 3747 YT,

2
dv_moody my"dy dV o

d 1277 a4 dt de
dy
We are to find E,wheny: 15
2
5= O 4y
4 dt
dy 5x4 1 4
L= cm/sec.

“dt 15x15'7m  45m

Example 20 :

Sol.

Show that tan2x + 6 log sec x + 2 cosx + 4 > 6 sec X
for0<x<m/2
Let f(x) = tan?x + 6 log (sec X) + 2cos X + 4 — 6 sec x

6 :
£'(x)=2tanx secx + . secx tanx — 2sin X — 6sec X tan X
secx

2sinx 5 3
= 3 {1+3cos X —COS x—3cosx}
cos” X
2sinx
= 3 (1-cos x)?
cos’ X

Now, in (0, 7/2) ' (x) is positive and hence f(x) increasing.
Besides, £ (0)=0. Hence, f(x) is positive in (0, 7/2).
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Example 21 :
Find the tangent and normal for x23+y23=2at (1, 1).
B -1
2 3 4y3 '\ (x)3
Sol. )(2/3_;,_},2/3:2:> ELX +y yJ:OOI.yv:_ X
ly)
At(1, 1)y =—1

Equation of tangent y—1=-1(x—1)=>x+y=2
Equation ofnormal y—1=1(x-1)=x-y=0

Example 22 :
Find tangent to x =a sin’t and y = a cos3t at t = 7/2.
Sol. x=asin3t; y=acos’t

dy -3a cos’t sint

> =—cott
dx  3asin“t cost

n dy
At t=—, —
27 dx
Equation of tangent = y =0

=0 pointis (a, 0)

Example 23 :
Find the equation of the normal to the curve x2 =4y which
passes through (1, 2).

Sol. x2= 4y 2x =4y'
2

Xl Xl
' 1 & .

y 2 1 4

2
_ X} -
Normal: y—y, = — (X—X or y——="(X—X

Y=Y Xl( 1) Y= Xl( 1)
It passes through (1, 2)

2

-2
LTI P S
4 X] Xl

3 X12
x{ =8 =>x;=2 & YIZT:1
. -2
o Normalis y—1= EX (x=2)=2-x;x+ty=3

Example 24 :

Tangent at point P on the curve y2=x3

meets the curve

. . .. Mop S
again at point Q. Find ——— , where O is origin.

mOQ
Sol. Take P (t2, t3) and Q (T2, T3)
dy 3x2 (dyj 3
—=——or |5 |=73¢
dx 2y dx/ 2

T T24+t2+Tt

1 1. . . . P b _ =
Slope line joining P and Q is T2 ¢ T+t

-t

3 T2 442 + Tt

= Zt= or 3tT +3t2=2T2 +2t2+ 2Tt
2 T+t
—t mop
T=— —=-2
= 2 = mog

Example 25:
Show that for the curve by? = (x + a)* the square of the
subtangent varies as the subnormal.

Sol. by?=(x+a)3 or 2byy'=3(x +a)?
2by?  2(x+a
sT- Lo Y gy Y20
Yy 3(x+a) 3(x+a) 3
3(x+a)’ 3(x+a)’
SN.=yy'=y = = ST2 SN
2by
Example 26 :

Show that at any point on the hyperbola xy = c¢2 , the
subtangent varies as the abscissa and the subnormal varies
as the cube of the ordinate of the point of contact.

Sol. xy=c? = xy'+y=0 or y’:_Ty
2 2 3
Y T A AE—
ST= ¥ —X, SN=yy N 2 y .
Example 27 :
Match the following :
Column-I Column-II
(A) Ifthe parabola y2 =4ax, a> 0 cuts the ~ (P) 42
hyperbola xy = /2 at right angles, then
a=
(B) Ifthe curvesay +x2=7,a>0and x> =y (Q) 2+/2
cut orthogonally at (1, 1), thena=
(C) Ifthe curves y>=4xandxy=a,a>0cut (R)1/2
orthogonally, then a =
(D) Curves 2x =y2?and 2xy=a, a>0 cut S)o6
each other at
right angles, then a =
Sol. (A)-R,(B)-S,(0)-P,(D)-Q
(A) Given curves are, y2 =4ax .. 1)
andxy=2 .. ¥)
dy dy _2a
From (1), 2y&—4a Cwy 3)
d d
From(Z),y+x&y:O:> d—z=§ ....... 4)

Putting the value of y from (2) in (1), we get

=
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2 — 3_
X—2—4aX:> X _Z

For curves (1) and (2) to cut at right angles,

(2a) [1] 3 5 |1

L yJ = —1=2a=x;8a’=x ~ [From (5)]
= l6a*=1 = a=1/2 [ a>0]

(B) Givencurvesareay+x2=7 ... 1)
andy=x> . ()]
rom (1), x_ a 3)
d

From (2), &y =32 . 4)

For curves (1) & (2) to cut each other orthogonally at (1,1),

——):3=—1 = a=6.
a

(O) Givencurvesare,y?=4x .. (1)
andxy=a L. 2
dy dy _2
From (1), ZY& =4 . xy 3)
dy
From(2), 1-y+x—=0
dx
dy __y
% % e 4)

Putting the value of y from (2) in (1), we get

2

a
—2:4x = a?2=4x3
X

~a_dy -a a
From (2), Y—;ia—x_z ['.'from(Z),y:;]

) (@), 2202

dx 2 x
For curves (1) and (2) to cut each other orthogonally,
-2

any curve (1) for curve (2) a

i -1 = x=2. [From (6)]
From (5),a= 4+/2 [~-a>1]
(D) Givencurvesare,y>=2x e 1)
andxy=a2 L. 2)
dy_1
From (1), x y 3
d d
From(2),y+x =~ =0= 2 =% . @)
dx dx X
[ﬂ) [&j _o!
dx dx X e 5)

for curve (1) for curve (2)

Putting the value of y from (2) in (1), we get
a2

) =2x=83=a2 = ... (6)

For the two curves to cut each other at ight angles,

fl:—l =>x=1
X

From(6),a2:8 = a:2\/§.

Example 28 :
Find intervals of monotonicity of following functions :
(a) f(x)=x*—8x3+22x2-24x+7

B 2x
(b) f(x)= Lo 52
(¢) f(x)=In(x*>-2x)
| x—1]

X2

d fx)=

Sol.(a) We have
f(x)=x*—8x3+22x2-24x+7, xeR
and f'(x) =4x3 - 24x2 + 44x - 24 =4(x— 1) (x - 2) (x—3)

-ve . tve —Ve

NANDZ

x=1 x=3

. tve

»
'

From the sign scheme for f'(x), we can see that f(x)
From the sign scheme for f'(x), we can see that f(x)
strictly decreases in (-0, 1)

strictly increases in (1, 2)

strictly decreases in (2, 3)

strictly increases in (3, ).

2x
b) Wehavef(x)= — 5 ,xeR
(b) We have f(x) L2 X €

(1+x2)2-2x (2x) 2 (x? -1
(1+x2)? C (1+x%)?

and f'(x) =

2 (x+D)(x-1)
(1+x2)?
From the sign scheme for f'(x), we can see that f(x)
strictly decreases in (-0, 1)
strictly increases in (—1, 1)
strictly decreases in (1, )

-ve  ftve | —ve
-1 1
\/X_l\

x=-1
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(d)

(c) We have f(x)=In(x2—2x), x € (0, 0) U (2, )
2x-2  2(x-1)

x2-2x  x(x-2)

From the sign scheme for f'(x), we can see that f(x)

and f'(x)=

—ve +ve

0 1 2
x=0 x=2

)

strictly decreases in (-0, 0) U (1, 2)
strictly increases in (0, 1) U (2, o).
Also, we can see that £(07)=—0 and f(27)=—o.

(x=1

XZ

x—1

X2

Wehave f(x)= — , Xx<1 and f(x)= ,x2>1

c —2+ 1 X—2 : i 2-X
' -t —=— < J —
(%) X3 2 x3 » X and f'(x) x3

,x>1

Now, from the sign scheme for f'(x), we have
= f(x) strictly increases in (— o, 0)
tve ~—ve ~tve = —ve
0 1 2 g
strictly decreases in (0, 1)
strictly increases in (1, 2)
strictly decreases in (2, ).

Example 29 :

Sol.

If ¢(x)=1f(x)+f(1 —x)and f"(x) <0 in (- 1, 1), then show
that ¢(x) strictly increases in (0, 1/2).

Wehave ¢p(x)=f(x)+f(1-x)and$'(x)=f"(x)—f'(1-x)
which vanishes at points given by x=1-x i.e. x=1/2
f'"x)<0 = f'(x)isdecreasing for x€(0,1/2)
ie.1-x>x = f'(1-x)<f'(x)

hence ¢'(x)>0 V x € (0, 1/2)

Hence, ¢(x) strictly increases in (0, 1/2).

Example 30 :

Sol.

Find the image of interval [-1, 3] under the mapping
specified by the function f(x)=4x3—12x.
f'(x)=12x2-12 =12 (x2—1)

f'x)=0 at x==1, f(-1)=8,f(1)=-8

f(3)=72 = greatest value is 72 and least value is —8.

Example 31 :

Sol.

Find the range of the following functions

fx)=vx=-3+2VJ5-x

We have f(x) = Vx -3 + 24/5—-x

whose domain is X € [3, 5] and its derivative is
1 VS5—-x-24x-3

1
=0 x—3 oox  2/x—35-x

Now, solving

J5—x >2x =3 1e.5—x>4(x—3)given x<17/5.
Hence, we have
Vxe (3,175 &f'x)<0Vx e (17/5,5)
= f(x) strictly increases in (3, 17/5) and strictly decreases
in(17/5,5).
Now, we have

f3)=22.15)=2

17 17 17
f[—] :\/——3 +2\/5—— =+/10
5 5 5

Hence, the range is y € [\/5, x/ﬁ]

and

Example 32 :
Find the range of the following functions

x4—x2—2x+8

f(x)=
xt-x?-2x+4
x4—x2—2x+8 4
Sol. f(x)= 7 =1+

x*—x?-2x+4 x*—x2-2x+4
. 4
x2-D?+(x-1)*+2

Let g(x)=(x2—1)2+(x—1)2+2, whose least value =2

and greatest value =

4
Thus, we have for f(x) greatest value =1+ 5= 3

4
and leastvalue=1+ — =1.
o0

Also, f(x) is continuous and defined on R. Hence, the range
of f(x),is y € (1, 3].

Example 33 :

2
Show that In (1 +x)>xfx7 V x € (0, )

2

Sol. Consider the function f(x)=1In (1 +x)—x+ X? ,x € (0, )

1 2
Then f'(x)= ———1+x= —— >0 ¥ x & (0, 0)
1+x 1+x

= f(x) strictly increases in (0, )

2
= f(x)>f(0")=0ie In(1+x) >xf"7

which is the desired result.

B
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Example 34 : Example 37 :
Show that the equation x> —3x—1=0 has a unique root ax+b
in[1,2]. The function y = —————— has turning point at
Sol. Consider the function (x-D(x-4)
fx)=x-3x-1, xe[1,2] P (2, 1). Then find the value of a and b.
1) = §x4
andf(x)—S.x f'3>0Vx.e[1,2] ax+b ax+b . .
= f(x)striclty increasesin[1, 2] Sol. y= == has turning point at
Also, we have 7 2 X (x-D(x-4) x*-5x+4
f()=1-3-1=-3 1,-3) P(2,-1)
and f(2)=32-6-1=25 = P(2,-1)liesonthe curve = 2a+b=2 ...
From the shape of the curve shown alongside, we can see dy
that the curve y = f(x) will cut the X-axis exactly once in Also x O0atP(2,-1)
[1,2]i.e.f(x) will vanish exactly once in [1, 2] X
dy a(x®>-5x+4)—(2x—-5) (ax+b
Example35: X (x x 2) (2x -5) (ax + b)
dx (x“—=5x+4)
X
Provethat—1+x<ln(1+x)<xVx>O dy —2a+2a+b
At PQ2,-1), —=——"""=0
X dx 4
Sol. Consider the function f(x)=1In(1+x)— < x >0. = b=0 =a=1 [fromequation (i)]
X X Example 38 :
Then f'(x) = >0Vx>0

1+x (1+x)?  (1+x)?
= f(x) strictly increases in (0, )

X
= fx)>f(0H=01ieln(1+x)> Tex which proves the
LHI. Now, consider the function g(x)=x—In(1+x),x>0

X

Th 'x)=1- = >0Vx>0
en g’ I+x 1+x X
= g (x) strictly increases in (0, 00) = g (x) > g (0") =0
i.e. x>In(1+x)  which proves the RHI.
Example 36 :
x? , x<0 _ .
If f(x)= 2sinx, x>0 ° investigate the function at

x =0 for maxima/minima.
Analyzing the graph of f (x), we get x =0 is a point of

Sol.

YA

2
/\—— y=2sinx
y =X —\ !

o]

1 X
Find the maximum value of f(x)= (;j

X X 1
Sol. f(x):[iJ = f‘(x)z[i} [ln;—lj

1 1 1
fx)=0= In—=1 = —=e= x=-—
X X (5]

1 1
Also for x< e f'(x) is positive and for x > P f'(x) is

negative. Hence,x = 1/e is point of maxima.

Therefore, the maximum value of function is e e

x' » X
. 1 .
1 X Lim xIn (7) — Lim xInx 0
Also Lim|—| =ex20 " =Ze x20  =¢Y =]
x—>0\X

1 X
Lim(—] =1.
x—>0\X

E
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Example 39:

Sol.

Find the greatest and least values of function
—X, -1<x<0
fO=12-x-1%,  o0<x<2 -
()= —X, -1<x<0 d
=12 (x =12, 0<x<2
N et B -1<x<0
f'(0= {—2x(x—1), 0<x<2

Thus, the points at which f(x) may have extreme values,
are the critical pointsx=0,1 [f'(1)=0 and f'(0) =DNE]
and the end points x=—1,2
Now, f(=1)=1,f(1)=2andf(2)=1.
Since f'is discontinuous at x = 0, we also need to find the
limiting values of f(x) asx — 0.

) —0,f(0") - 1 and f(0) =1
the largest and the smallest among the above six values
are 2 and 0 respectively. Hence, the greatest value is 2 but
the least value does not exist since the function
approaches 0 but is never equal to 0.

Example 40 :

Sol.

Find greatest and least values of

a’? b’
fx)=—+—,x€(0,1)(a,b>0).
x 1-x

2 2
f(x)= 2+
x 1-

,xe(0,1)

e b?
T

which exists everywhere in (0, 1) and vanishes at points,

b2 a’

ivenby ———=—5 .
given by )

2(1_x)2 =h2x2
(l—xz) a® (1 -x)*=b=x

a
ie. a(l-x)=bxie. x=—7
ie. a(l-x)=bx ie. X ath
To find the greatest and least value, we need to check the

a
0,17, ——
a

| ff(x)atx= .
values of f(x) at x b

a
We have £(07) — + o0, f(17) —>+ooand (m] =(a+b)?

Hence, we have, least value = (a + b)?
and greatest value does not exist.

Example41 :

Find greatest and least values of
(a+x) (b+x) x>
(c+x)

f(x)=

Sol.

(a+x)(b+x)

Wehave f(x)= (0t %)

€ (-c,)

(c+x) (2x+a+b)—[x° +(a+b)x +ab]

and f'(x)= (c+x)2

2
_X +2cx +ac+bc—ab .x e (¢, )

(c+ x)2

which vanishes at points given by
x2+2cx+ac+bc—ab=0

Le. x=—c+ \/cz—(ac+bc—ab)

=—c=x . /(a—-c)(b—c)
Thus, the expression for f'(x) can be written as
(x-a)(x—-P)

(c+x)
choosinga=-c¢ — /(a—c¢) (b—c) and
=—c+ 4/(a—c)(b—c)

The critical point x = a is of no interest since it does lie in
the interval (— ¢, ).
Now, we have f(—c") — oo, f(0) —

(a—c+4(a—c)(b—c))(b—c+4/(a—c)(b—c))
c—c+4f(a=c)(b—-c)
(a—c)b—c)+(a+b—-2c)y/(a—c) (b— c
+(a—c)(b-
J@a-c)(b-c)

f'(x)=

f(B)=

=2{(a-c)(b-c)+a+b-2c

=a—c+b-c+ 2/(a—c)(b-c)

(o)

Hence, we have

2
Least value = (\/(a —c) ++/(b— c)) and greatest value

does not exist.

Example 42 :

Sol.

Rectangles are inscribe inside a semi-circle of radius . Find
the rectangle with maximum area.

Let us choose co-ordinate system with origin as centre of
circle. Area, A=xy

= A=2(rcos9)(rsin0),0 (0, n/2)

= A=r2sin20

A is maximum when sin20=1 = 20=n/2 = 6=mn/4

B
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(-r cos 6, r sin 0) (r cos 0, 1 sin 8)

o
T,.
<

y
y

(0,0
le—— x —3»i

Sides of the rectangle are

T s T

2rcos[z] =21 and rsin (Zj = E

Example43 :
The tangent to the parabola y=x2 has been drawn so that
the abscissa x;, of the point of tangency belong to the
interval (1, 2). Find x,, for which the triangle is to be
bounded by the tangent, the axis of ordinates, and the
straight line y = X02 has the greatest area.

d
—y:2x

dx

/

= Equation of the tangentat (x;, xoz) is

y ,XOZ =2xq (X=X)-

It meets y-axis in R (0, —x,2). Qs (0,x,?)
= Z=area of the triangle PQR

1 2
— —v 3
22X0x0—x0 ,1<x,<2

Sol. y=x2,

R

z ) .
E —3X0 >01in ISXOSZ
= Zis an increasing function in [1, 2]
Hence, Z, i.e., the area of APQR is greatest at x, = 2.

Example 44 :

A sheet of area 40 m? is used to make an open tank with
square base. Find the dimensions of the base such that
volume of this tank is maximum.

Let the length of base be x m and height be y m

Volume V =x2y

Again x and y are related to the surface area of this tank
which is equal to 40 m2.

Sol.

40— x2
= XC+dxy=40=y= 0-x ,
4x

x € (0, +/40)

(40—x2\ 40x - x°
—2 _
= VX)=x k i J— 2

y
Maximizing volume,
~3x2 40
V'(x)= 40=3x7 =0 = x= S m
! \/@
andV(x):T: \% L 3J<0
40

= volume is maximumatx = ,[— m.

3

Example4S:

If a right-circular cylinder is inscribed in a given cone.
Find the dimensions of the cylinder such that its volume is
maximum.

Let x be the radius of cylinder and y be its height
Volume V = nix2y

X, y can be related by using similar triangles

L
S e G

Sol.

r—Xx

= V(x)=nx2 % (r—x),x € (0,r)

»]
>

l

|
p}

<

th mh
= V(X)IT(rx -X)= V’(x):Tx(2rf3x)

V'(x)=0 = x=2r/3

mth 2r
Also  V"(x)= T(Zr—6x) =>V" 3 <0

2r h
This volume is maximum when, x = 3 andy= 3

B
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Example 46 : Example 48 :

Find the value of a if x3 —3x +a =0 has three real distinct Find the set of value of m for the cubic

roots. 3 5
Sol. Let fix)=x>-3x+a x3— =x2+ = = log)/4(m) has 3 distinct solutions.

Let fi(x)=0= 3x2-3=0 =x==1 2 2

For three distinct roots, f(1) f(—1) <0 3 5

= (1-3+a)(-1+3+a)<0 Sol. Consider y:X375X2+5

= (a+2)(a—-2)<0

N d
= —2<a<2 Y 32 3x=3x(x—1)=0 = x=0 or |

dx
Example 47 : )
Prove that three exist exactly two non-similar isosceles d2y d7y )
triangle ABC such that tan A + tan B + tan C = 100. dx_2 =6x-3 ;5 2 S =—3 ie <0
Sol. Let A=B, then2A+ C=180° and 2 tan A+ tan C =100 ) =
Now 2A+C=180° = tan2A=—tanC ... = maximumatx =0
Also 2tanA+tanC=100 dzy
= 2tanA-100=—tanC ...(i) dX_2 =is3 ie.>0 = mimimum
2tan A x=1 y
From (i) and (ii), 2 tan A— 100 = —1 e A Hen.ce. the graph of .th? 5/
cubic is now for 3 distinct 1O\
2x roots
Let tan A=x, then 2 =2x-100 §<101g1/4(m)<55//22 1
<— <
= x3-502+50=0 e () <32 |
) =x3 — 50x2 +50. Then £'(x)=3x2— 100x. Thus £'(x) —3/2 <logy(m) <~ 1 ' X
Let fix)=x : : 1/32<m< 1/16 /‘ 1

100 100
=0 hasroots 0, ES .Also f(0) f 3 )< 0. Thus f(x)=0

has exactly three distinct real roots. Therefore, tan A and
hence A has three distinct values but one of them will be
obtuse angle. Hence, there exist exactly two non similar
isosceles triangles.

[¢
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CHAPTER 6 : APPLICATION OF DERIVATIVES

EXERCISE - 1 [LEVEL-1]

Q.1

Q2

Q3

Q4

Q5

Q.6

Q.7

Q8

Q.9

Q.10

PART -1 - TANGENT AND NORMAL

P is the point of contact of the tangent from the origin to
the curve y =log x. The length of the perpendicular drawn
from the origin to the normal at P is

(A)1/2¢ B)1/e

(©) 2ve? +1 (D) Ve? +1

For the curve 4x> = 5y*, the ratio of the cube of the
subtangent at a point on the curve to the square of the
subnormal at the same point is —

(A)x (4/5)* (B)y (5/4)*

(OIC (D) (5/4)*

The angle between y2 = 4x and x2 + y2 = 12 at a point of
their intersection is —

(A) tan~! (1/2) (B) tan"! 22

(C)tan~!2 (D) tan~! V2
Length of the subtangent at (x;, y;) on x" y™ = a™ o
m,n>0,is—

n n
(A) ;|X1| (B);Xl

m n
(C);|X1| (D);l}ﬁl

The length of the sub-tangent, ordinate and the sub-
normal are in—

(A)AGP (B)A.P.

(©OHP (D)GP.

If sin! a is the acute angle between the curves
x2+y?=4xand x?+y?=8at(2,2),thena=

(A1 ®)0

© 1/42 (D)~3/2

If the length of the sub-tangent at any point to the curve
xy™ = a is proportional to the abscissa, then ‘n’ is —

(A) any non-zero real number B)2

©)-2 D)1

1
Slope of Normal to the curve y = x? -— at (-1,0)is -
X

(A) 1/4 (B)-1/4

©) 4 (D)-4

Ify =4x — 5 is tangent to the curve y2 = px> + q at (2, 3),
then

(A)p=2,q=-7 B)p=-2,9=7
©p=-2,9=-7 D)p=2,q=7

Ifx +4y= 14 is a normal to the curve y> = a.x> —  at (2, 3),
then the value of o + 3 is —
(A)3

©)2

B)7
D)9

Q.11

Q.12

Q.13

Q.14

Q.15

Q.16

Q.17

Q.18

Q.19

Q.20

The length of the subtangent at any point of the curve
XMy = g™+ j5 proportional to —

(A) ordinate (B) abscissa

(C) (ordinate)™ (D) (abscissa)®

The distance between the origin and the normal to the
curve y = e2X + x2 at the point whose abscissa is 0, is —

(A) 1/45 B) 2//5
©) 3/5 (D) 2/3

If the line ax + by + ¢ = 0 is a normal to the rectangular
hyperbola xy = 1, then —

(A)a=0,b>0 (B)a<0,b<0ora>0,b>0
(C)a>0,b<0 (D)a<0,b>0

The length of subtangent to the curve x2y? = a* at the
point (—a, a) is
(A)3a

©)a

The line 2x +~/6y =2 is a tangent to the curve

(B)2a
(D)4a

x% — 2y% = 4. The point of contact is
(A) (4,-/6) (B) (7,-27/6)
©)(2,3) (D) (V6,1)

The point of the curve y2 =2 (x — 3) at which the normal
is parallel to the liney —2x+1=01is

(A)5,2) (B)(-1/2,-2)

©)(,-2) (D) (3/2,2)

The equation of tangent to the curve y =2 cos x at
x=m/41is

4 y—T=23(x-] ) y+Z=E(x+2)

©y~1=~2(x-1) ®ya=v2(x-2)

The point on the curve y2 = x, where tangent makes 45°

angle with x-axis, is —

11 11
N o5
©)4.2) D), 1)

PART -2 - MONOTONICITY

The set of real values of x for which f (x) = 0 x

. L 0gXx
increasing, is —

(A) {x:x>e} (B) empty

(©) {x:x<e} D) {1}

The function f (x) = §+§ decreases in the interval
(A)(3,3) (B) (—0,3)

(© B, x) D) (9,9

Eyre
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Q.21

Q.22

Q.23

Q.24

Q.25

Q.26

Q.27

Q.28

Q.29

Q.30

Q.31

Q.32

If f(x)= x> —6x%+9x+3 be a decreasing function,
then x lies in

(A) (=0,=1) N (3,0)
(© (3,0

The function f(x) = tan~' (sin x + cosx) ,X>0is always

B)(1,3)
(D) None of these

an increasing function on the interval

(A) (0, m) (B)(0,m2)

(C)(0,m4) (D) (0,31/4)

2x3 +18x% —96x +45 =0 is an increasing function
when

(A) x<-8,x2>2 B) x<-2,x28
(C)x<-2,x28 (D) 0<x<-2

f(x)=(x—2)° (x + 1)* is decreasing in interval (—1, 1/A).
Find the value of A.

(A)3 ®)7
©2 D)9

. asinx+bcosx . . .
Function f (x) = ————————— is monotonic decreasing

csinx +dcosx

if
(A)ad—bc<0 (B)yad—bc>0
(C)ab—cd<0 (D)ab—cd>0

If function f(x) = kx3—9x2+ 9x + 3 is monotonic increasing
in every interval then

(A)k<3 B)k<3
(©)k>3 (D)k>3

The function f (x) = x!/X is increasing in the interval
(A) (e, ) (B) (=0, ¢)

©)(-¢,¢) (D) None of these

f(x) =x3+ax? +bx+ 5sin?x is an monotonically increasing
function in the set of real numbers if a and b satisfy the
condition —

(A)a2-3b—-15<0 (B)a2—3b—15>0
(C)a2-3b+15<0 (D)a>0,b>0

The function sin x —bx + ¢ will be increasing in the interval

(-0, ) ,if
(A)b<1 (B)b<o0
(O)b<-1 D)b=0

PART -3 - MAXIMA AND MINIMA

A wire of length 20cm is bent in the form of a sector of a
circle. The maximum area that can be enclosed by the
wire is —

(A)20sqg.cm (B)25sq.cm
(C)10sq.cm (D)30sq.cm

The sum of two positive numbers is given. If the sum of
their cubes is minimum, then —

(A) one is thrice the other  (B) they are equal

(C) one is twice the other (D) they are unequal

The perimeter of a sector is a constant. If its area is to be
maximum, then the sectorial angle is

(A)2° (B) /6

(C)nc/4 (D)4

Q.33

Q.34

Q.35

Q.36

Q.37

Q.38

Q.39

Q.40

Q.41

Q.42

Q.43

The maximum value of xe ™ is

(A)-1/e B)e

O 1/e (D)—¢

The maximum area of a rectangle that can be inscribed in
a circle of radius 2 units is —

(A) 81 sq. units (B) 4 sq. units

(C) 5 sq. units (D) 8 sq. units

On the interval [0, 1] the function x2° (1 — x)7? takes its
maximum value at the point.

(A0 B)1/4

©12 (D)1/3
X2 —3x+2

The function f(x) = —5——— isequal to
X“+2x-3

(A) min. atx =-3, max. atx =1

(B)max.atx=-3

(C) Increasing in its domain

(D) Decreasing in its domain

The value of a in order that f (x) =sinx —cos x —ax + b
decreases for all real values is given by —

(A) a>+2 (B) a<+2

(C)ax1 (D)a<1

The function f(x) =1 +x (sin x) [cos x], 0 <x < 7/2
(where[.]is GLF.)

(A) is continuous on (0, 1/2)

(B) is strictly increasing in (0, 7/2)

(C) is strictly decreasing in (0, 7/2)

(D) has global maximum value 2

Let f(x) = |’1(|’0<_|X|S2,thenatx:0 f has

,x=0
(A) Alocal maximum (B) No local maximum
(C) Alocal minimum (D) No extremum
The total revenue in Rupees received from the sale of x
units of a product is given by R(x) = 3x2 + 36x + 5. The
marginal revenue, when x =15 is
(A)116 B) 9%
(€©)9%0 (D) 126
The sum of two numbers is fixed. Then its multiplication
is maximum, when
(A) Each number is half of the sum
(B) Each number is 1/3 and 2/3 respectively of the sum
(C) Each number is 1/4 and 3/4 respectively of the sum

(D) None of these

The minimum value of the expression 7 — 20x + 11x2 is
177 w177

(&) 3 B) -7

o B 0B

© -1 D) 77
Letf(n)=20n-n2(n=1,2,3, ........ ), then —

(A)f(n) >wasn—>ow

(B) f (n) has no maximum

(C) the maximum value of f(n) is greater than 200
(D) The maximum value of f(n) is 100

=yre
I 244




(APPLICATION OF DERIVATIVES })

QUESTION BANK

SOAL

ODM ADVANCED LEARNING

Q.44

Q.45

Q.46

Q.47

Q.48

Q.49

Q.50

Q.51

Q.52

PART -4 -RATE OF CHA E
OFVARIABLE
A sphere increases its volume at the rate of « cc/s. The
rate at which its surface area increases when the radius is
1 cmis—

T 3n
(A) Esq. cm/s (B) o sq. cm/s

(C) msq. cm/s (D) 2w sq. cm/s

If a ball is thrown vertically upwards and the height s
reached in time t is given by s = 22t — 11t2, then the total
distance traveled by the ball is —

(A) 22 units (B) 44 units

(C) 33 units (D) 11 units

A stone is dropped into a quiet lake and waves move in
circles at the speed of 5 cm/sec. At that instant, when the
radius of circular wave is 8 cm, how fast is the enclosed
area increasing?

(A) 6w cm?/s (B) 8w cm?/s

(C) (8/3) cm?/s (D) 80m cm?/s

A balloon which always remains sphereical is being
inflated by pumping in 10 cube centimeters of gas per
second. Find the rate at which the radius of the balloon is
increasing when the radius is 15 cms.

1 1
(A) ——cm/sec (B) — cm/sec
on

907

1 1
(C) —— cm/sec (D) - cm/ sec

30w
PART -5 - MISCELLANE
The equation sin x + x cos x = 0 has at least one root in —
(A) (-1/2,0) (B)(0,m)
(©) (m,3m2) (D) (0,m2)
Function f(x) = cos x — 2Ax is monotonic decreasing when
(A)YA>1/2 B)A<1/2
Or<2 (D)A>2
Ifa? x* + b? y* = ¢4, then the maximum value of xy is
A — B ¢
(A) Jab B) 7 Jab
o) — Dy <
© 2:/ab ) 2ab

The curve represented parametrically by the equations
x=2Incott+1 &y=tant+cott

(A) tangent and normal intersect at the point (2, 1)

(B) normal at t=m/4 is parallel to y—axis

(C) tangent at t=mn/4 is parallel to the line y=x

(D) tangent at t=m/4 is parallel to x —axis

The maximum value of (x — p)2+(x — q)* + (x — )% will be at
x equal to-

a) ()3 Japr
(C) qpr (D) p? + ¢ +12

Q.53

Q.54

Q.55

Q.56

Q.57

Q.58

Q.59

The value of 0, 0 € [0, /2] for which the sum of intercepts

on co-ordinate axes by tangent at point(3 /3 cos 6, sin

2
0) of ellipse )2(—7 +y2=1 is minimum, is :
(A) /6 (B) w4
(©O)yw3 D)2

Let the function f (x) be defined as follows :

x3+x2—10x, -1<x<0

f(x)= COSX , 0<x<—=
n 2 Thenf(x)has—

1+sinx ,ESXSTE

(A) alocal minimum at x = 7t/2
(B) alocal maximum at x = 1t/2
(C) absolute minimum at x =— 1
(D) absolute maximumatx =m

2 2
If a—2+ :),—2 =1 (a>b)and x2 - y2=c? cut each other at
right angles, then —
(A) a2 + b2 =2¢2 (B) b2 —a2 =22
(C) a2 —b2=2¢? (D) a2 b%=2¢?
The greatest area of the rectangular plot which can be
laid out within a triangle of base 36ft. & altitude 12ft.
equals (Assume that one side of the rectangle lies on the
base of the triangle)

(A)90 (B) 108

©)72 (D) 126
sinz, 0<x<l

f(x)= 2 , then

3-2x, x2>1

(A) f(x) has alocal minimum at x = 1

(B) f(x) has alocal maximum atx = 1

(C) f(x) does not have any local maximum or minimum at
x=1

(D) f(x) has a global minimum atx =1

For the curves, x> + 2 = 3xy2 and y> + 2 = 3x%y which of

the following are true?

(1) They are orthogonal.

(i) They are symmetric with respect to the axes of

coordinates.

(ii)) They are reflections of each other with respect to
y=X.

(A) (i) Only (B) (i) and (iii) Only

(C) (i) and (iii) Only (D) (i), (i) and (iii)

A curve y = f (x) passes through the point (4, 3) and the
normal to the curve at the point happens to be a tangent
to the circle x2 + y2 =25. The value of f' (4) is

(A)-3/4 (B)3/4

(C)4/3 (D)-4/3
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Q.60

Q.61

Q.62

Q.63

Q.64

Q.65

Q.66

Q.67

Q.68

Q.69

Let f: R — R be a function such that
fx)=x3+x2f'(1)+xf"(2)+f"(3) ¥ x € R. Then
f(x)=0has—

(A) Three real and distinct roots

(B) Three real roots of which two are equal

(C) Two imaginary roots

(D) Three real and coincident roots

The interval in which f(x) =2 sin x + tan x — 3x increases is
(A) (—1/2,0) (B) (0, /2)

(©) (2, 1/2) (D) (m/2,37/2)

Let the function g : R — (-1t/2, 7/2) be given by
g(ty=mn/2-2cot™! (37%). Then g is —

(A) even and is strictly increasing in (— oo, ©)

(B) odd and is strictly decreasing in (— oo, 0)

(C) even and is strictly decreasing in (— oo, o)

(D) odd and is strictly increasing in (— oo, o)

Let f{x) = cot ! [g (x)], where g (x) is an increasing function
for 0 <x<m. Then f(x) is

(A) increasing in (0, )

(B) decreasing in (0, 7)

(C) increasing in (0, 7/2) and decreasing in (1/2, )

(D) None of these

Suppose x| & X, are the point of maximum and the point
of minimum respectively of the function

f(x) =2x3-9ax?+12a%x + 1 respectively, then for the
equality xl2 = X, to be true the value of 'a' must be

(A)0 B)2
O1 (D) 1/4
{a, 8y, ey 8y e } is a progression where
2
a_ = ——— . The largest term of this progression is :
3 4200 g prog
(A) ag (B) a,
(©) ag (D) none

The largest possible value of the expression
y=+x—-2+243-x is—

(A)3 ®) 5

©2 D) 17

If the normal to the curve y = f(x) at the point (3, 4) makes
an angle 31/4 with the positive x-axis, then f'(3) =

(A)-1 (B) -3/4

(©)473 D)1
x—-1 x+1 2x+1

The function f(x)= | x+1 x+3 2x+3| has—
2x+1 2x-1 4x+1

(A) one point of maximum and one point of minimum
(B) one point of maximum only

(C) one point of minimum only

(D) none of the above

The normal at 2, 6 to the curve x =1 +t, y=2 + 4t has the
intercepts on the axes given by

(A)50,25/4 (B)50,25/2

(C) 48,25 (D) None of these

Q.70

Q.71

Q.72

Q.73

Q.74

Q.75

Q.76

Q.77

Q.78

Q.79

The function f(x) = cot ™! x + x increases in the interval
(A)(1,0) (B) (-1, )

(C) (o0, ) (D) (0, )

At a point (a/8, a/8) on the curve x!3 + y!13=al’3 (a>0)

tangent is drawn. If the axes be of length /2 , then find the

value of a.

(A1 B)2

(©4 D)8

Ifthe line ax + by + ¢ = 0 is normal to the curve xy + 5 =0,
then

(A)a>0,b>0 (B)b>0,a<0

(C) b<0,a>0 (D) none of these

If f(x) = x3 + ax? + bx — 5 cos? x is an increasing function
for all real values of x, then a and b satisfy the condition
(A)a2—3b-15<0 (B)a?—3b-15>0
(C)a2-3b+15<0 (D)az—-3b+15>0
f(x)=2x%—5x2+ 7 attains-

5

(A) A maximum of T6 atx = >

NG

. 87
(B) A minimum of 16 atx=— -

5
(C) Amaximum of ) atx= By

5

3
(D) Aminimum of ) atx= >

If a<b<c<d and x € R then the least value of the
function, f (x) = |x—a| + |x—b| + |x—c| + |x—d| is
(A) atc—-b-d (B) a+b+c+d
(C)c+td—a-b (D) atb-c—d
Maximum value of [sin x] + [cos X] is (where [.] represents
greatest integer function)

(A)0 ®)1

©2 D)3

The point on the curve y2 = x2 + ax + 25 touches the axis
of xare —

(A)£5 B)+10

O©)=+15 (D) none of these

If a function f(x) = cos | x | — 2ax + b is an increasing
function on whole number line, then the value of a is
(A)b (B)b/2

(C)a<-112 (D)a>-3/2

Statement 1 : The cubic equation x3 +2x2 +x + 5 =0 has
three real roots.

Statement 2 : The cubic equation x3 +2x2 +x + 5 =0 has
only one real root.

Statement 3 : The cubic equation x> +2x2+x + 5 =0 has
only real root o, such that [a] =-3.

Statement 4 : The cubic equation x3 +2x2 +x + 5 =0 has
three real roots a, B, v, such that [a] =-3, [B] =-2,

[y] =—1,(where [.] denotes the greatest integer function)
(A) TFFT (B)FTTF

(C) TFFF (D) TFTF

Y
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Q.80 Ifa>b>0,then maximum value of Q.89 Ifa variable tangent to the curve x2y = ¢ makes intercepts
b (a2 —b2)si a, b on x and y axis respectively, then the value of aZbis
thla OSSN yherex <[ 0.%] - (4)27¢ (B)@27)¢
a“sin“ x+b” cos” x 2 (C) 27/4) 3 (D) (4/9) 3
a2 — b2 Q.90 The slope of normal at the point with abscissa x =—2 of
(A) a2 — b2 (B) 5 the graph of the function f (x) = | x - | x | | is —
N (A)1/3 B)-1/3
© a’+b (D) None of these (©) 1/6 (D)-1/6
2 Q.91 Difference between the greatest and the least values of
Q.81 A truck s to be driven 300 km. on a highway at a constant the function f(x) =x(/nx —2) on[1, ¢2] s
speed of x kmph. Speed rules of the highway required (A)2 (B)e
that 30 < x < 60. The fuel costs Rs. 10 per litre and is (C) 2 (D)1
X2 Q.92 The true set of real values of x for which the function,
consumed at the rate of 2+ %00 litres per hour. The f(x)=xInx—x+ 1 is positive is —
. (A) (1, 0) (B) (1/e,0)
wages of the driver are Rs. 200 per hour. The most eco- (©)[e, %] (D) (0, 1)U (1, 0)
nomical speed to drive the truck, in kmph, is - Q.93 For which values of ‘a’ will the function
(A)30 B)60 5
(C) 30/3.3 (D) 20v3.3 f(x)=x*+ax’ + 3% +1 will be concave upward along
Q.82 The radius of a right circular cylinder increases at the _ ' 2
rate of 0.1 cm/min, and the height decreases at the rate of the entire real line
0.2 cm/min. Th36 rate of change of the volume of the (A) a €[0,) (B) a e(-2,2)
cylinder, in cm”/min, when the radius is 2 cm and the
height is 3 cm is © ael-22] (D) 2 €(0,)
(A)-2mn (B)—8n/5 ax
(C)-3n/5 (D) 2m/5 Q.94 Ifslopeof y= b_x at(1, 1) be2,thenb=
Q.83 Let x;=(tan0)°® x, = (cot0)*°? x; = (tan 0)'"® (A)0 (B)2
a6 O1 (D) None of these
and x, = (cot§)“"” where 0 <6 <n/4, then Q.95 Ifx andy are real numbers satisfying the relation
(A) X <Xy <xX3<Xy4 (B) X <x3 <X, <X, xz+y276x+8y+2420thenminimumva1ueof
(C)x; <x,<X3<X, (D) x| <Xy <Xy <X4 f(x)=log, (x* +y?) is—
Q.84 Maximum value of x2 In (1/x)is — (A1 B)2
(A)2e (B)e ©3 D)4
©) 1/ (D) 1/2e 7%
4 2 Q.96 The curve Y= Tox2 has —
Q.85 Letf(x)bedefinedas f(x)= {tan o=-5x7,0<x <1, +x
—6x x 21 (A) exactly three points of inflection separated by a point
f(x) can have a maximum at x = 1 if value of L is of maximum and a point of minimum.
(A)O B)-1 B) exac.tly two. points of inflection with a point of
©)-2 (D)—tan 1 maximum lying between them.
Q.86 The curve y — XY + x = 0 has a vertical tangent at — (C) exactly two points of inflection with a point of
(A)(1,1) B)(0,1) minimum lying b.etween.them. .
(©)(1,0) (D) no point (D) exactly three points of inflection separated by two
Q.87 Length of the tangent at t = /4 to the curve points of maximum.
x=a(cost+tsint), y=a(sint—tcost) (a>0)is Q.97 Iff(x)=2x3—-3(a+1)x2+6ax— 12 has maximum at x| and
minimum at X, and if 2x; = x, then value of ‘a’ is —
aal1-= Byal ~—1 (A)1 (B)1/2
@a(l-7 ®) 2l
©-1 (D)3
(©)a(n—-4) (D) None of these Q.98 Tangent of acute angle between the curves y = | x% — 1 |
Q.88 Ift, n,t', n'are the lengths of tangent, normal subtangent

and subnormal at a point P (x, y) on any curve y = f (x)
then

1 1 1
2 2 — g1t - =
(A)t°+n”=tn B) 22 o
(O)tn'=tn (D) nt'=n't

and y=+/7- x2 at their points of intersection is —

5\3 35

M= ®=
53 35
©) 4 D) 4

Eyrn
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Q.99 The difference between greatest and least value of

3
f(x)=2 sinx +sin 2x, x e{o,f} is—

33 33
Ry B
© % +2 (D) None of these

Q.100 The number of tangents to the curve x3/2 + y3/2 = 2232,

a> 0 which are equally inclined to the axes, is —

(A)2 (B)1
©0 (D)4

Q.101 Coffee is draining from a conical filter, height and diameter

both 15 cms into a cylinderical coffee pot diameter 15 cm.
The rate at which coffee drains from the filter into the pot
is 100 cu cm /min. The rate in cms/min at which the level
in the pot is rising at the instant when the coffee in the
potis 10 cm, is

R 25
()167t ()9n
N b 16
()37: ()97T

EXERCISE -2 [LEVEL-2]

Q.1

Q2

Q3

Q4

Q5

Q.6

Q.7

The tangent to the curve xy = 25 at any point on it cuts
the coordinate axes at A B, then the area of the triangle
OAB is

(A) 100 sq. units (B) 50 sq. units

(C) 25 sq. units (D) 75 sq. units

The tangent to the curve y = x3 + 1 at (1, 2) makes an
angle 0 with y-axis, then the value of tan 0 is

(A)-1/3 B)3

©)-3 (D)1/3

The two curves x3 —3y?+2 =0 and 3x%y —y> =2

(A) touch each other (B) cut at right angle

(C) cut at angle 1/3 (D) cut at angle /4

The greatest value of the function

1 1
f(x) = tan"" x ——logx i —,ﬁ] _
(x)=tan " x 2ogxm {\/g 1S

n 1 n 1
—+—log3 ———log3
(4) ¢+ log B) ¢~ log

n 1 n 1
———log3 —+—log3
(© 55l (D) 5+ log

Let f(x) = x + tan’x, g (x) is inverse function of f (x), find

343g’[%+ ) ,
(A)3 B)7
©2 D)9

The point(s) on the curve y> + 3x% = 12y where the tangent
is vertical (parallel to y-axis), is (are)
)

(I
(A) (i%’—zj (B) Li%ay

(+i 2]
(©(0,0) o) [* 75
All the values of A for which the curve

4 2
y= XT 5 + Ax —3 has three tangents parallel to the

QS8

Q.9

Q.10

Q.11

Q.12

Q.13

Q.14

Q.15

axis of x lie in the interval (—k,k) then find the integral
value of A.

(A)3 ®)7

©)2 D)9

If the normal at the point " t;" on the curve xy = ¢
the curve again at " t,", then

A3, =1 B)t*t,=-1
Oty =-1 D)t 1,3 =1

The curve y2 = 2x and 2xy = k cut at right angles if
(A)k?=38 (B)k?=4

(©)k2=2 (D) None of these

If f (x) = xeX1%) | then f(x) is

(A) increasingin [-1/2,1]  (B) decreasingin R

(C) increasing in R (D) decreasing in [-1/2, 1]
Function f(x) =tan™! (sin x + cosx) is monotonic increasing
when

(A)x<0 B)x>0

(©)0<x<n2 (D)0<x<m/4

f(x) =2x2—1log| x | (x # 0) is monotonic increasing in the
interval

(A) (1/2,0) (B) (—o0,—1/2) U (1/2, )
(©) (~oo,~1/2) L (0,1/2) D) (172, 0) U (1/2,0)
The function f(x) =2 log (x—2) —x2+4x + | increases on
the interval

A)(1,2) ®)(2,3)

(©)(5/2,3) (D) Both (B) and (C)

If the relation between sub-normal SN and sub-tangent
ST at any point S on the curve; by? = (x + a)? is

p (SN) = q(ST)?, then the value of p/q —

(A)8a/27 (B)27/8b

(C)8b/27 (D) 8/27

A ladder 10 meters long rests with one end against a
vertical wall, the other end on the floor, the lower end
moves away from the wall at the rate of 2 meter/minute.
The rate at which the upper end falls when its base is 6
meters away from the wall, is —

(A) — 3 meters/min. (B) —2/3 meters/min.

(C) —3/2 meters/min. (D) None of these

2 meets

yre
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Q.16

Q.17

Q.18

Q.19

Q.20

Q.21

Q.22

Q.23

Q.24

Q.25

The function f (x) =3 cos*x + 10 cos>x + 6 cos?x — 3,
0<x<m)is—

o (mn 2m
(A) Increasing in EREY

b 2n
(B) Increasing in [0, 5 Y (?,ﬁ]

n 2%
(C) Decreasing in

273
(D) all of above
The interval in which the function 2x3 + 15 increases less
rapidly than the function 9x2 — 12x, is —
(A) (-0, 1) B)(1,2)
(O)(2,) (D) None of these
AB is a diameter of a circle and C is any point the
circumference of the circle, then —
(A) area of A ABC is maximum when it is an isosceles
(B) area of A ABC is minimum when it is isosceles
(C) the perimeter of A ABC is minimum when it is isosceles
(D) the perimeter of A ABC is maximum when it is isosceles

(l—xz\

The interval in which f (x) = cos ™! L 1+ x2 J is decreasing

(A) (=0, 0) (B) (=, 0)
(©)(0,) D) (1, )
The maximum value of x1/* is —

(A) (1/e) (B)el
©)e D) 1/e

The altitude of a cone is 20cm. and its semi-vertical angle
is 30°. If the semi-vertical angle is increasing at the rate of
2° per second, then the radius of the base is increasing at
the rate of —

(A) 30 cm/sec
(C) 10 cm/sec

(B) 160/3 cm/sec
(D) 160 cm/sec.

If y=alog|x| +bx? + x has its extremum values at

x=-—1and x =2, then

(A)a=2,b=-1 (B)a=2,b=-1/2
(C)a=-2,b=12 (D) None of these
2x
The function (Caitd)} is
€ +1)
(A) Increasing (B)Odd
(C)Even (D) Both (A) and (B)

The values of ‘a’ for which the function

(a+2)x> —3ax? +9ax —1 decreases monotonically

throughout for all real x, are

(A)a<-2 (B)a>-2
(C)-3<a<0 (D) ~o<a<-3
Find the coordinates of a point of the parabola

y =x2 + 7x + 2 which is closest to the straight line

y=3x-3.
(A)(=2,-8) B)(3,-7)
©)(1,-6) (D) (-5,-9)

Q.26

Q.27

Q.28

Q.29

Q.30

Q.31

Q.32

Q.33

Q.34

Q.35

Q.36

Ifz =y +1£(v), where V=(£] then V%_,_% is
y

ox Oy
(A)-1 B)1
©0 (D)2
Co-ordinates of a point on the curve y = x log x at which
the normal is parallel to the line 2x — 2y =3 are
(A4)(0,0) (B)(e,¢)
(C) (¢%,2¢?) (D) (e, —2¢7)
The equation of the tangent to curve y = be /2 at the
point where it crosses y-axis is

(A)ax+by=1 (B)ax—by=1
X Yy Xy
Sy 1 D) —+9 1
Iff(x) =3x2+ 15x + 5, then the approximate value of
£(3.02)is—
(A)47.66 (B)57.66
(C)67.66 (D)77.66

The curve given by x +y = e*¥ has a tangent parallel to
the y-axis at the point

(A)(0,1) B)(1,0)
O (1, 1) D) (1,-1)
Find the minimum value of the function
40
3x% +8x3 —18x%2 +60°
(A) 1 (B) 1/4
©12 (D)2/3
2
n
The largest term in the sequence 8, = ——— is given
g q " 200 8
by
(A)529/49 (B) 829
(C)49/543 (D) None of these

What are the minimum and maximum values of the function
x> —5x4+5x3-10

(A)-37,-9

(B)10,0

(C) It has 2 min. and 1 max. values

(D) It has 2 max. and 1 min. values

The maximum value of f(x) = 5 on [-1,1]is
4+x+x

(A)-1/4 B)-173

© 1/6 D) 1/5

IfP=(1,1),Q=(3,2)and R is a point on x-axis then the
value of PR + RQ will be minimum at

(A)(5/3,0) (B)(1/3,0)
©) 3,0 D)(1,0)

4 X
Function f(x)=x Y is

(A) Increasing for x > 1/4 and decreasing for x < 1/4
(B) Increasing for every value of x

(C) Decreasing for every value of x

(D) None of these

B
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Q.37

Q.38

Q.39

Q.40

Q.41

Q.42

Q.43

Q.44

Q.45

Q.46

Q.47

Find the minimum value of 64 secx +27 cosecx , 0 <x <m/2

(A)137 B) 125
(©)25 (D)75
-1
sin” "~ x
In its domain, f(x)= ——— is—
cot X

(A) a increasing function

(B) a strictly increasing function

(C) a decreasing function

(D) a strictly decreasing function

Number of point of inflexion on curve y = g (x) such that

o x2-2x-1
g x)= (x—1)2
(A0 B)1
(©)2 (D)>2

The curve y = ax3 + bx? + cx + 5 touches the x-axis at
point P (=2, 0) and cuts y-axis at a point Q where its
gradient is 3. Find a, b, c.

11
A B) —,—.3
(4)0,0,3 ®) 37
11 1 -3
_9_33 __9_a3
(C)4 2 D) 2 4

Tangent to the curve x =a \/cos 20 cos0 »

y =a+/cosOsin0 at the point corresponding to @ = %
is—

(A) parallel to the x-axis (B) parallel to y-axis

(C) parallel toy =x (D) None of these

If curves y2 = 6x and 9x2 + by? = 16, intersect orthogonally
then b =

(A)4 (B)2
(©)92 (D)2/9
| x 1]
Find the number of critical points of f (x) = — 5 .
X

(A)4 (B)2
©1 (D)3
If the function () = — "% has a turning point

e function f (x) -1 (x-4) as a turning poin
at the point (2, —1) then —
(A)c=2,d=0 B)c=1,d=0
(©)c=1,d=-1 D)c=1,d=1

Find the value of n for which the area of the triangle
formed by the axes of coordinates and any tangent to the
curve x" y = a" is constant.

(A)4 B)2

O1 D3

If equation of normal at point (m2, —m?3) on the curve
3

x3—y2=0is y =mx —2m>, then m? equals —
(A)2/9 B)-2/9
(©)2/3 (D)-2/3

If tangent at any point of the curve y = x> + Ax2 +x + 5
makes acute angle with x-axis, then —

Q.48

Q.49

Q.50

Q.51

Q.52

Q.53

Q.54

Q.55

(A)O<A<3 (B) -3 <i<3
©|r]<1 D)re(0,1)
Cosine of the angle of intersection of curves
y=3*Tlogxandy=x*1is—

(A)0 B)1

©)12 (D) 1/3

If m be the slope of a tangent to the curve

eY =1+ x2 then—

(A)|m|>1 B)m<1
(©)|m|<1 (D) [m|<1

Let f (x) = e* cos x and slope of the curve y = f (x) is
maximum at x = a then a equals —

(A)0 B)mw2
(©)3n2 (D) None of these
The point of the curve y = x2 that it closest to (4, —1/2) is
(A)(1, 1) B)(2,4)
(©)(2/3,4/9) (D) (4/3,16/9)

x 1 1
fo<x<landfx)=| ' * |then—

-1 x

(A) f (x) has local maximum at x =2/3

(B) f(x) has local minimum atx = 1/3

(C) least value of f(x) is 2

(D) least value of f (x) is 4

Angle between two curves y = f (x) and y = g (x) is the
angle between tangents to these curves at the common
point of intersection.

Given curves arey=|x2—1|andy=|x2-3|.

Choose the correct options —

(A) The common point of intersection is

(V2. & (/2.1)
(B) The acute angle between the curves at their point of

B (342)
7

intersection is tan”' {%} & n—tan”! L J

(C) only (A) is correct

(D) Both (A) and (B) are correct

Iff"(x)>0V¥ x e R, f'(3)=0and

g (x) = f(tan’x — 2 tan x + 4), 0 < x < 7/2, then g (x) is
increasing in —

NHICIESRCICHIEIEE)

Leta e (0, 4/27) be such that
r;=a(l+2r,+3r2+.....0),r,=a(l +2r,+3r)2 +.....0),
r; <r, then —

wa{od)a ) @)

1 1
©) 1.1, G[O,EJ (D) 5,1, e(—g,O]

e
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Directions : Assertion-Reason type questions.

Q.56

Q.57

Q.58

Q.59

Q.60

Q.61

Q.62

Q.63

Q.64

Q.65

Each questions contain Statement -1 (Assertion) and

Statement -2 (Reason). Each question has 4 choices (A),

(B), (C) and (D) out of which ONLY ONE is correct.

(A) Statement-1 is True, Statement-2 is True,Statement-2
is a correct explanation for Statement -1

(B) Statement-1 is True, Statement-2 is True;Statement-2
is NOT a correct explanation for Statement - 1

(C) Statement - 1 is True, Statement- 2 is False

(D) Statement -1 is False, Statement -2 is True

Statement 1 : If f (x) = (x — 3)°, then f (x) has neither

maximum nor minimum atx =3

Statement 2 : f' (x)=0, f" (x)=0atx=3.

Statement 1 : If f (x) = max. {x>—2x+2,|x— 1]} the

greatest value of f (x) on the interval [0, 3] is 5.

Statement 2 : Greatest value of f(C) =max. {5,2} =5.

Statement 1 : Sum of left hand derivative and right hand

derivative of f (x) =| x> — 5x + 6 | at x =2 is equal to zero.

Statement 2 : Sum of left hand derivative and right hand

derivative of f(x) =| (x—a) (x—b) |atx = a(a<b) is equal

to zero, (where a,b € R)

Statement 1 : f(x) =x + cos x is strictly increasing.

Statement 2 : If f(x) is strictly increasing, then f' (x) may

vanish at some infinite number of points.

Let y=+/C+1-/C, v=+/C—/C—1 and
letfx)=In(1+x)V x € (-1,0)

Statement1: f(u)>f(v)V C>1

Statement 2 : f(x) is increasing hence foru>v, f(u) > f(v).
Statement -1 : Ina triangle ABCif sides a, b are constants
and the base angles A and B vary, then

dA 3 dB

\/a2 ~b%sin’ A \/b2 —a’sin’B

Statement -2 : In a triangle ABC, b sin A=a sin B.
Statement 1 : The tangent at x =1 to the curve
y =x3 —x% - x + 2 again meets the curve at x =—2.
Statement 2 : When a equation of a tangent solved with
the curve, repeated roots are obtained at point of
tangency.

Statement 1 : Tangent drawn at the point (0, 1) to the
curve y =x> — 3x + 1 meets the curve thrice at one point
only.

Statement 2 : Tangent drawn at the point (1, —1) to the
curve y =x° — 3x + 1 meets the curve at 1 point only.
Statement 1:Letf:[0,0)— [0,0)and g: [0, ) — [0, )
be non-increasing and non-decreasing functions
respectively and h (x) =g (f(x)). If fand g are differentiable
for all points in their respective domains and h (0) = 0
then h (x) is constant function.

Statement 2 : g (x) € [0,.0) = h(x)>0and h'(x)<0
Let f: R — R is differentiable and strictly increasing
function throughout its domain.

Statement 1 : If | f(x) | is also strictly increasing function,
then f (x) = 0 has no real roots.

Statement 2 : At oo or — oo, f (x) may approach to 0, but
cannot be equal to zero.

Passage (Q.66-Q.68)

Q.66

Q.67

Q.68

Q.69

Q.70

Q.71

Q.72

Q.73

Q.74

a (t) is a function of t such that da/dt = 2 for all values of
tand a=0whent=0. Further y=m (t) x + ¢ (t) is tangent
to the curve y = x2 — 2ax + a2 + a at the point whose
abscissa is 0. Then —

If the rate of change of distance of vertex of
y=x%—2ax +a? +a from the origin with respect to tis k,
then k =

(A)2 (B) 22
©)\2 (D) 42

If the rate of change of c (t) with respect to t, when t =k
is £, then —

(A) 1642 -2 (B) 82 +2

© 102 +2 (D) 162 +2

The rate of change of m (t), with respectto t,att= ¢ is —

(A)-2 B)2

©)-4 D)4

Assume that f is continuous on [a, b], a > 0 and
. . . f(a) _f(b)

differentiable on an open interval (a, b). If T = b

then there exist x;, € (a, b) such that

(A) xo ' (xg) = (%) (B) ' (xg) +x( f(x7)=0
(O)xyf' (x) T (x5)=0 D) f'(x))= x02 f(xq)
Number of positive integral values of ‘a’ for which the
curve y = a* intersects the line y = x is —

(A)0 B)1

©)2 (D) More than 2

. . 2
Point 'A' lies on the curve y=¢™* and has the

2
coordinate (x, e”* ) where x > 0. Point B has the

coordinates (x, 0). If'O' is the origin then the maximum
area of the triangle AOB is

1 1 1 1
A e ® e ©7 O 5
The angle at which the curve y = Ke®* intersects the
y-axisis:

(A) tan~! k2 (B) cot™! (k?)

(©)sec™! (11 + k%) (D) none

The minimum value of the polynomial
Xx(x+1)(x+2)(x+3)is:

(A) O B) 916
(©) -1 (D)-3/2

A curve y = f(x) passes through the point P(1, 1). The
normal to the curve at Pisa (y—1) + (x — 1) =0. If the
slope of the tangent at any point on the curve is
proportional to the ordinate of the point, then the equation
of the curve is-

(A)y=e -1 (B)y=e*(1 ¥

(C) y= e21/2 x-1) (D) e21/2 x+1)
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Q.75

Q.76

Q.77

Q.78

Q.79

tan | X + E)
The minimum value of ——— is:
tan x
(A) O B) 12
O1 (D) 3

The values of x for which

1+ xIn (x +Vx? +1) 21+ x> are-

(A)x<0 (B)0<x<1

©)x=>0 (D) None of these
tan" x

Let f(x)= 5, > he€ N, where x € [0, /2)

Z tan" x
r=0

(A) f (x) is bounded and it takes both of it's bounds and
the range of f(x) contains exactly one integral point.

(B) f (x) is bounded and it takes both of it's bounds and
the range of f (x) contains more than one integral
point.

(©) f(x)isbounded but minimum and maximum does not
exists.

(D) f (x) is not bounded as the upper bound does not
exist.

Let C be the curve y = x3 (where x takes all real values).

The tangent at A meets the curve again at B. If the gradient

at B is K times the gradient at A then K is equal to

(A)4 (B)2
©O)-2 D) 1/4
Which of the following statement is true for the function
Jx x 21
3
f(x)= | X 0<x<1
3
X _4x x<0
3

(A) It is monotonic increasing v x € R -

(B) f’ (x) fails to exist for 3 distinct real values of x.

(O) f' (x) changes its sign twice as x varies from (-0 ,00).

(D) function attains its extreme values at x; & X, , such
that x;, x,> 0.

NOTE : The answer to each question isa NUMERICAL VALUE.

Q.80

Q.81

.2 2
Iff(x)= 7" * —e°® * 42, then find the value of

7fm]'n +f

max °

Let F (x) be a cubic polynomial defined by

3
F (x) = X?-l-(a—_’)) x%+x—13. Find the sum of all

Q.82

Q.83

Q.84

Q.85

Q.86

Q.87

Q.88

Q.89

Q.90

Q.91

Q.92

Q.93

possible integral value(s) of ‘a’ for which F (x) has
negative point of local minimum in the interval [1, 100].

2
LetF (x)= | 2% *logya (k7 — 6k +8), =2 <x <=1
X~ +3x7 +4x+1 , —1<x<3

Find the sum of all possible positive integer(s) in the
range of k such that F (x) has the smallest value atx =—1.

LetP (x)=x!0+a;x" +ax3+.......... +a,, bea polynomial
with real coefficients. Suppose P (0)=-1,P (1)=2,
P(2)=-1.

Let R be the number of real zero’s of P (x) then R > A. Find
the value of A.

1£ 1200 sq. cm of material is available to make a box with a
square base and an open top. Find the largest possible
volume of the box (in cubic cm).

The lower corner of a leafin a book is folded over so as to
just reach the inner edge of the page. The fraction of
width folded over if the area of the folded part is minimum
is A/3. Find the value of A.

A rectangle with one side lying along the x-axis is to be
inscribed in the closed region of the xy plane bounded
by the lines y=0, y=3x, and y=30 — 2x. The largest area
of such a rectangle is 135/A. Find the value of A.

A closed vessel tapers to a point both at its top E and its
bottom F and is fixed with EF vertical when the depth of
the liquid in it is x cm, the volume of the liquid in it is,
x2 (15 —x) cu. cm. The length EF is (in cm.)

A horse runs along a circle with a speed of 20 km/hr. A
lantern is at the centre of the circle . A fence is along the
tangent to the circle at the point at which the horse starts.
The speed with which the shadow of the horse move
along the fence at the moment when it covers 1/8 of the
circle in km/hr is —

The radius of a right circular cylinder increases at a
constant rate. Its altitude is a linear function of the radius
and increases three times as fast as radius. When the
radius is 1cm the altitude is 6 cm. When the radius is 6cm,
the volume is increasing at the rate of 1Cu cm/sec. When
the radius is 36cm, the volume is increasing at a rate of n
cu. cm/sec. The value of 'n' is equal to:

The number of values of x where the function

f(x)=cosx+cos (\/Ex) attains its maximum is

Tangents are drawn from P(6, 8) to the circle x2 + y2 =r?

Find the radius of the circle such that the area of the
triangle formed by tangents and chord of contact is
maximum.

If yis a function of x and log (x +y) — 2xy = 0, then the
value of y' (0) is equal to

If f(x) is a twice differentiable function such that f(a) =0,
f(b)=2,f(c)=1,f(d)=2,f(e)=0,wherea<b<c<d<e,
then the minimum number of zeroes of
g(x)=(f(x))?+f'(x). f(x)intheinterval [a,e]is .
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Q.94

Q.95

Q.96

The total number of local maxima and local minima of the

2+x)}, -3<x<-1

function f(x)= {Xz/s —1<x<2

The maximum value of the function

f(x)=2x3—15x2 +36x —48 on the set

A= {x|x2+20<9x} is

Let fbe a function defined on R (the set of all real numbers)
such that ' (x) =2010 (x—2009) (x—2010)2 (x—2011)3
(x—2012)%, for all x € R. If g is a function defined on R
with values in the interval (0, o0) such that f (x) =In (g (x)),
forall x € R, then the number of points in R at which g has
alocal maximumis :

Q.97 The number of distinct real roots of

xt—4x3+12x2+x-1=0is

Let f: IR — IR be defined as f (x) =|x |+ |x2— 1 |. The total
number of points at which f attains either a local maximum
or alocal minimum is

Let p (x) be a real polynomial of least degree which has a
local maximum at x = 1 and a local minimum at x = 3. If
p(l)=6andp (3)=2,thenp' (0)is—

Q.100 The number of points in (-0, ), for which

x2—xsinx—cosx=0, is—

B
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EXERCISE -3 [PREVIOUS YEARS JEE MAIN QUESTIONS]

Q.1

Q22

Q3

Q4

Q5

Q.6

Q.7

Q8

Q.9

If the function f(x) = 2x3 — 9ax2+ 12a2 x + 1, where a> 0,
attains its maximum and minimum at p and q respectively

such that p2 = q, then a equals [AIEEE 2003]
(A)12 B)3

O1 (D)2

The real number x when added to its inverse gives the
minimum value of the sum at x equal to- [AIEEE 2003]
(A)-2 (B)2

O1 D)-1

If u= \/a2 cos” 0+b’sin’ 0 +\/3.2 sin® 0+ b% cos” 0
then the difference between the maximum and minimum

values of u? is given by — [AIEEE 2004]
(A)2 (a2 +b?) (B) 24/a2 1 b2
(C) (a+b)? (D) (a—b)?

A function y = f(x) has a second order derivative
f" (x) = 6( x — 1). If its graph passes through the point
(2,1) and at that point the tanget to the graph is y = 3x —

5, then the function, is- [ATEEE 2004]
(A) (x-1)? (B) (x- 1)}
(©) (x+1)? (D) (x+1)*

The normal to the curve x =a (1+cos 0), y=asin 0 at ‘0’

always passes through the fixed point- [AIEEE 2004]
(A)(a,0) (B)(0,2)
(©)(00) (D) (a, )
If2a+ 3b + 6¢ = 0, then at least one root of the equation
ax? + bx + ¢ =0 lies in the interval- [AIEEE 2004]
(A)(0,1) B)(1,2)
©23) (D)(1,3)

Ifthe equationa x"+a__, x4+ ax=0;a;#0,n>
2, has a positive root x = a, then the equation

nanxn‘1 +(m-1)a,_, X2+ o+ a; = 0 has a positive
root, which is - [AIEEE-2005]
(A) greater than o (B) smaller than a

(C) greater than or equal to a.(D) equal to o

The normal to the curve x =a (cos 0 + 0 sin 0),

y =a (sin 8 — 6 cos 0) at any point '0' is such that -

(A) it passes through the origin [AIEEE-2005]

n
(B) it makes anlge 5 + 0 with the x-axis

i
(C) it passes through [35,—3]

(D) it is at a constant distance from the origin.

A spherical iron ball 10 cm in radius is coated with a layer

of ice of uniform thickness that melts at a rate of

50cm3/min. When the thickness of ice is 5 cm, then the

rate of which the thickness of ice decreases, is -
[AIEEE-2005]

1 ) 1 .
(A) 3on cm/min. (B) 18m cm/min.

Q.11

Q.12

Q.13

Q.14

Q.15

Q.16

Q.17

1 . 5 .
© San cm/min. D) on cm/min.

A function is matched below against an interval whre it is
supposed to be increasing. Which of the follownig pairs

is incorrectly matched ? [AIEEE-2005]
Interval function

(A) (o0, 00) X3 +6x2+6

(B)[2,) 3x2-2x+1

(C) (—o0,—4] X3 —3x2+3x+3

2x3-3x2-12x+6

o 3]

Let fbe differentiable for all x. If (1) =—2 and ' (x) > 2 for

x € [1,6], then - [AIEEE-2005]
(A)f(6)>8 (B)f(6)<8
() f(6)<5 (D)f(6)=5

Angle between the tangents to the curve y = x2 — 5x + 6

at the points (2, 0) and (3, 0) is — [AIEEE 2006]
(A)n/2 B) /6
(C)m4 (D)3

X 2
The function f(x) = By + N has a local minimum at —

(A)x=-2 B)x=0
©)x=1 (D)x=2
A triangular park is enclosed on two sides by a fence
and on the third side by a straight river bank. The two
sides having fence are of same length x. The maximum

[ATEEE 2006]

area enclosed by the park is — [AIEEE 2006]
3 1
x 12
W |5 (B) 5
3
(C)mx2 (D) 5x2

A value of C for which the conclusion of Mean Value
Theorem holds for the function f{x) = log x on the interval

[1,3]is- [AIEEE 2007]
(A) 2logse (B) (1/2)log 3

(C)logse (D) log.3

The function f{x) = tan™! (sinx + cosx) is an increasing
function in- [AIEEE 2007]
(A) (/4,7 /2) (B) (—n/2,/4)

(©)(0,7/2) (D) (-2, /2)

Ifp and q are positive real numbers such that p2 + 2 =1,
then the maximum value of (p + q) is- [AIEEE 2007]
(A)2 B)12

©1/42 D) V2
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Q.18

Q.19

Q.20

Q.21

Q.22

Q.23

Q.24

Suppose the cubic x3 — px + q has three distinct real roots
where p > 0 and q > 0. Then which one of the following
holds ? [AIEEE 2008]

A) The cubic has minima at — p and maxima at p
( 3 3

(B) The cubic has manima at both \/% and — \/g
(C) The cubic has maxima at both \/% and — \/g

D) The cubic has minima at p and maxima at — P
( 3 3

Given P(x) = x* +ax? + bx2 +cx + d such that x =0 is the
only real root of P’ (x) =0. If P(—1) < P(1), then in the
interval [-1,1] - [AIEEE 2009]
(A) P (-1) is the minimum and P(1) is the maximum of P
(B) P(—1) is not minimum but P(1) is the maximum of P
(C) P(-1) is the minimum but P(1) is not the maximum of P
(D) Neither P(—1) is the minimum nor P(1) is the maximum
of P
The shortest distance between the line y — x = 1 and the

curve x =y2 is - [AIEEE 2009]
W2 V3
© 5 (D) e

4
The equation of the tangent to the curve y =x + —-, that
X

is parallel to the x-axis, is — [AIEEE 2010]
Ay=1 B)y=2
©)y=3 D)y=0

k-2x,ifx <-1

Letf: R — R be defined by f(x) =

2x+3,if x>-1-

If fhas a local minimum at x =—1, then a possible value of

kis— [AIEEE 2010]
(A)0 (B)-12
©)-1 D)1

51 X
Forx e [057) , define f(x) = J‘\/; sint dt . Then fhas:
0

(A) local maximum at 7t and 27. [AIEEE 2011]
(B) local minimum at t and 27t

(C) local minimum at 7 and local maximum at 27t (D) local
maximum at 7 and local minimum at 21t

The shortest distance between line y — x = 1 and curve

x=y%is— [AIEEE 2011]
V3 W2 8 4
(A) Y (B) 5 © 3 N (D) NG

Q.25

Q.26

Q.27

Q.28

Q.29

Q.30

Q.31

Q.32

A spherical balloon is filled with 45007 cubic meters of

helium gas. If a leak in the balloon causes the gas to

escape at the rate of 727 cubic meters per minute, then

the rate (in meters per minute) at which the radius of the

balloon decreases 49 minutes after the leakage began is :

[AIEEE 2012]

(A)9/7 B)7/9

©)2/9 (D)9/2

Let a, b € R be such that the function f given by

f(x)=In|x |+ bx?+ax, x # 0 has extreme values at x =— 1

and x=2. [AIEEE 2012]

Statement-1 : fhas local maximum atx=—1 and atx =2.

Statement-2:a=1/2andb=-1/4

(A) Statement-1 is false, Statement-2 is true.

(B) Statement-1 is true, statement-2 is true; statement-2
is a correct explanation for Statement-1.

(C) Statement-1 is true, statement-2 is true; statement-2
is not a correct explanation for Statement-1.

(D) Statement-1 is true, statement-2 is false.

The real number k for which the equation, 2x3 +3x +k=0

has two distinct real roots in [0, 1]  [JEE MAIN 2013]

(A) lies between 1 and 2 (B) lies between 2 and 3

(C) liesbetween—1 and 0 (D) does not exist.

The intercepts on x-axis made by tangents to the curve,

X
y= J| t|dt, x eR , which are parallel to the line y = 2x,

0
are equal to — [JEE MAIN 2013]
(A)+1 (B)+2
(C)£3 (D)+4

If fand g are differentiable functions in [0, 1] satisfying
f(0)=2=g(1),g(0)=0and f(1) =06, then for some
ce]0,1[ [JEE MAIN 2014]
(A)2f'(c)=g'(c) (B)2f'(c)=3g'(c)

(O f'(c)=g'(c) (D) f'(c)=2g'(c)

Ifx=-1 and x =2 are extreme points of
f(x)=alog|x|+px*+x,then—  [JEEMAIN2014]
(A)a=-6,3=1/2 B)oa=-6,p=-1/2
©)a=2,=-12 D)a=2,p=12

Let f (x) be a polynomial of degree four having extreme

f(x)

valuesatx=1 and x=2.If lim {1+ 3
x—0 X

(A)—4 (B)0

©4 (D)-8

The normal to the curve, x2+2xy —3y?=0at (1, 1)
[JEE MAIN 2015]

(A) Meets the curve again in the second quadrant

(B) Meets the curve again in the third quadrant:

(C) Meets the curve again in the fourth quadrant

(D) Does not meet the curve again

} =3 thenf(2)=

[JEE MAIN 2015]
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Q.33

Q.34

Q.35

Q.36

Q.37

Q.38

Q.39

Q.40

Q.41

A wire of length 2 units is cut into two parts which are
bent respectively to form a square of side = X units and a
circle of radius = r units. If the sum of the areas of the
square and the circle so formed is minimum, then:

[JEE MAIN 2016]
(A) —-m)x=nmr (B)x=2r
©) 2x=r (D)2x=(n+4)r

( [I+sinx )
Consider f (x) = tan~! I+ s%n x ,
L 1—-sin XJ

A normal to y = f (x) at x = /6 also passes through the

point [JEE MAIN 2016]
(A) (0,2/3) (B) (6, 0)
© (w4,0) (D) (0,0)

The normal to the curve y (x—2) (x —3) =x + 6 at the point
where the curve intersects the y-axis, passes through
the point : [JEE MAIN 2017]
(A) (1/2,-1/3) (B)(1/2,1/3)

©) (-12,-1/2) (D) (1/2,1/2)

Twenty meters of wire is available for fencing off a flower-
bed in the form of a circular sector. Then the maximum

area (in sq. m) of the flower-bed, is: [JEE MAIN2017]
(A)25 (B)30
(©)125 (D) 10

If the curves y2 = 6x, 9x2 + by? = 16 intersect each other
atright angles, then the value of b is: [JEE MAIN 2018]
(A4 B)92
©)6 D)72

1
Letf(x)= xz+—2 and g (x) = x—l ,
X X

x)

x e R-{-1,0,1} .Ifh(x) = %, then the local minimum
value of h (x) is: [JEE MAIN 2018]
(A) -242 (B) 22

(©)3 (D)-3

The maximum volume (in cu. m) of the right circular cone
having slant height 3m is : [JEE MAIN 2019 (Jan)]
(A)33n  (B)6n ©)23r (D)@3)rn

If 0 denotes the acute angle between the curves,
y=10-x2and y =2+ x2 at a point of their intersection,

then | tan 0 | is equal to : [JEE MAIN 2019 (Jan)]
(A)4/9 B)7/17 (©C)8/17 (D) &/15
The shortest distance between the line y = x and the
curve y2 =x-21s: [JEE MAIN 2019 (April)]
7 7
A 375 ®) 5
11
© 35 (D)2

Q.42

Q.43

Q.44

Q.45

Q.46

Q.47

Q.48

Q.49

If' S| and S, are respectively the sets of local minimum
and local maximum points of the function,
f(x)=9x*+12x3—36x2+25,x € R, then :

[JEE MAIN 2019 (April)]
(A)S;=1-2,1};5,={0}  (B)S;=1{-2,0};5,={1}
O©)S=1-2};5,=1{0,1}  (D)S;={-1};5,=1{0,2}

Let f: [0, 2] > R be a twice differentiable function such
that f"(x) >0, forall x € (0, 2). If

f(x)=f(x)+ (2 —x), then fis :[JEE MAIN 2019 (April)]
(A) decreasing on (0, 2)

(B) decreasing on (0, 1) and increasing on (1, 2)

(C) increasing on (0, 2)

(D) increasing on (0, 1) and decreasing on (1, 2)

The height of a right circular cylinder of maximum volume
inscribed in a sphere of radius 3 is

[JEE MAIN 2019 (April)]
(A) 2.3 B) V3
2
©) V6 (D) 5V3

Let S be the set of all values of x for which the tangent to
the curve y=f(x) =x3 — x2 — 2x at (x, y) is parallel to the
line segment joining the points (1, f(1)) and (-1, f(-1)),

then S is equal to : [JEE MAIN 2019 (April)]
(A) {~1/3,-1} (B) {1/3,-1}
(©) {-1/3,1} (D) {1/3,1}

If the tangent to the curve, y = x> + ax — b at the point
(1, =5) is perpendicular to the line, —x + y + 4 = 0, then
which one of the following points lies on the curve ?

[JEE MAIN 2019 (April)]
(A)(2,2) B®)(2,-2)
©@.-D D)2,
Let f(x) is a five degree polynomial which has critical

points x==1and 1lim (2 + f(—;()] =4 then which one is
x—0 X

incorrect. [JEE MAIN 2020 (Jan)]

(A) f(x) hasminima at x =1 & maximaatx =—1.

B)f(1)—-4f(-1)=4.

(C) f(x)is maxima atx =1 and minima atx =—1.

(D) f(x) is odd.
Let f(x)=x3—4x2+8x+ 11, if LMVT is applicable on f(x)
in [0, 1], value of cis : [JEE MAIN 2020 (Jan)]
4- f 4- f
4+ f 4+ \/_
© D)

(x*+a)
For f(x)=In L 7x J . Rolle's theorem is applicable on

[3, 4], the value of f"(¢) is equal to

[JEE MAIN 2020 (JAN)]
(A)1/12 (B)-1/12
©1/6 (D)-1/6

[4




(APPLICATION OF DERIVATIVES })

QUESTION BANK

SOAL

ODM ADVANCED LEARNING

Q.50

Q.51

Q.52

Let f(x)=x cos !(sin (| x])), x € [;—ﬂ, gj then

[JEE MAIN 2020 (JAN)]
(A) '(0)=—m/2
(B) f'(x)isnotdefinedatx=0
(©) f'(x)isincreasing in (—m/2, 0) and f'(x) is decreasing
in (0, /2).
(D) f'(x)is decreasing in (—m/2, 0) and f'(x) is increasing
in (0, /2).
If normal at P on the curve y2 — 3x% +y + 10 = 0 passes
through the point (0, 3/2) then slope of tangent at P is n.
The value of |n |isequalto  [JEE MAIN 2020 (JAN)]
Let f (x) be a polynomial of degree 3 such that f(—1) =10,
f(1)=-6, f(x) has a critical point atx =—1 and f'(x) has a
critical point at x = 1. Then f (x) has a local minima at
[JEE MAIN 2020 (JAN)]

X =

Q.53

Q.54

A spherical iron ball of 10 cm radius is coated with a layer
of ice of uniform thickness the melts at a rate of 50cm?/
min. When the thickness of ice is Scm, then the rate (in
cm/min.) at which of the thickness of ice decreases, is :

[JEE MAIN 2020 (JAN)]
(A)1/36m (B)5/6m
(C)1/18n (D) 1/54n

Let a function f: [0, 5] = R be continuous, f(1)=3 & F

X t
be defined as: F (x) = j tzg (t)dt, where g (t) = If (u) du.
1 1
Then for the function F, the point x=1is :
[JEE MAIN 2020 (JAN)]
(B) not a critical point.
(D) a point of local maxima.

(A) apoint of local minima.
(C) apoint of inflection.
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EXERCISE - 1
Q|1(2|3(4|5(6]|7|8]|9]|10]|11|12(13|14(15|16(17]|18(19|20(21|22(23]|24(25]|26(27|28(29|30
A|D|C|B|C|DIC|A|A|A|D| B|B[B|C|[A|C|[C|B[A]JA|B|C|A|A|A|D|B|C|C|B
Q(31]32|33|34|35(36(37|38|39| 40 | 41 |42|43|44(45|46|47)|48|49|50( 51| 52| 53| 54| 55| 56| 57| 58| 59| 60
A|B|A|C|D|B|C|A|A|A|D|A|C|{D|/D|(A|/D|(A|B|[A|DI(D|A[A|B|[C|B(B|C|BJ|A
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Q(91]92|93|94|95(96( 97| 98| 99| 100( 101
A|B|(D|C|B|D|A|B|C|C|B| D

EXERCISE - 2
Ql1(2]|3|4(5| 6 | 78| 9 |10(11(12]|13|14[15(16]|17|18(19|20]|21|22(23|24| 25
A|[B|A|B|fC|B| D|C|{B|] A|A|[D|D|D(C|{C|A|B|(A|B|B|B(B|D|D|A
Q|26(27|28|29(30| 31 |32|33| 34 |35(|36(37|38|39(40(41]|42|43(44|45|46|47(48|49| 50
A|{B|D|D(D|B|] D|C|A] C|A|A|B|B|A[D|JA|C|(D|B|C|C|(B|B|D|A
Q|51|52|53|54|55| 56 (57|58 59 |60|61|62|63|64(65(66(67(68|69|70|71|72|73|74| 75
A|A|C|C|(D|A| B |B|A| B|D|A|D|C|A[{A|B|D|(C|A|B|D[B|C|A| D
Q|76(77|78|79(80| 81 | 82|83 84 |85|86(87|88|89(90(91|92|93(94|95/96|97(98|99|100
A[C|A|A|[C| 8|5040(12| 4 14000 2|2 ]|10|40(33|1|51[6]|]2]|7|1]2]5]|9]| 2

EXERCISE -3
Q| 1 2|1 3|4(|5|6|]7|8|9|1M0]1M[12(13| 14| 15| 16| 17| 18| 19| 20
A|D|J]C|D|(B|A|A|B(BOD|B|D|A|A|D|B|A|(B|D|D|BJ|A
Q|21[22 (23| 24| 25|26 (27|28 | 29| 30| 31| 32| 33| 34| 35(36|37| 38| 39| 40
A|lC|]c|D|fB|C|B|D|[A|]D|]C|B|C|B|J]A|D|[A|B]|B|]C|D
Q|41 (42|43 |44 |45 (46 |47 | 48 | 49| 50 | 51 | 52 | 53 | 54
A|A]J]A|B|[A|C|B|A|[A|]A]|D|43]C]|A
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APPLICATION OF DERIVATIVES

SOLUTIONSTOTRYITYOURSELF

TRYITYOURSELF-1
©).x=c?+2¢tandy=e?+et
Att=In2; x=4+1=5, y=4+2=6
dy  2e*+e'  8+2 10
dx  2e?t 27t

S 8-1 7
: . 10
= Equation of tangentisy — 6 = = x-9)

Ty—42=10x-50 or 10x—-T7y=28
For point of intersection

|
e Inx=—>=Inx=0 or e>x2=1
eX
= x=lorx=%x1/e but0<x<1
PointPis(1/e,—1)

d
For curve Cy, A e (I1+Inx)
dx

= Slope of tangent at point P is equal to

e[l-i—lnl] =0
e

= Equaton of normal is x = 1/e.
Take P (2, t¥) and Q (T2, T3)

d 2
dy " (ﬂjzét
dx 2y dx/ 2
Slope line joining P and Q is
T - T24+2+Tt 3 T242 4Tt
22 = Jt=—
T -t T+t 2 T+t
or 3tT+3t2=2T2+ 22+ 2Tt = T=—t/2

Mop _ ,

mOQ
y:xzand6y:7—x3
y'| =2xand y'2:—x2/2
Y xy,=-1 .. 0=n2

Point (a,a)is (1, 1).

xy=c2=xy'+y=0 or y'=Ty

2 2
-y _ 7y -y

y
= y:
CZ

ST==—=—x, SN=yy'=
y' X

1,
Letf(x)=x!4 - (%) :Z(X) 3=

4X3/4

f(x+8x)=(x+&x)1/4
f(x+6x)=f(x)+0x f' (x) (approximately)

Also,
Now,

™

@®

(C)

= (x+ox)A=xisx. 1
4X3/4
We have to find (82)!/4 and we know the value of (81)1/4
which is equal to 3.
Putting atx =81, x + 6x =82, so that dx =1

1
we get (82)1/4=(81)/4+ 1

1
=3+ =3+——=3.009
4x33 108
(C). Given, x13 +y13 =313 a>0
2/3
d
lX72/3+ly72/3d_y:0 _y:_(zj
3 3 dx dx X

AtP (a/8,a/8), dy/dx =—1
Equation of tangent at P is

_3__1[X_3] a
Yy 3 ] or X+Y—Z

It intercepts on the axes are a/4, a/4.

2 2
Given, =+ 2 -2 = a2=16=a=4 ("~ a>0)

(A). Givencurveisy=sinx ... )
Let the tangent to curve (1) at P (a., B) pass through (0, 0).
Equation of tangent at (o, B) is
y—-B=cosa(x—-a) ... 2)
Since (2) passes through (0, 0)

—B=-acosa or COSOL:E ...... 3
o
Also, (o, B) lieson (1), .. sina=f ... @)
B o
Fromeq. (3) and (4),1= (x_2+ B
2 a2
or o?-p%=a?p?or = 5 E =1lor LZ—%=1
a B a
. 1 1
(o, B) lies on curve —2——2=1.
y X
Equation of the curve is x2 + y2 —2x —4y + 1 =0.
2x+2yﬂ—2—ﬂ=0
dx dx

dy 2-2x 1-x

dx 2y-4 y-2
Since tangents are parallel to the x-axis, slope of each of
the tangents = 0.

= (2y—4)ﬂ:2—2x
dx

1-x
y—2
Atx=1,12+y2-2(1)-4y+1=0
= y2-4y=0=>y(y-4)=0=y=0or y=4

=0=>1-x=0=>x=1

Eyre
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The points are (1, 0) and (1, 4).
The equation of tangent through (1, 0) and parallel
to the x-axisis y=0.
and the equation of tangent through (1, 4) and
parallel  tothe x-axisisy=4
The equations of tangents are y = 0 and y = 4.
(10) For the points of intersection of curve and x—axis, y =0

sinx/a=0=x=ann
dy

Here ——=—cos— ;
dx a

d3y X
—3 = ——3COS—
dx a a
Now at x =anm, we have
2 3
d b . d b
—z =——5sinnm = 0 and —z =——cosnm =0
dx a dx a
Therefore x = anm is a point of inflexion of the curve.
This is the point where the curve meets the x—axis.

TRYITYOURSELF-2

s
ign of £ (x) —+———0——
Sign of f' (x) 0 ! i
Strictly increasing in (e, ©) and strictly decreasing in
O, Hu,e)
2 f'x)=3(@+2)x*—6ax+9a<0VyxeR
3(a+2)<0 and36a2—4.3(a+2).9a<0
a<—2anda?-3a(a+2)<0
a<-2 ... (1) anda?+3a>0
a € (—o0,-3] U [0, )
a<-3

uUuu Uy

3) f(x):ln(1+x)fﬁ —In(1+x) + ﬁ—l

Domain : x>-1
1 X

£/(x) = _ _
() I+x  (1+x)>  (1+x)°

)

®)

(©)

f'x)>0V x>0 =fx)T

& f'x)<0Vx<0=fx){
f'(0)=0
f(x)>£(0) ¥ x € Dy {0}
f(x)>0V x € (=1,0)U(0, )

—_—, x>1
). £(x) | x—1] x2
(AQO).f(x)= = -
X —2X, x<lLx#0
X
-2
X3 , x<1,x#0
X
f'(x)= doesnot exist , x=1
2
3X R x>1
X

Clearly, f' (x)>0forx<0or 1 <x<2
and f' (x)<O0for0<x<lorx>2
Thus, f(x) is increasing for (—oo, 0) U (1, 2) and decreasing
for (0,1) U (2, ).
X +x+1

2

,xeR
X“—x+1

We have, f (x) =

X2 —x+1) 2x+1)— (x> +x+1) (2x 1)
(x% —x+1)

and f'(x) =

2 (x+D)(x-1)
(x> —x+1)?
Now, from the sign scheme for f' (x), we have
+ve
f f
-1 +1
= f(x)strictly decreases in (—o0,—1)
Strictly increases in (-1, 1)
Strictly decreases in (1, )
(A). f(x) is monotonic decreasing when
f'(x)<0Vx
= sinx—2A<0
= 2A>-sinx = 2A>1 =A>1/2

—VvE —VvE

>
»

¢
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APPLICATION OF DERIVATIVES
EXERCISE-1

ey BT
(D)‘y_ ogeX> du X

1
Eq. of tangenty -y, = - (x-x9)
1

1

Passing through (0, 0), —y; = — (=x;)
X

>y =1 . x=e .. Pointis (e, 1)

Equation of normal at (e, 1)isy—1=—e (x—¢)
=ex+y—l-e2=e¢

| —C 62+1 _ ,62+1

|\/az+b2|= \/e2+1

(0). 4 =5y* = 20x*=20y3 .y = y'=x%y3

SN)®  (y*/x*) _ﬁxﬁzﬁzﬁ“
XS x20

L:

(ST)> B x* 1y?)? e 5
B).2yy, =4 2x+2yy; =0
4
Y1:2y Yy ==X
z _x
ylfy Y1 = y
T U I
NG SN RN}
BRI
tan0 = */E—JIE =L@J=2ﬁ
1 P —_
3]

©). xtym=am*tl - pnlogx+mlogy=(m+1)a

n m ,
—+—¥' =0 (diff. wrtox)
Xy

’

=22 sTa
y n x at(xy,yy)

m Xy

n oy
D). y/y',y, yy' are in GP
(C). Slope of first curve m; =0

Slope of second curve m, =1, therefore angle is 45°

A=sin45°=1//2

m
M ;(Xlayl):;|xl|

(A). Differentiating xy" = a, we get y' = n—y
X

ST =-nx. Since it is proportional to x, n can be any
non-zero real number.

@®

(C)

10

1

12)

13)

2
A). Y’ =2X+—=-2-2=~4 = lope of the tangent.
X

Slope of the normal = 1/4

(A). Givencurve y? = px° +¢ )
. . . dy _ 2
Differentiate with respect to x, 2 e 3px
2
L& 3pfxn) 34,
dx 2 {y dx 23 2 3

For given line, slope of tangent — 4
S 2p=4 = p=2
Fromequation (i), 9 =2x8+g =g =-7.

2
2 3 dy 3ox
=ox’ -f=>—=——
(D). ¥ b dx 2y
= Slope of the normal at (2, 3) is
([ dx) 2x3 11

e e
( dy/n3 302 200 4 7C

Also (2, 3) lies on the curve.
=9=80-f=>P=16-9=T=a+p=9
(B).mlogx+nlogy=(m+n)loga

d dy -
_m.,ndy_, dy_-my
x ydx dx n x
y y —n
. = = =—X
. Subtangent dy/dx) my m
n x

". Subtangent oc x
(B). The point on the curve corresponding to x =0 is

©.1)
ﬂ:(z&uzx):(ﬂ] = (2" +0)=2
dx dx/ o

Hence the equation of the normal at the point (0, 1) is

1
(y=D=-5(x=-0) =52y+x-2=0

2
Distance of the point (0, 0) from this line is = ﬁ

(B). Givencurveisxy=1 ... 1)
Lineisax+by+c=0 ... 2)
From(1), ¥ __ 1
X X
~. Slope of the normal = x% = positive
........... 3)
ax + by + ¢ =0is normal
a
oo Slope=—— . 4)

b
Fromeq. (3) & (4),

i.e. a, b have opposite signs.

a i
—— =positive
b p

EyTm
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(14)  (C). Equation of the curve x2)? =4*. = 3x?-12x+9<0 = x? —4x+3<0

& = x-3)x-D<0, ... xe(,3).
Differentiating the given equation, X’ Zyﬁﬂfz 2x=0

 f(x)=y =tan ! (ﬁ sin(x + ED
& [d_yj :_[ijzl 22) (© 4
= o x —\dx (-a,a) —a

= tany :«/Esin[x +%j:> seczyZ—yzx/Ecos(x +%]
X

Therefore sub-tangent = 2 -a
dy
'l dy 4 7f
[dxj —>O:>cos[x+—j>0 xe(O,—j
dx 4 ) 4 )
(15)  (A).Solving the line and curve, we getx=4and y = —/6 . 23)  (A). f(x)=6x> +36x —96 >0 , for increasing
Thus point of contact is (4,-%). = f()=x+8)(x-2)20=>x22,x<-8.
— 5 4
16 O).Given v2 = 2(x-3) ... i 24) A). fx)=x-2)x+1)
10 © ymAEEd) o £1(x)=5 (x—2)* (x+ D+ (x—2)5 (4) (x+ 1)
Differentiate w.r.t. X, 2y.d—y SPYENC =(x 1) (x=2)* (Sx +5+ 4x—8)
dx dx f'(x)=3 (x+1)3 (x-2)4(3x—1)<0
| decreasing in (—1, 1/3)
Slope of the normal = ——_ =, . .
dy ' (csinx +dcosx)(acosx —bsinx)
. 25 A).f'x)=

(csinx +dcos x)2

Slope of the given line=2 .y =-2 i i
L (asinx + bcosx)(ccos x —dsin x)
From equation (i), x =5 - : 5
. Required point is (5, -2). (csinx +dcosx)

a7 (©).y=2cosx

ad—bc
- :i:ﬁ dy (csinx+dcosx)2
At X 4,y \/5 and e 2.sinx . . . o
Function f (x) is monotonic decreasing if f' (x) <0
(dy N =ad-bc<0
o [EJHM =-v2 (26) (D). f(x)is monotonic increasing = f'(x)>0

= 3kx?-18x+9>0 = kx?—6x+3>0
P which is positive only when k > 0 and b%— 4ac < 0
-. Equation of tangent at [Z’ 2 J is i.e. when (—6)2—4(k) (C) <0 or whenk >3
(27) (B). We have, f(x) =x1x

i)

1
=f'(x)= — (1-logx) xI/x,
X

8 (B d—yztan£:1:>i:1:>y:lx:l f'(x)>0if 1 —logx>0, i.e. logx < 1
as)  (B). dx 4 2y 2’ 4 = x<e, ..f(x) is increasing in the interval (—oo, €)
28 (©O).f (x):x3+ax2+bx+5 sin?x
= f'(x)=3x2+2ax+b+5sin 2x
X logx.1-x x _ logx -1 since f(x) is an monotonically increasing function
19 @.F@)= - —; £'(x)- —E = 2RI ! y g
0 (logx) (logx) =3x*+2ax+b-5>0y xeR
2
£(x) is increasing = ' (x) > 0 —4a gi-i (1‘?5; 58<°
—a‘—
2xX =1, 0 = logx-1>0=x>e (29) (C)-Let fi)=sinx—bx +e
(logx) S f(x)=cosx—b>0 OF cosx >h OF h<—].
x 3 1 3 _ . 11 _ .
20) A.fX=7+-; f'®)==--><0 (30) (B).P=2r+s; A=—rs=—r.(20-2r); 2r+s=20;
3 x 3 x2 2 2
1 dA dA

§<i2:>x2<9:>xe(—3,3) A:10r7r2;Ezlo_zr;gzoznz5
X
i A =30-25=25
21) (B). fix)=x’ -6x*+9x +3 , Fordecreasing f'(x)<0

Y
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€3]

(32

(33)

G4

35

(36)

€]

(3%

(B). Givena+b=k,kconst .. b=k—a
S=a’+b3=a}+(k—a)’=a’+k3-a’ - 3k%a +3ka?
S =k3 - 3k%a + 3ka?
ds )
azO:Sk +6ak .. 3k=6a (* k#0)
a=k/2 .. b=k-k2=k/2 = a=b
(A).P=r+r+rb = 2r+r0

A-lpg_lp [H] - l[Pr— 2r?]
2 2 r 2

39

A _Lip 4 r 0
dr 2

dA:O:r:B r

dr 4
P—2[7P)
4 _PI2_

P/4  P/4

(40)
When r= L ;0=
4

. 4
©. y=xe == @b
€

dy e*.1-xe* e*(1-x) dy
2 - oo
dx 2x X7 dx

e e

= x =1 mustbe apoint of maxima. .. y(l)=1/e

(D). r =2; maximum rectangle is a square with each side
a= \/Er = 2\/5 , therefore area=a2 =8

(B). Let f(x) =x%> (1 —x)7° . Then,

f'(x)=x2(1-x)74(1-4x)

Now, f'(x)=0=x=0,1,1/4

Clearly, f' (x) > 0 in the left neighborhood of 1/4 and

f'(x) <0 in the right neighborhood of 1/4. So f'(x) changes

its sign form positive to neghbourhood of 1/4. Hence, it
attains maximumat x=1/4.

x-2)(x-1 3 (x-2)
©- Y= mx-n  (x+3)°

“2)

x#l,x#-3

“3)

(@4)
always for all values of x in its domain.

. y=1f(x) is an increasing function in its domain.

(A). Wehave ; f(x)=sinx—cosx—ax+b

= f'(X)=cosx+sinx—a

= f'x)<0yxeR

= (cosx+sinx)<ay/ x eR

As the max. value of (cos x +sin x) is\/2

The above is possible when a = V2
(A).For0<x<m/2;[cosx]=0
Hence, f(x) =1 forall (0, /2]

Trivially f (x) is continuous on (0, 7/2)

This function is neither strictly increasing nor strictly
decreasing and its global maximumis 1.

(A). The graph of the function is as given below:

Y

y=Ix| y=Ix|

f0)=1L,/0-h)<1,f(0+h)<1

.. f(x) has amaximumatx =0
dR
(D). R(x)=3x2+36x+5, .- o 6x +36;

d—R=6><15+36=126
dx

[-x=15]
(A). Suppose that two numbers are y and y .
X+y=s=>y=s—-Xx

Then f(x)=xy = x(s—x)=xs —x°

S f(x)=s5s-2x

f'(x) = 0 for maximum value of £(x)

x2S and =S
- zany >

Thus each number is half of the sum.

(C).Given f(x)=7-20x+11x>

F(x)=-20 +22x

Put f'(x)=0 i.e., 20 +22x =0

= x=10/11and f'(x)=22>0

Henceat x =10 /11, f{(x) will have minimum value,

(D). Consider f(x)=20x —x? defined forall x € R
f'(x)=20-2x, f'(x)=0=>x=10& " (x)=—2<0
Hence, x =10 is a point of maximum.

.. Maximum value = 100

4
®). V=37 S =42
v = 4nr? dar a5 = 4Tc.2rg
dt dt dt dt
dr
= 47T_ =
dt 2n
a1
Tdt 4

B
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Co))

(46)

@n

)

49)

(50)

(1Y)

(32)

(A).s=22t— 11t ; ds/dt

v=ds/dt=0=t=1

.. Distance=s=22—11=11 units
Total distance=11+11=22

=22-22t

. dr
D). Given az 5cm/sec
A=mr’ = %=Tc><2r$=2ﬂ:><8><5:807'c0m2/8
dt dt

dv dr
. — =10cc/sec, —=7? =
(A) it it whenr=15

VAL N e L R T I Y
3 dt dt dt 90

(B). Let f(x) =sinx + X cos X
X

Consider g (x) = I(sin t+tcost) dt =[tsint]y = xsinx
0

g (x) =x sin x which is differentiable
now g (0) =0 and g (w) =0, using Rolles Theorem
hence 3 atleast one x € (0, ) where g'(x) =0
i.e. x cos x +sin x = 0 for atleast one x € (0, 7)
(A). f (x) is monotonic decreasing when
f'x)<0y x =sinx—2A<0
=2A>—sinXx = 2A>1=A>1/2
(D) If the sum of two positive quantities is a constant,
then their product is maximum, when they are equal .

2 x* b2y? is maximum when a2 x* =b%y*
1 ¢t
= — (24 + b2y = &
, @XTHbYH =2
4 4 8
c
. maximum value of a% x*, b?y*= C—. £z
2 2 4
aximum value of xy 22202 2ab”

(D)x=21In cott+1,y=tant+cott
Slope of tangent

( )
[ﬂ) sec2 t—cos ec2 t
/=175 | =0
4

———CO0S eczt

cott =T
4

(A). We have, z= (x —p)? + (x— q)% + (x—1)?
Differentiating equation (1) with respect to x, we get

= =2(x-p)+2(x—q)+2(x—1).

k2P FAx-@F2(x-0. e )
- . dz
For minima or maxima, put = 0

From equation (2), we get
2x-p)t2(x—q)+2(x-1)=0 =3x—-(p+tq+r)=0

(53)

(4

(55

1
orx=73 (prq+r

= The given equation is maximum at x=(1/3)(p+q+r1)
(A).Herea?=27,b2=1,a= 33 ,b=1
The point (a cos 0, b sin 0) is (3«/5 cos 6, sin 0).

x> 3x/§cos6Jr ysin 0 _
9 1

1 1
.. Sum of intercepts = ——— +
P 3x/§ cos0

Tangent at the above point is

sin 6

ors= 3\/5 sec O + cosec O

d
de 3\/5 sec O tan O —cosec O cot 0 =10
0= —— - tan = = = 0=
an" 0= —— .. tan0= — =—
33 3 6
B ventn
102 is positive at 0 = G-

Therefore, sum is minimum at 0 = 1t/6.

(B).In—1 <x<0, f'(x)=3x2+2x—10
=2x2+(x+1)2-11<0

.. f(x) is monotonically decreasing in the interval

-1<x<0

In0<x<— f'(x)=—sinx<0, .. f(x)ism.d.

In % <x<m, ' (x)=cosx <0, ... £(x)ism.d.

15w <(o=r(3) (5o <r(3)

.. f(x) has a local maximum at x = 1t/2

2 dy -b?
y X
(©). —+]};—2—1 X ay and x> —y?=¢?
dy _X
= dx y

The two curves will cut at right angles if

@) (8),
dx o dx ¢

b’x x ] X2y x* y" 1

—— === 2 Y -

a’y y a’? b’ a2 p: 2
2 2

. L
Using —5 +-— =1
[ g a2 b2 ]

Substituting these values in x2 — y% = ¢2,

e
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(56)

(37

(38)

(39)

(60)

a2 b2 2
we get 7—720 = a?-b2=2c2

A
T
S = R 12
r' S
(B). Y l
B P < Q C
q 36 >
Areaofrectangle=A=xy ... 1)
36 12
Also, . —12—y =3y=B6-X) ... 2
X 1 2
. A=—B6—-x)=—36x—x
3( ) 3'( )
Now, A'(x)=0=36-2x=0=>x=18
1 36—-x 36-18
A"(X):g(_2)<0' Also, y= 3 =T=6

S A= 18 X6 =108 sq. feet

B).f'(x) = = cos = x,0<x<1
B).f' (x) 5 008 5X,0<x

=-2,x2>1
.. f'(x) changes sign from positive to negative from the
left side of x =1 to the right side of x = 1.
f(x) changes from an increasing function to a decreasing

function. .. f(x)hasalocal maximumatx=1.
X2 2 2Xy
(€).m;= 2%y and m, = v? — x>

Hence, m;m, =~1 and the curves intersect orthogonally.
Therefore (i) is true. Replacing x by — x in the first equa-
tion, we get a new equation. Therefore, the first curve is
not symmetrical with respect to the y-axis. Similarly, the
second curve. Therefore (ii) is false.

If x and y are interchanged in the first equation, we get
the second. Therefore (iii) is true.

(B). As (4, 3) lies on the circle, the normal to

y =f(x) is the tangent to the circle (4, 3) so that the two
curves intersect orthogonally at (4, 3).

f'(4) =the slope of y = f (x) at (4, 3) =— the reciprocal of
the slope of the circle (4, 3) = 3/4.

(A). We have f(x)=x3 +x2 ' (1) +x " (2) + " (3)
f'(x)=3x2+2xf' (1) + " (2)
=(1)=3+21"(1)+f"(2)
=>f'()+f"(2)+3=0

" (x)=6x+2f'(1)
f"(2)=12+2f'(1)

f"(x)=6 =>f"(3)=06
f'(Hh=-5; f"2)=2

Hence, f(x)=x3—5x2+2x+6
Now, f(-1)=-1-5-2+6=-2

(61)

(62)

(63)

64

(65)

f(0)=6 = oneroot € (-1,0)
f(2)=8-20+4+6=-2= Oneroot € (0,2)
= Two roots are real = All three roots are real.
Alsof(5)=125-125+10+6=16
= Oneroot € (2,5)
= Rootsliesin (-1, 0),(0,2),(2,5)
Hence, all roots are real and distinct.
(C).f" (x)=2cosx+sec2x—3>0
= 2cos3x—3cos?x+1>0
= (cosx—1)2(2cosx+1)>0
= cosx>—-12= x € (-n/2,27/3)
Among the given intervals, (—m/2, n/2) lies within the
above interval.

(B). We have, g (t)= g— 2cot™'(37)

s og(h= g— 2cot™'(3Y) = %— 2tan”!(37Y)

1

_ a1
(As cot” x=tan —,x>0)
X
T T —1 -t n 1 q-t
:——2(——cot 3 ]:——+200t 3
5 > G > G
T
(As cot Ix+tanlx= 5 VY x € R)
=-g()
Hence g (—t) =— g (t) = g is an odd function
o () -2.37"In3
A =T
50 1+(37Y?

L g'(H)<0, YteR
= g is strictly decreasing in (— oo, o).
(B). We have, f(x)=cot ™! (g(x))

= f'(x) xg'(x) <O0for0<x<m

) S
L+[g(0P
[+ g(x)isincreasing for0<x<m, ..g' (x)>0]
Thus, f(x) is decreasing in (0, )
(B).f'(x) = 6(x2-3ax+2a%) = 6(x—2a)(x—a)=0
= x=2aora
f"(x) =6(2x-3a)

If a>0 then x,=a

f"(2a) =

u( a) a:| X2 = 23.

f"(a)=-a If a<0 then x, =2a

X, =a

Now x;2=x, = a?=2a = a=2

other option not valid ]

x? dy  x (400-x%)
B).Let Y="3 > =73 5
x> +200 dx  (x° +200)

Now if x >(400)!3, yisdecreasing and
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if x <(400)13, yis increasing hence

2 2
y is greatest at x = (400)!3, L) or a?=16=>a=4
b 16 16
T—>_ (72)  (A).xy=-5
; = i = dy dy vy
7 400)13 S Xx—+y=0=>—"=—=>0 =
(400) de y i " (asxy=-5<0)
- = The slope of the normal is negative
But x € N hence practical maxima occurs at = 3 022502 250.b>0 or a<0.b<0
b b ’ ’
x=7 or x=8 ; a7:£ ; 218:ﬁ (73)  (A).f’(x)=3x2+2ax+b+5sin2x>0forallx
543 712 = 3x2+2ax+b+5sin2x>0
dy 1 1 = 3x?+2ax+b>-5sin2x>-5
(66)  (B). Domainis[2,3], now 4 = ——>""—— = 3x2+2ax+(b+5)>0
X Wx-2 N3-x = 422 12(b+5)<0=> a2~ 3b—15<0
. . dy 2
for maximum or minimum ——=0 2 5 31 31 .
dx 74 D).f(x)=2|x 2 % 2 attained atx =— —
4(x-2)=3-x = 5x=11 = x=11/5
now, f2)=2. F3) =1, f[E]:L”_i:i:ﬁ (75) (C).|x—a|+|x—b|+|x—c|+|x—d|
5 \/g \/g \/g atb+c+d-3x bte+d-a-2x 2x*d-a-b-¢ 4xa-b-c-d
—®© L LC +d-a-b lc ld ©
(67) (D). Slope of normaltoy=1f(x)at(3,4)is == G So minimum valueis (c+d—-a—-b)
( ) (76) (B).Since—1<sinx<1,-1<cosx<1,
3 s [sinx] < 1and[cosx] <1
b T n .
Thus, —— o =tan (TJ tan (2 4j =—cot — =-1 [sinx] +[cosx] <2
( ) 4 But [sinx] +[cos x] =2 if sinx = 1 and cos x = 1 which is
=f"'3)=1. not possible.
.. maximum value of [sin x] + [cos x] is 1
x—1 x+1 2x+1
. o d
(68) (D).Rowoperationswill give f(x)=| 2 2 2 (77)  (B). % = ( as tangent is X - axis
3 -3 -1
S.2x+a=0 or x=-—a/2. Butpointlies on the curve.
which is a linear function of x and hence has no extreme 100—a2
points. y=x2+ax+25= —2_—0 asit lies onx - axis.
(69) (A).(2,6)corresponds tot=1 on the curve.
Slope att=11is 8. wa=+10
: 1 . d .
Normal at(2,6)isy—6= -3 (x—2) whose intercept form  (78) (C). - = cos |x |=—sinx, forx € R
X y f'(x)=-sinx—2a
is % 254 1 Now f(x) is an increasing function, therefore
i f'(x)>0=-sinx—2a>0
(70) (C). Wehave, f(x)=cot™ x+x
1
1 x2 —a<-_sinx=>as-
=>f'(x)=-— 5 tl= 7 . Clearly, f'(x)> 0 forall x. 2 2
1+x 1+x (79)  (B).Letf(x)=x3+2x%+x+5, then f(-2)=3 and
Therefore f(x) increases in (—oo , o0 ) f(-3)=-7
(71)  (C). Slope of tangent = f(x) has an odd number of real roots —2 and —3. But, if
3 23 the given equation has an odd number of real roots
& _ X Y = between —2 and -3, then their product will be less than
3 7 1 at(a/8, a/8) ¢
y X —O.

Tangentisy—a/8=—-1(x—a/8) or x+y=a/4
Its intercepts on axes are A =a/4, B =a/4
Portion of tangent intercepted between the axes is

VAZ +B? = /2 (given)

However, product of the roots is —5. So, there is exactly
one real root between —3 and —2

Letitbea. Then—-3<a<-2= [a]=-3

Also, f'(x)=3x2+4x+ 1, where D=16-12>0

4
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(80) (B). '-'0<X<g s tanx >0, cotx>0

2 124
ab (a” —b”)sinx cosx
Now, f(x)= :
’ a?sin’ x +b% cos? x

_ ab(a’-b?) ab (a® —b%)
B A2tanx+blcotx (a\/tanx —bx/cotx)2 +2ab

f(x) will be max. when (a+/tan x — b/cot x )? is minimum.

But its minimum value is zero.

2 12 2 12
.. Max. value of f(x) = ab(@” —b7) -2 b
2ab 2

. 300
(81) (B). Time taken by the truck = Thours

(. x*)300
. petrol consumed = k2+@J  litre

". Expenses on travelling,

[ x2)
e=200x 24| 24 2 2000
X L 600) X

60000 6000 66000
+ +5x =
X X X

dE 66000
dx x2
.. most economical speed is 60 kmph.
(D). Given, V =nr?h
Differentiating both sides

d—V =T (rz d—h+2r£h] =T7r [rﬁ+ 2h£]
dt dt dt dt dt

+5x

+5<0 forallx € [30,60]

82

dr_ 1 dh_ 2

=—an -
dt 10 dt 10

av = nr[r(—ij + Zh[LD = E(—r—i— h)
dt 10 10 5

Thus, whenr=2 and h=3,

v _r@)

21
—2+3)=—
dt 5 ( ) 5

(83) (B). x, = (tan0)™ x, = (cot 0)°?,

X3 = (tan0)'™9 and x, = (cot)™"®

0<B6<mn/4 = tanO<cotb
x1<x2; )(3<x2

x1<x3

x1<x3<x2

x3<x4<x2

x1<x3<x4<x2

1
(84) (D).Letf(x)= x° In— =—x2Inx

L x)=-2xInx—-x=0= x=¢ 12

lim f(x) =0, lim f(x)=—-o
x—0 X—»00

- 1 1
and f (%)= PR Maximum value of f (x) is — .

2e
Alt. : Check with f" (x)

@85 @D).f(1)=-6
For maximumatx =1
lim f(x)= tan o —5<—6
x—1"
= tan la—1 — o <—tanl
86) (C).y—-e¥+x=0
: g—exy(y+xﬂ)+1:0
T dx dx
d d
i.e.,—y—y(x+y)—x(x+y)—y+1:0
dx dx
ie,[1 + & _ + 1
ie, [I-x(xty)] - =yty)-
for the vertical tangents
1- 2
l-x(x+y)=0 ie, y=—0b
X
2 2
i_e,,——x—elf" +x=0 ie,el”‘ :l
X X
sx=landy=0
T 1 n1 a T
87 A).y(att=—)= (7_,7]:_[1__j
B O L e (7 i A2 L

dy
dx

=T .MM M . W
_4 al —sm—+—cos—+Sin—
4 4 4 4

ma . T
—SIin —
44

~ ma s
— COS—

4 4

.. length of the tangent

RS

“aw |l 1
dx

e
=tan—=1

4
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| y1
(B). t =length of tangent = sin

(88)

|y
, t'=sub tangent = Bl
cosy

n = length of normal =

| y1l
coty

n' = subnormal =

lyil 1yl
tan\u'cot\u

rnt 2
() t'n’ = =i

1 1 cos2\|/ sin2\|/ 1
i — — = t—_—
R
lyil Iyl :|Y1||Y1|:|
cosy tany siny
(O).x%y=¢?

(iif) nt' = yilt

@89

dy dy 2y
25 = o _ 2y
x dx 2y=0= dx X

equation of tangent at (X,y)
2
Y-y= - T (x-x)
X

. 3x
Y =0, gives, X= 7 =a

and X=0,gives,Y=3y=b

9X2 27 2 273
—J3y = — =—c = (C
4 Y T XY= ©)

Now aZb=

90 (A).-x=-2
=|x|=-x
=>fE)=|x2+x| - x2+x>0

S fx)=x2+x

d—y:f’(x):2x+1
dx

.. Slope of normal at x =—2
-1 -1 1

T 22)+1 —4+1 3
B).y=x(Inx-2)

on

1
y'=x (;) +(nx-2)=hx-1

d

& =hx-1=0=>x=¢
dx

now f(1)=-2

f(e) =—e (least)
f(e?) =0 (greatest)
.. difference =0— (-e) = ¢ Ans.

~_

1 e e?

tany

92)

93)

%4

95

(96)

D). fx)=xInx—x+1
f'x)=1+Inx—1=Inx
S (x)<0if0<x<1
f'x)>0 if1<x
S ' (x)>0forallx € (0,1)U(1,0)
2
+3L+1
2

- £(1)=0

©). f(x)=x*+ax>
f'(x) =4x3 + 3ax? + 3x

" (x)=12x2+6ax+3>0=3 (4x2+2ax+1)>0 yxeR
4a2-16<0 = a2<4 = 2<a<?2

ax
(B). Y= oo e (1)
Since (1, 1) lies on (1)
~b-1=a L 2
dy  ab
From(1), 4, ~ (b—x)2
ﬂ: ab _
At(la 1)7 dx (b_l)z ........... (3)
b(b-1
From (2) and (3), ( 1)2)=2 =>b=2b-2=b=2

(D). x2+y2—6x+8y+24=0
it centre is (3, —4) and radius = 1
.. least distance of (0, 0) from the circle=5-1=4

x4yt =4 e, x2+y2=16

- minimum value of  log, (x*+ yz) =log,16=4

2x ‘
5 18
1+x2

(A). Graphof ¥ =

from the graph it is clear that there are three points of
inflection separated by a point of minimum

Alternate :

dy 2(1+x?)-2x2x _ 2(1-x?%)

dx (1+x%)? (1+x%)?

.. x=—11saminimum and x = 1 is a maximum.

c12_y: 1+x2)2(-4x)-2(1-x3) 2 (1+x?).2x
dx? 1+x3)*

—4x (1+x%)-8x (1-x2)
(1+x%)?

—4x—4x> —8x +8x°  —12x+4x’  4x (x*-3)

(1+x2) T+ (+x2)

¢
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.. There are 3 points of inflection : x = 0,—/3,/3

2

(s d_2 changes sign while x passes through these
X

points)
B).f(x)=2x3-3(a+1)x%+6ax—12
f'(x)=6 {x2—(a+1)x+a} =0
=6(x—-1)(x—a)=0

f"x)=12x—6(a+1)

f"(1)=6-6a>0

f"(a)=12a—6a—-6=6a—-6=6(a—1)
.. Ifa<1thenx=aisalocal max.
sL2a=1 oa=172
Ifa>1thenx=aisaleast minimum .. 2
(C). Point of intersection of curves

y=|x>—1]and y=+/7_x2 is (+:/3,2)

y=x2-1 and

N

Il
©

9%

y= 7-x2

dy dy X
2 _9 = __=
i X and dx y

d 3
=2+/3 and m2=—y =—[
&l 2

_ Yy

ml —_—
dx

+f3,2)
53
4

tan 0 =

99) (O).f(x)=2sinx+sin2x
f'(x)=2cosx+2 cos2x =2 (cos X+ cos 2x)
S f'(x)=0 < 2cos®x+cosx—1=0
-1+
1_3:_1’1
2

b
COSX = X =W, —
3

Now, f(0)=0, f [37”) =2 ;

V3 333
2 2 2
... difference between greatest value and least value

2

Y
f(m) =0, f(gj =2

(B). Given curveis x32+y¥2=2a%2 (1)

3 f 3 dy
so=ANX+—Jy—=0

Vg g =0
Since tangent is equally inclined to the axes

dy \/;

A

e 5 :>—$=—1
= Jx =y [oVx >0,y >0]

Putting \/g =/x in(1), we get

(100)

2X3/2 — 233/2 =g
15cm
S x=aandsoy=a

(101) (D). For cylindrical pot V = nr?h

d—V= v 1r2ﬁ+h~2rE
dt dt dt

— constant, - 0
(r = constant, i )

dh
hence, 100=nr2—
dt

225 dh

100=m" 4 .dt (r=15/2cm)

dn_ 400 16
dt  225%  9g Cmmm

EXERCISE-2
(B). xy=25; xy'+y(1)=0; y'=—y/x
Consider a point (5, 5) onxy=25; m=-5/5=-1
Equation of tangent at (5, 5)isy—5=-1 (x-5)
y=5==x+5;x+y=10

)

X, Y _
10 10
.. In general, area = 50 sq. units

1 ;Area:%XIOXIOZSO

2) (A).Clearly6=90+¢; 6=90+¢
tan 6 =tan (90 + ¢)

=—cot¢

ﬁb

ﬂ =3x2
dx

(1.2) /
Required=—cot p=-1/3

tan ¢ = =3

¥

d 3x% —3y?
(B). Diffx3 —3x y2 +2=0w.rt. x to get &_ X T

® dx —6xy

dy

6xy
Diff. 3x2y—y3 —2 =0 w.rt. x to get dx

_3x2—3y2
Clearly, m; xm, =~1

11 —(x-1?

1+x2 2x  2x (1+x%)

L 'x)=0=>x=1

@ (©.f'®)=

_ 1 i
Now, f(1)= tan II_EIOgIZZ
1 —1 1 1 Y 1
f[—} = tan [—] +—log3=—+—log3
3 J3) 4 6 4
—1 1 n 1
and f (+/3) = tan (ﬁ)—zlog’a’:;—zlog?a

T 1
Hence, the greatest value of f(x) is 3 Zlog 3

v
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®)

©)

™

@®

&)

f(ﬁjzﬁﬂ
4) 4

f'(x)=1+3 tan’x sec?x

R C R
4 =1+3x2=7; g 4 = o7

dy dy

343e2 = 3y’ —+6x =12.—

D). y* +3x* =12y = Y dx ax
dy ) dy 6x
—Q@By -12)+6x =0 —_—=

= O TN =0 T
dx _12-3y?

= dy 6x

Since tangent is parallel to y-axis
dx

" 5:0 = 12-3p>=00r y=42.

4 4
xX=t— +—,-2 i
Then ;o At [ g ] the equation of curve
doesn’t satisfy.

(©). Y3 34
dx

dy
We must have = =0 for three values.

= Equation x> — 3x + A = 0 has three real roots.
Letg(x)=x>—3x+Atheng'(x)=0forx=1,-1
For three roots of g (x) =0

g()g-1)<0=> -2<A<2 = k=2

(B). We have, xy = 2

dy dy y

— 4 — —_ =

=X i y.1=0 = i o
dy __ 1
dx - t2
(cty,c/t]) 1

The equation of the normal at

(¢

cty,—| ; L2
L l’tlJ isy— Y t % (x—ct)).
since, this normal passes through

(¢

c c
Cty,—| therefore, ——— =t,2 (ct, — ct
L tzJ ? t, 1 ( 2 1)

>tt,=-1(ast, —t,#0)
(A). Let P (xy, y;) be the point of intersection of the two
curves.

dy

We have, y2 - 2x = 2y Y. = [ ) L
X =2y ——=2=>m=| = =
(§] aVe,y X y dx ml dx (X17y1) y]

d2xy=k ﬂ-ﬁ- =0
and 2xy = :de y=

(10

11)

(12)

(13)

oy = [d_YH _n
dx (x1y1) Xy

Since the two curves intersect at right angles,

(1Y y)

Lmm,=-1= Ly_l) L_x_l) =—1=x,=1

and hence from yl2 =2x,, we get yl2 =2
since (x;, y;) also lies on 2xy =k
~k2=4x2y2=4x1x2=8
(A). f(x) =xeX1)
= f'(x) = X% 4+ xex(17%) (1- 2x)
=X ] +x-2x2]=— XX (x- 1) (2x + 1)
Now f(x) is increasing when f'(x) > 0
-0 x-_1)2x+1)>0
=x-1)2x+1)<0 [-reX(1-%) > (]
=-1/2<x<1. Alsof(x)isdecreasing when f'(x) <0
=>E-1)2x+1)>0=>x<-12o0rx>1

COS X —sin X

(D). £16)= 1+ (sinx + cos x)2

f (x) is monotonic increasing when f'(x) > 0
COS X —Sin x

= - >0 = cosx—sinx>0
1+ (sin X + cosx)

= J2cos(x+m4)>0
=-n2<x+7m4<7m/2

(+.- cos0 is positive when —1/2< 6 < 1t/2)
co3n/A<x<m/4
D). f'x)=4x—1/x

f'(x) is monotonic increasing when f'(x) > 0

4x? -1

X

=>4x-1x>0= >0

{4x2—1>0 when x>0

= 2

4x“—-1<0 when x<0

Butx>0,4x2—1>0=>x2>1/4 = |x|>1/2
=xe(1/2,0)

andx<0,4x2-1<0=>x2<1/4 = |x|<1/2
=xe(-1/2,0)

sxe(=1/2,0)u(1/2,0)

(D). f(x)=2log (x—2)—x*+4x+1

2
=>f'x)= E —2x+4

1—(X—2)2} _, (x=D(x=3)

:>f'(x)—2|: — —

2(x—D(x=3)(x—2)
(x-2)°

L x)>0=>-2x—-1)(x-3)(x-2)>0
= x-DE-2)x-3)<0= xe(-o,1)U(2,3)
Thus, f(x) is increasing on (-, 1) U (2, 3).

= fi(x)=

=
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14

15)

(16)

a7

(18)

(C). Here, by?=(x+a)?
Differentiating both the sides, we get
dy b dy 3(xx+ a)2
2by—=3(x+ —_—=—

Y dx (x+a)” = dx 2by

.. Length of subnormal

dy 3(x+a)’
SN=y—=——7"""— ... 2
&2 b @
". Length of subtangent
dx by’
ST=y.—= —yz ........ 3)
dy 3(x+a)

~p(SN)=q(ST)?

p_ST? 8 by* 8b

T q ON) 27 (x+a)f 27
( b%y* :1\
L (x+a)° J Q
(©). x2+y?=102 1om
y
. dx
Giventhat —=2
dt
A P X 0o

dy 2
Wehavetoﬁndawhenx:&nx +y-=100,

we gety = 8.
Now, x2 +y2 =102
dx dy dx _dy
2x—+2y—=0 6—+8—=0
a e Tarde
dy dy 3
6x248—=0=>—=—— i
= at at 2 metres/min

(A). f' (x)=—12 cos? x sin x-30 cosx sin x — 12¢0s X sin x
=—6sinxcosx(cosx+2)(2cosx+1)
2n

b
f'(x)=0, forx=0, —,—/,7
x)=0, forx=0, 273

s 2n
Clearly, ' (x) >0 for By <X < EY

T 2n
Andf'(x)<0;for0<x< 5o ER <x<m

(B). Let f(x) =2x3 + 15 and g (x) = 9x2 — 12 then

' (x) = 6x2 YV xeR

- f(x) is increasing function \/ x e R
Also,g'(x)>0 = 18x—12>0= x>2/3

Thus, f (x) and g (x) both increases for x >2/3
Letf(x)=f(x)-g((x), F'(x)<0

(= f(x) increases less rapidly than the function g (x))
= 6x2—18x+12<0 = 1<x<2

(A). Let the equation of the circle by x2 + y2 = a2
Let A (a, 0), B (—a, 0) be the ends of the diameter and
C (%, y) be any point on the circle.

)

20

@1

(22)

1 /
Areaof AABC=A= EXABXy:ay - ava® —x?

co Aismaximumifx =0
i.e. ¢ lies on y-axis and then A CAB is an isosceles
triangle.

(1—x2\: 2x
Ll+x2J |x|(l+x2)

d
(B). ' (x)= g, ©°

f'(x)<0ifx<0
x € (—,0)

(1-x2)
or y=cos! Ll ZJ =

1
(B). Let f(x)=x!* = log f(x)= (;] logx

2tan”! x,if 0<x <o

I+x —2tan"' x,if —0<x<0

Diff. both the sides, we get

£1x) = £0) [x.(l / x)2— log xj
X

So, f'(x)=0=>x=¢
when0<x<e=f'(x)>0ande<x<w=f'(x)<0
Thus, f(x) has a maximum at x = ¢ and max. £ (x) =e!/®.
(B). Let 0 be the semi-vertical angle and r be the radius of
the cone at time t. Then, r=20 tan 6

A\
E = 20sec? 9@
dt dt 0 [ X 20cm.
= E:20><secz30°><2
dt
T B
160 A
= —— cm/sec
3
) og| ‘_log(x);x>0
(B). Since 1081 X1 = log(-x); x <0
l; x>0
_ X
—log| x| = | |
-)=—; x<0

y has extreme values at x = -1, 2,

dyj [dyj d
—| =|==] =0 D& oy +1
So [dx 1y \dx )y -Now dx x ~

e
I 271
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[d_yj =—q-2b+1=0
dx “n

[d—yj =9 ab+1=0. .4 0 po_L
dx )y, pa=2, :

2x

_ @) 1= e -1
(3)  (D).Since = 5 = ——sz |7
. f(x)is an odd function.
(@ +1).2e7 —2e7 (e - 1)
Also f'(x) = @ 11)
2e (@ +1-e™ +1) 4e?* 27)
= = >0
(> +1y (> +1y
= f'(x)1S +ve , .. f(x)is an increasing function.
24) D).If f(x)=(a+2)x* —=3ax? +9ax —1 decreases mono-
tonically for all x € R,then f'(x)<o0forall x ¢ R
= 3(@+2)x? —6ax +9a <0 forall x ¢ g
= (a+2x? —2ax +3a <0 forall x ¢ R
= 4+2 <0 and Discriminant < ¢ (28)
= g<-2,-8a>-24a<0 = a<—2anda@+3)>0
= a<-2,a<-30l4>0=g<-3=-0w<a<-3.
(25) (A). Let(x, y) be the one point of parabola,
y=x2+7x+2
its distance from the liney=3x—-3 or3x—y—-3=01s
3x—y-3| |3x-(x>+7x+2)-3
D- _ 29)
V(10) V(10)
—x?—4x-5
V(0)
X2 +4x+5 (x+2)2+1
D=
V(10) V(0)
) (30)
(x+2)"+1 NT
=7 — is+
10) as e is +ive
dD _ 2(x+2)
dx (10) =0..x=-2
and hence y is — 8 i.e. point is (-2, — 8)
4D 2 dh 2,-8
5 = T— =+ive and hence min. at (-2, —
ax*  10) 2.78) a1
X
26) (B). z=y+ 1), (given vV = ;)

el

Partially differentiate w.r.t. x and y respectively,

oz _ flxly) ,
a—T .....(i1)
0z [ x X
> 1 +f(;J[—y—2J .....(iii)

Loz, 8 xos o
Now, ox oy yox oy
_if{i]xiﬂ_izfv[ij v EeE g

y - \y) vy y o\ x oy
d
D). y=xlogx D%ZI-O—Ing
1 -1

The slope of the normal = — (dy /dx) e log x

The slope of the line 2x -2y =3 is 1.

'_—1:1:>lo x=2 > x=e”
" 1+logx gx=

o y=-2¢? .. Co-ordinate of the pointis (e %, 2¢ 7).

(D). Curveis y = pe /®
Since the curve crosses y-axis (i.e.,x=0) .. y=b

N d_y_ie—x/a At . t 0 b (d_yJ :i
ow o=, .Atpoint (0, b),| 7, on @

: . —b x.y
Equation of tangent is, ¥ —b :7(?6 -0) = ;+;:1 )

(D). f(x)=3x2+15x+5;
Letx=3andx+Ax=3.02 ;
Ay=f(x+Ax)—f(x)

S+ A)=f(x)+ Ay =f(x) + ' (x). Ax
[+ Ay=1"(x).Ax]

f'(x)=6x+15
f(3.02)=f(x+Ax)

=(3x2+15x+5)+ (6x+15). Ax
=[3x32+15x3+5]+[6x3+15](0.02)
=[27+45+5]+[18+15](0.02) =77+33x0.02=77+0.66
=77.66

(B).Curve x +y =e®

Differentiating with respect to x

1+ v y+xd—y Ord_y:—ye"yfl

dx dx dx  1—xe™
dy o
—=w=>l-xeV=0=>1-x(x+y)=0
dx

This hold for y =1, y=0.

1
(D). Let y= 7~ (3x*+8x3 —18x2 + 60)

=== i(12x3+24x2736x)
40
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(32

(33)

dzy 1 )
and d_2 =20 (36x-+48x—36)

X

d
Now &y =0=>x3+2x2-3x=0

orx (x-1)(x+3)=0 or x=0,1,-3
d2y

Atx=0, —5 =-36<0
dx

- yismaximumatx =0
= The given function i.e. 1/y is minimum atx =0

40 2
.. minimum value of the function= —- ==
60 3
(C). Consider the function
x? (400 —x*)
- N —x— "7 _9
) o +200) D3 fe)=x (x* +200)

When x =(400)'"® (- x #0)
x=(400)" —h= f(x)>0
x=(400)" +h= f(x)<0

. f(x) has maxima at x =(400)''?

G4

(35)

Since 7 < (400)!'3 < 8, either a; or ag is the greatest term

of the sequence.

var =2 andae = ang 2.8
T T 543 87 g9 543 7 89

a; is the greatest term.

T 543
(A). y=x° -5x* +5x3 -10

LY

. =5x* —20x° +15x% = 5x%(x? —4x +3)

=5x*(x-3)(x -1

d
%:O,gives x=0,1,3

dzy

dxz_

Now, 20x° —60x7 +30x = 10y (2x2 —6x +3)

3
and d—);:lO(6x2—12x+3)
dx
2 3
0,47 0,9 L

Forx:().dx— PR a

dx
.. Neither minimum nor maximum

d*y .
Forx =1, =-10 = negative |
dx

2

.. Maximum value y,,, =-9

2
For x = 3,3—)2) =90 = positive
x

.. Minimum value y;, =-37.

(36)

€]

x
©- =T
44+ x+x*—x(1+2x)

@+x+x?)

Differentiate, /' (x) =

4 —x?
For maximum f'(x)=0 = Gtx+xl) -
= x=2,-2
Both values of x are out of interval

-1 -1 ) 1 1

D= =

44141 6
(maximum).

(A). Let co-ordinate of R (x, 0)

Given P(1,1) and 0(3,2)

PR+RO =J(x = 1)> +(0 = 1) +y(x —3) +(0 - 2)°

= Vx2—2x+2+4x2 —6x+13

d
For minimum value of PR + RQ, E(PR +R0O)=0

— i(«/xz —2x+2)+i(\/x2 —6x+13)=0
dx dx

G-) -3
= x2cox+2 Ax2-6x+13

) M Gt )&
(x?-2x+2) x?—-6x+13

Squaring both sides,

5
=32 2x_5=-0=> Bx=-5x+1)=0, x=§ﬁ1.

Also l<x<3... R=(5/3,0)

3

(A). f0)=x* == ) =4x =7
For increasing 4x3 —x? >0 =x24x-1)>0

1
Therefore, the function is increasing for * > n

1
Similarly decreasing for x < T
(B). Lety =64 secx +27 cosecx

d
= d_y = 64secx tanx — 27 cosecx cotx
X

d2

d_z =64 sec3x + 64 secx tanZx
X

+27 cosec3x +27 cosecx cot?x

d
Now d_z = 0 = 64 secx tanx = 27cosecx cotx

= tan3x =27/64 = tanx = 3/4

4
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(33%)

39)

(40)

C2))

“2)

“3)

2

d7y
Also then 5 > 0
X

(','O<X< E)
2

So y is minimum when x = tan~!(3/4) and its
min. value =64 (5/4)+27(5/3)=125

! X (cos_1 x—sin”! X) X (— )
V1-x? L 1—x2J

B). f'(x) =

(cos_1 x)2

cos”!

\/l —x? (cosf1 x)2 \/1 —x? (cosfl x)2

=f'(x) > 0 st. Increasing function.

X +sin”' x T

=+tve

vy X7 =2x-1
(A). g'(x) —(x—1)2

2(x-D2(x-1)-(x*>-2x-1)2(x—1)
x-n*

g'(x)=

= 5 # 0 = No point of inflexion
(x=1)

(D). At y-axis % =3,3ax2+2bx+c=3at(0, 5)
=c=3

= Again g—y:O at(-2,0) .. 12a—4b+c=0
X

= 12a—4b+3 =0, also P lies on curve

—8a+4b—-2c+5=0 or —8a+4b—-1=0

=4a+2=0=>a=-1/2,b=-3/4

dx —a (cos20sin 0+ cosOsin20)  —asin30

(A)-0) o T \/cos 20 \/cos 20

dy asinOsin20  acos30
ii) — = a+/c0s20.cos0 — =
@ de Jcos 20 Jcos20

dy

dx 6

d T
= d_y =—cot30= [—] (9 = —j =0 = parallel to x-axis.

X

ﬂ:3:>m1

2_
(C). For curve, y~=6x, dx

dy -9x

—_
d by M2 e @

For orthogonally, 1+mm, =0, by2=27x
Putting value of y2 = 6x in eq. (3)

For 9x2+by2=16

We getb =9/2
-x+2
|X—1| 5 . x>1
(D). Wehave f(x)= ——> =] X
X 1-x
5 , x<1
X

CL)

45)

(46)

CL))

Clearly, f (x) is not differentiable atx =0 and x = 1.
So, by definition, these are two of the critical points.
For points other than these two, we have

-x+2
3 , x>1
frx=4 *
;X x <1
x? ’

Clearly, ' (x) =0 atx=2. Sox =2 is also a critical points.
Hence, f(x) has three critical points, viz. 0, 1 and 2.

c(x—-1)(x—4)—(cx+d) (2x-5)

B). f'(x) =
® (x-1)%(x - 4)?
—2c+(Q2c+d) d
So,0=f'Q2)=—"—=—"=d=0
4 4
2c+d
Also,-1=f(2)= ) =—c=>c=1

dy fy nx"ly ny

(C).d_xz—g—— SO x

. . ny
Equation of tangentis Y -y=-— o X-x)
Putting y = 0 then X = 0 the intercepts on axes are

x(1+n)
A=——.B=y(+n)

1 1 (+n)? 1(1+n)> a"
—AB=———""—xy= ——F— X ——

2 2 n Y x"

It will be constant if x™1=1ie.n—1=00r n=1
(C). Given curve is x> —y2 =0

Differentiating w.r.t. X,

A=

3X2—2yﬂ=0 = ﬂ:(ﬁw
dx dx k2yj

) et m
ZNdx) (2 ) —2m’ 2

2
- Sl f th l=—
ope of the normal = =
Slope of given line =m
. dy
(B). At any point of the curve = >0

=3x2+2Ax+1>0
It is possible only when B — 4AC < 0

S42-12<0=02-3<0 . —B<r<3




SOAL

(APPLICATION OF DERIVATIVES) Q.B.-SOLUTIONS ODM ADVANCED LEARNING
(48) (B).Given curves meetatx =1 (B) At point ( \/5,1)
dy x—1 1
For first curve ——="——+3*"" log3logx
dx x B0t y=x*-1 y=-(2-3)
dy dy
oo o
[d_yj —140=1 x .
d
B | B,
&/ (2. /2

d X
For second curve [ﬁj =x"(I+logx)
242 -(-242)
1+ 24/2.(=242)

. tano =

d_YJ _ _
[dx . =1.(1+0)=1

If 6 be the angle between these curves at x = 1, then
tan0=0=cos0=1.
49 @O).e¥=1+x2 1)
Differentiating w.r.t. x,

o= an_l(ﬂ\ 442
=t L - Jor n—tan IITJ

(54) (D).g' (x)=(f'(tanx—1)2+3) (2 tan x—2) sec3x
Since f" (x) > 0 = f' (x) is increasing.

f'((tanx—12+3)>'(3)=0 ¥ x e R [O,EJ U[E,Ej
4)\% 2

X dx ¥ \l+x
2
or |m|= |X|2 Im|<1 nom
I+ x| Also (tanx—1)>0V¥ x € R R
B0 (A). " f'xX)=m=¢e*[cosx—sinXx]
dm _ x ; X So, g (x) is increasing in zz
d—:e (—sinx —cosx)+(cosx —sinx) e 8 g D)
dm a a
——=-2sinxe™ =0 =0, s (55 (A).n = T =
ax | ome =l =i (-1 7 (-n)
¢ =-2[e* cosx +e* sinx] x=—2
dx2 (1—x)2 has roots 1|, r, and o (say)
(dzm\ y=f(x)
— =-2<(0 =>max.atx=0
2
de JX:O /_\ 1 (’/ > X
1/3
(51) (A).D?2=z=(x—4)2+(y+1/2)? //rlrz\/
:(X*4)2+(X2+ 1/2)2 [ y:x2]
z=x*+2x2-8x x3-2x2+x-a=0
q Letf(x)=x>—2x*+x—a
d_Z=4x3+4x_g=03X:1 f'(x)=3x2—4x+1=(3x—1) (x—1)
X
1 4
fl=]=2z-2a>0, f(1)=—a<0
d*z [3] 27
—2=12X2 +4>0 . Minimumatx =1
dx (14 f(0)=—a<0
So pointis (1, 1). y (56) (B).f'(x)=3(x-3)%;f'(x)=0=>x=3
(52) (O).fx)=x>+x+2 (0,2) f"x)=6(x-3);f"(3)=0
f'x)=3x2+1>0yxeR f"(x)=6, f"(3)#0
= f(x) is increasing function Hence, f (x) neither max. nor min. atx =3
£f(0)=2; f(1)=4 0 1.0) (7)  B).~ f()=max. {(x— D>+ 1,|x—1]} =(x—1)*+1
.. f(x) has least value =2 L' =2x-1)=0
(53) (O).(A)|x2-1|=]x2-3|=>(x2-1)=£(x2-3) x=1¢€][0,3]
Greatest value of f(x) =max. { £(0). f(1), f(3)}
= x=(#2,) —max. {2,1,5} =5

[4
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(38)

(39)

(60)

(61)

(62)

x2—5x+6, x<2
S-1: f(x)={-x>+5x—6, 2<x <3
x2—5x+6, x>3

(63)
2x -5, x<2
f'(x)=9-2x+5, 2<x<3
2x—-5, x>3
f')+f'2H=-1+1=0
(x—a)(x—b), x<a

S-2: f(X):{—(X—a)(X—a),aSXSb
(x—a)(x—b), x>b

2x—a—-b, x>b
oo f'(a—) =a-b, f'(at)=—a+b
s f'(a-)+f'(at)=0
Statement 2 explains statement-1.
(B). f(x)=x+cosx

2x—a-b, x<a
f'(x)=<-2x+a+b,a<x<b

: n (64
S f'(x)=1-sinx>0 VXeR,exceptatXZZnn-i-E

and f'(x)=0atx=2nm+ g

.. f(x) is strictly increasing

. Statement 2 is true but does not explain statement-1
-+ Statement-2 gives f' (x) may vanish at finite number of
points but in S-1 f' (x) vanishes at infinite no. of points

D). g(x) =x —/x -1

(65)

-1
"(x) = <0 Vx>1
g'x) Wxx—1(Wx +4/x+1)
g (x) is decreasing
C+1>C ; g(C+1<g(C)
f(u) <f(v) (fisincreasing function)

a

(A). orbsinA=asinB

sin A - sin B
bcosAdA=acosBdB
dA dB dA dB

= : =
acosB  bcosA a\/l—sinzB b\/l—sinzA

dA dB
= 2 2. 2.2
a\/l—b 51121 A b\/l—a 51121 B
a b
dA dB
=

\/32 —b2 sin2 A \/b2 —a? sin2 B

(D). Whenx=1,y=1,y'=3x2-2x— 1=y lk=;=0
equation of tangent is y = 1

Solving with the curve

B-x2—x+2=1= x3-x2—x+1=0
The tangent meets the curve again atx =— 1
*. Statement 1 is false and statement 2 is true.

(©). Y323
dx

dy

Statement 1: .. gy =-3

at (0,1)

Equation of tangentis y—1=-3 (x—-0)ie. y=—3x+1
3x+1=x-3x+1=x=0
". The tangent meets the curve at 1 point only.
. statement is true.

dy

Statement 2: .. gy =0

at (1,-1)

.. Equation oftangentis y+1=0(x—1)i.e.y=—1
~1=x3-3x+1=x>-3x+2=0

= x-D)E2+x-2)=0= (x—1)2(x+2)=0

". The tangent meets the curve at 2 point.

.. Statement is false.

(A). h(x)=g(f(x)) and f(x) € [0, )

~hxx)z0 L )
h =0 .. ?2)
x)=g'fx))f'x)<0 ... ?3)

Fromeq. (1),(2)and (3)

h (x) is a constant function.

(A). Suppose f(x) = 0 has a real root say x = a then
f(x)<Oforallx<a.

Thus | f (x) | becomes strictly decreasing on (—o, a) which
is contradiction.

(66) (B), (67) (D), (68) (C).

d
—a:2:a:2t+c
dt

. the curve y = x2 — 2ax + a% + a becomes
y=x2—4tx + 42+ 2t
ifx =0, then y =4t2 + 2t

o ¢c=0{. a=0,whent=0}

dy =2x -4t 4 =
dx X |at x=0
. equation of the tangent
y— (42 +2t) =— 4t (x - 0)
ie., y=—4tx+4t2+2t
vertex of y = x% — 4t x + 4t2 + 2t is (2t, 2t)

.. distance of vertex from the origin = 242t
... rate of change of distance of vertex from origin with

respecttot= 242 ie. k= 22 ¢ () =412+ 2t

dc
., $:8t+2 d_
dt ot =22

L =162 +2 5 m()=—4t

=1632 +2

4
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dm dm

Ca T

dt att=/

f(x)

(69) (A). Consider a function g(x)= ~

as f (x) and x are x are differentiable hence g (x) is also
differentiable.
f(a)

Now g(a) = - and g(b) =

f f(b
Since %=% sog@=g()

Hence Rolle’s theorem is applicable for g (x)
. dsome x, € (a,b) where g' (x) =0

f' —f
but g'(x)zw,

f(b)
b

(72)

g'(x) = —XOf’(XO)Z_ fxo) _,
X0
X I (%) =f(xp)

(70) (B). For 0 <a<1 the line always cuts y = a*.

y=aX,a € (0, 1)

(73)

©

Fora>1,saya=e
Consider f(x) =e*—x

f'x)=e*-1

f'(x)>0forx>0and f'(x)<0forx<0
- f(x) is increasing ( ™) forx>0

and decreasing ( ) forx<0

x=0

» X

y =e* always lies above y=x1i.e.e*—x>1 fora>1

Hence never cuts. (74)

2
xe X

71 D). A= ;
71 (D) 5

2 2
A= %[67)( —2x2 e ]

2

—X

1
) [1-2x*]1=0 = X=—= givesA .

V2

X
A
© Omax 2\/5 \/@
d
(B). —y} k2 = anP=k2
dx |, _,
T
t -V =k
= oot (2 v]
/22—y
W
|dy/dx:cot6

= (E - \|I) =cot™ ! k2 =sin"! —1
2 J1+Kk*
(C). Note the graph of f(x) . Least value coincides with
local minima
y =(x2+3x) (x2+3x+2) = z(z+2)
= (z+1)2-1=x*+3x+1)*-1
Yieast =—1; thisoccurs wherez=—1 ie.x?+3x+1=0

dy 5
or — =2(2x+3)(x*+3x+1)=0
dx

“3+5 3 -3-45

2 72 2

= X =

& x= ——

Here x= are the points of

~3+4/5
2

local minima and x =-3/2 is the point of local maxima .
Local maximum value = 9/16

(A). Slope of the normal at (1, 1)is— 1/a

= Slope of the tangent at (1, 1) is a i.e.,

&)
dx gy -a

.
I 277
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d
We are given that d_y <y + x - X =log (X+\/x2+l),
x x> +1 Vx? +1
dy . dy Clearly, £(x) >0, forx >0
ix ky, where k is some constant ? =kdx = f(x) is increasing for x> 0

f(x) >£(0), forx>0.
log | y | =kx + ¢, where c is a constant = £(x) 2£(0), forx=0

— ~kx+c¢ 3
e
|YJ o kx— A kx . = 1+xlog (x+\/x +1)_ 1+x2 20,
y == e® e = Ae**, where A is a constant.

Since the curve passes through (1, 1), \/T
therefore 1 = Aek = A=¢k forx>0=1+xlog (X+ X +1) > \J1+x2, forx=0.
— ok okx— k(g _
Therefore,y=¢*. ¢ e“(x—-1) (77)  (A). Lettanx =t
dy K dy . t"
&:ke x-1D= gx - =k = a=k[Using(1)] ()=
0 AL TS I
Thus, the required curve isy =e? (x — 1).
(75) (D). f(x) has a period equal to n & can take values (— o, o) 1
= 3is the local minimum value. =
n, 1 n-1 1 1
. . . x . t+t—n+t+tn—_1+ ....... +t+¥+1
- ZSln(x+g)cosx:sm(2x+g)+smg
i Y i ) _gip T
2 sinx cos (X * 6) s (2" * 6) S g <5 [Equality holdsatx= /4]

1 1
=1+ sin (2x N %) ~sin % also f(0)=0 = range of f(x) is {0, m}

d
78) (A). -2 =3x2=32 at'A’
dx

y
3 3
T —t
3= ———— =T2+Tt+2
Local minima -

3

B(T, T3

13 Local maxima (t, t3)A ( )

T X
0] we w3 n7' 2m/3 Rr/s in
T2+ Tt-222=0

(T-t)(T+2t)=0=> T=torT=-2t
(T =t is not possible)
. . . .f2 + TE TE 3
y isminimumif 2x+ — = ;
6 2 now, mA:T:tZ; mB:T2
T

= X76 = Ypin = 1+2=31] mp T2 4 .

_:_zzt_2 (using T =—2t)

my t
(76) (C).Letf(x)=1+xlog (x+\/x2+1)_ ool 4
=f'x)=1.log (x+\/x2+1) |
1 f = 2
tx. 1 « [1+ ]_ X £(x) =(x/3) 4x ! Lo O
N X 4+1) flx2 79 (0. : .
! fx) = x°
=log (x+\/x2+1) E ) 0 1

.
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(80)

@1

(82)

Function is inc. in (o0, —-2) U (0, ©)
function is dec. in (-2,0)

x =-2 —local maxima

x=0 — local minima

Derivable

£10%)=0, f'(0")=—4

VxeR —{0,1}—|:
£'(1")=1/2,f'17)=3

Continuous Vx R .
. 2 2
8. f(x)=7e"" * - *+2

- 2
Let 8" —t = t e[l,e]

€ ! € o .
g(t) = 7'[—?4' 2;,8M= 7+t_2 =0 = no critical point
g (1)=9— e =minimum value
g(e)=7e+ 1 =maximum value

Tmin + fmax =8
3

5040. We have F (x)= XT+(a_3) x2+x-13.

.. For F (x) to have negative point of local minimum, the
equation F '(x) = 0 must have two distinct negative roots.
Now, F'(x)=x2+2(a—3)x+1

Following condition(s) must be satisfied simultaneously.
(1) Discriminant > 0; (i1) Sum of roots < 0 ; (iii) Product of
roots > 0

Now, D>0
=4@-3)%>4=a-32-1>0=>a-2)(a-4)>0

wae(-w2)u@d,o0 @
Also, -2 (a-3)<0=>a-3>0 =>a>3 ... (i)
And product of root(s)=1>0 Y ae R

L n@)n(i)=>ae@,0 (iii)

Hence sum of value(s) ofa=5+6+7+.....+ 100 =5040

2
12.F (x)= —2>3<+lo%1/2(k —6k+8),-2<x<-1
X +3x°+4x+1 , —1<x<3

Also F (x) is increasing on [-1, 3] because
F'x)>0V¥ xe[-1,3]
AndF'(x)=-2V x € [-2,-1), s0o F (x) is decreasing on
[-2,-1).
. If F (x) has smallest value at x =— 1, then we must have

lim F(-1-h) > F(-1)
h—0

= 2+log, ), (k> —6k+8)>-1

= log, (k*—6k+8)>-3
=k?-6k+8<8=k*-6k<0=ke[0,6] ... 1)
But in order to define log, (k% — 6k +8)
We must have k% — 6k + 8> 0
=(k-2)(k-4)>0=k<2ork>4

. From (1) and (2), we getk € [0,2) U (4, 6]
= Possible integer(s) in the range of k are 0, 1, 5, 6

@4

(®5)

(86)

@7

(88)

®9)

Hence the sum of all possible positive integer(s) in the
range of k=1+5+6=12

lim P(x) > and  lim P(x)— o
X—>00 X—>—®©
minimum number of zeroes using IVT is 4.
Hence,R >4
The roots using lie in (—o0, 0) ; (0, 1) ; (1, 2); (2, )
4000. Given S=x%+4xh=1200 and V =x*h

2 2
Vixy= 220200=X7) v = L 200x - x3)
4x 4
Put V' (x)=0 gives x=20
Ifx=20,h=10
Hence, V... = x2h =(400) (10)=4000 cubic cm.

2. 2A =xysin® ; 4A2=x2 y2 sin?0 ;

f p— X4 .fV 70 7%
(0= 7 :f'0=0 = x=3
2. A:(xzfxl)y y
y=3x; andy=30-2x,

30-y vy
A(y)—( 2 ‘3jy

6A(y) =(90-3y—2y)y

=90y — 5y?
6A'()=90—10y=0
=y=9 ; A'y)=-10<0
X;=3 ; Xy =2172

21 5\, 159 135
A2 7)0 T T T

y=3% ~30-2x

y y
o x Xy X

dv
10. d_x =3x(10-x)=0 = x=0; x=10;
d*v .
— <0 = vismaxat x=10 = EF=10cm.
dX x=10

40. tan®=x/r= x=rtan0
= dx/dt =r sec? 0 (d0/dt) = r ® sec?0 = v sec20

where 0 =1/8, dx/dt=v sec(n/4)=2v =40 km/hr ;
0=45°
d

3. o andh-ar+b. Also = =3 & (g
- g _candh=ar+b. Also ~om =3 o (given)

.
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dr _dr
. a—=3— =3=3. Hence h=3r+b
dt dt
when r=1; h=6 =26=3+b=b=3 92)
L h=3(@+1)
V=nr2h=3nr3(r+1)
=3n(+1?)
\% dr
—_ = + —_
m 3 (3r2+2r) m
where r=6; — =1 cc/sec
dt
. 1=31(108+12 ar 360 ar_ .
o 1=3n( )dt: T a
i when = av
again whenr=36, it n
) dr
n=3n((3.36)~+2.36) I
1
n=3n.36(110). 3607 ° n=33
(90) 1. The maximum value of f(x)=cos x +cos (/2% ) is 2
which occurs at x = 0. Also, there is no value of x for (94)
which this value will be attained again.
91) 5. Tomaximise area of A APB; we know, OP =10 and
sin 0 =1/10, where 6 € (0, 7/2)  ...... )
95)
y
1
Area= 5(2AQ) (PQ) =AQ.PQ=(rcos 0) (10— 0Q)
=(rcos 0) (10—rsin 0)
=105sin 0 cos 0 (10— 10 sin20) [Fromeq. (1)]
= A=100cos?0sin 0
= aa =100 cos*0 — 300 cos20 . sinZ0
de ’ 96)

dA
Put Ty =0 = cos20 = 3 sin?0

1
N tanez—jezg

NG

o dA T . .
At which @ <0, thus when 0 = g , area 1S maximum

. .
Fromegq. (1), r=10s1ng =5 unit.

1. Atx=0,y=1
log (x+y)—2xy=0

! [1+g)ﬂ:0
X+y dx/ dx

dy 2y(x+y)-l jﬂ
dx 1-2(x+y)x dx

=1
(0.1

d
6. 2= (®fX)

To get the zero of g (x) we take function
h(x)=f(x).f'(x)
between any two roots of h(x) there lies at least one
root of h' (x) =0
= g(x)=0
h(x)=0
= fx)=0orf'(x)=0
f(x) =0 has 4 minimum solutions
f' (x) = 0 minimum three solution
h (x) =0 minimum 7 solution
= h'(x)=g(x)=0has minimum 6 solutions.
2. Local maximum atx =—1
and local minimum at x =0

Hence total number of local maxima and local minima
is 2.

7. A={x|x2+20<9x} ={x|x €[4,5]}

A

O 2 3

/(5,7)= .

39
/

Now, f' (x) =6 (x2—5x + 6)
f'x)=0=>x=2,3
f(2)=-20,f(3)=-21,f(4)=-16,{(5)=7
From graph, maximum of f(x) on set Ais f(5)=7.
L. f(x)=In{g(x)}
g()=e'®
g (0=e™ . f'(x)
g(x)=0=f"(x)=0asef®=0
= 2010 (x—2009) (x—2010)2 (x—2011)3 (x—2012)*=0
so there is only one point of local maxima.

Evew
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o7 2.

©8) 5.

(99) 9.

=
(100) 2.
=

a (0,0)

fx)=x—4x3+12x2 +x—1
f'(x)=4x3—12x2+24x+ 1
' (x)=12x2—24x + 24

=12(x2-2x+2)>0V
f'(x)is S.I. function

x eR

Let a is a real root of the equation f' (x) =0

f(x)is MD for x € (—o, o) and M.I. for x € (a, )

where o <0
f(0)=—1land a<0
f (o) is also negative

f (x) = 0 has two real & distinct roots.

fO=[x[+[x+Dx-D]

2

x“-x-1 x< -1

-x2-x+1 -1<x
fx)= -xZ+x+1 0<x<

x2+x-1 x2>1

<0
1

» X

- 0

fhas 5 points where it attains either a local

maximumor local minimum.

LetP'(x)=k (x— 1)+ (x—3)=k (x2—4x+3)
(&, )
P(X):kk?—ZX +3XJ+C '.'P(l):6
%+0=6 ......... D
P3)=2=c=2 ... )

Byeq.(1)and (2), k=3
Px)=3x-1)(x-3)
P'(0)=9

Let f(x)=x2—x sin X — cos X
f'(x)=2x—xcosx

lim f (x) > o \

X—>0

lim f (x) > o
X—>—00

f(0)=-1
Hence 2 solutions.

EXERCISE-

1D D).fx)=2x3-9ax?+12a%x+1 ;a>0

f(x)=6x2—18ax+ 12a%

For maxima and minima

f'(x)=0

= 6x>—18ax+12a2=0

= 6(x—a)(x—2a)=0 = x=a,2aand f'(x)=12—-8a

= 6(2x—3a)

alsof"(a)=6(2a—3a)=—-6a<0

and f" (2a)=6 (4a—3a)=6a>0

.. fhas alocal maximum at a and local minimum at 2a

= p=aandq=2a

v pi=q= a’=2a

= a(a-2)=0= a=0ora=2 buta>0 .. a=2
?2) (C). According to question,

2
1 1
X+;—[I—$] +22>2 VX>O

1
This means that minimum value of X+ — is 2 and it
X

1
occurs when \/7 K: 0ie whenx=1
) 1
ifx <0, X+—< -2
X

1
. minimum of X +— is—oo
X

1
or X+——>—00 as X —> —®©

X
3 O

u =\/a2 cos? 0 +b%sin% 0 +\/a2 sin® 0 +b% cos” 0

u? =a%cos?0+b’sin’0+a’sin’ 0+b’ cos’ O

+ 2\/a2 cos? 0+ b sin? (9\/a2 sin> 0+b” cos” 0

=a?+b>+ 2\/(a4 + b4)sin2 0cos” 0+a’b? (sin4 0+ cos? 0)

—aZiblien (a4 jrlf)sinz ezcos2 0+ a2b2[(sin2 0 + cos? 6)2
—2s8in“ 0+ cos” 0]

=a’+b%+ 2\/sin2 0 cos> 9+[a4 +b* —2a2b2]+ a’b’

uw=a2+b%+ 2\/(a2 - b2)2 sin? 0 cos® 0+a’b?
+ a & b are constant
= u? will be minimum or maximum if sin2 cos20 is min.

or max. respectively but we know that
sin%0 cos20 > 0

L u2y, =a? + b2 +2y(a% —b2)? x (0) + a2b>

min ~

= a% +b% +2va’b? =22+ b2+ 2ab=(a+b)?

B
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“@

®)

©)

We know that A.M. > GM.

. 2 2
sin“ O +cos“ 0 [
= T > [sin%0cos’ 0

2

1 1
= EZ«/sinzecosze = sinzecoszesz

) 2 1
s (sin® 0 cos” 0)pax =—

max

= a+b? +2.%«/(a2 +b%)?

=a2+b2+a’+b2=2 (a2 +b?)

1
ul =a’+b’ +2\/(a2 —b2)2z+a2b2

= urznax _urznin =2 (32 +b2)_(a+b)2
=a2 + b2 —2ab = (a—Db)?
B).f"(x)=6(x—1)

2
o f(x)= 6%—6x+c —3x2_6x+c

f (x) represents slope of tangent
. slope of tangent at (2, 1) is
=3x22-6x2+c=c
Now equation of tangent at this pointis y =3x — 5
. slope of tangent = 3
From(1)and (2),c=3
3 2
Now ' (x)=3x2—6x+3 and f(x)= %—%+3x+k
f(x)=y=x3-3x2+3x+k
. curve passes through (2, 1)
L 1=23-32243x2+k =>k=-1
Ly=fx)=x3-3x2+3x—1=(x—1)
(A).x=a(l+cosB)andy=asin®

d . d
= d—Z:—asme and d—}elzacose

dy dy/d0 acosO
T dx dx/d0 —asin®
* —cot 0 is the slope of tangent at point 0
.". slope of normal will be =tan 6
Now equation of normal is
y—asinO=tan 0 [x—a (1 + cos 0)]
=xtanO—-y=atan (1l +cos0)—asind
=xtanO—-y=atan 0
Clearly normal passes through (a, 0).

=—cot0

3 2
(A). Let f(x)= %+b%+cx in[o,1]
£(0)=0
dF(1) = 3+E+C B 2a+3b+6¢
andf(l)=3+5%e ==

=0 {" 2a+3b+6c=0given}

™)

®

(C)

S F0)=1(1)

Clearly f (x) is continuous in [0,1] and differentiable in
(0, 1)

.. ByRolle’s theorem f' (x) =0 for atleast one x € (0, 1)
= ax? + bx + ¢ = 0 has at lest one root in (0, 1)

(B).a x"+a, x"! +....+a;x=0has onerootx =o.
Letf(x):ananraerIH +... +a;x=0

f(0)=0and f(a)=0

.. f(x) is polynomial of degree n

.. Itis continuous in [0, a) and differentiable in (0, o)
- ' (x) =0 has at least one root in (0, o)
sonax™!+m-1)a, ; x"2+ ... +a,=0hasat least
one root is (0, o)

- one root of na x" '+ (n—1)a, x" 2+ ... +a;=0
less than a.

(BD).x=a(cos® +6sinB)and y=a (sin 0 — 0 cos 0)

© =a[-sinB+ 0 cosO+sin0O]=a[0cos O] and

%:a[cose+esinefcose] =a [0 sin 0]
d_y= dy/de _ afsin6 ~ tan®
dx dx/d0 abcosb

this is slope of tangent
.. slope of normal to the curve will be — cot 6
.. equation of normal is

y=—a(sin0—0cos0)=—cotO[x—a(cosO+0sin0O)]
xcotO+y=acotO (cos0+0sin0)~+a(sin0—0cos0)

2
_a{co.s 9+600s9+sin6—90056:|
sin©
2
xcos9+ _a cos e+sin9
= sin0 Y sin 6

= x cos 0 +y sin 0 = a (cos?0 + sin?0)
X cos O + y sin 0 = a (cos?0 + sinZ0)
xcosO+ysinB=a
y=—cotOx+a=tan(n/2+0)x+a

Clearly, m=tan (/2 + 6)

Normal make angle /2 + 0 with the x-axis and L distance

|Ocose+05in9—a| _

of normal from origin is = a constant
\/ﬁ
cos“0+sin“ 0

(B). Let the thickness of ice is x
Now volume of sphere with ice layer is

v :§75(10+x)3

d—vzin3(10+x)2d—x
dt 3 dt

dx
=50=4xmx15x15x% a
x=5

[¢
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10

1

12)

13)

(14)

[dx] 1 .
- = ——Cm/min.
= \dt/ s~ 18n

(D). If f (x) is increasing ; ' (x) 20

Now iff(x) =x3—3x%+3x +3

S (x)=3x2—6x+3 =3 (x2-2x+1)=3(x—1)2
if function is increasing

L f(x)=0

=3x-12>0VvxeR
Iff(x)=2x3-3x2—12x+6
f'(x)=6x2—6x—12=6 (x2—x—2)

If f (x) is increasing

S ' (x)=0
=6x2-x-2)2>20=6(x-2)(x+1)>0
=xe(—0o,-1]U[2,0)

Iff(x)=3x2—2x+1

f'x)=6x-2 -+ f(x)is increasing

A fX)20=6x-220=>x>1/3
Iff(x)=x>+6x2+6=f (x)=3x2+12x [ fisincreasing]
L x)20=3x2+12x 20 = 3x(x+4)>0
=X e (—0,—4]U[0,0)

A).f(1)=—2and f'(x)>2

15)

dy
= 22> dy22dx = [dy==>2[dx

£(6) 6
_ [ dy=2fdx
f(1) 1
= £(6)—f(1)>2(6-1)= f(6)—f(1)>10
= £(6)210+f(1)= £(6)=10-2 {-* f(1)=—2}
= £(6)>8

dy
A).v=x2_5x+6: —=2x-5
(A).y=x"-5x+6; dx

d
Atpoint(2,0) .. mlzd—:2><2—5:—1
(16)

d

andat (3,0), m, zd—z:2x3—5:l

v mm, = (=) x1=-1

*. angle between the tangents at (2, 0) and (3, 0) is /2.

x 2 1 2

D). fx)=2+2, (=2
( ) ( ) 2 X s 2 X2
For maxima and minima f' (x) =0

1 2
fr(x)=———==0
(X) ) x2 =

1
E: 5 = x2=4= x=+2
X

22 4 4
Again f"(x)= 0+?:x_3; Atx=21"(x)= 2_3>0

.. Function local minima atx =2
(B). Let Z/ABC=6 and ZACB=60

: ; a7
Angle opposite to equal sides are equal

.. ZBAC=mn-20

1 1 .
S A= —xxxsin(n-20)= —x%5in20
2 2
Area will be maximum is sin 26 will have it maximum value
1.
2

(A). According to mean value theorem if f (x) is continu-
ous in [a, b] and derivable in (a, b) then at least one point

f(b)-f(a)

b—a
Here in question f' (x) = log x holds mean value theorem
on the interval [1, 3]

¢ € (a, b) such that f'(c)=

1 1
c=>[l,3] and "~ f(x)=logx .. f'(x)= X andf'(c):;

_f3)-f()

N f'(c
ow, f(€)=——"—

- 1
DlzlogS logl L og3
c 2 c

= c= =2logse

log, 3
(B). f(x)=tan"! (sinx + cos x)
1

1+ (sin X + cos X)

f1(x) = x (cos X —sinx)

For increasing function f' (x) >0

COSX —sin x
>0

N 1+(sinx+cosx)2

* 1+ (sinx + cos x)?is always >0 ¥ x € R
.. cosx—sinx >0

=+2cos(x+7m/4)>0
From given option (—n/2, n/4) lies in (1)

(D). - Letf(x)=p+q

=f(X) = p+4/1-p?

{~» pandq+ve & p?+q*=1

B
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= | 2
:q 1_p 1_14_1
4 2 3 32
1 P So, PN = = =
f/(x) = 1+ ————x—2p=1- V2o a2 8
2(1-p? 1-p? ; .
For maxima and minima (21) (C).Parallel to x-axis = % =0 = 1——3 =0
X
f'x)=0=>1- P =0:1=L =x=2 =y=3
- p2 1- p2 Equation of tangentisy—3 =0 (x—2)
=y-3=0
s 5 5 +1 22) (©O).fx)=k-2x ifx<-1
=l-p=p'=2p°=1=P="7 =2k+3 ifx>-1
=p+q=p+ 1-p
1 I_LL)Z_L+L_L_J§ o
A2 V2 2 2 2 !

(18) (D).Letf(x)=x>—px+q -1 This is true
f'(x)=3x2—p ) where k =—1
For maxima and minima f' (x) =0 ,1}2,1, f(x)<-1

2 —. P
= 3x“—p=0= x==% 3
Now, " (x)=6x

23) D). f(X)=.[\/Esintdt; f(x) =+/xsinx
atx—\/gf"(x)>0 [~ p>0,q>0} ‘

] +| 1 + ]
j 1 1 i
P 0 T 2n Sn/2
coatx= 3 f(x) has local minima and at local maximum at © and local minimum at 27
Q4 (B).y-x=1

__ [P e P - d dy 1 1 1
x= 47 f"(x)<0 ..atx—\/:f(x)haslocalmax1ma 2 . & _ . 2o g2t 2
\E 3 yimxy 2y sl Ty T Y=gy

(19) B).P(x)=x*+ax3+bxZ+cx+d

(L), L=l
Tangent at 272) 2Y > 4

1
=X+—; y—X=—
y I

4
-
Now, P'(0)=0=5c=0 Distance = 4= 3 _ 32
=Px) =x*+ax’+bx2+d ‘\/5‘ 42 8
Clearly P(1) is maximum but P(-1) is not minimum.
X7y+1:0 4 4TEI'3 dv z(dr]
3. _ L = hasel
y : 20 (25) (C).Vz;ﬂ:r, 450071:—T, @ 4mr "
45x25%x3=r3; r=15m
R After 49 min = (4500—49.72) 1=972 nm3
(20) 0 vx A
972n:§TEr3;r3:3><243:3><35;r:9
72m=4nx9 9[er dr_2
2 11 n=4nx9x9 (] —=3
x=y?= Y'Z—'m=i=1:>t=lol’[—,—) dt/ % dt 9
2y’ 2t 27 \4°2
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(26)

@n

2%

29

30

@31

B). f'(x) = l+ 2bx +a
X

Atx=-1, —-1-2b+a=0
a-2b=1 ... 0]
1
Atx=2, E+4b+a:0
+4b= 1 2
a ST e 2)

Onsolving, (1) and (2), a=1/2,b=-1/4

—_ 2 —_ —_
f,(X):l_§+l:2 XTHX x+1)(x-2)
X

2 2x 2x
SN N\

— -IN__" 2\— %
Somaximaatx=-1,2
D). f(x)=2x3+3x+k
f'(x)=6x2+3>0V xR
= f(x) is strictly increasing function
= f(x) =0 has only one real root, so two roots are not

possible.
d £2
(A)._y=|X|:2 ;x==2; Points y=.[|t|dt=i2
dx 0

Equation of tangent is
y—2=2(x-2)ory+2=2(x+2) = x-intercept == 1.
D). Leth (f)=f(x)-2g(x)ash(0)=h(1)=2

Hence, using Rolle’s theorem, h'(c) =0
= f'(c)=2g'(c)
o
©). f'(x) =;+ 2Bx+1 =0atx=-1and?2.
—a-2B+1=0=a+2p=1

%+4B+1=0:a+8{3=—2

2

1
6p=-3=p=— - a

.Letf(x)=a,+a;x +a,x2+a,x> +a,x*
0 1 2 3 4

. . f .

Using lim {l + (Z()} =3 = lim M =2
x—0 X x—>0 x

ao + 41X + 32X2 + 33)(3 + a4x4

2 =2

= lim
x—0 X
So,a,=0,a; =0, a23: 2
ie.,f(x)=2x2+ ax°+ a4x4
Now, f'(x)=4x+ 3a3x2 + 4a4x3 =x[4+3ax+ 4a4x2]
Given, f'(1)=0and ' (2)=0

= 3a;+4a, +4=0 .. @)
and 6a;+16a,+4=0 ... (i)
Solving,a,=1/2,a3=-2

(32

33

(34

1
ie., f(x)=2x2-2x3+ 5 x*ie., f(2)=0

(O). Curve is x2 + 2xy — 3y2 =0. Differentiate wr.t. x,

R

2X+2{de +y} 6ydX 0= dx
So equation of normal at (1, 1) is
y-l=—1x-1)=>y=2-x
Solving it with the curve, we get
x2+2x(2-%)-32-x)*=0

= —4x2+16x-12=0=>x*>-4x+3=0 => x=1,3
So points of intersections are (1, 1) & (3,—1) i.e. normal
cuts the curve again in fourth quadrant.

1-2x

T

=1
(L1

(B). 4x+2nr=2 =2x+mr=1 =>1=
f(x) =x2+mr?

) [1-2x]?

2
=X —‘,—7‘[)(—2 =X2+&

T T
_2(1-2x)
T

f' (x)=2x 0:x

>

L 2(1-20)%x(2)
R

= mX=2-4x = nx:2—4{1_2m}

= ax=2-2(1-=r)
= nx=2-2+nr = nx=2nur

[ T¥sinx ) P
(A). f (x) =tan IL fmj,xe(o’zj

1 1
- X
1+sinx

£ (x) =

1+ 1+sinx

1-sinx 1-sinx

X{(l—sin x) (cosx) — (1 —sinx) (—cos x)}

(1-sin x)2

At X_E'
6.

2x+/3/2

2
l+l 1+ — (l)
1+—2 5 2 2
1—l 1 1
5 _
L1 B 1 1

1
V=3

=——X——X =—x——x4x
143 23 1/4 4 23
Slope of normal =-2

Y
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Let h(t)=t+%

T 1
i 2= =
Point at X=g, f[é) tan 3 2 + +
h' (t) = 1——2 — } —it
t -2 0 N5
- - Local Local
Equation ¥~ 37 (-2)| x- 5 maxima minima
Local minimum value occurs at t = \/E
i b 2n
= y-—="2X+—=>y+2x=— 2
3 3 3 Local minimum value = h (\/5) =2+—==22
(35) D).6y=6 ,1) 2
y=1 39) (O)./=3(given) .. h=3cos0; r=3sin0
(x-2)(x=3)y'+(x-3)+(x-2)y=1 | n
6y-3-2=1; y'=1 V = —nr’h = = (9sin” 0) (3cos 0)
y’(X:O) =1 = Slope of normal = -1 3 3
(y-D==x; y+x=1 dv 2 0 =3(given)
(36) (A). Given 2r+10=20 e (1) Ty =0=sinb = 3

1
Area= EIZGZA 10

Also, = negative
20-2r

T

zvl

2

do sin G:Jg
3

Volume is maximum, when gin § =/2/3

From (i), 0 =

B 52
a_l2@0-20 200-2c
2 r 2 [ 2)
5 Vinax Lsme = g) = 2\/§ T (incu. m)
dA d“A
s 10-2r=0; r=5; al —2<0 (40) (D). Point of intersection is P(2,6).
r=5 will given maximum area Also, m; = [%} =2x=-4
- X7P (2,6
ezw:2rad : A:%(5)2x2:25 20
6 3 M= [j_yj =ax=4
X
=g Y E— = P (2,6)
G ®).2yy=6: ¥ =5 =
18x; +2by,y'=0 . |tan6|=lml;mz—%
- +mym
18X1 —9X1 27X1 b= 27X1 e
r—_ - =-"lao1= b=
2by; by byj Y1 Y
y2=6x, =b=9/2 . y'=x2
(x)=1+1/x2> 0 o
1 g(x)=1+ > (2+t2t)5(79,71)
(38) (B).Let g(x)= X —— =t ) @) (A). <200 e

X : X-axis
1
g'(x)= 1+—2 >0
X

— 1,0
teR-{0}: £ e(0,00) " OO

We have,
2
f(x)=x2+x%=[X—§] +2 =2 42 €(2,0) 2y%:1:>3_>yjp(z+t2,t) :2%:1 ==l
P(9/4,1/2)
h(x)=w.f(x)=t2+2=t+% 0.2
g(®) " gx) t t So, shortest distance :‘4_4‘:7
V242

s
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42) (A). f(x)=9x*+12x3-36x2+25
f'(x) =36x3 +36x%2—72x
=36x (x2+x-2)

=36x (x— 1) (x+2)

Points of minima = {-2, 1} = 8§,
Point of maxima= {0} =S,
(B). ¢ (x)=f(x)+f(2—x)
¢'(x)=f'(x)-f'(2—=x)
Since f"(x)>0
f'(x) is increasing V X €(0,2)
Case-I: Whenx>2-x=>x>1
d'x)>0V x €(1,2)
f(x) is increasing on (1, 2)
Case-II : Whenx<2—-x=x<1
d'x)<0V x €(0,1)
¢ (x) is decreasing on (0, 1)

43)

Ul

44 (A
h=2rsin0;a=2rcos 0
v = (r cos 0)? (2r sin 0)
v =2nr3cos?0 sin 0
dv

== (—2cosH sin? 0 + cos’ 0)=0
do

: h=2x3x—=23

3

1
tan6—$
©O.f(H)=1-1-2==2
f(-1)=-1-1+2=0
m:f(l)—f(—l):—Z—O

1+1 2

or

45)

=-1

j—z =3x2-2x-2
= 3x?-2x-2=-1=3x>-2x-1=0
= x-1)Bx+1)=0=>x=1,-1/3
(B).y=x3+ax—b
(1,-5) lies on the curve
-S5=l+a-b=>a-b=-6
Also,y'=3x2+a
y' (1,-5) =3 + a(slope of tangent)
This tangentis Lto—x+y+4=0
B+tay(l)=-1=a=-+4
By(i)and (ii):a=—4,b=2
y=x3—4x-2.
(2,-2) lies on this curve.
(A). f(x)=ax> +bx*+cx3

(46)

=

7

( ax® +bx* +cx3\
e —
X

lim =4

x—0

= 2+c=4=c¢c=2
£1(x) = Sax* + 4bx3 + 6x2
=x2 (5ax2 +4bx + 6)

f'((1)=0=5a+4b+6=0
f'(-1)=0=5a—4b+6=0
b=0
a=-06/5

6 s 3
f(x)= ?x +2x
f'(x) =—6x*+ 6x2

=6x% (—x2+1)

=—6x2 (x+1)(x—1)
-1+ 1
1- 1

Minima atx=-1
Maximaatx =1
(A). f (x) is a polynomial function
It is continuous and differentiable in [0, 1]
Heref(0)=11,f(1)=1-4+8+11=16
f'(x)=3x>—8x+38
L fM-f(0) 16-11
Fo=—"3"""

)

=3¢2-8c+38

= 3c¢2-8c+3=0
4-7

:812\/7:41\/7; oo 76(0’1)
6 3 3

h C

()

..(ii)

“9) (A).f3)=f@)=>a=12

X2 -
T (2 +12)
f'c)=1/12
D). f'(x)=x (n—cos™! (sin|x))

= x[n—[g—sin_l(sin|x|))] =X [g+|x |]
x[g+ x) x>0

f'(x) f'c)=0 .. c=+/12

(50

f(x)=

f'(x) is increasing in (0, ©/2) and decreasing in (—7/2, 0)

1) 4. P=(xy,y)
6X1

1+2yl

2yy'—6x+y'=0=>y' =

(3 )
2 Y1
=)

9-6y,=1+2y, =y =1 = x;==£2

Slope of tangent=+12/3=+4 . |n|=4
3.00.

Letf(x)=ax?+bx?+cx +d

a:l dzﬁ
4 4

_ (1+2y))
6X1

(32)

Y.
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-3 -9 47 2. dh
- = 50=—@300+h)")—
b 7 c=- = 3 (3(10+h)%) ”
f(x):a(x3f3x279x)+d dv 50 1 -
3, = Wt anx1s? 1gg
f'(x):Z(x -2x-3)
, _ -~ X
= f'(x)=0=>x=3,-1 (54 (A).F®=x"g©)=x[f (@u)du =F(1)=0
+ —
— !
-1 3
Local minima existatx =3 Ne) — o2 _ T
(53) (O). Let thickness of ice be 'h'. Fe)=x"f() ZX'!‘ f(w)du

4 n — —
Volume ofiice, v=7"((lo+h)3—lo3> F'(1)=1.f(1)-2x0=3
F'(1)=0and F"(1)=3 >0 So, Minima

dv 4n 5. dh
—=—0@B10+h)")-—
dt 3 3 ) dt

A/ 3,
Given i 50cm? /minand h= 5cm

¢
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