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INTEGRATION

INDEFINITEINTEGRATION 6.
INTEGRATION OFFUNCTION
Theintegral or primitive of afunction f (x) with respect to x
isthat function f (x) whose derivative with respect to x is
the given function f (x). It is expressed symbolically as

[fx)dx=(x)

Thus 0= 4(x) < ~-[(0] = ()
dx

The process of finding the integral of afunction is called
integration and the given functionis called integrand. Itis 11
obvious to note that the operation of integration isinverse
operation of differentiation. Henceintegral of afunctionis
also named as anti-derivative of that function. Further

10.

observe thet §[¢(x)+c1 S - 1.

[ (x)dx = ¢(x) +¢ 13.

This constant number is generally denoted by ¢ and it is
called constant of integration. Due to the presence of this
constant such an integral is called an indefinite integral .

BASIC THEOREM SON INTEGRATION 14.
If f (x), g (x) aretwo function of avariablex and k is constant,
then 15.
(i) [Kf(x)ax =K f(x)dx 1.
i) [If (%) +g0]dx = [ f (x)dx + [ g(x) dx 17
. d
(i) 5 [ (x)dx) = (x) "
w ][ Zro0jox=100
dx 19.
STANDARDINTEGRALS
1 j 0.dx=c 20.
2. jl.dx =X+C
21.
3. [kdx =kx+c(k €R)
n+1
4. Jx”.dx: X +c(n=-1) 22.
n+1
5. _[ldx:log X+C 23
X € :

Je"dx =e"+c¢
X

a
log, a

e

X X
fa dx = +c=a" log,e+c

'[sinxdx:—cosx+c
Icosxdx=sinx+c
'[tanxdx: logsecx + c=—logcosx + ¢

Isecxdx=log(secx+tanx)
=—log(secx —tanx) = Iogtan(7T Xj+c
4 2
Jcotxdx=|ogsinx+c
Jcosecx dx = —log(cosecx + cot X)
X
= log(cosecx —cot x) = log tan (E] +C

Jcosecxcotxdx = —COSECX +C
Jsecxtanxdx=secx+c
~[szec2 xdx = tanx +c¢

.[coseczx dx = —cotx+C

J > dx— ‘1[X]+c
x? +a° a
=—Io aj+c
== :
_[ l ( +X]
=—1 +C
a2 2a X

a
a
. X X
dx =sin~ l[ j+c —cos [—]+c
a a

1

J. [2 _x2
1

dex =log (x+\/x2+a2) +C

1
F e o b e
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2 C0S2X — C0S 20,
24. 'f\/az—xzdx:ix/az—xz +& sntX e Sol. We have I— dx
2 2 a COSX — COSaL
2 2 2
2c0s” x—1)—(2cos” o —1
25. f x2+a2dx:5\/x2+a2+a—.log(x+\/x2+a2) :J( x=1=( %=1 g
2 2 COSX — COSa
2 2, 2
26. _[\/xz—azdx X2 —a—.log(x+\/x2—a2) = J'Z(COS X=C0S"0) = 2'[(cosx+cosa) dx
2 2 COSX — COSaL
j 1 xelectX,c :chosxdx+zjm5adx
27. 2 T2 3
=2jcosxdx+2comj1.dx=25inx+2x0030c+C
ax
28. Iea"sinbde= >—— (asinbx—b cosbx) +c
a“+b Example4:
ax X
_ € sin{bx—tanl[gj}+c Evaluate'fa £ dx
a’+b? . .
ae) a“e
1=la*eXd Xd ( +C= +
ax Sol. | fa e X:J(ae) X = log(ae) loga+1

€
29. J.eax cosbx dx "2 (acosbx +bsinbx) +c
as+

ax
_ e—cos{bx - tanlE} +c
a’+b? a
Examplel:

Evaluatej gloga , galogx  caloga

Sal. .l’exloga+ealogx +ealoga dx
X a a
:Ieloga " eIogx n eIoga dx [-- dogh = 2]

= [@ +x*+a?) dx

a+l
+a®x+C

= J.axdx+_|.xadx+.]'aadx = i+ X
loga a+1

Example?2:

1
Evaluate | 75— 5 dx
'[szxcoszx

1
sol. [—5———
SIN™ XCOS™ X
sin® X + cos? X 1 1
o e opueeront o B el
SIN™ XCOs™ X COS™ X SN~ X

:Iseczxdx+jcoseczxdx:tanx—cotx +C

Example3:

COS2X — C0S2a.
Evaluate I— dx
COSX — COSO

Example5:

Evaluate [ sin™!(cosx)dx

Sol. Herel = .[sin_l(cosx)dx = _[sinlsin[g—xj dx

-2
Example6:
Evaluate_[ L
1+sinx
1
Sal. -
~[1+smx
:j 1 .(1—§nx)dxzj 1-sinx dx
1+sinx (1-sinx) 1-sin?x
1-s 1 i
:I Sdex:j > dx—j sm2x dx
cos” X C0os“ X Cos“ X

:Iseczxdx—jtanx secx dx =tanx—secx+C

COMPARISON BETWEEN DIFFERENTIATION &

INTEGRATION

(i) Theoperationsof differentiation and integration are defined
on functions.

(i) The derivative of a function, when it exists is a unique
function whereas the integral of a function is not unique.
In fact there are infinitely many integrals of a function
such that any two integrals differ by a constant.

2
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(iii) The derivative of a function at a point (if it exists) is

meaningful but the integral of a function at a point does

not have any sense.

Every functionisnot differentiable. Similarly, every function

is not integrable.

(V) Thederivative of afunction at apoint determines, the slope

of the tangent to the corresponding curve at that point.

The integral of a function represents a family of curves

having parallel tangents at the points of intersection of the

curves of the family with the lines orthogonal to the axis

representing the variable of integration.

Theprocessesof differentiation and integration areinverse

of each other

(vii) The operations of differentiation and integration are
operations on functions

(viii) Both the operations arelinear i.e.

)

(Vi)

d d d
5 (00+9() = (60 + 5 @)

and, j (f (x) + g(x)) dx = j f(x) dx +jg(x) dx

(iX) The constant can be taken out side the differential as well
asintegral sign. i.e.

d d
o k) =k (09) and [ kf (x) dx = k[ (x) dx

(x) Differentiation and integration both are processes
involving limits.

METHODSOFINTEGRATION
When integration can not be reduced into some standard
formthenintegrationis performed using following methods.
(i) Integration by substitution
(i) Integration by parts
(i) Integration using partial fractions
(iv) Integration by reduction formulae
INTEGRATIONBY SUBSTITUTION:

Integralsof theform J-f(ax.;_ b) dx :
1
If [ f(x)dx = ¢(x), then [f (ax+b)ax = ~d(ax+b)

(ax + b) n+1

1
(i) [(ax+b)"dx = P ta—

+C, nx-1

dx=§log|ax+b|+c

1
eax+bdx :_eax+b +C
(iii) I a

bx+c

(iV) J‘abx+cdx _ =

. +C,a>0and a=1
b loga

© [sin(@x+bydx = _icos(am b+ C

i) Joos(a + b)ck = Zsinax-+b) +C

(vii) [ sec? (ax + b)clx = itan(ax +b)+C

(i) [ cosec? ax + B)dx = - Zcot(a +b) + C

() Jsec(ax-+ b)tan(ax-+ bk = Zsec(ax-+b) +C

() [ secax+b)dx =§|og | sec(ax + b) + tan(ax + b) | +C
(xi) [ cosec(ax +b) cot(ax + b)dx = —icosec(ax +b)+C
(xil) [ cosec(ax + b)dx = ilog | cosec(ax + b) — cot(ax + b) [ +C
(i) [ tan(ax +b)dx = —ilog | cos(ax + b) | +C

(xiv) jcot(ax +b)dx = ilog |sin(ax + b) |+C

Example7:
8x+13
EvduateIJ—
J 8X+13 J'8X+14 l J-2(4X+7)—ldx
NAX+7 VAX+7 NAX+7
3/2 12
—2.[\/4x+ 7dx— .[ dx :2+(4X+2 ]—{(4“71) }+c
Jax+7 4xE 4xE
1 1
== (@x+7)%2- = x+7)V2+C
3 2
Example8:
o ,[ x+1 q
Evaluate m X
J- X+1 J~2X+2 J-2x—1+3d
v2x-1 X
I 2X — dx+3J‘
N \/_
1 (2X—1)3/2+3(2X—1)l/2 C
=2 2><§ 2><1
2 2

132
%{%ﬁ(zx—n”z}c

[
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Integralsof theform I f(x )

jff((x)) dx = log(f ()}

Example9:

—X

Evaluate I < dx

e +e*
Sol. LeteX+e*X=t ; (eX-eX).dx =dt

dt
|:IT=Iogt+C = log (e+eX) +C

Example10:
sin 2x
Evaluate X dx
J.a23|n2x+b2coszx
sin2x
Sol. Leti=] = — X

sin’ x + b? cos® x
Putt|nga25m2x+b2coszx=tand,
(2a2 sin x cosx — 2b2 cosx sinx) dx = dit

dt
2sinx cosx(a2 - bz)

or dx= , We get

sin2x

|_J dx
a?sin® x + b® cos? x

_Isin2x dt

t  2sinxcosx(a’®—b?)

1 1 1
=— = [Zdt=———log|t|+C

I0g|a23in2x+bzcoszx|+C

I S
 (@®-b?)

Integralsof theform [{f (x)}"  (x)dx :

n+1
JAF 00" £1(x) dx =%, n#-1
Examplel11:
3
Evaluate jmd
X

3
Sol. Letl= jMd
X
Putting logx =t and (1/x) dx = dt or, dx = x dt, we get

4
(0g)*

I—jixdt—_[tsdt—ﬁ+c—
ST T4 4

Examplel2:
Asintx)®
V1- x?
Asin1x)3

\ll—x2

Puttingsin~x =t and

Evaluate _[ dx

sol. Leti=] dx

dx=dtor,dx=,/1_x?2 d,

1-x2
1= 4t32 1-x? dt= 4 t’dt =t*+C=(sn"x)* +C
1-x
Example13:
[ 2 2 % g

X
Sol. 1= jzzz 22 X gy

2X X
Putting 22 =tand 22° 22° 2* (log2)3dx = dt, we get

= 13dt= 13t+ 127
(log2) (log2) (log2)®

+C

f'(x)
Integralsof theform I\/T

f'(x)
j\/de 2.f(x) +¢c

Examplel4:

Evaluate j jié dx
anx

Sol. Lett=tanx; dt=sec?x dx

€ =2 ftanx

dt 12
=|—==2t
1=] NG

Integralsof theform J'sinmxdx , _[cosmxdx:

To evaluate integrals of the form

fsinm X dx,jcosmx dx wherem < 4, we express sin™x

and cos™ x in terms of sines and cosines of multiples of x
by using trigonometrical identities given below

1-cos2x 1+ cos2x

(1) sin?x = (2) cos®x =

(3) sin3x=3sinx—4sin3x (4) cos3x =4 cos3x — 3 cos X

B
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Examplel5: Example18:
Evduatej§n3x dx Evaluate'[sinx sin2x sin3xdx
. 3sinx —sin3x i i i
Sol. ansx dx :J‘ . dx Sal. jsmx sin2x sin3xdx

1 . . . 1 .
= =|(2sin2xsinx) sin3xdx = =| (cosx —cos3x) sin3x dx
:%j(3sinx—sin3x)dx:%{—3cosx+$}rc ZI ZJ

= %j(ZsinSx COSX — 2sin3x cos3x) dx

Examplel6:

Evaluatejcos”‘xdx :%J'(sin4x +8in2x —sin6x) dx

2
1+ costj 1] cos4x cos2x Ccos6x
4 = || /== dx ==- - + +C
Sol. fcos x dx J( > 4{ 2 5 6 }
iy M n . TN
_ 1_[1+2c032x+c032 o dx Integralsoftheformfsn x cos”" xdx; m,nTN:
4 In order to evaluate the integrals of the form
= %_[1+ 2c0s2x + 004X Isinm x cos" x dx , we may use the following algorithm,

' i) Obtaintheintegral, say, [ Sin™ x cos” x dx
= lj3+4cost+cos4xdx:l[3x+25in2x+&4x}+c (_? eg say'f
8 8 4 (ii) Check the exponents of sin x and cosx.

(iii) If the exponent of sinx isan odd positive integer put cosx=t

Integralsof theform _[Si” mx cosnxdx , If the exponent of cosx isan odd positiveinteger put sinx=t.
If the exponents of sin x and cos x both are odd positive
.[sinmx sinnxdx ,Icosmx cosnxdx,, integers put either sinx =t or cosx =t.
If the exponents of sinx and cosx both are even positive
andJ.cosmxsinnxdx: . M x cos"x in terms of sines and
cosines of multiples of x by using trigonometric results or
To evaluate integrals of the form j sinmx cosnx dx , De Moivere'stheorem.

(iv) Evauatetheintegral obtained in step (iii)
fsinmx sinnxdx,jcosmx cosnx dx ,

Example19:
and jcosmx sinnx dx . 3 4
) ) o Evaluatejsm Xcos” x dx
we use thefollowing trigonometrical identities :
2sinA cos B =sin (A+B) +sin (A-B) Sol. Letl :j§n3st4xdx
2 cos Asin B =sin (A+ B) —sin (A-B) o )
2 cos A cos B = cos (A+ B) +cos (A- B) Here, power of sinx is odd, so we substitute
2sinAsin B =cos (A-B)-cos (A+B) ) dt
cosx=t=-sinxdx=dt=>dx=—-——
sinx
Examplel7:
. . 3,4 dt j
- 1=]sn°xt (—,—
Evaluatejsnchos4xdx s J. Snx
Sal. fsin3xcos4xdx :_J'szx t4dt=—_[(1—t2)t4dt—j(t4—t6)dt
= l.|'23in3x cosdx dx = J'sin7x+sin(—x)dx >t cos’x  cos’ x
2 2 =——+—+C=- + +C
5 7 5 7
:Ej‘(sin7x—sinx)dx = 1 {— COS7X +cosx}+ C
2 2 Example20:
Eval uatejsi n? x cos® x dx

Sol. Letl= Isinzxcos5xdx

5
I_
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Here, power of cos x isodd, so we substitute

. dt
sinx=t= cosxdx=dt =>dx=——
COSX

|_jt2cos X— —jt (1-sin x) dt = It 1-t ) dt

3 5 7
| = j(t2—2t4+t6)dt:t——2t—+t—+c
3 "5 7

i3 . 5 .7
sin°x sin’ x
= -2 + +C

3 5 7

Example2l:

Evaluate ~|.cos3 x €09snX gy

sol. 1= cos®x €99 dx = cos®xsinxdx )
Putting cos x =tand —sinx dx = dt or, sin x dx =—dt, we get (i
i
4 4
I=—[d-"trc=- X
4

Some special integrals:

In this section, we will introduce some important formulae
of integrals and apply them to evaluate many integrals.
Following are some substitutions useful in evaluating

(i)

Sol.

Let x = asin?0 then dx = 2asind cosd do

2asin®.cos0

= =2[do=20+c

asin®0.acos? 0

= Zsin‘l(\/x / a) +C
Integration of rational and irrational functions:

dx or reducibletothe

I ntegralsof thetypej
ax?+bx+c

j;
ax? +bx+c
To evaluatethistypeof integralswe expressax? + bx + c as
the sum or difference of two squaresby using the following
algorithm

Make the coefficient of x2 unity, if it is not, by multiplying
and dividing by it.

Add and subtract the square of the half of coefficient of x

dx

dac—b?
4a2

b
to expressax?+bx + cintheform a{(x +2_a] +

Usethe suitable formulafrom the following formulas

3 =—tan (aj+c
a® +x?

integrals
Expression Substitution 1 ax=tiog| 2 X|ic
&+ x2 X = atand or acoto a2 —x? 2a -X
& - x2 X =asind or a cosh
x? - a? X = asech or a cosecH 21 . dx:ilog X-al ¢
a-x a+x
—_— — X =acos20
a+tx a-x Example24:
X—a 1
or J(X—a)(x—B) X = 0. c0s%0 + 3 Sin0 EvaluateJ. 2 dx
B—x 2xX°+x-1
Example22: Sol. f __.[ :
. 2x2+x-1 2_=
Evaluate_[ 57— dx 2 2
9x“ -4
= 1'[ 1 dx
< f 1 1 1 dx 20 X2 e x/12+ @42 -@118)%-1/2
lox?-a x? - (2/3)?
1
:_I 2 5 X
w2 2° (x+1/4)“—(3/4)
1 1 _3 3Xx-2
=9 29—+ log | C 11 x+1/4-3/4|
2x5 | X+3 2°2(314) 7| x+1/4+3/4
—Elo x=1/2 +C—EI0 2x-1 +
Example 23 : 39 i1 —3% 2(x +1)
Evaluate Id—x
JXx(@-x)

B
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Example25: Example26:
X 1
Evaluate | 73— dx Evaluate | —— = dx

IX4+X2+1 J‘\/9+8x—x2

X X 1
Sol. IZI#dX :I—z 2 .2 Sol. | ————dx = ;d

X))+ x+1 X
X"+ x5 +1 (x%) [9+ 8x — x2 .[ ﬁ{XZ—SX—Q}

1

dt
Letx?2=t. Thend (x?) =dt= 2xdx=dt = dx= — _I
J{x2 -8x+16-25

=l ol

dx

tel2x T 29 +t+1 —_[ 1 dx—sin_l[x_4j+c
= — = 2-=
(1) VA (x-4?-5%
1 1 11 2
== dt=> tanl| —2|4C .
ZJ(HBzJ{ 3j2 2 @ ﬁ Example27:
2 2 2 2
Evaluatej dx
(2x2+1) V1-a
1. af2t+1 1. ql2x"+1
=7z tan +C = —tan k J*C
3 \/é \/é \/é aX ax
sal. 1= | o = | ol
\/1_ azx \/12 _ (aX)z
Integralsofthetype_[; dx or reducibletothe Leta =t Then, d(&) = dt
Vax? +bx+c
= a log,adx =dt = dx = —
1 a” logea
I
Vax? +bx+c o
In order to evaluate this type of integrals, we may use the o= I\/ﬁaxloga_ Iogaj T—tz

following agorithm
() Makethe coefficient of X2, if it isnot.

(i) Find half of the coefficient of x. = isin‘lt +C= isin_l(ax)+C
loga loga

2
1
(i) Add the subtract (Ecoeff .of X) inside the square root

Integralsof theform J-M dx
ax“+bx+c

b2 dac— b2 dac—b? b2 To evaluate this type of integrals, we use the following
X+ 2 or X5 algorithm

4a 422 - . : :
i)  Writethe numerator px + ginthefollowing form
(iv) Usethe suitable formulafrom the following formulas 0 Px+q g

to express the quantity inside the square root in the form

pX+Q=% {i(ax2+bx+c)} +
dx

J.;dxﬂog x+va?+x? [+C
Va? +x2 -
i.eepx+q=A(2ax+b)+pn
(i) Obtainthe valuesof A and p by equating the coefficient of
1 2 .2
J—dx:log X+Vxc—a“ |[+C like powers of x on both sides.
Vx? -a? (i) Replacepx +qby A (2ax +b) + pninthegivenintegral to get
X +
[-—=— dx:sinl(§)+c [
/az_xz ax“+bx+c
2ax+b
= |l—
J.ax2+bx+c MJ‘ax +bx+c

(iv) Integrate RHS in step (iii) and put the values of A and p
obtained is step (ii).
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Example28:
2t+3
-—7‘.[2—+dt_ .[z—dt
t“+3t+2 t“+3t+2

X
Evaluate Iz—dX
X“+Xx+1

d
Sol. Letx=h. (X2 +x+1)+pn.Then, x =1 (2x+1) +
Comparing the coefficients of like powers of x, we get

1 1
1=20nandA+p=0=2=7 andp=-1=- 2.

1/2(2x+1)-1/2
[ g [HARDN2,
X“+x+1 X“+x+1
1 2X+l __J'
T 2052 x4 x2+x+1
1p 2x+1 1 1 "
2 X2+X+1 (x +x+1]+§
4 4
_ 1 2x+1 _EJ- 1 dx
2 x2+x+1

2 2
CHEY

%Iog|x2+x+1|——

2'(\312) V312

]+c

1 2 1 2X +
= —log|x +x+1|——tan
2 V3

Example29:

1

Evaluate | —y——F— dx
I 26”136 +1

1
Sol. | = | —5———dx
J-2e2X+3eX+1

Lete™ =t. Then,d (e™) =dt=—-e™dx=dt=dx=~ —-

J. —tdt
Tl243t+t?
Lett=A(2t+3)+pn
Comparing the coefficient of like powers of t, we get
20=1,3A+u=0=>A=12,n=-3/2

‘.-X(2t+3)+pdt
t243t+2

o

t +3t+2

0

1 X+1/2 (i)
- [ ] ) (iii)

B 2t+3
__I 2 _I 2
t +3t+2 (t+3/2) -(1/2)
31
:_Elog|t2+3t+2|+§x 1 log 2 2|, ¢
2 2 (1) 3
2| = t+—+—
2 2 2
*ZX e +l
———Iog| +3 X +2|+= Iog +C
X142
Integralsof theform [——PX*9 4y

\/ax2+bx+c

In order to evaluate this type of integrals, we use the
following agorithm
Write the numerator px + g inthefollowing form

pX+q=A2 {i(ax2+bx+c)} +u
dx

i.e.px+q=»A(2ax+b)+p
Obtain the values of A and p by equating the coefficient of
like powers of x on both sides.
Replacepx + g by A (2ax + b) + pinthegivenintegral to get

P+

j\/ax2+bx+c

2ax+b 1
T dx+uf— dx

ax“+bx+c Vax? +bx+c
(iv) Integrate RHSin step (iii) and put thevaluesof A and
obtained is step (ii).

|

Example30:

Evaluate ﬂ dx

\/x2 +4x+1

d
Sol. Leth+3=x.& (X2 +4x +1) + 1. Then

2X+3=1(2x+4) +.
Comparing the coefficient of like powers of x, we get
2 =2and4r+p=3=L =landp=-1

2x+4)-1

2X+3 dx = J‘de
X2+ 4x+1 X2+ 4x+1

_ 2X+4 dX—j 1 dx
\/x2+4x+1 \/x2+4x+1

B
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.[ - dx wheret=x?+4x +1 =x-+log|x?+3x+2|- 2 i — dx
i <3G
=2t —log | (x +2) +Vx? +4x+1]|+C
/ . 31
= X2 +4x+1-log | X+ 2+ VX% + 4x+1|+C ) 1 X+§_§
= x+og|x+3x+2|- 2. 1 log 51 t¢
Example3L: 2(2] 55
[a—x
Evaluatej —dx ,
at+x =x-+log|x2+3x+2|- 2log [T | +C

a—Xx a—X a—xXx
SOl.I=L/a+XdX=J. X

= I=

— J.a_—XdX
\/az —X2

J a dx J X dx
\/a.z—X2 ) \/a.Z—X2 ()
i
1 1 —2X
| = a| ——dX+=| ——=0dx
= I /az_xz 2I /az_xz

Putting a2 — x2=t, and — 2x dx = dt, we get

| = asinl(g}r%j%:asml(g}r%(tﬂ?\ (i)

—|+C
\12)"
—=|= asin‘l[§)+\ﬁ+0:asin_l[§+\/a2—x2+C

P(x)
axZ+bx+c

Polynomial of Degreegreater than or equal to 2:
To evaluate this type of integrals we divide the numerator
by the denominator and express the integrand as

R(x)

Integralsoftheformj dx WhereP (x) isa

Q(x) + , whereR (x) isalinear function of x.
ax?+bx+c
. .[Zpidx —JQ(x)dx+j&dx
ax“+bx+c ax2+bx+c
Example32:
X% +5x+3
Evaluate _[— dx
+3X+2
2 2x +1
X< +3x+2 X" +3X+2
:Il.dx+ w.dx
X“+3X+2
i
:.[ J' 22X+3 _2‘[ . ()
X +3x+2 X +3x+2

I ntegralsof theform.[ ax?+bx+cdx :

In order to evaluate the above type of integrals, we use the

following agorithm

Make coefficient of x2 asoneby taking 'a' commonto obtain

x2 + b x+ S .
a a

bY? . o, b ¢ ,
Add and subtract a in X +5X+E to obtain

(og) 22
X+—| +———
2 482

After applying these two steps the integral reduces to one
of thefollowing three forms

I\/a2+x2 dx, _[\/az—xzdx, I\/xz—azdx

(i) Usetheappropriate formula

Example33:

EvaIuaIeJ. X2 +2x+5 dx

Sal. J'\/x2+2x+5 dx :.f\/x2+2x+1+4 dx

= %(x + D) (x +1)2 + 22 +%(2)2 log | (X +1)

+y(x+D?+2%| +C
1
= SOHDVXE+2x+5 | 2log] (x+2) +/x?+2x+5[ +C

Integralsof theformj (pX + )V ax? + bx + cdx :

In order to evaluate this type of integrals, we use the
following agorithm

d
Express px +qaspx+q=2 (ax2+bx+c)+p

i.e.pXx+q=2A(2ax+h)+p

)
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(i) Obtainthevauesof A and p by equating the coefficient of

x and constant terms on both sides
(i) Replacepx +qby A (2ax +b) + pintheintegral to obtain

J(px+q)Vax2+bx+cdx=x
I(Zax+b)Vax2+bx+cdx+u j ax? + bx + c dx

(iv) To evaluatefirst integral on RHS, use the formula

o)™

JEON™ 1160 dx="

Example34:

EvaluateJ'x 1+ x — x2dx

d
Sol. Letx= X.&(1+x—x2)+u Then,

X=X (1-2X) +
Comparing the coefficients of like powersof x , we get
1 1
1=-2 andAL+pu=0=>A=- 5 andu:E

[ xv1+x—x2dx

:J{—%(l—ZxH%} 1+ x— x2dx

:—%J(l— 2x)V1+ x = x2ax + [ Y1+ x - x2ax
:_%j(l—zx)mcjx+%dxj 1+ x - x2dx

__—jIm+—j\/ [x —x+%—%—l]d

2(_J

= —:—L(1+x—x2)3/2
3
1 1[ 1] — [2x 1}
+—| = X—= [VI+X=X"+= sm
2{2 2 8 N

0)

I ntegration of trigonometric function:

Integralsof theform
1 1 1
dx, dx, dx,
asin® x + bcos® x '[a+ bsin? x '[a+ bcos? x
1 1
J - 7 O .[ 2 50X,

(asinx + bcosx) a+bsin“ x + ccos” x

To evaluate this type of integrals we use the following
algorithm.
Divide numerator and denominator both by cos? x

(i) Replace sec?x, if any, in denominator by 1 + tan?x
(i) Put tanx =t so that sec?x dx = dit.

This substitution reduces the integral in the form

j—z SR
a“+bt+c

(iv) Evaluate the integral obtained in step 111 by using the

methods discussed earlier.

Example35:

Evauate j 5 1 dx

aZsin? x + b2 cos? x

Sol. Dividing the numerator and denominator of the given

integrand by cos?x, we get

| = dx =
'[ a® sin? x+b2005 X '[ 2tan x+b2
Putt|ngtanx—tandsec2x dx = dt, we get

11 _1( ta)
== ——tanl{—|+C
I2t2+b2 th +(b/a) a’bl/a b/

itan_1 [Ej +C= itan_1 [_atan Xj +C
ab b ab b

= I=
Example36:
Evaluate J-; dx
2—3c0s2x
1 1
- — dx
Sol. 1= J-2—3<:052x dx _'[2—3(COSZX—Sin2X)
sec? X sec? x
= | 2 2 dx = dx
2sec” x — 3+ 3tan“ x 5tan®x -1
Putting tan x = t and sec? x dx =dt ,we get
1
dt 1 dt 1 1
.|_J' - =—_[ 5 == log */g+C
5t2-1 57 , (1 52[i) o
| E \/g \/g
\ft e Lo J5tanx -1
2\f 2.5 *C

H
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(INTEGRATION )
Integralsof theform 1
Integralsof theform I.—dX, :
asinx + bcosx

1 1 1
[— X, [—=—dx[
asinx +bcosx a+bsinx a+ bcosx

1
j - dx
asinx + bcosx+c

To evaluate this type of integrals we use the following
algorithm

0 . 2tanx /2

_ _1—tar12x/2
1+tan’x/2’

COSX = > )
1+tan“x/2

y X X
(i) Replacel + tan? S in the numerator by sec? 5

X _
5 =
This substitution reduces the integral in the form
[———— L &

a“+bt+c

(iv) Evauatetheintegral instep 1l by using methods discussed
ealier.

1 X
(i) Put tan tsothatESGCZEdX=dt.

Example37:

1
Evauate J.—dx
1+sinX + cosx

2tanx /2

1-tan®x/2
1+tan®x/2

and cosx = >
1+tan“x/2

Sol. Puttingsinx =

B SN
1+sinX+ cosx

1
=J 3 dx
2tanx/2 1-tan“x/2
1+ > + 5
1+tan“x/2 1+tan“x/2

.[ 1+tan® x /2

7 3 dx
1+tan“ x/2+2tanx/2+1-tan“x/2

:J' SeCZX/Z
2+2tanx/2

X 1 o-x
— =tand —Sec” - dx=dtor,

Putting tan > > >

2 X
sec > dx =2 dt, we get

1
=| —dt =log|t+1]|+C=log +C

t+1

2t
=I2+ ot

tan5+1
2

To evaluate this type of integrals, we substitute
a=rcosd, b=rsnb and so that

_1(b
r= a2_+_b2 ,9:tan l[;)

c.asinx+bcosx=rcos6sinx+rsin cosx=rsin(x+06)

1
—dx
° Jasinx+ bcosx

1 1 1
= —dx = —
r-[sin(x+6) rJ‘cosec(x+9)dx
= }Iog tan[5+9] +C
r 2 2
:;Iog tan[i+itan_19 +C
a2 + b2 2 2
Example38:
Eval I; d
valuate J3sinx + cosx X

Sol. Let+/3 =rsindand 1=r cosd . Then

3
r=y(/3)%+12 :2andtan9:§ =0 :%

dx =

1
f— —j — 1 dx
«/§smx+cosx rssin@sinx + r coso cosx

1 1 1
ijdx = FI%(X —e)dX

53
tan| —+-—
2 12

asinx + bcosx
Integralsof theform dex,

To evaluate this type of integrals,we use the following
algorithm
(i) Write Numerator = (Diff. of denominator) + p (Denominator)
i.e.asinx+bcosx=Ax (ccosx—dsinx)+ p(csinx + d cosx)
(i) Obtainthevaluesof A and p by equating the coefficient of
sinx and cosx on both the sides.
(i) Replace numerator in the integrand by
A (ccosx—dsinx) + p (csinx + dcosx) to

[n X ch
tan| 2+ 2T
4 2 6

1
C==lo
5 J

EIog
T2

J-asinx+ bcosx

obtain -
csinx +dcosx

=
I11
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ccosx —dsin '
:lj X X dx+ Icsmx+dcosx dx

csinx +dcosx csinx +dcosx
=Alog|csinx+dcosx|+ux+C

Example39:

3sinx + 2cosx
dx

Evaluate j 3cosx + 2sinx

3sinXx + 2cosx dx
3cosx + 2sinx
Let 3sinx + 2cosx

sl. 1=

d
=k.& (3cosx +2snx) + p (3cosx +2sinX)

= 3snXx+2cosx =X (-3sin X + 2cox) + p (3cosx + 2snx)
Comparing the coefficient of sin x and cosx on both sides,
we get

5

12
—-3A+2u=3and2r+3u=2=pu= 3 andk=—ﬁ

| :J- pu(=3sinx + 2cosx) + A(3cosx + 2sin x) dx
3C0sX + 2sinx

-3sin X + 2c0sX
=) [1dx+pu| ————dx
j MJ 3cosX + 2sin X

dt
=xx+ujT,wheret=3cosx+29'nx

-5 12 .
=AX+ +C=—X+— + +
AXx+pulog|t|+C 13 "3 log|3cosx+2sinx |+ C

Integralsof theform j asinx+bcosx+¢ , .

pSinX +CcosX +r

To evaluate this type of integrals,we use the following

algorithm
(i) WriteNumerator = (Diff. of denominator)
+ p (Denominator) +v
i.e.asinx+bcosx+c=A\(pcosx—qsinx)

+u(psnx+qcosx+r)+v
(i) Obtainthevaluesof A and p by equating the coefficient of

sinx and cosx and the constant terms on both the sides
(i) Replace numerator in the integrand by

A (p cosx—qsinx) + p (p Sin X + qcosx+r) + v to obtain
Iasinx+bcosx+c pcosx —qsinx

pSinX + CoSX +r

dx =X

psinx+qcosx+r+ 1
+ - VJ‘ N
HJ psinx+qcosx +r psSinX+QqCoSX+r

dx

1
pSiNX + COSX + I

(iv) Evauatetheintegral on RHSin step I11 by using the
method discussed earlier.

=Mog|psinx+qcosx+r|+ux+vj

sal. 1= |

~ % psinx+qcosx +r dx

dx

Example40:

3c0SX + 2

Evaluatejsinx+2cosx+3

3c0SX + 2

sSinx +2cosx +3
Let3cosx+2 = (Sinx +2cox +3) + pu (cosx—2sinx) + v
Comparing the coefficients of sinx, cosx and constant term
on both sides, we get
A=2u=0,2L+u=3,3A+v=2
6 3 8
A=—,p=—and v=—=
= fTg Tyt YTy
_J~7»(sinx+Zcosx+3)+u(cosx—23inx)+v
- sinx+2cosx +3

= |

—2si 1

:xjdx+pj _COSX Sinx d VI - X
SiNX +2cosx +3 SINX +2cosx +3

= I=Ax+plog|snx +2cosx +3|+v I, where

dx

1
=|—dx
1 jsinx+2cosx+3

_1—tan2x/2
1+tan?x /2’

2tanx/2

—1 We a
1+tan®x /2 g

Putting sinx =

Il=j 1 3 dx
2tanx /2 +2(1—tan x/2)+3

1+tan®x/2  1+tan®x/2

dx

I 1+tan’x /2
T 2tanx/2+2-2tan® x / 2+ 31+ tan® x / 2)

=.[ sec?x /2

> dx
tan“ x/2+2tanx/2+5

X_

tand Ssec? X dy =t
p A 5 &X=

Putting tan

2dt
t242t+5

(X )

tan—+1
= ZJ—d; > =gtan_1[ilj —tant —2
(t+D°+2° 2 2 2

or, seczg dx =2dt, wegetl, = I

(an®+1)
| =X x+plog|sinx + 2cosx + 3|+ v tan_lt 5 J+c
Whereng,u=§and v=—§
5 5 5

=
I12




(INTEGRATION )

SOAL

ODM ADVANCED LEARNING

Integration by parts.
It uand v are two functions of x, then

_[(u.v) dx:(u_[vdx)—J.(ﬁj . (Ivdx )dx
i.e., integral of the product of two functions

=first x integral of second —j (derivativeof first) x (integral

of second)

Selection of first function: For applying this method we
takex" asthefirst function (if it isthere) provided we know
integral of the second. If logarithmic function, or inverse
trigonometrical function is one of the products, then that
should be taken as the first function.

Note: We can also choose thefirst function as the function
which comesfirstintheword ILATE, where

| — stands for the inverse trigonometric function

(sinlx, cos1x, tan 1 x etc.)

L — stands for the logarithmic function

A — stands for the algebraic functions

T — stands for the trigonometric functions

E — stands for the exponential functions

Short method: When onefunctionisx™, ne N

jx” vadx = xN J.vdx -F(x)

where F(x) isobtained by applying therule (derivative of I)
x (Integral of 11) on every pervious obtained and writing
them in alternate sign. By this method.

f X2 cOSX dx = X2(SinX) — (2X) (~c0sX) + 2(~sinx)

= x2sinX + 2X COSX — 2 SinX + ¢

Example4l:
Evauate: I \/;e*/;dx

1
_ R — = 2t
Sol. Put Vx =t .. 7 x=dt ..|_2jtedt

= J[t2%e— (2t)et + 2ef] = (2x—4 /X +4) e

Example42:
Evaluate : J' tan~t [1__)(] dx
1+x
Sol. Put x =cosd
1-cos6 20
=tan“— =—si
17 cos0 > and dx = -sin6 do

| =[ tan""[tan(0 / 2)] (- sin0 do)]

= _ljesinede = _lj—ecosmsine]
2 2

- %[x cos L x—J(1-x?)]

Example43:
Evaluate _[sin«&dx

Sol. Letl = jsin&dx

1
Let /x =t Then,d(+/x) =dt= 7 dx=dt

—dx= 2JX dt

. [sinvxdx= [(sint)2tdt = 2{ts‘ntdt
B I

= Z{t(—cost) —J'l.(—cost).dt} = 2{—tcost+jcostdt}

= 2[-tcost+sint]+C= 2—/x cosv/x +sin/x]+C

Example44:

vt J-Sin_lx/;—COS_lx/; .
valuate X
sn~1Jx + cosTV/x

sin~tVx —costVx q
X
sin_lx/;+cos_1«/;

. o1
:jsn \/;—(E_S'n \/;] dx [;sin‘lOJrCOS_le:%}

T

sol. 1=]

2

= %I(zgnlﬁ—%j dx :%jsin’lx/;dx—jl.dx

:ijsin’1 X-Xx+C
T
Putting x = sin?0 and dx = 2 sin cosd d = sin26 do , we get

fsin Ly dx

= Josin20d0 =_ 022, [Lcos2040
(Il 2 2

= —900529+lsin29
2 4

_ —%9(1— 25in29)+%sin9\/1—sin29
1., 1
= —Esm \&(1— 2x)+5x/§\/l—x

From (1) and (2), wehave

| = —ﬂ{ 1(1—2x)sin1«/;+%\/x—x2}—x+c

nl 2

= |= %{\/x—xz -(1- 2x)sin‘1\/;

-x+C

E
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Two Important integrals:
aX

e
(i) [ € sinbx dx = 22 (asinbx-beoshy) +
a +

aX

€
= ——— sin (bx—-tan"l b/a) + ¢
a? +b? ( )

eax
(ii) [ €™ cosbxdx = 22 (cosbx+bsinb) +c
a +

eax

= — cos(bx —tan! b/a) + ¢
a’+b
Example45:

Evaluate '[ e~ cos? x dx

Sol. I:jexmszxdx
1+ cos2x 1
= ex[—jdx = — X
= | J 2 2-.-6 (1+ cos2x) dx
_ 1l x 1r
= |_§J'e dx+Eje €0s2x dx

| = ie"+lll+C
2 2

Wherel, =IeX cos2xdx . Now, |, = Ielx c|c|)32x dx

sin2x sin2x
e* —Iex

> > dx [Integrating by parts]

1 10X
= — Xqj _ — | e sin2xdx
= 1= 2eXsm2x 2J ARl

= :EeX sin2x— L[ _ex 052X —Iex (—_COSZX) dx
172 2 2 2

1. 1 1, «
=—€e"sin2x+—¢e" cos2x —— | €” cos2x dx
=173 4 4I

1. 1 1
:>|1=Ee sm2x+ze COSZX_le

1
=h+— 1= %ex(0032x+25in2x)

4
5 1 .
—|; =—¢e" (cos2X + 2sin 2X
=2h=7 ( )
X

:Ilz% (cos2x+2sin 2x) (2

1 eX , .
ol =3 e+ 0 (cos2x+2sin2x) +C [Using(1) & (2)]

Twostandard formsof an Integral :

0 [ R+ dx=ef(x)+c
= [ [F () +1 (0] dx= [ € f (x)dx+ [ € F1(x)
=eXf(x)- [ € f'(x) dx+ [ € £'(x) (onintegrating by parts)
=eXf(x)+C

(i) [ X'+ eldx=xf(x)+c
[ P+l ax= [ xfrax+ [ f(x)dx

=xf()- [ fax+ [ f)dx=xf(x)+c

Example46:
Evaluate .[[Iog logx + (log x)‘z]dx

Sol. Putlogx =t
sox=eanddx =€ dt

1
|=J'e{logt+t—2} dt

¢ 1) t[l —)
—e|logt+-|-€e|-+—
- [g t t 2

We have added and subtracted €' % to give the form
e [f () +f' ()]

1 X
. _at T — | | -
s 1=¢élogt—e r {X og(logx) Iogx}

Example47:

e (L+sinx)

Evaluate j 1+ cosx

x 1 ox X

X . . X COSX
.+ 1+cosx=2 COSZE andsinx=2 SmET

Integrationsof rational algebraicfunctionsby usngpartial
fraction:

If f (x) and g (x) are two polynomials, then % definesa
rational algebraic function or arational function of x.

If degree of f (x) < degree of g (x), then % iscalled a
proper rational function. ’

—
124




(INTEGRATION )

SOAL

ODM ADVANCED LEARNING

If degree of f (x) > degree of g (x) then 1) is called an
improper rational function. a(x)

If % isanimproper rational function, wedividef (x) by
g(x
g (x) so that the rational function f(x) isexpressedinthe

) 9(x)
Z ) where ¢ (x) and y(x) are polynomials

such that the degree of y(x) is less than that of g (x).

formf (x) +

Thus% isexpressible asthe sum of apolynomial and a
a(x
proper rational function.

When denominator is expressible as the product of non-
repeating linear factors.
Letg (x) = (x-a,) (X—ay) ....(x—a,)) . Then, we assumethat

) _ AL Az An
g(x) x-& X-a X—a,
whereA, A,........ ,A, are constants and can be determined

by equating the numerator on RHS to the numerator on
LHS and then substituting x = a;, a,........ a,

When the denominator g (x) is expressible as the product
of the linear factors such that some of them are repeating

Letg (x) = (x—a)K (x—a) (X=ay).......(x - &)
Then we assume that

fx)_ As Ay Az
gx) x-a (x-a)? (x-a)°

Ak + By + B2 +ont By
(x-a)f Xx-a Xx-a (x-a)

i.e. corresponding to non-repeating factors we assume as
in Case | and for each repeating factor (x — a)¥, we assume
partial fractions.

+..+

A A A A
1y 22+ 33+...+ kk,
X—-a (x-a) (x—a) (x—4a)
whereA , A, ,........ , A are constants.

Now to determine constants we equate numerators on both
sides. Some of the constants are determined by substitution
as in case | and remaining are obtained by comparing
coefficients of equal powers of x on both sides.

When some of thefactorsof denominator g (x) are quadratic
but non-repeating. Corresponding to each quadratic factor
ax2+ bx + ¢, we assume partial fraction of the type

AX+B

axZ+bx+c

by comparing coefficient of similar powers of x in the
numerator of both sides. In practiceit isadvisableto assume

whereA and B are constantsto be determined

Sol. Let

A(2ax+b) B
+bx+c ax?+bx+c

When some of the factors of the denominator g (x) are
guadratic and repeating.

For every quadratic repeating factor of the type

(ax? + bx + c)k, we assume 2k partial fractions of theform

{AO(Zax+b) . Aq }

axZ+bx+c axZ+bx+c

Partial fractions of the type

+{ A2axtb) A }

(ax2 + bx + c)2 (ax2 +bx + cz)

L g Aaaax+Db) Ak
(ax2+bx+c)k (ax2+bx+c)k

Example48:

Evaluatej-x—_1 dx
X+D(x-2)
x-1 A B
= + (i)
X+D)(x-2) x+1 x-2
= x-1=A(x-2)+B(x+1) (i)
Puttingx—2=0or, x =2 in (ii), we get
1=3B=B=1/3

Puttingx+1=0o0rx=-1in (ii) we get
—2=-3A=A=2/3

Substituting the values of A and B in (i), we get
x-1 2 1 1 1

(x+1)(x—2) 3x+1 3'x-2

J- Xx-1

x+D)(x—2) X

1 1
+§IX_2dX

2 1
=—log|x+1|+=log|x—-2|+C
3 g | I 3 g | I

:§jx+1 X

Example49:

2
X
Evauate _[ >
X —

Sol. Givenintegra

=i
[l

1 [x—ﬂ
= X+=logl| —|+¢C
2 X+

]dX Jox j(x H(x+1)

=
I15
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Example50: (v) Usetheappropriate formula.
Evaluate I%dx Example51.:
(X+2)(x“+4) 1
8 A _BxiC _ Eva'uaejx4+1dx
Sol-Let (i o)(x?+4) x+2 x2+4 ~0) .
Then, 8=A(x2+4)+(Bx+C) (x+2)  ..(ii) 1 —
Puttingx+2=0i.e.x=-2in (ii), we get Sal. |:J. ) aX — | = j X 1 dx
8=8A=A=1 x"+1 X2+
Putting x = 0 and 1 respectively in (i), we get X
8=4A +2Cand8=5A+3B+3C 2 1 1
Solving these equation, we obtain — 1 1+X7 1‘)(7
A=1,C=2,B=-1 === X 1dX:|:E ” T » 1dX
Substituting the values of A, B and Cin (i) , we obtain 2 )(24.72 XT+— XT+—
X X
8 1 —X+2 i( 1
(x+2)(X2+4):X+2+x2+4 1.2 1,172
== E Xl d —E —deX
8 1 -X+2 X2+7 X2+
) j—zdx _I X dx X X
(X+2)(x“ +4) (X+2) X244 ! L1
1 X | = 1 —+X7 d 1 —_Xiz d
= j dx—j > dx+2j dx =175 1)2 X_E 1)2 X
X X
=Iog|x+2|—£J'}dt+2.£tan_1x+c 1 1
27t 2 2 Putting x — = =uin 1st integral and x +— = v in 2nd
wheret=x2+4 X X
= E [ —1 i integral et | = J. _-[
—og|x+2|—2 ogt+tan= 5 +C Integral, we g 2+(\/—) 2 t2—(«/§
1 2 1 X 1 11 -
=log|x+2|- - log(x*+4) +tan - +C Tt —1(Lj Vo~2
T 22 J2) 2 2[ v+
Integralsof theform 1 [x 1/)(] 11 g x+1/x -2
J~ x% +1 dx, j J. _2\/5 V2 222 x+1/x+\/§ +C
x* +ax?+1 4+7\x +1 x4+kx
Example52:
where | TR. — ==
To evauate this type of integrals, we use the following Evaluate_[ { tand + cote} do
algorithm 1
() Divide numerator and denominator by x2 Sol. | = I{«/tane +\/cote}de = I{«/tan9+ }de
(i) Express the denominator of integrand in the form vtan®
2
1] 2 tan9+1
x+—| £k
[ X '[ Jtan®
1 1 Lettand =x2. Then, d (tand) = d(x?) = sec? do = 2x dx
(iii) Introduced(X +;] ord[X—;] or bothin the numerator. oxdx 2xdx 2xdx

d = = =
== 20 1rtanZo 1ix?

1 1
(iv) Substitute X+; =tor X—; =t asthe case may be
dx

_ J-x2+1 2xdx x2+1_ 1+1/ x2

Thissubgtitution reducestheintegral in one of thefollowing 2

x2 1ex? x4l x241/x

1 1
forms dx, dx
’[x2+a2 .[Xz_az

—
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2 2
:>2.[ 1+1/x2 dx:ZJ. 1+12/x _dx N I—EI VX+1-2 c
(x-1/x)“+2 (x-1/x) +(\/§) \/x+1+2
I —tan_l[i] +C Wherex—1 =u. Integralsof theform .f 909 dx where pisalinear
2+(f 2? V2 \\2 pyQ
( D expression. and Q isaquadratic expression
- |=\/§tan_1[x_1lxj +C=1 = otan? +C To evauate this type of integrals we put P = 1/ti.e, to
V2 L \/_XJ

evaluateintegralsof theform

1
d
j(ax+b)«/px2+qx+r "

= | =«/§tan_1[tane_1] +C

2tan® 1
putax+b= N

Integration of somespecial irrational algebraicfunctions Example54:
In this section, we shall discuss four integrals of the form

o(x) Evauate | — —
I dX , Where P and Q are polynomial functions of x. (x+ 1)\/(x2 -1)

Sal. Letl= | ———F————
X Jix2 —
Integralsof theform IMdX,wherepandeothare (x+Dy(x*-1)

pQ . .
linear. Functionsof x Puttingx +1= " and dx =- — dt, weget
To evaluate this type of integrals we put Q = t2i.e,, to t
. 1 1 ( 1]
evaluate integrals of theform | —————— dx, ol — = | dt
* '[(ax+b)\/cx+d jl 1 )2 t2
putcx +d=t2 P [“] -1
Integralsof theform de wherep isaQuadratic =- (1—2t)’1/2 dt
/ pVQ -1 vi-2t J
expression and Q isa linear expression. 1 21)V2 1
To evaluate this type of integrals we put Q = t?i.e., to = _( )1 +C=+1-2t = \/ :\/X_1+C
X+
evaluateintegralsof theform j 1 = 2)[ ]
(ax +bXx +C)/px +q
put px + q=t2. Integralsof theform .[de wherep and Q both are
PQ
Example53: purequadraticexpressoninxi.e. p=ax2+band Q=cx+d:
1 To evaluate this type of integralswe put x = 1/t and then
Evaluate IH—deX c+dt?=u? i.e, to evaluateintegrals of the form
Sol. Let] 1 J- 5 :L\/de,weputx:Yto
. Letl= | —————adx
I(x-3) X+1 (ax“ +b)Vex“ +d
Here, Pand Q both are linear, so we put obtain —tdt and then ¢ + dit2 = 2
— 42 — 12 — - o - .
Q=t4i.ex+l=tanddx =2t dt. (a+bt2) /c+dt2
| = J‘;_
t2-1-3) /i2 SOME INTEGRATESOF DIFFERENT EXPRESS ONSOF€*:
( ) V't
dt 1 t—2 , "
= = lo [ dx[Put e* =t

=
I17
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1 TRY ITYOURSELF-1
(i) J.1+ex dx [multiply and divide by e and put e = 1] Evaluate:
2...-1.3
i i o1 I(X +sin x)sec X dx IX tan ~x dx
(iii) I  dx [multiply and divide by e and put e* = {] 1+ %2 1+ x5
(iv) j dx [multiply and divide by €*] Iex(l+ X) dx J ¢ o
cos (xe) Q4 Ve -1
) 5x +4
W) e —e dx{ form 5 X 6 |sin(Inx)d
J.e +e % fx) Q '[\/x2+2x+5 Q Js (Inx) dx

1

(vii) Im [multiply and divide by €X & put eX=1]

1 . -
(vm)j = dx [multiply and divide by e*/2]
—e

[multiply and divide by e*/2]

v Uﬁ?‘”
9]

[multiply and divide by e*/2]
e* —1

) | [multiply and divide by /7 €%2]

2e* —1
0di) [V1-e€ dx [integrand = (1 — %)/ \[1_ X ]
(xiii) | Vi+e* dx

odv) | Ve -1

[integrand =(1+€%)/ \J14¢* ]

[integrand =(e*-1)/ /X _11]

e+a

(xv) j lintegrand = (eX+a)/ \[g?X _ g2

Example55:

1
Evaluate I & d

1
Sol. Herel :J.ex =log(l-e¥)+C

: 1
Q7 fsm(lnx)+cos(lnx)dx Q8 I[In(lnx)+m]dx
et
9 —F—0x 10| ———
Q a-x2)° © '[4 5sin® X
on [— & Q2] — J—
(3sinx — 4cosx) (X+2)Vx+1
sin2x
Q.13 () I—dx (u)f Cox Q1 [
ANSWERS
(1) tanx-tanlx+c (2)%(tan71x3)2+c

(3) In(sec(xe) +tan(x€9)) +c(@) In (e* +Ve?* ~1)+c

(5) 5Vx2 +2x+5—In|X+1+ VX2 +2x+5|+ C

(6) %x (sin (Inx)—cos(Inx)+c

(8) X [In (Inx)—%}c

(7) xsin(Inx)+c

i1 .. 1 (2cotx-1
9 g2 12 (10) —5/n +C
x“-1 4 \2cotx+

11 .
1) ~3Etanx-4)

(12) 2tan‘1(\/x+1)+c
(13) (i) 2v/x —2tan " /x + C (ii) tan"1(e*)+ C

(19) 3 Lt 1{bsin2 XJ +C

[+
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DEFINITEINTEGRAL Example58:
d i n
If &[f (x)] =f (x) and aand b, aretwo valuesindependent Evaluate J'sin3x dx
0
j’ b
of variablex, then | ¢ (x)dx =[f (x)]a = f (b) - (a) T . )
a Sal. WehaveISIn3X dx - J‘wcjx
0

iscalled DefiniteIntegral of f (x) withinlimitsaand b. Here
aiscalled thelower limit and b is called the upper limit of
the integral. The interval [a,b] is known as range of
integration. It should be noted that every definite integral
has a unique value.

Example56:
EvaluateJ‘; dx
1+x+«/§
o b1 } Jirx X
Nmrw = o

1 2 32 2. 32
= I(\/1+x—x/;) dx = [5(1“() —3X }
o 0

2 32 2,32 |2 32 2,33/2
- 2aenoe-20%2 - 2ae 072202

2 312 2 2 4
==[29%-1-Z2[1-0] = Z[2V2-2] = _[V2-1
Example57:
n/4
Evaluate j sin3xsin 2x dx
0
n/4
Sol. We have _[sin3xsin2xdx
0
1 n/4 /4
=3 J. (2sin3xsin2x)dx = 5 I (cosx — cosbx) dx
0 0

1{ . sinSXTI4
=—|S9NX-—
2 5 |,

S S N S
T2[\2 (f25) 25V2) 10

Sol. Letl= j e sn[

0
[-+ sin3x=3sinx—4sin3x]

- 1 (as i d —E[—Scosx+COS3XT
_ZI(3snx—sn3x) X=7 X

0

4 e
SRR

Example59:

cos?m) —[—3c030+ cosO)
3 3

4

Evaluate J m

Sol. We have
R e o et
X% +2x+3 0 (x* +1)? +(2)°
4
[Iog X+1+4/(X+D +(«/_ H
0
4
:{Iog x+1+\/x2+2x+3}
0
:|og(5+\/16+8+3)_|og(1+[)
5+33)

=log(5+33)-log (1 +3)= IOQL 1+\f)

Example60:

5] dx
2

]dx
o Il "2

On integrating by parts, we get

2n 2n
. (moX 1 T X
= sm[—+—].ex —= eXcos(—-f-—) dx
{ 4 2 } 2J(;| n\4 2

0

2n
Evaluate I exsin(£+
o 4

E
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0 .
1= |sn e -an] e[ a
. = 2 : = —|—-:
p1L+tersnXx 11+t2
1 T X 2n 1211 T X 0
- = excos(—+—j} += exsin[—+—jdx = _[tan 2t :_tan—lo_tan—lz_[o_ﬁ}zﬁ
2{ 4 2], 29 4 2 [ L [ ] 4l a
(e 1) 1/ & 1) 1, PROPERTIESOF DEFINITE INTEGRAL
|- ———=——F=|+—=
= 1="7 ) 2z )2

b b
[P-11 Jfeodx= [f(t)ct

(e 41) (e 41) 1 a

BB MY DA

i.e. thevalue of adefiniteintegral remains unchanged if its
variable is placed by any other symbol.

1, e™+1 b a
| = Zl==—"01-
2= %m 2 [P-2] [f(0ax = - [f(x)dx
a b
51 2" 41 J2 on i.e. the interchange of limits of a definite integral changes
= 4 o5 :>|=——(e 1) only its sign.
b c b
Example61: [P-3] If(x)dx: If(X)dX+If(X)dX wherea<c<b.
a a C
Eva ﬂﬁ—gn_lx X b a c2 b
valuate 2.3/2
o (@-x9) or [f(x)dx= [ F0ax+ [ Foax+.....  £(x)ax
Sol. Letsin1x =0 or, x =sind. Then, dx = d (sinB) = cosh do. a a sl Cn
Now,x=0=sn0=0=0=0 wherea<c,<c,<...c.<b
Uz Generally this property is used when the integrand hastwo
- . . A
2 1 e_i 0=l . J‘ S S or morerulesin theintegrationinterval.
X_\/E = 9n _\/E = —4.. . (l—X2)3/2
Example63:
/4 /4
=I e3 cosfdo= J- 65ec”0do Evaluate T|003X|dX
p COS™0 o Il 0
14 nl4
= [otn6]; - [ Ltan0do= [0ten0]7 * +[logeoso] * cosxwhen 0<x<Z
2
0 Sol. We have |COSX |=
(E_Ojjlog[i]_mgl\_£_1|092 —cosx when %SXSn
= )T T T
Example62:
/2 .
sinx
Evaluate 5 X
o 1+cos”x
/2 sinx ;
Sol. Letl= | 5
o 1+cos™x
Let cosx = tand — sin x dx = dt. vy
s T
Now,x=0:>t=coso=1andx=5:t=cos§=0 T n/2 T
I|cosx|dx = I | cosx | dx + I | cosx | dx

0 0 n/2

=
I20
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/2 b
- I cosxdx + I (- cosx)dx
0 /2

n/2

= [sinx]o —[sinx]ilz =1+1=2

Example64:

e
Evaluate I |loge X | dx
Ve
Sol. We have

—logex , if l/e<x<l

loge X

Ilogexl={

, ifl<x<e

€ 1 e
I = Illogex|dx = f—logex+jlogexdx
Ve Ve 1

e e
== I Iogexdx+_|.logexdx
le 1

=— [x(logex—l)]i/e+[x(|ogex—1)]f
E.-J'Iogexdx =x(|ogex—1)}

= —[1(0—1)—%}(—1—1)}r[e(1—1)—](0—1)]

= —[—1+ﬂ+[0+1] = 2—%

Example65:
3
Evaluate I[x] dx
0
3 1 2 3 1 2 3
Sol. [[x]cx = [[x]dx+ [x]dx+ [[x]ax = [0+ [1ax+ [2.0x
0 o 1 5 0 1 2

= 0+[xf+[2x]3 = (2-D+ (6-4) =3

Example66:

NE!

Evaluate I tan‘l[ 2 ]dx
0 1-x2
2tan 1 x , if-1<x<1

Sal. tanl[ szjz —n+2tan Ix , If x>1

1-x 1 )

n+2tan " x , if x<-1

NE)

_[tanl[ 2x2] ax

0 1-x
1 NE

=J'tan1[ 2x2] dx + _[ tan1[ 2X2]d
0 1-x 1 1-x
1 NE

= .[Ztan’lx ax + I (—n+2tan’lx)dx
0 1
1 3 3

- .[Ztan’lx dx + I - dx + I 2tan~ L x dx
0 1 1

1 V3 3

= {[Ztan‘lx dx + I Ztm‘lxdx}—nj 1.dx
0 1 1
Ve 3

= 2_[ tan~* x dx—nj 1.dx
0 1

V3
= ol ixtan 2513 - [ X | I3
{{x anx]y J(;1+x2 x} n[x]}

= 2{{\/§tan_1\/§— o} —%{Iog(1+ xz)}f} t(3-1)

= 2{% 3—%(Iog4— Iogl)}— n(~/3-1)

-2 3-log4—n(+/3-1) = n[l—%} ~log4

Example67:

1
Evaluate J‘ (x —[x]) dx
-1

1 1 1

sol. [ x=Dxdx = [ xax— [ [x]dx
-1 -1 -1

X2 1 0 1 0 1
[7} —[I[x]dx+.f[x]dx]:0{j—1dx+_[0dx}:1
-1 0 0

-1 -1

——
I21
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[P-4] [f(x)dx = [f(a—x)dx
0 0

Note: This property can be used only when lower limitis
zero. It is generally used for those complicated integrals
whose denominators are unchanged when x isreplaced by
a-x.

0 J e = [

f (cosx) dx

/ !
i o %f (tanx)dx = [ % (cot x)dx
/2, . . w2, .
(iii) jo f(sn2x)sinxdx = _[0 f (sin2x) cosx dx

(v) [ f (logx)ax = [ fllog(1-x)]dx

12 sin"x
) j“ ——
0 gin"x+cos" x
n
— J n/2 COS X dx = /4
0 cos"x+sin™x
o jﬂ:/Z tan” x Jnlz cot" x =/
——— dx= ————dx==n
0 1+tan"x 0 1+cot"x
/2 2 1
(vu)_.‘0 — =_[n ——— dx=n/4
1+tan" x 0 1+cot"x
/2 n
(viii)J' X g
0 sec x + cosec"x

n/2  cosec"x
= .[0 ﬁ dX = TC/4
cosec”x + sec” x

(i) f: /4log(1+ tanx) dx = (n/8) log 2

/2 /2
(0%) _[0 IogcotxdxzjO logtanx dx=0

Example68:

n/4
Evaluate .[ log (1+ tanx) dx

0
nl4

Sol. Letl = | 10g (1+tanx) o
0

/4 T
T eo[setm(z)
ThenI—J(; og[+an 2 X X

/4

== J. Iog(1+
0

nl4
tanrc/4—tanxjdX _ J Iog[l+l_tanxjdx
1+tanm/4tanx 0 1+tanx

M4 (ttanx+1-tanXx
- .[ lo dx
1+tanx

_nfl g(

/4
) dx — I {log2-log(1+ tan x)} dx
0

nl4 nl4
— j Iogde—I log(1+ tan x) dx
0 0
/4 _T - 3
=1=(log2) [x], I:>I—4I092:>I 8IogZ
Example69:
nj/.Z m "
Evaluate 0 A/SinX ++/cosx
n/2 -
Sol. Letl= f O i
. = ! Snx+Joosx 0]

m/2 Jsin(m/ 2-x)

dx
Then, 1 = '[\/sm(nlz X) ++/cos(n / 2~ X)
™2 Joosx )
@+m ....... (i)
Adding (|)and(||),weget
/2 /2
Jsinx Jeosx
2l = I f dx
\Jcosx +\/smx sinx ++/cosx
nJ{Z /sinx +\/COSX J‘ 1dX—[X]n/2 T o
o Vsinx +\/cosx 2

- n/2 .
= — ———0x=—
4 'f sinx +\/ COSX 4
Example70:
Evaluate .[ dx
1+smx
Tox
Sol. Wehavel = [ g% . (i)
0

=
I22




(INTEGRATION )

SOAL

ODM ADVANCED LEARNING

-[1+sm(n x)

Jqf (xX)dx = J%f (a—x)dx
0 0 0

i d
Adding (i) and (ii), we get 2| {)HQHX X
T T 1-sinx
LA N
J‘1+smx J(;l—sinzx X (i)

—2|= nj'(seczx—tanxsecx)dx = n[tanx —secx];
0

= 2| = nt [(tann — secr) (tan0 — sec0)]
=r[(0-(-1)-(0-1)] =2=n
=l=x

Example71:

COS X

Evaluate J'

OOSX — COSX
+€e

T X
eCOS

Sol. Letl = J(;ecosx +e_oosx o (|)

ﬂ ecos(n—x)
Then, | = dx

eoosX | o= cosx(n—X)

— COSX

T
= = je—dx ...... (ii)
Oe7COSX +eCOSX

T

Adding (i) and (ii), we get 21 = [1dx =n= 1 :%
0

[P-9]

. 0, if f(-x) =—f(x) i.e if f(x)isodd
j_a f(x)dx =

Note: Thegraph of an even functionissymmetric about y-
axisthat isthe curve onleft sideof y-axisisexactly identical

a 0
to curveonitsright side. So If (x) dx = I f(x)dx
0 -a

ng f(x)dx, if f(—x) =f(x) i.eif f(x)iseven

y a 0
A jf(x) dx :jf(x)dx
0

—-a

0 a
Jf(X)dx _[f(x)dx
X' < H ~a a : » X
(-a0) © (20)
\J
v
In case of an odd functionthe curveissymmetricin opposite
quadrants, so 9 a
jf(x)dx:—jf(x)dx
0 a YA 0
[ 00 dx =] (x)dx a
a o [rooax 4
0 H

This property is generally
used when integrand is x <—
either even or odd function

of x.
Example72: ,
Yy
/4 3 4
Evaluate I x°sin™ x dx
—n/4

Sol. Letf (x) =x3sin*x. Then,
f (-x) = (-x)3sin? (-x) = -3 {sin(-x)}*
= f(—x) =x3(=sinx)*=—x3sinx = - f(x).
So, f (x) isan odd function

n/4 n/4
Hence, .[ f(x)dx=0= j x3sin*xdx =0
-nl4 -nl4
Example73:
n/2
Evaluate ,[ |sinx|dx
—n/2
Sol. Letf(x)=|sinx]|
Then f(—x) =|sin (=X) | =|—sinx |=|sin|x =f (x)
So, f (x) isan even function.
/2 /2 /2
J [sinx|dx = 2.|‘|smx|dx ZIsnde
—n/2 0
{:sinXZOforOsxsg}
/2 -
- J|smx|dx 2[- cosx]T“/2 [cosz+cosoj=2
—n/2

E
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Example74:
log2 X
Evaluate J sin{ex 1}dx
log2 L€ +1
log2 X e -1
| sm{ X }dx SIFf(x) = {ex+1

log1/2 e +1

f(-x)= s‘n{l_ex} - —san{eX _1} =—f(x)
1+¢€ e +1

Hencef (x) isan odd function of x
| =0by Prop. V.

Sal. | =

2a 2| f(x)dx,if f (2a—x) =f(x)
[P-6] [ foodx = £
0, if f(2a—x)=-f(x)

Itisgenerally used to make half the upper limit
Note: Iff(2a—x) =f(x), then the graph of f (x) is symmetrical
about x = aasshowninfig.

YA A A
; 2a
j £(x) dx
X (a0 X
o o) (2a0)
N x=2a
Y i [foe ix=a
v’ y v
2a a
[ F(x)dx = [f(x)dx
a 0

If (2a — x) =—f (x),then the graph of f (x) is shown

a 2a
f () dx=—[ f(x)dx
0

a

yA A A

jaf(x)dx
0

A
v

o (a0)

x=2a
X=a

Example75:
/2 /2 1
Prove that IIOgsinxdx:J Iogcosxdx=—EI092
0 0
/2
Sol. Letl= [ logsinxdx .. 0}
0
/2 /2

.[ Iogsin[%—xj ax | = I log cosx dx
0 0

Adding (i) and (ii), we get

nl2 . nl2 2
— 9= j logsinxdx + I logcosx dx — .[ (logsinx cosx)dx
0 0
0
M2 (2sinxcosx M2 (sin2x
= 2= I Iog[—)dx = I Iog[ )dx
0 2 0 2
/2 /2
= 2= I logsin2x dx — .[ log 2dx
0 0
/2 -
= 2= I logsin2xdx ——(log 2)
0 2
/2 -
= 2= [ logsin2xdx-Zlog2 .. (iii)
0 2
/2
Let I,= j' logsin2x dx
0

Putting 2x =t, we get

Y
. dt 1 n/2 _
I = j(;logsmtz =1,= 52'[ logsintdt
/2 0
= 1= _[Iogsinxdx=|
0
T T
So, from (iii), we get 21 :I_E log2=1 =5 log2

/2 /2 T
Hence, _[ logsinxdx = j Iogcosxdx=—zlogz
0 0

P-7 [ Tx)dx = [ f(a+b-x)ax

Example76:
j’ f(x) __b-a
Prove that ) f(x)+f(a+b-x) 2

[4
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b f(X) b+a
_ ; C f (x)dx isindependent of b
Sol. Letl_‘Lf(X)+f(a+b—X) ..... (I) () J[; (X) X ep
b b+na
f(a+b-x)
Then, I:£f(a+b—x)+f(a+b)—(a+b—x)dX @ [ feodx= njf(x)dx wheren e |. In particular
b 0
:T f(a+b—-x) (i) na a
Ytarb-x+f 7 ) Itb=0, [ F(x)dx=n[f(x)dx
0 0
Adding (i) and (ii), we get
b+a
ol = ?f(x)+f(a+b—x) X (i) 1tn=1, [ f(x)dx= jf(x)dx
() +f(a+b-x) b 0
Example78:
b b—aj 10
= 2I=Il.dx =(b—a):>|=[ > Evaluate_[(x_[x])dx
a
0
Example77: Sol. Since x —[x] is a periodic function with period one unit.
n/3 1 Therefore
Evduate | ————=dx
T[J;61+ Jeot x 10
j(x [x])dx = 1oj(x [x])dx =10 jxdx j[x]dx
nl/3 1 n/3
Sal. | = Y2 dx -()
J.1+\/cotx '[ \/smx +\/cosx 21 10
=10 |:—:| -0{=— =5
2 2
0
n/3 S‘”[E_ j
— dX . .. . . .
Then, | I T [P- 9] Differentiation of Integration (Leibnithz'sRule) :
n/6 sm(——xj+ cos(—— )
2 d|*o
o {0 PO = £ Ly (O} v (0 -0 O} ¢' ()
¢
) ”f’ Jcosx (i
/e VCOSX + Vsmx Example79:
X
Adding (i) and (ii), we get 2I = I VS‘”“VCOSX Letf(x):j 2—t2 dt then find the real rootsof the
6V sx+\/smx 1
equation x2—f'(x) =0
n/3 s T omom
= 2= | Ldx=[x]" 2 =—-—=—=1=1/12 X
Js Xkie =376 Sol. f() = [V2—t? dt; f'(x) =v2-x?. 1 - 2-1.0

[P-8] Iff (x)isaperiodicfunction of period a, i.e.
f(a+x) =f(x), then

na

@ [f(x)ax= njqf (x) dx
0 0

b+na b
® [ f(x)dx=[f(x)dx, whereb e R*
na 0

1

=y2-x?
L x2=f'(x)=V2-x% orx*+x?-2=0
or (x2+2) (x2=1)=0 .. x=+ 1 (only real)

b
[P-10] If f (x) > 0ontheinterval [a, b] , then Jf(x)dx >0

a

b b
[P-12]Iff(X)<g(X)on[a b],then J'f (x)dx < Ig(x)dx

[+
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[P-12] If mand M arethe smallest and greatest valuesof a  Example81.:

function f (x) defined onaninterval [a, b], then

b
m(b-a)< [f(x)dx<M(b-a)

/2
Evaluate I sin® x cos® x dx
0

a Sol. Using gammafunctionformula

Example80:
15
Provethat 1 < jex dx<e
0

2
Sol. For0<x <1, we havee®< € <¢l

1 1
2
. e°(1—0)sjeX dx <e(l-0) = 1sje"2dxge
0 0

[P-13] If f (x) isdefined on [a, b], then

b
[ (x)ax

b
sj|f(x)|dx

SOMEIMPORTANT FORMULAE

(%) (3

21"[4+5+2) 21{1&)
2 2
31
) E.5.\/52.1 8
- .97531 315
R
2222 2\/5
/2 /2
Walli'sformula: Ign“xdx = _[cosnxdx
0 0
-1 n-3 n- E

Gamma function: If nisapositive rational number, then n n-2n-4 3
© " |n-1n-3n-5 31n hen i
the improper integral Ie‘xx“_ldx is defined as Gamma Tr r ..... ZEE, when n iseven
0
function and is denoted by T°n Example82:
n/2
sin” x dx
i.ern= .[e‘xxn‘ldx , wherex € Q* Evaluate J(;
° o 531,15
622 2

o0 b
For Ex. 11= .([)e‘xxodx = Ii_)rr:oj(;e‘xdx = t!|_>n2@ [—e‘XJZ

- lim(-eP”+e%=0+1=1
b—w

PROPERTIESOF GAMMA FUNCTION
() T1=1T0=wand Cn+1=nln

(i) IfneN,then Tn+l=n! (i) r1/2=x
a2 rmT”rnTJrl 0
. sm n _
(iv) J(;sm X C€0s" xdx = re—
2

(v) In place of gamma function, we can also use the
/2

] ..m n
following formula: Ism x Cos” x dx
0

ii
(m-)(m-3).....2orH(n-1 (n-3).....(20r1) @
= (m+n)(m+n-2)....(20r1)
It isimportant to note that we multiply by (n/ 2) when both
mand n are even.

x (1orm/2)

SUMMATIONOFSERIESBY INTEGRATION

For finding sum of aninfinite serieswith the help of definite
integration, following formulais used

n-1 1
Lim Zf(ljl _ [feax
n—wo .75 n/n 0

The following method is used to solve the questions on
summation of series.
After writing (r — 1) or rth term of the series, expressitin

theform lf [1) . Therefore the given serieswill take the

n \n

1 oreye
lim f[—]—
form. 0 z nh

—>0 r=0

.
lim Zj , X in place of (ﬁj

n—oo

Now writingj in place of (

1
and dx in place of n , weget theintegral J.f(x) dxinplace

of above series.

=
I26
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o | (L] 2k (2k-1) (2k-2) (2k=93)......32.1
(iii) Thelower limit of thisintegral = rIT_I>To "o [2k(2k—2) (2k—4)...... 421

wherer = O istaken corresponding to first term of the series oKl oK

Hence P= =
o Kin2 92K )2
and upper limit=lim [—] r=n-1 (27k)7 27 (k)
n—oo\ N

where r = n— 1 is taken corresponding to the last term. INEQUAL ITIESINVOLVEDIN DEFINITE INTEGRAL

Example83: (i) Foramonotonic increasing functionin (a, b)
Evauate lim [i+i+ ..... +i} (b-a)f(a)< ff(x)dx <(b—-a)f(b)
nswo| N+1 Nn+2 2n a
L R 11
Sol. Limit= lim >’ ——= lim > — = tb)
n%oorzln+r n—oo 1+L n
" f(a)
Tl
- Jl—dx=[log(1+ x)]% =log2 x=a x=b
+X
0 (i) Foaamonotonic decreasing functionin (a, b)
. b
Example84: F(b). (b—a)< J'f(x)dx <b-a)f(@
o nJrr]]/n a
Lim (—
Evaluater]_><>or1:[1 n )
f(a)
S= Li lﬂ[ [n+r)1/n n+l n+2 n+n " f(b)
= LIm —_— —1i i )
Sal. n o LN —le[ - e - }
X=a x=b

Taking in both sides, we have
(iif) For anon monotonic functionin (a, b)

1 n+1 n+2 n+n
In S= Lim—{ln — | +In +....In ] b
G A S AL G UL NI

a

_Limt Zn: In[1+%) ={1)In(1+x) dx

n—on n-1 f(b)
=I_r12—(1—|n2)=|n4—1=In(4/e) fla) |-
S=4/e flc) .
Example85: a < b
1 . rn
If n— oo , thenfind thelimit of ;ZSHZK[%). b b
-1 i) If(X)dX Sj|f(x)|dx equality holdswhen f (x) lies
a a
1 . ok(Im 1. (™ _avi
ol Let P:nLLToﬁ lem [%) :J'Osm EX dx completely abovethex-axis
r=
V) HFhE)<fX)<g(X)Vxelab] then
2 2,2,
Putgx:t dx=;dt:;jg sin? tat [hdx < [t (x)dx < [g (x) dx

_2(2k-1) (k-3) (2k-5)...... 31m
2k (2k-2) (2k—4)...... 42 2
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Example86: TRYITYOURSELF-2

n/2

snx .« Jar &\"
Show that 1< —dx t 2 242
J 2 Q1 i im [ )t dt——(”EN) , then find the
—Ya
sinx XCOSX—SiNX _ COSX
Sol. f(9 ==~ orf'(x)= 7 -t vaueof a
X

4 |
8snvx+1 ] X2_4d
5 Q2 Evauae: j dx Q.3Evauate: | — 5O
= f'(x) <0 hencef(X),in= = f () max =1 VX +1 2
2(n 0 T n T 1+cos2x | 3
= 1579 <1<1(570) o 1<|<§. Q4 Evaluame:,g 5 ¥ Qb5Evauate: j|5x—9|dx
0

Example87: 4
Q.6 Evaluate: j'n[X] dx, [] isthegreatest integer function.

1
1
Show that = J ————= =<1 1
4 1+ x%+2x )
. . . ( 1 X +1\ )
Sol. Consider the following function Q.7 Thevalueof Ltan +tan )dx is —
) X2 +1
1
fX)=7">% ~5.,xe[01] (A)n (B)2rn
1+Xx°+2x (C©)3n (D) 5n/2
Intheinterval [0, 1], f (x) isstrictly decreasing, therefore 100
Inx
1 -
Wehavef(l)sf(x)sf(O)i.e.ZSf(x)Sl Q.8 Evauate: I|nx+|n(150 X)
1 1 /2 dx
Hence, we have (1-0) —gj.f(x) dx<(1-0)1 Q.9 Evauate: I Q.10 Evauate: I ,
4 5 o1+ 2t o Lrsinx
1 1 2n /2
ie. Zsjf(x) dx <1 which isthe desired result. QU |-= fSin4XdX=kI cos* dx find valueof k
0 0 0
E legs: 2n
xample88: Q.12 Evaduate: | = J' X -cos® X dx
1 0
Prove that £<I o < my2
6 oVa-x2_x® 8 10
SOl A2 <d-x2—x3<d—x2 Q.13 Evaluate: _!)Jl—cos:rx dx
1 1 1
> > X
\/4—2x2 \/4—x2—x3 \/4—x2 j(l—cost) dx
} dx <1 dx <J% dx Q.14 Evaluate: )li_l)‘noo
=
oVa-x2 ova-x2-x® o4-2x2 xJ‘tanxdx
0
— Xj 1 .1 X
sn| = —|snT—= 1.1 1 1
= { (2 L<I< \/E{ \/EL Q.15 Find the value of I|m H+n_+1+m+ ...... n
n_ N2
o —<l<—n
6 8

[+
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@

ANSWER
@D In(2++3) (2 2(cos2-cos3) (3)§
@ 2 (5)15/2 (6)In6
M A (8)25 (9) n/2
(101 ()4 (12)0
(13) Z%ﬁ (14) 43 (15) In4

IMPORTANT POINTS l

Fundamental theorem of calculus:
X
Part | : If f (x) iscontinuouson[a, b] theng (x) = 'ff(t) dt

a

is also continuous on [a, b] and
’ _ ix —
g'()= dx~£f(t) dt=f(x).
Part 1l : f (x) iscontinuouson|[a, b, F (x) isan anti-derivative
b
of f (x)i.e. F(x) = j f(x) dx then j f(x) dx = F(b) - F(@)

Integration by Substitution : The substitution u = g (x)

b g(b)
wiuconvertjf(g(x)) g'(x) dx = j f(u)du ,
a 9(a)

usingdu=g"(x) dx.
Integration by parts : ju dv = uv—jv du and

b b
Ju dv = uv|f1 —_[v du . Choose u and dv fromintegral and
a a

compute du by differentiating u and compute v using

v:.[dv

Integration by Partial fraction : If integrating J M dx
Q(x)

wherethedegree of P (x) issmaller than thedegree of Q (x).
Factor denominator as completely as possible and find
the partial fraction decomposition of the rational
expression. Integrate the partial fraction decomposition
(PFED.).

Some propertiesof definiteintegral :

If aninterval [a b] (a< b), the function f (x) and ¢ (X)

satisfy the condition f (x) < ¢(x), then

a b
J100) ax < [o(x) dx
b a

®)

©

@

C]

)

)

If mand M arethe smallest and greatest valuesof afunction
f (X) onaninterval [a, b] and a< b, then

m(b-a) < [ (x) dx < M(b—2)
b

b c b
[1(x) dx = [ () ax+ [ (x)

b b
[£0x) dx =[f (a+b-x) dx

a a

}af (x)dx = nff (x) dx
0 0

fo (x) dx, If f(x) iseven function, i.e.
a f(=x)=f(x)
[fe)ax=4 ©
-a (0} If f(x) isodd function, i.e.
f (x)=-f(x)
2a a
[ 100 = 2[f (x) dx, If f(2a—x) =T (x)
0 O0, If f(2a—x)=-f(x)
Leibnitzrule:
d 9(x)
v I F(t) dt = g’ (x)F(g(x)) — " (x)F(F (x))
f(x)
1 r=n-1
If a series can be put in the form n Z;,J f[%] or

11=n r 1
2 [;] thenitslimit as n—s oo is | T 00 X
r=1 0

b b
I£ (x) < g (x) on[a b] , then | f ()ax < [g(x) dx
(i) For amonotonic decreas ;g functionain
(@, b);f(b). (b-a)< jzf (xX) dx < f(a).(b—a)
(i) For amonotonic i ncr;asi ng function in

b
(a,b); f(a). (b—a) < [F(x) dx <f(b).(b-a)

b
If I f(x) dx=0, thentheequationf (x) = 0 hasatleast oneroot

in(a, b) provided fiscontinuousin (&, b).
Notethat the converseis not true.

e
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(b \ b Example4:
» Lim| [fn(x)dx j(umfn(x)j dx (x-x3)Y3
n—>ooL J 5 N Find the value of ‘[x—4 ax.
3.\1/3 3
gl X=X
(0) Sol. I( 4) dx= I [——J dx
* jf(x) -d(g(x) = f f(x)-g'(x)dx . X
g @

* If g (x) istheinverseof f (x) and f (x) hasdomainx < [a, b]
wheref (a) =candf (b) = dthen the value of

b d
[fxyax + [a(y)dy = (bd-ac)
a Cc

b
*If f(x) is continuousin (a b), Then j%(f x) =[f ]2
a

and if f(x)isdiscontinuousin (a, b)atx=c e (a b), then
b

d c
J (10 =[rel; +[r 9L

ADDITIONAL EXAMPLES

Examplel:

COSX + XSinX

Evaluate J.m dx

(X +cosx) —x+8inx 1-sinx
Sol. IZI X (X + cosx) o= -[ o _Jx+cosx o
= — =lo ( j-i—C
log x—log (x + cosx) + ¢ = 109 ap—
Example2:

X
Sol. We have, .[_2 dx = K. 2x
X

Differentiating both sidesw.r.t. x, we get

zyx 2Ux, [—_] log2 -
2 =K. N 0g2=K=7" log2
Example3:

Evaluate _[[sin (logx) + cos (logx)] dx.
Sol. Putlogx=z=x=¢€* = dx=¢€*dz.
'[[sin (logx) + cos (logx)] dx

:J.ez(sinz+cosz) dz=e?sinz+C=xsin(logx) +C

—1r.w3 1 2
= Ejt dt {Puttlngx2 l_t:>X3dx_dt}

_1 43 _ 413
:7]-1:—+C:—3(i—1j +C

4/3 8 \ x2
Example5:
Evaluat J&d
valuate x—1(x-2) X

Sol. Here since the highest powers of x in Num" and Den' are
equal and coefficients of x2 are also equal, therefore

i x%+1 A B
=1+ +

xX-D(x-2) x-1 x-2

Onsolvingwe getA=-2,B=5

x2+1 _ 2 N 5
(x-D(x-2) = x-1 x-2
The above method is used to obtain the value of constant

corresponding to non repeated linear factor in the Den'.
Now, | = j(l—i+ij dx
x-1 x-2

=x-2log(x-1)+5log(x-2)+C

:x+log{( -2) } +C

(x—1)
lim l tani+tanﬁ+ +tanm
Evaluate N—soo N 4n 4n T 4n

Thus _[

Example6:

Sol. 1= lim ZEtan——z.[. tan— xdx
4 n 4

n—ow N

2
:—J' tantdt——[|ogsect]“’4 Iogf:;logz

Example7:

dx
Evauate Im B>aw)

Sol. Putx—o =12 = dx =2t dt

=
I30
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1+1/x2 o= | d (x-1/x)

t dt dt
|1=2 =2 -
I\/tz(ﬁ—oc—tz) I\/(B—a)—tz Sl | x2 +1+1/ X2

(x—l/x)2+3
_ - ((x2-1))
= 2sin* ! +c=2snt X% ¢ = itan‘l—(x 1/X)+c = itan_lk(x DJ
p-o p-a V3 V3 3 J3x
Example8:
Example13: _
Ve t2 5t+4
Evaluatej 7 ~1dx Find the points of maxima/minimaof I
2 Sol. f(x)= 0
J € X—l J. 292X I ,
e o= 1/ ox 12 -5t+4 /
1 .[—t dt -2 -1 0 1\/2

0 2+e
= e _1 -secleX+c

4_g2
= ) =X =X o o — (=D (x+)(x- 2)(x+2)2x
Example9: — >

log(x +1) —logx dx Fromthewavy curve, itisclear that f ' (x) changesitssign
X(X+1) atx=+2,+ 1, 0and hence the points of maxima are -1, 1
and that of the minima are -2, 0, 2.

Evaluate J

- lo (X—Jrl) 2+C
Sol. 1=~ (log(x +1) - logX). (M) dx=~" 109 — Example14:
d 1 1 1 , *1@1) iz
—I[log(x+1) -logx] =———-—=— Find Limn 2% " -(11-22-33 ....... n")n” .
dx X+1 X (x+Dx n—>o0
Example10: - E(Hl) i2
Sol. LetL=Limn 2 ".@t.22.3% ..n")n
Evaluate.[ dx A
4sin® x + 4sinx cosX + 505 X 1/n+1 n
Sol. After dividing by cos? x to numerator and denominator of InL = r'\-im _E(_jl — 2 kink
—=%® N~ k=1
. : sec? x dx
integration | = I > 10
4tan” X + 4tanx +5 - ( j —ZZ(klnk—klnn+klnn)
”—>°° k=1
sec? x dx 1, _if2tanx+1
= j—z = —tan | ————|+c n
(2tanx+1)“+4 22 2 CLim_ 1L ( ] iz In— InnZk
- n—oo 2 n
k=1 k=1
Examplell: N
For the function f (x) = 1 + 3% log3, the antiderivative F _ ( j lzklnk+ln—n- n(n+1)
assumes the value 7 for x = 2. At what value of x doesthe - n»oo ngn o non? 2
curvey = F(x) cut the abscissa ?
Sol. () =1+3¢l0g3 - F)=[(@+3 logd) dx=x+3F+c _ _5(”+1]|nn+jx|nxdx+1[”—+1j|nn
SinceF(2)=2+9+c=7=c=-4 2\n 2\ n
FX)=x+3-4=0=>x=1 L 1
Example12: = J(;ﬁlﬂifdx Ty oL=E€ !
211
Evaluate J4— dx
+Xx°+1
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Example15:
Find the values of L that satisfy the following equation

1 Z”: n¥2 Z”: 1
= Lim = ———=Lim S EEEE——r
4n 32 32
n
jet(dnGat+ms4at)dt noeleoy (n+2n) =1 {1+2(rj}
0 -L n
T 4 -
Iet(gneat+cos at) dt J; 1 (1+2x)’j/2 1
0 =
5 (L+2x)¥2 Y2 2
n 2n
Sol. Ilzjet(sneam+cos4at)dt+jet(§n6a1+cos4at)dt { 1 }0 1
0 = 1=
" N1+2x |4 NE)
3r 4n
+I et(sin6a1+cos4at) dt+ j (sin6at+cos4at) dt _
S 3n Example18:
2 , 2
z Inx)° dx < Inx | dx
=(1+€e" +€°" +e3"_[et (sin® at + cos* at) dt Prove that JJ"Z( ) JJ.‘2| |
0
I e -1 Sol. Intheinterval Fl} | Inx | isafraction. hence, we
= |—1:1+e”+e2“+e3“: . ' 4°2) ' !
2 e -1
have (Inx)2<|Inx |
Example16: 5 , 2
/2 ia _[(Inx) dx<.f|lnx|dx
Evaluate: jcos7xdx Y2 12
0
Examplel9:
2 642
ol 1= J' cos’ X dx = ———— ™2
: 5 7-5-3-1 Evaluate the definite integrals Isnxln(cosx)dx
0
Examplel7: /2
Evaluate: Sol. I= j sinxIn (cosx) dx
_ - 0
Lim Jn + Jn + Jn + Jn /2
..... . _
”_>°°_\/n73 \/(n+2)3 \/(n+4)3 \/(r1+8)3 | =[—cosx|n(cos,x)]g/2 + I cosx._cznxdx
SX
Sol. We have 0
| +n Jn Jn Jn = Lim M+[cosx]g/2: Lim — X4
Lim + + + +oe x—n/2  SeCX x—7/2 SECX tan X
ool o Jn+2® Jn+a® Jn+ed |

= Lim cosx-1=-1.
N \/_ X—m/2
= Lim z _vn Lim

Jn
N> T \(n+2r)® "= (nt2n)d

[omitting oneterm will not affect the limit]
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QUESTION BANK

CHAPTER 7 :

INTEGRATION

EXERCISE-1[LEVEL-]]

Q.2

Q3

Q4

Q5

Q.6

Q.7

PART -1-INDEFINITE INTEGRATION

. & [cosx X . 0
Ocy/—— -4/ ——sinx.dx =
&\ x COSX p

(A) -Jxcosx +C (B) Vxsinx +C

(©) 2xcosx +C (D) C- 2Jxcosx
2%+ 3%
J- dx is equal to —
5%
@I5*  (3/5)" (/5%  (3/5)*

@3/5*  (2/5*
( )Iog3(2/5) logs(3/5)

+C (D) Noneof the above

J'tan 2x tan3x tan5x dx is equal to —

1 1
(A) = Iog|sec2x|— Iog|sec3x|—glog|se05x|+c
1
(B) = Iog|sec:2x|+—log|sec3x|+—Iog|sec5x|+C
1
© = Iog|sec5x|— Iog|sec2x|— 5Iog|sec3x|+C
(D) None of these
c a4
sin™ x
I g dX isequal to -
cos® X
5 5 5 7
) (1+tan x)+tan X+C(B) tan”x tan X+C
5 7
tan’ x tan5x
© +C (D) None of the above

7

x | 1+sinx cosx )
Ie ——> (X jsequal to -
cos” X

(A) €“cosx +¢ (B) e¥secx.tanx+c

(C) e tanx +c (D) & cos?x -1 +c¢
cos? x .

jﬁ dx s equal to —

COS” X +9sin“ X

(A) %{Stan‘l(iatan X)-xt+c (B) %{3tan’1(3tan X)+X}+cC

© 2—17{tan’1(3tan x)-xt+c (D)8 {%tan‘l(atan X) - x} +c

Find | 1;&

QS8

Q9

Q.10 Evaluate: j,/ S
2 3/2

(A) V1-x +cost Vx + Vx V1-x +C
(B)-241-x +cost x +x V1-x +C
(C)-21-x —costx3+ /x V1-x +C
(D)-5+1-x +cost x -x[1-x +C

J-x+\/7+\/7

(1 + f) equals

(A) gxm +6tan 1 ¥x +c (B) glea +6tantx +c

2/3 2/3 -1,13

+tantx+c +6tanxY3+c

(© 2% (©) 2x

5
The value of the integral jwdx

sin®x +sin*x
(A)sinx-6tan~! (sinx) +c
(B)sinx—2 (sinx) 1 +c¢
(C)sinx -2 (sinx)"t-6tan" (sinx) +c
(D)sinx—2 (sinx)™ L +5tan (sinx) + ¢

is —

X

_ 3/2) l()(3/2\

©) 2sin k > )+c (D) —sin” LTJJFC

(ax? — b)dx
Q.1 isegual to
J x\/czx2 (ax2 + b)2
2 2

(A) Sm_l( +cbx ] G Sm_{axc; bj e
1 a+bx?)

(© tan 1La+cxx ]*¢ Oai@@rbxg+C

Q.12 Evaluate j xtanx dx

(A) %(x2+1)tan‘lx7%x+c (x +1)tan” x+;x+c

(B) 5

(©) %(x2 -1 tan‘lx—%x+c (D) None of these

T
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Q.13 If If (X)sinx.cosx dx = 2(b2 az)Iogf xX)+c, Q.20 J’%dxz
- Sin“ X + 2¢0s” X
where c is the constant of integration, then f (x) = (A)-log(1+sin®)+C  (B)log(1+cos’x)+C
) ) (C)—Iog (1+cos®)+C  (D)log(1+tan®x)+C
(A) B)
abcos2x (b” —a%) cos2x Q.21 J 2(x* +1)3/4 is equal to —
2
© “snax (©) (b% —a?) sin2x ) —(1+xHY4 Lc ®) —(1+ x4)1/4 LC
2
X X
Q.14 |If _[ dx = ktan™'m , then (k, m) is— 414 4\3/4
x(x+1) © —([1+x7) Lc D) —(1+x7) LC
(A) (2,%) (B)(L,X) 2x X
©) (Lx) (D) (2.x) 2 | sin’x_
(12 Q 1+ cosx
Q.15 Whenx >0, then J.cos_1L _X2J dx is (A)x+snx+C (B)x—sinx+C
1+x (©)snx+C (D) cosx+C
(A) 2xtant x—log (1 +x?) +¢c «(1+sinx
(B) 2xtant x +log (1 +x3) +c¢ Q.23 Je (1+cosx) dX js—
(C)2[xtant x+log(1+x?)] +c¢
(D) 2[xtanIx—log (1 +x3)] +¢
n (A) © tan[z) ¢ (B)tan[zj ¢
Q.16 IfneNandl, = [(logx)"dx, thenl,+nl _; =
© &+C (D) e*sinx+C
A) (logx)™n @ (090" (logx)™*t
n n+l PART -2-DEFINITE INTEGRATION
(©) x(logx)"+c (D) (logx)™-1 1y Ux 4
n1, Q24 Ifly= [ dt andl,= [ —dt forx>0,then
Q.17 _[C?S+ dx,n#0 is— (Lt 1 1+t
sin" X A1, =1, B)I1;>1,
" cot” x ® o™y Q@ 1,>14 (D) None of these
n-1 Q.25 Ifg(x)= Tcos4t dt, theng (x + ) equals
—cot" x cot" 1 x 0
© A (A) 900+ () (B)9(x)-g(r)
©f)g(m) (D) g(®)/g(m)
18 .[(X 1)e _ 2/4
© (x+1° I (2 Ix )
. Q.26 Lcoser/— ser/_J
) & B — (A) n2/4 (B) 22
x+1 (x+1) (C) 2 (D) /8
X X nl4
© ar? ® (3 Q.27 _£/4In\/1+sm2x dx =
Q.19 Iflinear functionf (X) and g (x) satisfy
~[[(3x—1) cosx + (1- 2x) sinx] dx (A)-2rIn2 (B)—% In2
=f(x) cosx+g (x) sinx + C, then— .
(A)F(x)=3 (x~1) (B)f(x)=3x-5 (C)-xIn2 ()~ In2

(©g()=3(x-1)

(D)g(x)=3+x

[4




(INTEGRATION )

SOAL

Q.28

Q.29

Q.30

Q.31

Q.32

Q.33

Q.34

Q.35

2n
[ In @+sinx) dx=
0

(A)—2rIn2 (B)—% In2

(©)-rIn2 D) —% In2

2010 1
J' —sin[x——] dx isequal to -
X

1/2010 X
(A) 2010 (B)-2010
©)-1 (D)o

X
Ifg(x)= Icos“t dt , theng (x + =) equals —
0

(R)9(9+9(0) ®)909-0(m)
909
© 9699 ©) gy

/2 /2
IfA= I sn®x dx andB = j cos? x dx and
0 0

/2
C= I sin®x dx , then —
0

(A)A+B=0 (B)A-B=0
(C)A+C=0 (D)A-C=0
nl4
Evaluate I x3sin® x dx
-n/4
(A)1 (B)O
@2 (D)4
1t b _
I Ie—d;=a,then [ ela _,
ot g t-b-1
(A) ae™® (B)-ae™®
(C)-bed (D) ae?

The value of the integral

2008 1
| (3x2—8028x+(2007)2+—j dx equals —
: 2008

(A) (2008) (B) (2009)2
(C)2009 (D)1
V3 dx
Evaluate _£§ m
(A)n/3 (B) /2
©) 4 (D) /6

QDM ADVANCED LEARNING
5n
-1
Q.36 Thevalueof I cot*(tanx) dx s equal to —
-2
(A) 5122 (B) 722
(C)9n?/2 (D) None of these
/2 2sinx
Q.37 J(; 2SINX | 5C0SX dx equals
(A)2 (B)n
(@FZ! (D) /2
/4
Q.38 Evaluate | (v/tanx ++/cotx) dx
0
(A)nl 2 (B)n/2
(O nl6 D)/ 3
3rn/4
—d
Q.39 J4 17 sing ¢ equals
A)m(v2-1) B)n (2 +1)
©r@2-2) (D) None of these
t o
Q.40 Evaluate Ilog[——lj dx
X
0
(A)1 (B)2
©3 (D)0
1 2
Q.41 Vaueof definiteintegral _[(1+ e X )dx canbe-
0
(A)-1 (B)2
(C)1+el (D) None of these
Q42 Evauae | dx
ol+€
(A)log2 (B)log3
(C)log7 (D)log5
Q.43 Letf(x)=x-[x], fore every real number x, where [x] is
1
integral part of x. Then find the value of jf(x) ax.
-1
(A)1 (B)2
©o0 D)3
2
Ix]
Q.44 Evaluate I dx
-1 X
(A)3 (B)2
©o0 (D)1

T
I35
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n/2n 1+ cosa 1-cosa
1 it
——dx - © (D)
Q45 J(; 1+cot"nx T 2 2
i 4
(A)0 (B) w4n _costx
(C)nf2n (D) w2 Q.54 '([cos4x+sin4x
™4 ginx + cosx ~ (A) 4 (B) /2
Q.46 I 3+sin2x © 8 D)n
T
(A) (1/4)log 3 (B)log3 - _ Fx)dx = —2—
(O (U2)l0g3 (D)2Log3 QS5 T () =T(n+e-x &£ Cdx= o then
1
3/2 _ n
Q.47 £X(1—X) dx = [xt () dx=
e
A)-2/35 B) 4/35
EC))Z e ED))—8/35 (A) t-e (B) (n+)/2
© 1 (D) (n—e)/2
p nl4
Q.48 Thevalueofj'x_”dx is Q.56 Thevalue of theintegral j log (sec —tan®) do is -
0
—-nl4
A)l B)4
g C))5 ED)) " (A) 0 (B) /4
© n (D) /2
4
Q49 If 1, :Itan” x dx , where nis apositive integer, then /4 sinx + cosx
Q.57 |Og —— | dx -
0 0 COSX
I(}Ao)glgis_ (B) 17
T T
© 18 (D) 1/9 (A) Zlogz (B) Elogz
™ &n®x T 10a2
— = =  dx= © —log (D) log2
Q.50 n,ﬁsin3x+cos3x 8
14
(A) /6 (B) /2 " dx . ~
O3 (D) w12 Q.58 '[/4m is equal to
Q.51 If [X] isthe greatest integer function not greater than x, T
\ (A) 2 (B)1
then [ [x] dx = © 4 ()0
(A)550 (©)45 PART - 3-SERIE MMATION
C)66 D)35
© ©) Q59 IfS, = L + L +ont L ,
/2 /2 1+Jn  2+2n n++/n2
Q.52 If Iy = I x-sinxdxand |, = I X-cosx dx ,
0 0 thenfind lim S, .
nN—oo
then which one of the following is true?
(A, =1 B)1,+1,=0 (A)log4 (B)52
172 1772 (C)log3 (D) None of these
o) | —£| D). +1 _r k k | nk k
/2 Nn—oo nk+1
Y
Q.53 The value of the definite integral .[ sin|2x—ao | dx ok
k s
0 (A)2 B)
k+1
where ¢ €[0, ] .
A)l B) cos —
(A) (B) cosa © 7 (D)0

=
I36
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Q.61

Q.62

Q.63

Q.64

Q.65

Q.66

Q.67

o1 (n+r
im > 2[5+ i

n—oo _
s s
—= — +
OF B) 5 +1
©On (D) None of these
lim l(e”n +e?"+e¥" 1 +e")isequal to
n—oo N
(A)e (B)e-1
C)1l-e (D) None of these
n 1/n
Ly [T +r?
X _
Let ) = . p=lim [=L
'([1+x3 RSV T
then In p is equal to —
(A)In2-1+A (B)In2-3+3A
(©2In2-2 (D)In4-3+3
FE()= lim{2x+4x3 +......... +2nx®" 1 (0<x<1);
n—oo

then [ f(x) dx isequal to

(A)-(1-x)+C
©@-x31+cC

(B)-(1-x31+C
D)(1-xt+C

PART -4-MISCELLANEOUS
Thevaueof the definiteintegral

/2
| = I e~ {cos(sinx)coszgwtsin (sinx)sinzg} dx ,is
0

/2

2

e75/2

2

(A) %[e“’z(coshsin )-1 (B) (cosl+sinl)

© %(e"’ 2 cos1-1) (D) (cosl+sinl-1)
1 .
————dx isequal to

IZIl—COS X
(A) 242 (cotx ++/2 tan"1 /2 cot x)

(B) —ﬁ[\/icot X+tant (\/5 cotx)]+c¢

NG

(C) 2/2{cot x +tan"* (cosx)}

(D) none of these
Thevalue of the definite integral

3n/4
| @+x)sinx+(1-x)cosx) dx is -
0

Q.68

Q.69

Q.70

Q.71

Q.72

(B) 22
(D)0

(A) 2(v2+1)
© 2(2-1

1+ nx"t_x2"

g ——————dx
Thevalueof.[ (1—x”)\/m ,

(where nis anonzero constant) is

e V1-x" « V1+x2"
A) ————+C B) € +C
( ) n ( ) 2n
1-x 1-x
’1_X2n
(C) e ———+C (D) none of these
1-x"

J4cos(x +%j COSZX.COS(%-F x) dx

_(X+sin4x+sin2x)+c
() 42

_[X+sin4x_sin2x]+c
(B) a2
( sin4x sin2xj
— x— + +c
4 2

B [x— sin4x N coszxj
() 4 2

j \/;e&dx equals

(A) 2Jx e - afxe’®
(©) (1-4vx) gk

(B) (2x—-4+/x +4) g/x
(D) None of these
Evauate: j (cosx —sinx) (3+4sin2x)dx .

(—smx —_ COSX) (L+4sin2x)+c

(A)
®) (—gn X ;COSX) (1-4sin2x) + ¢

[—sm X+ COSX] (1+4sin2x)+c

(D) None of these
(x*-1)

— = dX i a t
(X2 +DVx*+1 e
[ x241) 1 (x2+1)
1 L a1 X"+
(A) sec L—\/EXJ+C (B)\/Esec L\/EXJJFC
1 a(x%41)
©) Z>* k\/z)“? (D) None of these

[4




SOAL
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/2 aX
Q.73 I sin? x—— dx isequal to Q.79 Evaluate_[ dx
Vi-a*
(A) 2 (B) 4
(C)n/8 (D) 3n/4 (A) —sm Ya+c (B) —cos tay+c
1
U2 32 1
Q.74 jl(1+ X)"“(1-x)"“dx equas © @sec L@)+C (D) None of these
(A)n (B) /2 Q.80 Given f'(x)= X f[zj af [32”] b. Thevalue
(C)n/8 (D) 3n/4 X
X+8nX o _ 312
Q.75 .[1+ cosx X = of the definite integral _[ f () X equals -

Q.76

Q.77

Q.78

(A) cot%+c (B) xtan§+c

X
(C)log (1+cosx) + ¢ (D) xtan§+tanx+c

Izcoszx+bzsn X X equals

(A) %tan‘l(gtanx}rc B o L (zcotx)+c

1 (b
(@) ECOt 1[5tanxj+c (D)_%cot‘l[%cotx)+c
J-x3+x

dx =
x4 -9

1x*-3
x%+3

1 4 1 x2-3
B) =log. |x" -9|+—Ilo
()8 Je | I P Oe

1 2
A) =log, | x“-9|+—
(A) Jloge |X* 9]+

1 1
C) Zlog. |x*-9|+—lo
( )4 gel |+12 ge

1 1
(D) Zloge |x4—9|+EIoge

X—1

€
f—(X2_5X+4)-2X dX = A F(x-1)+B (x-4) +c,

where F(x) = J% dx then Aand B ordered set is —

28 (2 83)
W(‘g'g) ®( 373
8 2 (2 8
(C)[é'g) ©( 3 3)

Q.81

Q.82

Q.83

Q.84

n/2

T T
(A) 2~ (a~3b) (B) 2~ (a+3b)

©) 2+g(3a+ b) (D) 2—%(3&1— b)

1 (1=
frant [ 1) o euas
(A)xcostx- Ja-x2) (B)xcostx+ . /(1-x?)

(© ixcos tx /LX) (D) Noneof these

Evauate: _[xz sinxdx

(A)—x2cos X +2X sinX—2¢0S X +C
(B) X2 cos X + 2x sin Xx—2¢0s X + ¢
(C) x2cosx +2xsinx +2cos X +C
(D) None of these

J.(x+an+5(x;_lj dx isequal to
1 n+6 n+6
(A) &JFC (B)(Xi;&) (n+6)+c

n+6

© (x2X+ 1

n+6
) (n+6)+c (D) none of these

2
X
Evaluate I 2

dx
1

(o]

(A)x—ilog[ (B) x+—= Iog[ ]1j+c

X_—]1j+
2 X+

C x+£|og x-1 +C D) None of these
© 5 .t (D)

[4
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Q.85

Q.86

Q.87

(INTEGRATION) QUESTION BANK ODN ADVANCED LEARNING
_t dx= x2+1
——dx = Q.91 Evaluate [ —5— o
(x+Dvx--1 x4 +1
1t x° \+C Lian [ x2-1) C
— = +
O ®) w5 ) @7 ()
-1 1 (x2-1)
© +C (D) +C (©) —tani|Z—=|+C (D) Noneof these
+1 N Wy
J‘n;dx , (Wherenisanon-zero constant) isequal 1 x4 )
x(x" +1) 092 Let | =z — 2°°8+x 5'”LHJ+C, wherep, g, 1 € N
to
N N and need not bedistinct, thenthevaue of (p+qg+r) equals
(A) —fn +C ® Lm Y. c (A) 6024 (B) 6022
x" +1] n | x (C)6021 (D) 6020
n X2
© ¢n N +C (D) none of these J- costdt
I|m - s _
Ia& Q.93 Thevalueof M xsnx 1S
Jx (A)3/2 B)1
J— \/_ ©)-1 (D) None of these
X X
/2
(A) fna (B) éna

Q.88

Q.89

Q.90

(©) 2a¥* ma+C (D) none of these

Evaluatej9 2 4dX
(©) —Iog " +C (D) None of these
If Jz' x% \x* —x2 dx has the value equal to kr then the

-2
value of k equals —
(A)O
©38

(B)2
(D)4

X
LetA bea3 x 3 diagonal matrix witha,; = €,, 8y, = €°

X

and agy = e . The value of the integral J%(det A) dx
0

equals —

(A) e e B) e -1

(C) e°-e (D) &

Q.94

Q.95

Q.96

Q.97

[ (sinx)*(In (sinx) +xcotx) dx g _
0

(A)-1 (B)1
©o (D) indeterminant
J- 3+ 2cosXx dx -

(2+3cosx)?  sequalto

sinXx

e 2C0osX ]
(A) (2+ 3cosx)

=" lic
(B)[3sinx+2

( ZCOSXZ)+C [ 2sinx ]+c
© 3cosx + (D) 3sinx+2
dx

Evauate: .[—2
sinx(2cos“x-1)
A) Eén cosx—1+ m \/_cosx 1
2 |cosx+1 2
1 |cosx-1
=/ ——/n +C
B 2" cosx+1 f fcosx+1
1 |cosx-1 |\/_COSX 1|
© 3¢ -—f
2 |cosx+1 |J—cosx+1|
(D) None of these
2,3 2
IZX —26x +9X_5dxisequalto
0 X —2X+5
(A)O (B)3
(©) 32 (D)4

[¢
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Q.98 Evauate: jsin xcos ® x dx . 3n/4 osx
Q.105 I 1— cosx dx isequal to-
nl4
] (A) 2 - g (B)2+ g
©) - (cotx)2’5 (D) —E(cotx)ll5+C
1 1
} . (Q) 5 -2n (D) 5 +2r
Q.99 Evduate m dx 1 1 1 1
0
Q.106 “ [na+na+1+na+2 nb}sequal to
(&) ZV2-1 ®) 212 +1 (A)In (/) (B) In (alb)
3 3 (C)Ina (D) Inb
4 2 2
© 5lV2-1 (D) S[v2-1 107 Evaluete X 4
3 3 Q. valu eJ;«/a+\/; X
/4
JVi-sin2xd (A)1 (B)O
Q.100 Evaluate J(; X ax (©) 12 (D)2
/4
A B) /2 - . .
(A) 2 ®) V2-1 Q.108 Evaluate I sin3xsin 2x dx
©J2+1 D)1 0
32 22
101 Evaluat A) =5 ®) —5
Q. valu ej m 10 10
©3 D) /2
log (5+3y3) log (5+3y3) .
RS TNy ® 91" 7) Q.109Iff(t):{?gj;Eilthenpossiblesetofvalueof
o] 5-2V3) x
© %73 (D) None of these (a b) sothat [f (x) dx isdifferentiablefor all x> 0is-
. . 0
Q.102 If [x] stands for the greatest integer function, then
b ? = (A) 6. B)(L3)
© 4,2 (D) None of these

3

.[[x])< dx
1 Y

Q.110 Evaluate ['sin®x dx

(A) Cannot be evaluated 0

(B) Hasthevalue 1 + 4 (log 2)~1

(C) Hasthevalue1+4log 2 (A) 13 (B)23
(D) Has the value 1 -4 log 2 @43 D)3
i Ing.]Z ex 1
sinx cosa. - -
dx = 7t Q.11 sm{ }dx equals
Q.103 J‘1+ cos® X 1+sina oguz L€ +1
(A) for novalueof a 1 1
(B) for exactly two values of . in (0, ). (A) Cosg (B) sinE
(C)forat leastoneain (n/2, ).
(D) for exactly onea.in (0, 7/2). (C) 2cos2 (D)0
1 4 2T dsinxl cogx 4
104 Find [ x3.e* dx QU2 | T @x &=
Q -[1 o lre™
(A)O (B)1 (A) er (B)1
©)2 (D)4 (C)er-1 (D)0

B
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10
Q.113 Evaluate J' {2x}dx , where {.} denotes the fractional

-3/2

part of x.
A)13 (B)23/4
(C)5/3 (D) 423
w2 o1
Q114 Evaluate | Sn X
o (1-x9)

n 1 n 1
——=log2 —+=log2
(A) 2 % og (B) 4+ > og

n 1 T
© Z_EIOQZ (D) Z—Iogz
ﬂJ{Z snx__
Q.115 Evaluate ) 1+ CoS2 x
(A) /2 (B) /4
©n3 (D)n
1 1-2x, x<0
Q.116 Evaluate jf(x)dx,wheref(x)z 1+2X, x>0°
-1
(A)2 (B)1
©3 (D)4
117 Evaluate: } s
Q. valuare : OW.
(A) /4 B)r
Q2 (D) /3

4

Q.18 I{gn{x}} dx = 1 , where{ x} representsfractional part
0
of x. ThenA/4is -

(A)-cos1 (B)1-cosl
(C)1-sinl (D) None of these
| “f 000
Q.119 Thevalue of integral ) 0(x) +d(n/ 2—X) is
(A) /4 (B) /2
(®F (D) noneof these

Q.120 Ixsinx cosx dx =
0

(A) /10
(C) /5
n/2

Q.121 Evaluate | |Sinx|dx
-/2

(B) =/5
(D) none of these

(A)2
©)3

B)1
(D)0

/2
Q.122 Evauate | logtanxdx
0

(A)1 (B)O
©2 (D)3
3
Q.123 Evaluate [[X]dx
0
(A1 (B)0
©2 (D)3

Ar
Q.124 Find thevalueof | [sinx | dx
(A)8 ° (B)6
Q4 (D)2
Q.125 A function f (x) which satisfiestherelation

1
F(x) =€ +[ef (x) dt, thenf (x) is -

0
X

) 5— (B) (e-2)¢"
(© 2 ©) &2

1 1
2
Q.126 Let I; = [e* cos’x dx and I, = [e™" cos’ x dx,

0 0
then—
(A)1;>1, B 1, =1,
O <1, (D) None of these

3n m
Q127 If 1, = [ f(cos?x)dx and I, = [ (cos”x)dx then

0 0
A)1=1, B)1,=21,
(©)1,=5I, (D) 1;=31,

e
Q.128 If I, = [(Inx)™dx , wherem € N, then 1+ 101
1

is equal to —
elo

0 =
(A) € ®) 5
©e (D)e-1
nl/2 .

Q.129 £ :”n? d6 is equal to-

(A)4/3 (B)8/3
(© 34 (D) None of these

X
Q.130 Letf (x) =Jx/2— t2 dt. Thentheredl rootsof theequation
1

x2—f'(x)=0are

(A)£1
(©) 212

(B)+1/~2
(D)0and 1

—
121
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/2

Q.1311If | = J' g *S"Xdx  where a e (0,%), then —

0

4
Q.132 Evaluate _[({ x} )[X] dx, where {.} and [.] denote the
1

fractional part and the greatest integer functions

T T i
| >= | <2 (e 41 respectively.
B 1>7 B) <5+ (A) 12/13 (B)13/12
Q712 (D) 1217
T _
©l<e* (D)I>0
2 Q.133 Thevalue of the definiteintegral I dx is—
1(1+e )(1+x )
(A) /2 (B)w/4
(©)w/8 (D) /16
EXERCISE - 2[LEVEL-2]
2
N sin+/tdt ( | )
Q1 Findthevalueof lim=>— O In| W) | ¢
x>0 X sec(lnij tan (in2)
(A)2/3 (B)1/3 2
©v4 (D)12
q /3
2 |If | /=== =fog(x)+C,then .5 Thevaueof thedefiniteintegr
Q X g (%) Q heva f the definitei a I In(1+«/§tanx)dx
\2ax - x? 0
X+a equals -
(A)f(x) =sintx,g(x) = 2 2
T Y T T
X — (A)§In2 (B)E (C©) —In2 (D) —In2
(B) f)=snixg)=— 6 2
X—a 2(2+3) 16
(C) f(x)=cosx,g(x)= — Q.6 Thevalue of the definiteintegral f - _dx
a o (4+x%)?
X—a
(D) f (x) =tan1x,g(x) = Y is equal to —
5+3n 3+5n 5+3n 3+5n
Q3 Letf(x)= I dy . Thevalue of the integral A 12 ®) 6 © 6 © 12
X 1+y
/2
In (cosx) _
2 Q.7 X 8inx
. l+e*e
J' x f (x) dx isequal to— -n/2
0 T
(© 43 (D)2/3
X
tan (Inx) tan [InE] tan (In2) (C)-nIn2 (D) _% In2
4 dx =
Q X Q.8 Theequation of acurveisy =f (x). The tangents at
(1,f(A),), (2,1 (B)) and (3, f (C)) make angles/6, n/3 and
( ) n/4 respectively with the positive direction of the x-axis.
In sec(Inx) 3 3
(A) nX (B) In(secinx) +C Then the value of J'f’(x)f”(x) dx+J.f”(x) dx =
2 1
el (A) -1/+/3 (B) 1//3
© '”[SEC'”[ ]Xan(nx)] (©0 (D) None of these

[+




SOAL

(I NTEGRATION ) ODM ADVANCED | EARNING
nl2 3+log3
09 Leti- J- _ cosx + 4 < and Q.15 log (4+X) o=
0 3sinx +4cosx + 25 log (4+ x) +log (9—X)
2-log3
/2 . (A)(1/2) +log3 (B)5/2
_ sinx+3 (C)1+2log3 (D) None of these
0 3sinx +4cosx + 25 «
c c Q.16 The greatest value of f (x):j|t|dt on the interval
If25|=an+blnawherea,b,canddeNandaisnot 1
aperfect square of arational then find the value of 11y
(a+b+c+d). 22|~
(A) 29 (B)62 (A)3/8 (B)12
(058 (D)60 (C)-3/8 (D)-1/2
™2 5n2 nx 1y 1
Q.10 Ifg,= (J) anx X thena,—ay, a5 -a,, 8y~ a, ... are Q.17 Find thevalue of J&(tan_lgj dx
-1
in- (A) -/6 (B)-n/4
(A)AP (B)GP (C)-n/2 (D)-n/3
(OHP (D) None of these N
2 1 Q.18 Evaluatefw dx
Q.11 Thevalueof j[f{g(X)}]_ f{9(x).0'(x) dx , where o 1+Xx
1
g (A) =g (B)isequal to— A Z loa4 B) L log2
(A)0 ®)1 (A) g log (B) 5 log
©2 (D) None of these .
b Eu . jn x dx (© 2 log2 (D) None of these
Q ValUAle : Jo 2 cos? x + b2 sin? x 2
(A) n%/ab (B) n?/2eb 19 Evaluate | [X?]dx
(C) n2/3ab (D) n2/5eb Q19 Evauae _Iz
Q.13 If many natural number, then the value of theintegral
an o ) y (A)10-2+3 -2+2 (B)10+2+3 -2+2
I(x M x4 x™) (2xM +3xM +6)" Mdx is —
(C)10- /3 -3+2 (D)10-2~/3 +2+/2
1 2
1 T
(A) s+l {2x3M + 3x2M + gxM} (UM)+1 4 C Q.20 Find the value of _[n [2sinX] dx, where[ ] represents
1 the greatest integer function.
(B) gy {2°M+3M+6xM) Wm+l 4 c (A)-n/6 (B)-n/4
(C)-n/2 (D)-5n/3
1
C) — {2x3M 4 3x2M 4 gxM Im 4 ¢ 1 )
©) m! X 6T} Q21 [[x[L+sinmx]+1] dx is equal to -
(D) None of these -1
Q.14 J‘tan_lx/; dx isequal to — EvAv?(e)re[.] ISGLF) ®)1
(A) xtan 1Vx —/x + (tan"1/x) + ¢ ©2 (D)-2
5n/12
(B) xtan*1«/§+«/§—%(tan*1«/§)+c Q.22 .[ [tanx] dx , (where [ . ] dentotes G.I.F.) is equal to —
0
1 1, 4 (A) /2 (B) 5n/4

(D) Xtan71&+&—%(tan’1&)+c

¢
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3x—4 (A)n/2 B)1
Q.23 Iff [3 4] =X+ 2, then If (x) dx is equal to — (C)nl4 (D) None of these
X +
2
Q.30 X+ VX +~/X +....00 dx isequal to (x> 0)
(A)§x+log|1—x|+c (B)éx—gln|l—x|+c J(;\/ 0
- (A) 19/6 (B) 17/6
©) §X +§Iog |1-x|+C (D) Noneof these (©) 136 (D) Can’tdetermine
T xlogx
25 _ Q.31 Evaluate %
Q.24 j x [2x] sgn (x —2) dx is equal to — o 1+Xx9)
1 (A) 13 (B)2
(where[ .]isGI.F. & Sgn— Signumfunction) ©)O0 (D)3
(A)-31/8 (B)67/8 (x_1)d
(C)5/8 (D) 13/2 . X)X

Q.25

Q.26

Q.27

Q.28

Q.29

/2
Let |, = _[ cosBf (sind +cos?6) do and
0

nl2 |
I, = I sin20f (sin®+cos®6) do then |_1 isequal to
2
0

(A)1 B)2
©3 (D)4

9 °°J§X 2
Let f(x) = where g(X) = | (1+sin“t)dt.

{, V1+t? 0
xzsin1 if x#0
X
Alsoh(x)=e~Xland 7 (x) = | o if x=0
thenf' (n/2) is equal to —
(A) £'(0) (B)h'(0)
. 1-cosx
(0" lim

(©h'(©) ©), %% xsinx
Evaluate
Lim = + L + L ! :l
0| Jan2 -1 an? -4 an® -9 3n’
(A) /6 (B)n/3
(©) /2 (D) /4

|sinx| 2 |sinx |

dx and n j dx , where[ .]

If m=f and n=
n| 2 | 2

represents greatest integer function, then —

(A)m=n (B)m=-n
(COm=2n (D)m=-2n
sinzx ooszx

J' sintVtdt+ I cos 'Vt dt jsequal to
0 0

Q.33

Q.34

Q.35

3 1 2
—In|2x+1|-=In|x-2|+=In|x-3|+C
(A) 5l 2e+Ll-Cnlx = 2]+ Zin|x -3
3 1 2
—In|2x+1|-=In|x+2|+=In|x-3|+C
(B) = I I = I I 7 I I

3 1 2
—In|2x+1|+=In|x+2|+=In|x-3|+C
(© gl 2x+11+gInlx+ 2]+ Zin|x 3|

(D) None of these
The value of the definite integral

e
j{(1+ X) € +(1-x) € *}.Inx dx, is equal to —
1

(A)el*e+elt+ee_eete+el

+e_pl-e 4 g€ _ € _el
(B) e f+et-eC+e-e
(C)elte+eletege_ge_p_¢gl
(D)et*e—ele+ee_ge-e+el

n
Let 1y = [ [{x+D{x*+ 2 +{x*+ 2 {x*+ 4] o

-n
where{ } denotesthefractional part of x, then |, hasthe
value equal to —

(A) U3 (B)2/3
©o (D) 4/3
Evaluate: J- (5sinx + 6)dx
vauale: sinXx+2cosx+3°

1+tan(x/2))+C

(A) x—2£n|sinx+2cosx+3|+3tan’1( 5

1+tan(X/2)j+C

(B)x—2ﬂn|sinx+cosx—3|+3tan’1[ 5

1+tan(x/2))+c

(C) x-2¢n|sinx—cosx + 2|+ 2tan’1( >

(D) None of these

B
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f (A)e (B) me
36 If | 722, 7~ =A{In(p)®+9p?—2p3-18p} +, then (©)e2 (D) nfe
e xZ(x" —g) ~ALIN(P)7+ 9p7~2p7~18p} Q.42 Thevalueof definiteintegral
1 (x7-6) (x7-6) t x|sinx| T
A) A=——, p= A=——— - 212 21 dxisequal to —In2. Find the value of A.
A A=Sor2 \ J ®) 54432 = L x’ J £1+|cosx| X15E A
; -1 (A)1 B)7
N N O S DS p:(x -6) ©4 (D)2
54432 x' -6 X Q.43 If the value of the definite integral
dx 1 (1 0/ x ) r2(Ja-+/b)
37 Bvduate ) 3— . —— cot | ==/ cot™ dx =
Q '[\3/X+1+\/X +1 Jl L/l_XZJ L \/1_(X2)IXIJ Je
((@+x)¥2 1+x)23 \ wherea, b, ¢ e N intheir lowest form, then find the value
(A) 6LT—T+(1+X)”6 og((x+1)ﬂ6+1)J+C of (a+b+0).
(A)1 |7
12 1/3
(B) 6(7(“)() S +(1+x)Y8 +Iog((x+1)”3+l)j+c ©4 (©)2
3 o
44 I1fy?=x2-x+1land In=|—0dX and
2 (1+x)¥3 Q Y " '[ y

Q.38

Q.39

Q.40

Q.41

© 6{(“;()]] +(1+x)V3 +Iog((x+1)1/6l)}+c

(D) 6((1“3()”2 _ X" +(L+x)Y8 —Iog((x+1)1/6+1)}+c
0 X2

It j[ij dx =/ then
—o0 e
(1+e )?/ \/ N

(A) Jr (B) g C Jm D) g

2n
If jln(seczx) dx=2kzsin_1[gjlnk, then find the
0

valueof [K], (where[ .] denotesgreatest integer function).
(A)2 (B)3
©4 D)1
100
If the value of I ([cot‘l X]+ [tan‘l x]) dx is
0

100x + p cot p, then the value of pis (where[ . ] denotes
greatest integer function).
(A)2
©4

B)3
D)1

/2
I (x cosx +1) 6% dx

The absolute value of —© =
n/2

_[ (xsinx —1) €% dx
0

Q.45

Q.46

Q.47

Q.48

Q.49

Q.50

Al;+BI,+Cl; = x2y then ordered tripletA, B, C is —
(A)(1/2,-1/2,1)
©@.-12

(B)(3.1,0
(D) (3,-5/2, 2)

If f (x) isafunction satisfying f ( ) +x°f(x) =0 forall

coseco
non-zero X, then find _[ f(x)dx .
sin®
(A1 (B)2
©o0 D)3
tanx tdt cot X dt .
Thevalue of f 5+ I 5 isequal to
e 1Ht7 o tA+17)
(A1 (B)12
(©) nl4 (D) none of these
3 2
it J- X —-6x°+11x-6 dx
X% +4x+3
= (AX® + Bx+C)\/x2+4x+3+de—X
VX2 +4x+3
then value of Ais
(A)1/3 B)1
©3 (D)-1/3
In above question value of C is —
(A)-37 (B)-14/3
(C) 14/3 (D)37
In above question value of A is —
(A) 66 (B)-66
(©)37/3 (D)-37/3
n n
lim kL is equal to —
n-o . Zon" (k+3)
(A)e (B)e+2
(©0 (D)e-2

—
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Q.51 Iff(x) beareal valued function;; Statement 2: Ify=f"1x, then

Q.52

Q.53

fO)+f(x+4)=f(x+2)+f(x+6);

X+8
g0 = [ f (t)dt thengi(x) is equal to -

X

(A (x) (B)f(x+8)

©s8 (D)0

Iff(x)= T(sin4 t+cos t) dt , thenf (x + ) will beequal to
0

(A () + (/2) (B)F(x)+2f (n/2)

©F () +f(m) (D) (B) & (C) both

2 .
[sinax.e™" *dx is equal to -

2 2
(A) X 1 C (B) —2cos* x.e X +C

2 2
(C) —2co? X X+ C (D) —2sect x e X 4 C

Directions: Assertion-Reason type questions.

Q.54

Q.55

Q.56

Q.57

Q.58

Each questions contain Statement -1 (Assertion) and

Statement -2 (Reason). Each question has 4 choices (A),

(B), (C) and (D) out of which ONLY ONE iscorrect.

(A) Statement-1isTrue Statement-2 is True,Statement-2
isacorrect explanation for Statement-1.

(B) Statement-1isTrue, Statement-2 is True; Statement-2
isNOT acorrect explanation for Statement-1.

(© Statement - 1isTrue, Statement- 2 isFalse.

(D) Statement -1isFalse, Statement -2isTrue.

_x
(x-1) (x? +1)

Satement 1: F(X) isdiscontinuousat x = 1
Satement 2: Integrand of F (x) isdiscontinuousat x = 1.

Consider thefunction F (x) = I

/2

J'—Smxdx<E

Satement -1: )X 2
. sinx

Satement-2; lim——=1
x—0 X

tan_lx

In2

+C

1
Satement -1: Jztan Xd (cot1x) = 2

Satement -2: %(a" +c)=a"lna

/2
Statement-1: [ (sin®x+ cos® x) dx liesintheinterval
0

(8, 712).
Statement-2 : (sin% + cos®x) is periodic with period /2.
Satement 1:Ify=sinlx,then

J'sin’lx dx =jycosy dy+c

jf—lx dx =jyf—1(y)dy+c
Q.59 Satement 1:

.[ osn 1x {1_ X
Satement 2:
j 909 (g (x) f (x) + (%)) dx = e9f (x) + ¢

n
Q60 Satement 1: [{x}dx=2,

0

where {.} represents

fractional part functionand n € N.

n(n-1)

n
Statement 2: [[x] dx =
0

, where[.] represents

greatest integer functionand n € N.

U3 b
Q.61 Satement 1: J.XSi”XCOSZXdX=£.[Sinxcoszxdx
. 'o 2)

b b
a+b
Satement 2: jxf(x)dx:ij(x)dx
a

a
Passage (Q.62-Q.64)

eX

X+1

1
LetA= I dx then answer the following questions
0

intermsof A.

1 2 x

Q62 [X°
5 Xx+1
(A)A-e
(C)2+A

dx equals —

(B)e—2+A
(D)2-e+A

1 2
Q.63 J'(LJ e dx equals —
X+

e e e e
AW A-3 (B 5+1-A (O 5-A(D)A-1+3

1

Q.64 _[ 3 e’ dx equals —
o (x+1)
e 3e
——2+A 3A -—
A 5 GES
A 9e
© S_E_E (D) None of these

—
136




(INTEGRATION )

QUESTION BANK

SOAL

ODM ADVANCED LEARNING

Passage (Q.65-Q.67)

Q.65

Q.66

Q.67

Q.68

Q.69

Q.70

Q.71

Consider the integral

10
= I’T COSBX.COS 7X.COS8X.COSOX
-3
0 1+ eZsm 4x

dx

/2
Ifl=k .[ COS6X.COS7X.Cc0S8X.cos9x dx thenk =

0
A1
(©10

(B)5

(D)20
nl4
IfI=c J cos6x.cos8x.cos2x dx then c equals —
0

(A)5 (B)10
©20 (D)5/2
The value of | equals —

(A) Sr/4 (B) 516
(©)51/32 (D) 58

/2

n
. . i a4
Let a, = j (L-sint)"sin2tdt then r![[]ozl? is
0 n=

equal to —
(A) 12 B)1
©) 43 (D)32

Let a, b are real number such that a + b = 1 then the

minimum value of theintegral I(asinx +bsin2x)2dx is
0

equal to
(A) m/2 (B) w4
@) n/8 (D) 3w/
dx
Evauate: j —_—.
(x +x% - 4)5/3

) %t78/3[1_t2]+c ®) %t’5/3[1—t2]+c

3

© Zt*‘*’?’[l— t]+c (D) %t’m[l—tz] +c

_x=t
X+D(x-2)

Evaluatef
2 1

(A) glog|x+1|+§log|x—2|+c

B lIo |x—1|+£|o |[x-2]+C

(B) 3'09 3%

(C)glog|x2+1|+%log|x—2|+c

(D) %Iog|x+1|+%log|x2+2|+c

nl4
Q.72 Evaluate I log(1+ tan x)dx
0

(A) 5 log2 (®) log2
C) 7 log3 D) ~ log2
(©) g log (D) 7 log
Q.73 Evaluate EJ{S;dX
' el cotx
(A) /6 (B) /8
Q12 D)
Lim n2 + n2 + i
Q.74 Evauate -’ )P ezl o
(A)15/32 (B) 132
(©)32/15 (D) 19/32
1
Q.75 Evaluate |15%—3ldx
0
(A)13/10 (B) /10
(C) 310 (D) 8/10
g
Q.76 J‘(cospx—sinqx)2 dx where p, q areintegersis equal
to
(A)-m (B)O
(OF: (D) 2n
QITIf Sy = eyt

2n \/4n2—1 \/4n2—4 3n2+2n—1'

neN,then limS, isequal to -
N—o0

(A) /2 (B)2
©O1 (D) /6
3
Q.78 Evauate flxz—lldx.
-2
(A)7/3 (B) 14/3
(C)28/3 (D) U3

xzfl

Q.79 The points of maxima of f(x)= _f t(t-1) (t-3)t
0

are
(A) —/2,0,4/2 (B) -2,+/2,-1
(©)-2,-1,1,2 (D)0, 1

[+
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X n/4 2
3+1 Q.87 If J. —(Tc_4e)taned9 :7[;|nk_Tc_,
1-tan6 w
- n/4
1 +1 1 _1[ZX—1J find the value of (kw), wherek, w e N.
= =t C * :
(A) 3 N x+1 +\/§ a J3 " Q.88 Given afunction g, continuous everywhere such that
1 1
= t)ydt=2 ==[(x=1)2
(B)glog 1 +itan-1[2”1]+c g(D) 5and£g() IFF(X) 2j(x H2 g(t) dt,
3 x2+x+1| V3 V3 o
then compute thevalue of ' (1) — " ().
1 X+1 1 _l[x—lj OSX diny forlx I 3
Zlogl—2 = |y — 224 e >".sinx for|x <2
©2% 7= ' A 3 Q.89 Iff(x)= “Then [ 0 .
otherwise -2
—Iog—x_1 +itan‘1(zx_1)+c 9
©)5 Ix2—x+1| 3 J2 Q.90 Thevaueof _f[x3+3x2+3x+3+(x+1)cos(x+1)]dx
22
(1 NV is
81 lim| | (by+a(l-y))*dy as (b a) - 1 .
Q aou; J equals (b a) QOL If [ H(v)dt=1-sinx vx [0, x/2),then f(1//3) is
1 1 sinx
(B \b-a J[a\ba t t—a
A) & ( 2 B e \ J [, f00dx—"_=(F () +f @)
Q.92 If lim 3 =0,
1 t-a (t-2a)
(b \b-a (a \ then degree of polynomial function f(x) is
© e(;} (D) e( J Q.93 Letf: R — R bea continuous function which satisfies

NOTE : Theanswer toeach questionisaNUM ERICAL VAL UE.

Q.82

Q.83

Q.84

Q.85

Q.86

If the value of the definite integral

1 1

j 207c %20 (1- )" dx isequal to 1 Wherek e N.
0

Find k.

Consider apolynomial P (x) of theleast degreethat hasa
maximum equal to 6 at x = 1, and aminimum equal to 2 at
x = 3. Computethevaueof P (2) + P (0).

Let F (x) be a non-negative continuous function defined

onRsuchthat F (x) + F (x+%) = 3. Find the value of

1500

[ Fx)dx,
0
n/2 .
If ﬂdx _a wherea, barerdatively prime
5 (L+sin2x)?
finda+ b+ ab.
For a> 2, if thevalue of the definiteintegral
T dx equals— Find the value of a.
5 5050

Q.94

Q.95

Q.96

Q.97

X
i) = [T O & Thenthevalueof f (In5)is
0

For any real number, let [x] denotethelargest integer less
than or equal to x. Let f beareal valued function defined

—[x], if [x]isodd,
1+[x] X, if [x]iseven -

onthe interval [- 10, 10] by f (x) =

2
Then the value of Z— j f(x) cosnx dx iS
—lO

1 2
d

The value of J4X3 {—2 @a- x2)5}dx is —
0 dx

. . [X], x<2
Letf:R— Rbeafunctiondefined by f (x) = 0 x>2

where [x] isthe greatest integer less than or equal to x.

2 £ 2
IfI:j Xt O

24 f (x+) dX | then the value of (41 -

1)is—

(12+9x2)

If o= I( (Ox+3tan )kFJ dx , where tan~1x

takes only principal values, then the value of

3n
log. |1+ ——) i
[ Oe |1+ | 1) 1s

—
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EXERCISE - 3[PREVIOUSYEARSJEE MAIN QUESTIONS]

Q1

Q.2

Q3

Q4

Q5

Q.6

Q.7

QS8

Q.9

[ [AIEEE 2002]
cos2x+1

(A)tanx—x+¢
(C)x—tanx+c

(logx) . _
_[ 2 dx=

(B)x+tanx+c
(D)-x-cotx+c

[AIEEE 2002]

(A)%(Iogx+1)+c (B)—%(Iogx+1)+c ©

%(Iogx—l)ﬂ: (D)log(x+1)+c

/4
Ifl, = J' tan" x dx then thevalueof n(l_; +1,,,) is-
0

(A)1 (B)n2  [AIEEE-2002]
(©) /4 (D)n

| % = [AIEEE-2002]
(A) 72 (B) /4
(©)n/8 (D) /8

10n

[ 1sinx]ax = [AlEEE-2002]
(A9 (B) 10
©18 (D) 20

2

[ X*1ax= [AIEEE-2002]
0
(A) V2 -1 (B)2(~/2-1)
©) V2 (D) None of these

Li PP e3P +nP

~m T equalss  [AIEEE 2002]

1 1

A1 (B) Pl © Pi2 (D) P

[ eSiNX) 4o, 4
d € 3 SN X
Let dx Fx) = L X J X>0.1f {;e dx=F(k)-F(1),

then one of the possible values of k, is- [AIEEE 2003]
(A)64 (B)15
© 16 (D)63
b
If f(a+b—x) =1(x), then Ix f(x) dx = [AIEEE2003]

a

Q.10

Q.1

Q.12

Q.13

Q.14

Q.15

b b

A) a;zbif(am—x) dx (B)aLZb.!;f(b—x) dx
b

© aLZb.Lf(x) dx

b
) % £f(x) dx

1
Thevalue of theintegral | = J'x(l— x)" dxis
0

1 1 1
(A) m+ - (B) P [AIEEE 2003]
o L o L1
()n+2 (®) n+l n+2
2
[ sec® tat
i 0
Thevalueof M — ———is  [AIEEE2003]
(A)O (B)3
©2 (D)1
lim 1+2% 43+ +n4_ lim 1+2 +3+ .40
n—oo n5 ' N n5
isegual to- [AIEEE 2003]
(A)1/5 (B) /30
(C) zero (D) 1/4

t
Iffy) =€/, gy) =y y>Oand Fy = | T (=) 9(¥) o
0

then [AIEEE 2003]
(A) F(t) =te (B)F(ty=1-e1(1+1)
(C) F(t) =e'— (1 +1) (D) F(t) = te

Let f(x) beafunction satisfying f'(x) =f(x) withf(0) =1 and

g(x) beafunction that satisfiesf(x) + g(x) = x2. Thenthe
1

value of theintegral [T (x) g(x) dx ,is [AIEEE 2003
0

2 2
e 5 e 5
(A)e+7+ 5 (3)6—7—2
2 2
e 3 e 3
©er 53 ®e-5

sinx )
If Isin(x—oe) dx=Ax+ B logsin (x-a) + C, thenvaue

of (A,B)is
(A) (sina, coso)
(C) (-sin a,, cosa)

[AIEEE 2004]
(B) (cosa, Sina)
(D) (-cos a, Sino)

—
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[—& A) = secl B) = cosec1
Q16 J osx_sn x iSequal to- [AIEEE 2004] (A) 5 sec (B) 5 cosec
(O)tan1 (D) (1/2)tan1
®) 5109 ‘ta“ (55 «co toalemt[3) | +c 2t 2,
2 2 Q24 1f1,= 127 ax1,= ]2 ax1,= ]2
0 0 1
2
(C)['Og +C(D)['°9ta” 7" 8j *C &|4=I2X3 dx then - [AIEEE-2005]
1
| L (A) 15> B)1,>1
Q.17 ng'gog e is [AIEEE 2004 OL=ly Ol
(A)e (B)e-1 Q.25 Letf:R— Rbeadifferentiablefunction havingf(2) =6,
(C)1-e (D)e+1 1 00 43
3 f(2) = [ ) Then LU | < dt= [AIEEE-2005]
Q.18 Thevaueof Hl—xz‘ dx is [AIEEE 2004] 6
: (A) 24 (B)36
(A) 28/3 (B) 14/3 ©12 (D)18
©) 713 (D) /3 o x
”lz(smx+cosx) Q.26 Thevaueof I 1+~ dx,a>0,is- [AIEEE-2005]
19 Thevaueof | = | === dxis[AIEEE 2004 =t
Q evaueo I Trorox X is[ ] Aar ()2
(A)0 (B)1 (C)n/a (D) 2n
©2 D)3 ~
n/2 .27 Thevalueof theintegral, _[ dxis—
Q.20 If.[xf(smx) dx _Aj f(sinx) dx | thenA is- N V- x+x
0 (A)3/2 (B)2 [AIEEE 2006]
(A)0 (B)n [AIEEE 2004] ©)1 (D) 112
(C) /4 (D) 2r o
X @ 28 3+ cos2(x + 3m)] dx i lto-
Q.21 |ff(x):ﬁ,|1: J xg {x (1-x)} dx and Q _3!;/2 [(x + )3 + cos?(x + 3n)] dx is equal to
* f(-a) (A) (n%32) + (n/2) (B)m2  [AIEEE2006]
‘(@ | (C) (4)-1 (D) 1432
l,= _.' g {x (1-x)} dx , then the value of |_2 is n
tCa) 1 Q.29 I x f(sin x) dx is equal to— [AIEEE 2006]
(A)2 (B)-3  [AIEEE2004] 0
©-1 (D)1 . /2
. T .
j o _1) zd " (A)nJc; f(snx) dx ®) 5 {) f(sinx) dx
Q.22 —1+ (log x)2 X isequal to - [AIEEE-2005] iy
logx (C)nj f(cosx) dx (D) [ f(cosx)ax
(A) (Iogx)2+1 +C +C ° 0
xe* X Q.30 Thevalue of _[[x] f'(x) dx, a> 1, where [X] denotes the
RETICIL ©) (10gx)? +2 7€ 1 -
greatest integer not exceeding X is — [AIEEE 2006]
im| Lozl , 224 1 (A) [a] f(a) - {f(1) +f(2) +... + f([a])}
Q23 #H!l{nzsec I 1} equals (B) [a] f([a]) ~ {f(1) + () + ... + f(2)}

[AIEEE-2005]

(C)af([a])-{f(1) +f(2) +... +f(a)}
(D) af(a)-{f(1) +f(2) +... + f([a])}

=
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Q.31 LetF(x)—f(x)+f[ j where f(x) = j'ogtdt Then Q.38 Thevalueof jw [AIEEE 2011]
1+x2
0
F(e) equals [AIEEE 2007] o
(A) 1/2 (B)0 (A)mlog2 (B) glog2
O1 (D)2
T
X g i (© Elog 2 (D) log2
Q.32 The solution for x of the equation j—I—is
Httr-1 12 dy
Q.39 If —=y+3>0andy(0)=2,theny(In2)isequal to-
(h)2 B)m [AIEEE 2007 (A)OI ;( (B)5 [AlEEE 2011]
© V3/2 (D) 22 (013 (D)2
dx
Q33 Icosx+ 3snx equals [AIEEE2007] 5 49 Ifthelntegralj dX x+aln|sinx—2cosx|+k,

Q.34

Q.35

Q.36

Q.37

(A) %'Ogta”[)z( Z)+C (B) —Iogtan[a—ﬁj +C

X T X m
© Iogtan(5+1—2] +C (D) Iogtan[E—Ej +C

sinx dx

Thevalueof\/_J‘ (X nj is-

[AIEEE 2008]

(A) x—log | sin (X - %)|+c (B)x+|0g|sin(x—%)|+c

(C)x—Iog|cos(x—%)|+c (D)x+Iog|cos(x—%)|+c

Letl J.Sinxd dJ J.COSX dx.Th hich f
etl=)"7 dxandJ= | dx. Thenwhichoneo

the following istrue ? [AIEEE 2008]

2 2
(A)1< 5 andJ<2 (B)1< 3 andJ>2

(©)1>2/3andJ<2 (D)1>2/3and J>2

T
I [cotx] dx where [.] denotes the greatest integer
0

function, is equal to [AIEEE 2009]
(A) /2 (B)1
©)-1 (D) -n/2

Let p (X) be afunction defined on R such that
pP'(xX)=p'(1-x),forall x € [0, 1], p(0) =1and p (1) = 41.

1
Then Ip (x) dx equals —
0
A)21
©42

[AIEEE 2010]

(B)41
(D) 41

Q.41

Q.42

Q.43

then a is equal to — [AIEEE 2012]
(A)-1 (B)-2
O1 (D)2

X
If g(x) = [ cosat dt, then g (x + ) equals[Al EEE 2012]
0

g (x)
A) §(m) (B)g(x)+g(m)

©g(x¥)-g(m) (D)g(x).g(m)
If _[f (X) dx =y (X) , then jx5f (x3) dx is equal to -

(A) 3% ()= [x2 v (%) o |+ CIEEMAIN 2013
(B) %x3 v (%) —3j x3y (x3) dx+C
©) %x3 v (x3)—jx2 v (%) dx+C

D) %[x?’ v () - [x v () de+C
n/3

. dx
Satement-1 : Thevaueof theintegral | ————
R_J/-61+ Jtanx

isequal to nt/6.

b b
Satement-11 : [ f () dx =[f (a+ b-x) dx
a
[JEEMAIN 201

(A) Statement-1 istrue; Statement-11 istrue; Statement-I1
isacorrect explanation for Statement-1.

(B) Statement-I istrue; Statement-11 istrue; Statement-I1
isnot acorrect explanation for Statement-I.

(C) Statement-I istrue; Statement-I1 isfalse.

(D) Statement-| isfalse; Statement-I1 istrue.
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Q.44

Q.45

Q.46

Q.47

Q.48

Q.49

Q.50

The integral T\/1+ 4si nzg— 4sin§dx equals —
0
[JEEMAIN 2014]
® 5 -4-43
() 434~

(A)n-4

(C) 4/3-4

| 1) x+s
Theintegral I[1+x—;je X dx isequal to —

[JEE MAIN 2014]

A) (x-T)e X +c

X+
(B) xe X+c

1
X il
© (x+1)e+X +C X

X+
(D) —xe +C

Theintegra IW =

(A) *+1)V4+¢ (B)-(x*+1)Y4+c

[JEE MAIN 2015]

( 4 \1/4 ( 4 \1/4
© —LXXIU +e (D)Lxxlfl) +c

2
log x dx —

4
Theintegral
J; log X2 + log (36—12x + x2)

[JEE MAIN 2015]

(A)4 (B)1
©6 (D)2
12 9
Theintegral j2X—+5de is equal to —
(x5 3+ l)3
[JEE MAIN 2016]
10 5
X X
(A)

—+C -
2(x°+x3+1)2 2(x°+x3+1)?

_x10 ) ) —x°
2(x°+x3+1)2 < +x3+1)2

(Where Cisan arbitrary constant)

© +C

((n+1) (n+2)...3nY")

n'ﬁ;‘o L 20 J isequal to
[JEE MAIN 2016]
(A) 27/€? (B) 9/e?
(©) 3log3-2 (D) 18/&*
3n/4

Theintegra i alto: [JEEMAIN 201

eintegr nj;4 Trooen isequalto: [ 7]
(A)4 (B)-1 ©-2 (D)2

Q.51

Q.52

Q.53

Q.54

Q.55

Q.56

Let I, ='|‘tann x dx, (n>1). If1,+I5=atanx + bx®+C,

where C is a constant of integration, then the ordered
pair (a, b) isequal to: [JEEMAIN 2017]

(A) (1/5,-1) (B) (-1/5,0)
© (15,1 (D) (15,0)
n/2 . 2 X
Thevaueof | —— X is [JEE MAIN 2018]
o lt2
(A)4n (B) /4
(C)n/8 (D) n/2
2 2
sin“ cos” x
Theintegral dx
e J‘(sin5x+cos3xsin2x
+sin® x cos? X + cos® x)2
isequal to: [JEEMAIN 2018]
(A) ;3+ C (B) ‘—13+ C
1+cot” x 1+ cot” x
1 -1
O3+ C O3+ C
3(1+tan”x) 3(1+tan”x)

(where C isa constant of integration)
For x2 = nm + 1, n e N (the set of natural numbers), the

. 2 . 2
integral Ix Zsm(xz—l)—sm2(x2—1)dx isequal to:
2sin (x“ =1 +sin2(x“ -1

(where c isa constant of integration)
[JEEMAIN 2019 (JAN)]

2_4)
2 )

1)
2 )

T
The value of .[|cosx |3 dx [JEEMAIN 2019 (JAN)]
0

(A) loge

+c¢ (B) loge +cC

%%cz (x% -1)

o

1
+c (D) Eloge‘sec2 (x?-1) ‘+c

(©) loge sec? {X

(A)2/3 B)o
(C)-4/3 (D) 4/3
2—XC0osx
Iff(x)= P X COSK andg(x) =loggx, (x> 0) thenthevalue

/4
ofintegral | 9(f (X)) dXis [JEEMAIN 2019 (APRIL)]

—nl4
(A)log3 (B) loge2
(D) log1

(C)loge

—
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. 5x n 1 i
sin> (A) 551092 (B) 5 ~10ge 2
Q.57 .[ )2( dx is equal to : (where c is a constant of
in~ 1
2 (©) 5510062 (D) 5 ~loge2
integration) [JEEMAIN2019(APRIL)] ecx 5
(A) 2x+sinx+2sin2x+c  (B)x+2snx+2sn2x+c Q.63 Iffe (secxtanx f (X) + (secx tan x + secox)dx
(C)x+2dnx+sn2x+c  (D)2x+sinx+sin2x+c = e*¢Xf (x) + C, then apossible choice of f (x) is
x [JEEMAIN 2019 (APRIL)]
Q.58 Letf(x)= jg (t) dt, wheregisanon-zero even function.

Q.59

Q.60

Q.61

Q.62

0

X
I (x+5) =g (x), then [ f (t) dit equals-
0
[JEEMAIN 2019 (APRIL)]

5
®)5 [ g(t)dt

X+5

5
@) [ g

X+5

X+5
D)2 | g(t)at
5

X+5

© [ g
5

dx

If [——sm =xf (x) @+x8)34+C
S ey = 00 )

where C is a constant of integration, then the function f

(x) isequal to- [JEEMAIN2019(APRIL)]
A 1 B i
) -—3 ®) 2
1 1
O -— D) -—
2x2 2x3
™2 gndx
The value of .[ ——dx is
o SINX+Cosx
[JEE MAIN 2019 (APRIL)]
A n—2 B n—2
) = (B)
n-1 n-1
© = ) =~
Theintegral jsecZ/ 3x cosec™3x dx is equal to

(Hence C isaconstant of integration)
[JEEMAIN 2019 (APRIL)]

3
(A) 3tan1B3x + C (B) ——tan*3x+C
4

(C)-3cot3x +C (D) -3tan"3x +C

1
Sl 2, 4
The value of theintegral IXCO'[ A=x"+x7) dx jg
0

[JEE MAIN 2019 (APRIL)]

[ 53

Q.64

Q.65

Q.66

Q.67

Q.68

Q.69

1
(B)xsecx +tanx +

1
(A)secx—tanx—E 5

1 1
(C)secx+xtanx—§ (D)secx+tanx+§
2n
Thevalue of [ [sin2x (1+cos3x)] dx, where [t] denotes
0
the greatest integer function, is
[JEEMAIN2019(APRIL)]
(A)-2r B)r
(C)-n (D) 2n

dx ~ —1[X;1] f (x) j
Ifj(x272x+10)2 _A[tan 3 ) % w110
where C is a constant of integration, then :

[JEEMAIN 2019 (APRIL)]
(A)A=1/27and f (x) =9 (x-1)
(B)A=1/81and f(x) =3 (x-1)
(C)A=1/54and f (x) =9 (x—1)2
(D)A=1/54andf (x) =3 (x-1)

5 —x2 _x2 i
If IX e " dx=g(x)e " +c, wherec isa constant

of integration, then g (1) is equal to :
[JEEMAIN 2019 (APRIL)]

(A)-5/2 B)1
(C)-1/2 (D)-1
n/3
Theintegral I sec?® x cosec*3x dx equal to

n/6

[JEEMAIN 2019 (APRIL)]
(B) 35/3 _ 31/3
(D) 35/6 _ 32/3

(A) 37/6 _ 35/6
(C) 34/3 _ 31/3

M2 cotx
It |

——— dx=m(n+n), thenm. nisequa
5 COLX+cosecx

to
[JEEMAIN 2019 (APRIL)]
(A)-1 (B)1
©12 (D)-1/2
_ 31 _
The integral _[ 7 dx isequal to: (Here Cisa
X7+ X

congtant of integration) [JEEMAIN2019(APRIL)]
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3 3,12 cosx dx .6 UL
x> +1] 1 (x*+1) 75 Let =f (x) @+sin®x)'* +¢ then
(A) loge +C (B)ElOQe v +C Q. J.sm Sx(1+sin®x)?3 G )
, find value of  f [E] . [JEE MAIN 2020 (JAN)]
—Io IX +1| +C loi X +l|+C 3
A value of o such that ©8 (D)-4
a+l 2
| d—leoge[g] s Q.76 Letl= Ldx then
o (x+a) (x+a+1) 8 1\/2x3—9x2+12x+4
[JEE MAIN 2019 (APRIL)] [JEE MAIN 2020 (JAN)]
(A)1/2 (B)2 1 5 1 2
(C)-1/2 (D)-2 (A)§<| <§ (B)§<| <§
Let a € (0, n/2) befixed. If theintegral
J-tanx+tanocdx_ (C) <|<é (D):_]3'<|<%
tanx —tana
A () cos2a.+ B (x) sin 2a. + C, where C isaconstant of xsin8x )
integration, then the functions A(x) and B(x) are Q.77 Thevalueof I g—dx isequal to -

Q.72

Q.73

Q.74

respectively : [JEEMAIN2019(APRIL)]
(A) x—a.andlog,|cos (x - a) |
(B)x+aandlog,|sin (x—a) |
(C) x—aandlog,|sin (x—a) |
(D) x+aandlog,|sin(x+a)|
Givenf(a+ b+1-x)=f(x) V X R thenthevalue of

ar b)jx[f (x)+f (x+1)] dx isequal to

[JEE MAIN 2020 (JAN)]
b+1
®) | f(x+Ddx

a+l
b-1

D) [ f o+ dx
a-1

b+1

A) [ £ (x)ax

a+l

b-1
© | f)dx
a1

Let 6, and 6, (where 0, < 6,)are two solutions of

82

200t20-—>—+4= 0, 6 €[0, 2n] then J'cos 39do is
sin®

01
equal to — [JEE MAIN 2020 (JAN)]
(A) /3 (B) 23

1

(C3)n/9 (D) —+—

2
Let 4o [ €M dx =5 thena= [JEEMAIN2020(JAN)]
-1
(A)In2
(C)In(3/4)

B)In 2

(D) In(4/3)

Q.78

Q.79

Q.80 If

0 sm X+ COS™ X
[JEE MAIN 2020 (JAN)]

(A)2r (B)4n
(C) 22 (D) 2
d
Theintegral f X &7 isequa to:

(x+4¥7"(x-3)
(where C isa constant of integration)
[JEE MAIN 2020 (JAN)]

() e @ (1) e

x-3 x-3) 7
O35 rem-3(5 e
If for all real triplets(a, b, €), f (X) = a+ bx + cx?;

1
then [f (x) dx isequal to:
0

(A) {f D+3f [2]} (B) 2{3f @+ 2f (5}
(@) %{f O)+f () +4f (%)} D) 5 {f (O)+f( ]}

J' do

cos? 0 (tan 20 + sec 20)
where C is a constant of integration, then the ordered
pair (I, f (0)) isequal to: [JEEM AIN 2020 (JAN)]
(A) (-1,1+tan6) (B) (-1,1-tan 6)
(©)(1,1-tan6) (D) (1,1+tan6)

[JEE MAIN 2020 (JAN)]

=Atan0+2loge |f (0) |+C

[¢
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HAPTER-7: INTEGRATION (8 Putlnx=ttoget
SOLUTIONSTOTRYITYOURSELFE I [Int+ ]dt J-e [Int 1+1+ 1]
TRYITYOURSEL F-1 2) 2) o
(x? +sin? x) sec? x ( 1 ] t[ 1] |nx[ 1)
dx = [| sec® x— dx =e|Int—-=|+c=¢ In(Inx)——|+c
@ I 1o %2 J 1452 t (i) Inx
=tanx-tanlx+c 1
=x|In(Inx)—— |+¢
2 Inx
(2 Puttanlxd=t = g dx =dt
Lrx “dx dx
X
9 ] |
1 . 1o 1. 132 ( 5 5
Integral becomesj-gtdt—6t ro=c(tanx%)? o Xlo[lz_lj Xg[lz_lj
(3) Putxe=t = & (1+x)dx=dt X X
dt 1
B [sectdt Put -——_1=t toget
Integral becomesj-Cost _[ 2 g
=In(sect+tant) +c=In(sec (x&X) + tan (xeX)) + ¢
(4) Pute=t= e‘dx=dt Lo
Integral becomes 2 gt 11
_[ =In({t+Vt?-1)+c=In( +Ve® -1)+c
t?-1 dx cosec?x cosec?x
(10) J .2 :I 2 dx:j 2 o
5X + 4 4-5sin“x ° 4cosecx-5 4cotx-1
®) LetI:I X Put cot x = 1 to get
X“+2x+5
LetB5x+4=2 (2x+2) + ((_1)
Comparing the coefficient’s, we have J‘ —dt -1 d 1121,
2.=5and2n + p=4givesh=5/2and p=-1. M2_1 4 5 (1 2 4 +1
Hence, we have, t _(Ej 2
J- 2X+2 J- dx
1 2cotx -1
2 VX% +2x+5 VX% +2x+5 :——In[—l]+c
4 \2cotx+
2 dx
=5VX +2x+5—J‘—2 > dx sec? x dx
VX=1)°+2 (11) 'Z.[ - 2:J. 2
(3sinx —4cosx) (Btanx —4)
=5VX2 +2x+5-In|Xx+1+Vx%+2x+5|+C Put3tan x -4 =t = 3sec? dx = dt
(6) Putlnx=ttoget
t t t édt 1 1
I=|e sint dt=e (-cost)—|e (-cost)dt = 1= =—=—+
-[l I ( ) -[ ( ) I 3 (3tanx —4)
_ ot t
=—cost-e +Ie cost dt (12) Izj dx DUt X +1=12
¢t ‘s (x+2)vx+1
=—cost-e +[e snt—je sint dt]
1 . sz gtdt :Ztan‘lt+c=2tan‘l(\/x+1)+c
= |=—cost.et+elsint—1I or Izze (sint—cost) +c t“+nt
=£x(sin(lnx)—cos(lnx)+c 13 @ I—dX I 2t dt
2 X+1 t +1
(7)  Putinx=ttoget [Putting\/_ =t and dx = 2t df]
Iet(snt+wst)dt=et-§nt+c:xsin(lnx)+c 211
jz dt =2~ =—=dt=2[ - 2]2
t°+1 t°+1 t°+1

—
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(14) |=j2

@

@

©)

4

=2t-2tanlt+C= 2Jx - 2tan */x + C

dt
(i) j _It+1/t t

dt
[Puttinge*=tand dx = T]

=tan1t+C=tan }(eX)+C

[

211

sin2x

2

5 dx putsin®x=t=>sin2xdx=dt
a“+b“sin“x

= 2+b2 ?jt%(a/b)2

1[ 1] ,1[ t ] 1
=—| —|tan| — | +c=—tan
p2\alb alb ab

TRY ITYOURSELF-2
a]JS 3\N a:I./3

_ lim [1-—| t°dt= 24
LHS'aIl,e,nT:oLl n) t2dt ;][jse t2dt

,1( bsin?x )

kTJ +C

3
= l:_ie_tg:| — E[ea_e_a]

3 a3 3

242 or a=In(2++/3)

= -e?=

sinvVx+1
dx = -2cosvx +1
I VX+1

Vx+1
ISm X*2 = [~2cosv/x +1]§ =2 (cos 2 - cos 3)

\/xz— \/1—4/x2
dx = [~——"—dx

X X

J

Put 1—i =t= 8 Jdx =dt integral becomes

2
32
J'l Wog = L3 i[l_iJ
8 12" 1207 ¢2
4
4)(2_4(:]_1 43/2 _\/é
= IX—4 =52 3
2 2
/2
j'|cosx|dx— J' cosxdx+.[ —cosx dx
0 0 2
=[sinx]%'2 +[-sinx]’/p = 2

©)

©)

@

®)

©)

3 9/5 3
[I5x-9dx = j (9-5x) dx + [ (5x—9) dx
0 9/5

a/5 2 3
:[9x—§x2} + 5L—9X =—
2 0 2 2
9/5

4 2 3 4
Let I = [In[x] dx = [In[x] dx+ [In[x] dx + [ In[x] dx
1 1 2 3

3 3
= 0+In2jdx+|n3jdx =In2+In3=1n6
2 2

( _ x2+l\
1Ltan 2 +1 an~! . de

( _x2+1\
Ltan 2 L " )d

A). 1=

-1

3 2,1)

1 X 1 X+
+J‘Ltanl > +tant de
1 X +1 X

3
:0+jtan‘1[ 2X j+cot‘1[ 2X ]dx
1 X“+1 X< +1
3TE Y
=0+J—dX=2X—:E
12 2

100
Inx

= [ ————"———dx UsingP-4[x—>100+50-]
0 InX+In (150-x)

190 1n @50-x)

2 In (150-Xx) +Inx

100
l+1= jldx=5o:|=25
50

UsingP-4[x — n—X]

| _T dx
o1+ 21X

2tan X

T T
sz dXt 2.[ anx X
ol+27 X 14 2l

T
I+I=j'1dx=n or Izg
0

=
I57
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/2 /2 /2
I dx _ .[ dx _ J- dx (13) Wehave, \1—cosnx =+/2]s

(10) o 1+sinx o 1+sin(n/2-X) o 1+ cosx

which is aperiodic function, having period

n/2 /2
=—I _1ftenx/27%% =12
2 1/2 2 =wl2
Hence, we have

0
(11) Letf(x)=sin4xthenf(2n—x)=S|n4(2n—x)=f(x)

10 10 2
i . IJl—cosrcx dx=j«/§ sinn—x dx=5«/§_[ sinn—x dx
Using P-6, Izzjsn x dx, 0 o 2 0 2
0
o M2, 2 127 2042
Againusing P-6, | =4 I sin® x dx =5\/§_|‘ sin(ﬂ) dXZSﬁ[—COS(ﬂX )} _
0 2 nl?2 o T
0
nl/2 4 « <
UsngP-a, 1=4 'c[) cosx o k=4 J(l—cosZX) dx I(l—cos2x) dx )
(14) Iimoo . - |im00 . —
21 X—> X—> X
5 x| tanx dx tanx dx
(12) UsingP-4, ' = j (2rn —x)cos’ x dx J(; J(;
0
2n
= |+|=I(X+2n—X)COSSXdX f(l—cost)dx
0 .0 0 . 1-cos2x 2
lim——m| = | = lim———==
) x—0 x3 0/ x50 3x2 3
T
or |= J' ncos® X dx = ZnIcos x dx [Using P-4] )
X 0 2X
0 0 and |Im—X —|l=lim——=2
=2nx 0 [Using P-6 ascos® (n— X) = — cos®x] X_)O_.'tanxdx o)~ Sotanx
0
Hence, we havelL = 4/3.
13 1
(15) S=lim Z im =2 —7
n—>oor O n—>oo r:01+ (7)
n

3 1 .
=|—dx=[In(1+x)]g =In4
jl+x [In @+x)Io

[¢
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coSX - Xsinx )

@ (C). OWdX put X COSX = t

= (cosx—xsinx) dx =2t dt

02t—dt 2t+C=2yxcosx +C

o ofZ Y

©) (C).tan5x =tan (3x + 2x) =

(215
log (2/5)

. (3/5)%
log (3/5)

tan 2x + tan 3x
1-tan2x.tan 3x
= tan 5x —tan 2x . tan 3x . tan 5x = tan 2x + tan 3x

= _[tan 2Xx.tan3x.tan5x dx

= f (tan5x — tan 2x — tan 3x) dx ®)

1 1 1
= 5 Iog|se05x|—§Iog|sec2x|— 3 log|sec3x|+C

N

sinx

@ (B). [=X "Xy [ tan* x.sec* x dx
COSX

COS4 X

= J.tan4 X (1+ tan? X) sec? x dx

= [tan"x (1+tan®x) d (tanx)

=jt4(1+t2)dt=£+£+c )
5 7

sinx.cosx}

®  © '[ {(cos2 x)Jr cos? X

= J.ex{'aeczx+tan2 x} dx = e* tanx +C

© (A). I:I;dx (N' & o divided by cos2x)

1+ 9tan® x

I dx

(1+tan x) (1+9tan X)

(10)

Lettanx =t
sec? x dx = dt
_ dt (- 1/8) (9/8)
_I 2 2 =I dt
1+t9)(@1+9t°) 1+t2 1+9t

-1
9tan (3t te

1. 1
= —Ztanl(t)+
8 ® 3

= :—é(Stan‘l(Stan X)—-X)+cC

(B). Put /x =c0sO .. x=cos’0
. dx=-2cos0snbdo

. 20
:_4J‘sm2§ cos0do =-2 I (1-cos0) cosodo

0
:—JtaHE .€0s0.sin0do

=_2sin0+ J' (1+cos 26) do

. sin 20
=-2sin6+06+ +C
=-21-x +cos! /x +x JY1-x +C
A) I_J-x+\/7+\/7
' (1+«/7)
Letx=t6,dx=6t2dt
(t6+t4+e)6t5dt 6_[t5+t3+1dt
= |——F—F5— =6|——F—
t51+1t?) 1+1?)
It3(t2+l)+l
(1+t )

dt 4
= 1= GItsdHG_[m: 6%+6tan‘lt

13 6tan1¥x + ¢

(C).Putsinx =t
cosx dx = dt

I(l—t2)+(l—t2) Jz 3t2 +t4

t?+t* t (t2+1)
(. 2 6 ) 2
= |1+ —-———=| 0t =gjinx- _6tan-L(g
.[L 2 1+t2J sinx— —— 6tan~l(sinx) +c
x/—dx
(A).1= ]\ o =

2
Hereintegral of f=§x3/2 and 4—x3=4-(x32)2

Put x32=t = x/;dx:édt

[¢
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2
1) (B).l:j(ax —b)
X 2 {ax2+b\\

X, CT—| ———
X

b
Let ax+9:t = [a——zjdX:dt
X X

(
_antl o _an &
| =sin C+C_ L -

(12 (A). [xtan " xdx

(
=tanIx. X—22 - J.L

1+x% 2

X2 2

= 7tan X——J‘

2
= X—tan‘lelj. T
2 2 1+ x2

(13) (B). Diff. both side

1 Lf '(X)

) F ()

f (x)sinx cosx = 2(bz——a‘2

sin2x = 1 'K sin2x = 21 Zfz(x)
b2 —a® f (x) b* —a“ f<(x)
2

Integrating, f(X)=———5——
egreng (bz—a2)0032x

K )
(14) (D). -[x (X):-l) dx =ktantm

1/f d (Vx) -1
jx+1 2[(\/,2 = 2tan2(v/x)
~ k=2,m=x
(15  (A). Ico ( \dx J.co_1 w
L1+x J 1+tan’ 0

Putx =tan 6
= J'cos’l(cosz(a) dx = j 20 dx

—than x dx = Z{tan XX — Il x}
+x2

= zj{xtanlx —%Iog 1+ xz)} C

=2xtanlx—log(1+x2)+C

}dx = l(x2+1)tan’1x—lx+c
2 2

(16) (C).1,= [(logx)"dx = [(logx)".1dx

= (logx)".x —_[ n (logx)"*

s+l =x(logx)"

(17) (C).Givenintegral can be expressed as
cot"1x —cot" x
I 5 X=
sin“x n
(x+1- 2)e 2
d d
w @ (x+1?3 x=Je {(x+1) (x+1)3} §
eX
- (x+1)2

(19) (C). 'f[(3x—1) COSX + (1—-2x) sinx] dx =f (x) cosx

+g(x)sinx+C

=(3x-1)sinx— J'sinx-de+(1—2n) (—cosx)

+J cosx (—2) dx

=(3x—1)sinx+3cosXx—CosX+2xcosX—2sinx+C

=(3x-1-2)sinx+(2+2x)cosx+C
=3(x-1)sinx+2(x+1)cosx+C
f(X)=2(X+1),g(><)=3(X—1)
J- sin2x

20 (©). '[sm X + 2008° X 1+coszx

si®x=1-cos?x, putcos?x =t,1+cos’x =t
—2cosxsinxdx=dtor sin2x dx=-dt

dt
- _J'T =—logt+c=—log (1 +cos3x) +C

-3/4
ax 1 1
@) @)1= —_ [1+—4] S
5 1 X X
X 1+4)
X
-3/4
:ij‘ 1+i dl1 1
4 x4 x*
[1+ 1]1/4
7 U4
_ 1 X _ x*+1) LC

4 1/4 X

(22 (B).1 =_[(1—cosx) dx=x-sinx+C
i+tan5) dx=e“tan> +C
2 2 2

(1
0y 1= (5

1
(24) (A). Puttingt=— |nI1,weget

[ 60

I'_

STUDY MATERIAL : MATHEMATICS

X
;dX =x(logx)"-nl,_4
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1 1 Ux n/4
P 1 Lt e e RS RN UL
Uxl =~ U yx U +1 3 1+u /4
u2
/4
X hence 2| = I In (cos2x) dx
(25) (A).wehaveg(x)= Icos4t dt. 4
0
nl2
X+m X+7 = I costdt=——In2=1=-"In2
Sgx+m)= I cos* tdt = j'cos tdt+ J cos” tat 2 4
0 0 b

X (29) (D).Put x:%:dx:—izdt
=g(n)+jws4(u+n) du, wheret=u+mn _ t
.. After substitution

0
1/2010
= +
9(m)+9(4) L tgn[__t][ 1)
/4 2010
(26 (B).1= | (25nVx+x oosx)dx 2010 2010
0 1. (1 1. 1
1= | —Ysm[Y—tjz— —sm(t—;j dit
2010 1/2010
Letf(x):Zsin\/;,f'(x)zcc’S\/; = 1
\/; = -
=2=0=1=0
x f '(X) = \/;COS\/; X+T X+7
2 2 B0 (A).gx+m= j cos tdt—_[cos tdt+ _[ cos* t dt
TE T
. I_2xsmf] = 727 0 0 n
2 t 4 {4
A = t dt tdt = +
@) (A)1= [ In(@+sinx) Joosttat-[oost et =g +9 9
0
’ nl2 ) 5
3 31) (B).A-B= [ (sn?x—
I Iln(l—sinx)dx (31) (B) I (sin“ x —cos” x) dx
0
0
2 ln 1z [Walli’s formula]
n = - —-- i u
2|:Iln(coszx)dx 22 22
0 (32) (B).Letf(x)=x3sin?x. Then,
f(=x) = (-x)3sin? (=x) = —x3 {sin (-x)}*
n = f(-x) =—x3(=sinx)*=—x3sin*x =—f (x).
2l = Zfln (cos? x) dx So, f (X) isan odd function
0 n/4 n/4
x n/2 n/2 Hence, J FO)dx =0 _[ x*sin’ xdx = 0
Jln(cos X) dx = ZJ In (cos? x) dx = 4J In (cosx) dx -n/4 -n/4
0 0 0
b —t
:4[-E|n2]:-2n|n2 33 @) I=] 7t i Puttingt=b -y dt=-dy
2 b-1
m/4 0 g~(b-y) —b+y
(28) (B). 1= I Inv1+sin2x dx :I x —dy = I
x4 L Y1 5"
{cos x >sinxin (-n/4, n/4)}
nl4 = —bf
- I In (cosx +sinx) dx y+1
-n/4

fﬂ
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(34)

(39)

(36)

@37

(38)

2008
(€). [x3 —4014x2 + (2007)2x + X }
2008 |,

- (2008)° - 4014(2008)? + [(2007)2 X+ i] .2008

2008
= (2008) [(2008)2 (4014) (2008) + (2007)2] + 1
= (2008) [(2008)2 - 2 (2007) (2008) + (2007)?] + 1
= 2008 [(2008 —2007)2] +1 = 2009

Ve

_ dx
(A)- 1= 55 (1+€) (1+x2)

1

Here,f(x) = m

1 et

=109 = e (%?) T 1r ) asxd)

B PRE
= I 7 = tan Xl =
o 1+X 0

wla

5t
(B).1= Imt’l(tmx) dx
—21

- 7_|' cot L(tanx) dx = 7'[' cot‘l[cot [E— D dx
0 0 2
/2 - T -
7 f (——x) dx + J. [7‘:+——X) dx
o 2 2
/2 T
=739 —=X—— +{—X—— =—
2 2 2 2 2
0 /2

nl2
/2

©.1=]
0

zs'nx
Zsinx + Zcosx dx
nl2

28in(n/2-x) cosX

I= J; 25in(n/27x)+2005(n/27x) ax =.[2005x+25inx dx

n/2 T T

:2|:J-0 dX:E:IZZ

(A\). Putting tanx = t2, then
2tdt

(39)

(40)

(41)

(42)

(43)

2 _ ==
secex dx=2tdt=dx = we (@]

1
2tdt

D= j[t —]
0 1+t4

d(t—1/1)

2 +1
2 =dt=2
I : I o(t-1/1)%+2

0t +1

et (2]

0
=2 W2)=nl[2
3n/4

@a.= |
n/

2 1
:;+1/t gt = ZJ.
ot +1/t2

= /2 [tan 10 —tan (~o0)]

41+sm¢
3n/4

Y I -
=12 ) Lisin(n-9)

37‘5(4 T do TEJ.
RS0 ysng o

= nftan¢—secd]3,! = 2n(v2-1)
sl=n (2-1)

1
_ 1-x
(D).1= £ log (T) dx (1

1
= I= J‘Iog{l_ (- X)}dx
0

1-x

_[Iog( dex——jlog( < ]dx—l

=2=0=1=0

1 1 1
©)- [@+e™)dx < [(@+ e‘xz) dx < [2dx Vx€(0.1)

0 0 0
2—l< <2
e
o0 e_x 0
(A). 1 = [ ——dx=logle™* + Do
o€ " +1
=—[logl-log2]=log 2

1 0 1
(A). j(x-[x])dx:j (x—[x])dx+.[(x—[x])dx
1 -1 0

0 1
= I (x+1)dx+_[(x70)dx
-1 0

0 1
2 2
_ (x+D° L] X =l+£=1
2 |, 12), 22
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-1when -1<x<0

L
(44) x | 1when0O<x<2

I, fIxl, ¢ Z
j dx+j dx = [ (-1 ax+ [1dx
= -1 0

~-[x] 91+[X]§ =—1+2=1

n/2n 1

®). |

(49) o l+cos nx

[Letnx=t, ndx =dt]

n.l{Z 1 _l
1+cot"t N 4n

we . [ Smreos sinxc+ cosx
oy 3Fsin2x = g [Sinx - cosx]

(sinx—cosx)zzl—sinZX

4—(51'nx—cosx)2

dx | =3+2sin2x

/4

]

i 2
o 4-(sinx—cosx)

d[sinx —cosx]

—EI 2+ (sinx —cosx) n/4—llog3
4 7[2-(sinx-cosx) |, 4

47 (B).

1 1 1

IX a- X)3/2dX =J' (1-X) X3/2dX _ J‘(X3/2 _X5/2) dx
0 0 0

:[EXSIZ_EXWZ}:E_E:i
5 7 5 7 3

1

1 4
4g) (C).J1x~Tldx=]~(x-1) dx+ [ (x~1) ox
0 0 1

1 4
2

+—-X
2

1 4 X2
=+[ (@=x) dx + [ (x-1) dx =X

0 1

1

:1—£+8—4—l+1: 5
2 2

14
_[tan xdx—n_[ tan"”
0 0

49 (). 1, 2 x.tan? x dx

/4
= _[ tan"? (x) [sec® x —1] dx
0

nl4
n= .[ tan""2(x) dx — I,
0

(50)

(51)

(52)

(53)

tan("D (x) o
Ih+lh o=
n-1 0
I, +1 !
ntln 2= -1 lio+lg 5
™3 gndx
(D) I = ﬁdx ............ (1)
16 SIN° X +€0s” X
.3l
/3 sin {+—x}
3 6
= _[ dx
n/65in3[n+n—x}+cos3{n+n—x}
3 6 3 6
™3 cosx i
n,6cos3x+sin3x ............ 2
Eq. () +Eq. (2
endx+cosdx
2l = I ﬁdX— I 1dx
+16C0S” X +sin”x 76
= 2=7/6=1=n/12
1 (1 2 1 3
@), [ 1x] dx:U[x] o+ [[x] dX +......[ [X] de
0 0 1 10
=0+1x |12 +2.X B +3.x |§ +erere +10X ﬁ(l)
=(2-1)+2(3-2)+3(4-3)+....10(11-10)
=1+2+3+.....+1o=10—§1)=5(11)=55
n/2 nl2 .
(D). 1;= | x-sinxdx=1; l,= | x-cosxdx=—=-1
! 2
0 0
I +1,= =
2
(n—a)

A). I =

. dt
j sin|t|dt where2x-a=t= dx:E

—QL
0 n—a,
1 . 1 .
:—j—sntdt+— 'f sin t dt
270& 2 5

0 -
1cost} —Ecost} = 1[1— cosa] —1[—cos<x -1
2 e 2 o 2 2

= %(1— cosa) + % (1+cosa) =1

[¢
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(54)

(55)

(56)

(57)

(58)

(59)

(60)

®B).

T cos® x

50os x+sinx

/2 4

COS X
dx:Z_[ — 1
o COs X+sn’X

©). I=[xf (x)dx=[(e+n-x)f (e+n—x)dx
e e

=T(e+n—x)f (x) dx=f(e+n)f (x)-1

e e
2l = (e+m) = =1
e+
nl4
(A). Thevalueof [ log (secO - tan6) do =0
-nl4

log (sec 6 — tan ) isan odd function
If f (6) =log (sec 6 — tan 6)
then, f (-0) =log [sec 6 + tan 0]
=—log (sec 6 —tan 0) =—f (0)
nl4
©). 1= I log (tanx +1) dx=%|ogz
0

/4 1 /4 1
B).1=2] ——dx=2]
5 1+00s2x 5 2002 x

nl4
=1

/4
= I sec? x dx = tanx
0

0

dX=2xE:—
4

i

N

(61)

(62)

(63)

(64)

lim S, = lim ! + 1 +o.+
(A). n—oo n—oo 1+\/ﬁ 2+\/ﬁ

n
lim

naoozll’+\/_ Z

1
r r
i+ J—
n vVn
1

2t t
x+\/— J(;t+t ﬂj?

0
[Putting x = t2 so that dx = 2t ]

3||—\

1
'—.b—‘

= 2[log(1+ t)]i): 2log2.=log4
8. lim 2k(1+2k+3k+ ....... +nk)
(B). X500 nk+l
‘ rk
= lim2
X—0 ;_nk 1

e

(65)

Sum= 2"jx"dx Zkkk+1J =

(B). Given question reduces to

1+Xx

1+X
e
:[sin‘lx—M}z :g—(—l)z i1

2
(B). lim= (e””+e e+ ...+e"M)
n—owo N
lim /" = [e¥dx = —e-1
n»oonz j |: :|
n 1/n
[T°+r3)
= i r=1
p=m 30

Inp= lim = Zm{ [rﬂ

n—o N n

=j|n(1+x3)dx=|n2—3+3x

©.

f(X) =2 + 43 +6xX°+ ... ©

x2f (x) = 23 +4x5+ ... ©

(1-x)f()=2x+23 +25+............ ©
2X j 2%

2 - . _
1-x2) (%) [1_)(2 - f(x) =
then jf(x)dx_j 1 ¢
-X ) 1-x2

/2

(A).1= _[ e"{cos(smx)[ +msxj+§n(§nx)[17?sxj}dx

nl2
= % _[ € [{ cos (sinx) +sin(sinx)} + cosx { cos (SN x) —sin(sin x)} ] dx

0 f(x) fr(x)

72 n/2
= 2T e 1100 +100] =1exf(x)}
2f s
:E[e {cos(snx)+sm(smx)}]

= %[e”’z(cosh sin1)—1]

[¢
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:I;dx

(66) (8)." (1+ cos? x)sin? x

~ J- (1+ cot? x) cosec? xdx

(1+ 2cot? x)
(1+ p*)dp
_ - _ 2 =—|—F
Let P=cot x = dp = — cosec<xdx J. 14 sz
2+2 d 1 1 d
1+ 2p? 271+2p

S lp i 1y V2

471/2+p> 2 4

1 1 1
=—=cotx———tan"*(cotx+/2)+¢
2 2\/5 ( )
3n/4 3n/4
67 (A).Il= J(; (smx+cosx)dx+£ glg(smx;cosx)dx

3n/4 3n/4

- I (sinx + cosx) dx + X(—cosx — smx)|3"/4+j (sinx + cosx) dx
o 7 7R

0 zero 0
3n/4
=2 'f (sinx +cosx) dx = 2 (+2 +1)
0

@+ nx" o x2"

68 o). dx
©9 )'[ (1-x")V1-x2"
( n n-1 \ X | 2n
:.[eXL/1+Xn+ i de:e 1_: +C
1-x" (1-x")y1-x*" 1-x

5n
4cos(x Ej cost.cos[— xj dx
(69) (). J4cos|x+ -
21
= ZI [cos(2x+n)cos?] cos2x dx

= ZJ. ( COSZX_E) c0s2x dx

= I (—Zcos2 2X —cos2x) dx = — I (1+ cos4x + cos2x) dx

sin4dx sin2x
= _X— __ J,-C——[X'f'

sin4x sin2x
= + +c
X

1
" m dx =dt
w1=2[ P dt = 2[t% -~ (2t)e! + 2€]

=(2x-4 Jx +4) g

(70) (B).Put Jx =t

(71)

(72)

(73)

(74)

(C).1= [ (cosx—sinx) (3+4sin 2x)dx

Here integration of cos X — sin X = sin X + cos X
and3+4sin2x=3+4((sinx + cosx)2-1)
Putsinx+cosx=1= (cosx—sinx)dx =dt

So, 1= [ (3+4(t° -1t = é[4t2 ~3]+c

[M;ﬂj [4(sinx + cosx)2 3]

[—smx h COSX) (1+4sin2x)+c

2 1]
X 1-—|dx
(2

B 1 a1
2 2 7 ()

1T[/2 dt
(C). 1== [ x|cos2x|dx ;2x=t = dx= —
2 2

17 17
=< [tlcost]dt | = <] (n=0)lcost

Y
b 21 T
2l =—||cost|dt=— |=—
8-([| ="~ = 1=3

b b
(B). Using property : th (x) dx :.[f (a+b—x) dx

a a

1
1= [ @-x)"2@+x)*?dx
-1

1
20 = [ @+ x)"2(1-x)"2[(1-x) + 1+ X)] o
-1

1 1
21=2 [V1-x* dx , 1=2[V1-x? dx (x=sin6)

= dx=cos0do

/2
=2 j coszedezg

¢
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. X X
X +2SN—CoS—
dx = 2 2dx

2c0s2 X
2

Jx+§nx

75
(75) 1+ cosx

(79

1 X

:j = xsec? +tan dx =xtan—+c
2 2 2 2

dx
(76) (A).1= '[az cos® X+ b? sin® x

dividing numerator and denominator by cos? x

J- sec? x dx
a® +b? tan® x

dt
Let btanx =t, %czxdx=3

dt 1 at
.[a2+t PR (80)
1 _1[b ]
—tan 7| —tanx|+cC
= a a

3
(7 ©)Let1=[ 5

3

X X
= dx + dx =1, +1,+C (say
Ix“—g Ix“—g 1tz C =) 81)

3
X X
where |1=IX4_9dX and '2:IX4_9dX

Put x4—9=t, sothat4x3dx =dt

101 1 1 4
Iy =—|—-dt=—loge |t|=—loge [ X" -9
1= 5] =100 [t]=loge |x* -9

X X
l, = dx = dx
2 jx4—9 .[(Xz)z_gz
Put x2=t sothat 2x dx =dt

Y S T t=3
"2 2 T 22x3 i g

(82)

1 x> -3

1
Hence, | = =log. | x*—9|+—I +C
7 e | I 2% 2 5

(83)
2% C D
(B). (x=1) (x-4) - x—1Jr X—4
2x=C(x-4)+D(x-1)
~..C=-2/3, D=8/3

. J o1 2xdx=jex‘1[ -2/3 8/3]dx
T (x=)(x-4) X — 1 X—4

(78)

2 8 3
=——Fx-1)+=-€eF(x-4)+cC
P =D+ geFx-4)

A=-2/3, B=8/3 e3

(A)_|=j " dx=J.LdX
i P -@)

Let & =t. Then, d (&) = dt

dt

= a log,adx =dt = dx = m

.[ a* dt _ 1 J‘ dt
‘=) JE_i &loga loga’ J2_2

1 . _
:Lgnflt +C=——sin}{(@)+C

loga loga
3r/2 3n/2
A 1= [ LI dx=xf (72~ [ f/(x)x dx
n/2 n/2
3n/2
_3n; (3_75)_Ef [E)_ I COSX + dx
2 2 2 \2 X
n/2
2
3n T T
=b—-a—-+2=2-—(a-3b)
2 2 2
(C). Put x = cost
L 22999 _an? 2 and dx = —sin do
" 1+cos® p andx=-si

I = tan"[tan(0 / 2)] (- sin6 do)]

= —ijesinedez —lj—ecos(ﬂsine]
2 2

:%[xcos’lx—«/(l—xz)]
(A). szsnxdx = xzj.sinxdx—J.(ZxJ.sinxdx)dx
= —x2cosx + 2[x_[ CoSX dx—j (1j cosx dx)dx
=—x2C0SX+2XSiNX—2C€0S X+C

n+5
(A). I:J‘[x+3 (Xzz_l] dx ,

X

g
— |dx=d
x? P

1 n+6
X+—
pn+6 ( X)

put x +1 =p then, (1—
X

:J.pmsdp = +C= +cC

n+6 n+6

[¢
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1
Z_J dx

dx 1 1 X
zjdx+j(x—1)(x+1) B X+§I[x_—1_x_+1)dx

1 [X—B
=x+—=logl —|+¢C
2 X+

1
85 (C).Let l=|——F——dx
(85 (C) L J.(x+1)\/x2——1

(84) (C).Givenintegra | = j[1+

1 1
Put X+1= so that dX=—t—2dt

e L
T

B

Ji-2t
_@-2n'*
B3 +C=+1-2t+C

_he—2 e X2lic
X+1 X+1

86 J' dx _I dx
(86) T x(x"+D) Xn+1(1+i)
Xn
! dx = dit
Put 1+X—n:t = x”*l X =
n
Y L /AN Sl (92)
n“t n |14x"
JX
a¥”"dx
87 B).
@) ®).] N
Put\/_—t d_X dt'l—zj.atdt=2ax+c
- :2& T /ma
1 1
_ —|———dx
@ &z %=ol g
2
X—— (93)
1 1 3
-~ —log C_ 132
QZXE x+§ 12 g3x+2

(90)

2
(89) (D) | = 2J.X4. 4—X2 dx
0

/2
Putx=2sn6 — 128 sin®0.cos’0.d0

Use Walli’s formula to get 4.

eX

(A): det. A =" £°

(5]
I—Ie € € dx:ee

2 l+—1
X“+1 2
= dx = X dx
®n ). J‘x4+1 J‘2 1
XS +—
%2

1 1 1
Letx—— =t=d|( X~7| =dt = |1+ — ] dx=dt
X X X

I—dt itan‘1 [L] +C
1=l 2?2 V2
1, [x 1/x] 1 ,(x2-1)
= — ——|+C=—F4tan | —|+C
=727 % 2" (2%
dx %2007 4 _ 2007
©). :I 2007 :I 2007 dx
X (x +1) X (x +1)
2006
= J'(l__x ) dx = Inx———In 1+ x2%7)
kX 1+X2007J 2007
|m(2007_|n(1Jr X2007) 1 ( x 2007 A
= = In +C
2007 2007 Ll-}- x 2007 J
p+q+r=6021
2
j cost?dt
lim-—— [9 form)
(B). x—>0 XSinX 0
2x cosx*

= lim —— [Using L’Hospital rule]
x—0 X COSX +SinX

E
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. 2cosx* —8x*sinx cos 5 x
=1 Using L’Hospital rule again = [sin"®cos¥° = | ———dx
o Jcosx—xsinx  LUsing P gain] ! fsm cos ™ xx = Isin’3’5xsin2x
_ ;—0 1 = [ (cotx)™¥® cosec®x dx
- Put cotx =t= cosec?x = —dt
TC/2
(94 (©). 1= j = (@nx" dx = (sinx)* S0, 1= [t %%t = ~2(0otx)? +C
:1—|im (S.nX)X:].—].:O (99) (C) Weh } 1 d
.Wehave | ——=——~ dx
x>0 o V1 X +4/x
I:I 3+ 2c0osXx "
0 @ia'=l G oy b EER
Multiplying Nr. & Dr. by cosecx "o WL+ x + X)W1+ x - \/_)
" I(3coseczx+200txcosecx) o 1 .
(2cosecx +3cot x)? _ J‘( A+ x —/x) dx = E(H X)3/2_2X3/2}
0 0
_ J-—3cosec2x—200txcosecx dx 2 5 2 2
1 ( sinx ]
2cosecx+3cotx  \ 2+3cosx =§[2 —1]—5[1—0] = 5[2\/5—2] =§[\/§—1]
) 1 /4
(96) (B).HereR(sinx, cosx)—m (100) (B). We have ~([\/1—sm2x dx
R(sinX, COSX) = = md nid
’ T —sinx(2cos? x - 1) f\/sn X + C0S% X — 2sinX cosx dx = I \J(cosx —sinx)?
=R —(sin x, cos x)
Soweputcos=t = —sinxdx =dt nl4 nl4
f dindx f at = [ I(cosx—sinx)|dx = [ (cosx—sinx)ax
= = 0 0
=) 1—co?x) (202 x-1) = ! (2 -1 (2t2-1)
/4
ot dt I (cosx —sinx)dx = [smx+cosx]”/4
IR G R L | 0
LT n . (1 2
_l . cosx —1l _[smz+cosz)—(S|n0+0050)—(\/§+\/,] (0+1) = f 1=+/2-1
2 |cosx+1 f fcosx+1 4

(101) (A).Wehave, [—— L1 4«

Zox3_ 6x +9X-5 Jc.,\/x2+2x+3

p 1

d
J(‘M/(x2+1)2+(\/§)2 g
+1)° —6(1+1)%+9 (1+
jza D° -6+ 07+9(1+ -5 4
=} t*+4 :[Iog‘x+l+«/(x+l)2+(\/§)2 H
0

(putx—1=tasx—>0,t=-landx—>2,t—> 1) =

1,53
2t° + 3t
= dt=1=0 4
;[1 t2+4 = [Iog‘x+1+x/x2+2x+3}
0
(98) (A).Here,p:—%,q:—g;%_zz—z =log(5+./16+8+3)-log (1 + 3)

[¢
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( )
=log(5+3+/3)-log (1 ++/3)= Iogki:-s\/?)

2 3
(102) (C).I= f 1% dx + f 2Xdx=1+4(log2)L
1 2
/2 .
sinx sinx
dx =2 dx
(103) (D). I o1+ c0s” x '([ 1+ cos? X
/2
j s smx) 2 (tan"*(cosx)%/2
1+ cos? x

=-2(tant0-tan11) = %

coso 1

L L2 T ole = 2-cos?
1+sin?o 2 2coso. = 2-C0s" a

cos? o+ 2cosa—2=0

coso = 2EVAT8 _ 44 3= J3-1

. o takes exactly onevaluein (0, /2)
4
(A). Letf (x)=x3€* |

then f (=x) = (=x)3. (0"

Hencef(x) isan odd function.

(104)

3 =f(%)

1

1
4
[f()dx =g: or [x*€ dx=0
-1 -1

37]'/4 —COSX

14 1+ cosx

3rn/4

cos(n—X)
A.1= ]

(105) 4 1—COS(TC—X) dx =

3rn/4
[ coox
/4

1
2= 1-cosx 1+ cosxj dx

3n/4

2 n
_[ cot™ X dx:2£2—5j Ll=2-
nl4

=2

1
na+n(b—a)

lim +..+
(106) (A). n—m{na na+1

dx

Ix

2
(107) (C).Let! :{ mdx ...... @)

2
Then, Jl.\/3 (3- x)+J3 X

-
e

Adding (i) and (i), we get

VX +43-x
A= fﬂJ—

nl4

2
dx _j1dx (X} =2-1=1=1=12

(108) (A). Wehave [ sin3xsin2xadx

(109) (). 90=JTd=) 2

0

171/4 /4
=5 J' (2sin3xsin2x)dx - — J' (cosx — cos5x) dx
0 0
_E_Smx_snSXTM
2| 5 ]

N

1,1 ] 1 32
V2 (V2)5] 2(5/2) 10

AR
[ERN

1
N |

a2
——X

,0<x<1
2

7—1+47+bx—1—b,x21
2 3 3

g(1)=g(1)=g(1" g'(M=9g'(1)
i.e,a=2+b

Y
. 3
(110) (C).Wehavejgn X dx
0

t 3smx sm3x
I dx [ sin3x=3sinx—4sin3]
0

17 1
= Z_[(3smx—sm3x)dx = Z[—Scosx+

:1 (—3003n+ )—[—3c030+co—so)
4 3

YD)

cos3x T
3 o

cos3n

[¢
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log2 (x4 = [etane]g/4+[logcose]g/4
_ sin dx
1wy 1= &1
e —(E—Oj +[Iog[i] —IoglN —E—llogz
« 4 L V2 ) 4 2
sin{e _1}
IF £ (x) = n
e (115) (B).Let! fz INX o
Letl=) o5
(1 e 5 1+cos x
f(—x)=SN (=79~ =—f(x) Let cos x = tand —sin x dx = dt.
lre e+l Now,x=0=t=cos0=1and
Hencef (x) isan odd functionof x .1 =0 . .
21 JsinXl coex X=75 :t:cosz =0
w2) ©O).'=) 7w X . )
o 1l+¢€ fénx[—dtj _ff dt
28 x| cosx "|_11+t2 sinx/~ 1+t
= [ —Zdx
5 1+eftar|x ......... (2)

_ 1P -1 Ay —_|og_F |
__[tan t]l——[tan 0-tan}] { i,

Using | T ()dx = [T (a=x) dx ; 0 )
0 0 (116) (D). | FO0dx=[f()dx+[f(x)ax
-1 -1 0

Adding (1) and (2) we get
2r T 0 1
2l = _[ &l cosx dx :Zj'es‘”xcosx dx - J(1—2x) dx + j(1+2x) dx
0 0 ] 0
-~ f(2a—x)=f(x
{ I:(O =10 =[x=x1% + [x+x%]p =4
f@-x)=-1f(x) dx «
(113) (B).f (x) ={2x}isaperiodicfunctionwithperiod 1/2 117) (A). j > = snt—— ;¢
10 20(U2) 2- V2
Letl= [ {2x}dx :_3({/2){”}0"‘ } dx Cax1 (1 10
-3/2 oy = sin E(I)—Sm 7 +c-sin""(0)
12
= 23I 2x dx (as {2x} = 2x — [2x] and when =% ="
0 T4 4
2112 23 4 4
x €[0,1/2),[2x] = 0) = 23X (I) = (118) (B). J(;{sin{x}}dx:4j(;{sinx} dx
(114) (C).Letsinlx=0or,x=sno.
Then, dx =d (sinb) = cosb do. T T
L ([T ) dx=n[fe)ax = f(x+T)=F(x)
0 0

Now,x=0=sn0=0=0=0andx = ﬁ

4
_ 1 . = 4_[sinx dx = —4[cosx]} = 4 (1- cosl)
=9nd = 2 =0 = 7 0
n/2
2 /4 nl4 (119) (A). Let 1= [ — ) g

sin"tx _ J‘

— ~ _dx =
J‘ (1_X2)3/2 5 00539

cos0 do = j 0 sec?0 do
| 1
0 0

0 600+0( 2 x]

nl4
= [otan0]* - £ 1.tan0do then (T 4’(%’ ) §
0 62 x] -0




(INTEGRATION J)

Q.B.- SOLUTIONS

SOAL

ODM ADVANCED LEARNING

(120)

(121)

(122)

| n/2¢(X)+¢[g—XJ /2
Adding, 2I= £W /

=n/2= |=n/4

T
(B). I:_[xsinxcos4 xdx
0

f(n—x)sin(n—x)cos“(n—x)dx
0

T T
=J'(n—x)sinxcos4 xdx — nJ'sinxcos“x dx—1
0 0

—cossx}ft
o
(A). Letf(x) =|sinx|.

Then f(—x) =|sin (=x)| =|-sinx|=|sin|x=f(x)
So, f (x) isan even function.

e 2n
= =—QQ+)=— =
=2 7c|: 5( ) z =Il=n/5

/2 /2 /2
[ Isinx|ax=2 [ |sinx|dx =2 [ sinxdx
-7/2 0 0

dx = .f ldx= [x]“/2

3
(123) (D). Wehave | [X1dx
0

1 2 3 1 2 3
=[x+ [[xTdx + [[x]ax = [Odx+ [Lx + [ 2.0x

0 1 2 0 1 2
=0+[xf +[2x=(2-)+(6-4)=3

(124) (A). Weknow that [sinx|isaperiodic function of rt

4n T T
Hence [ |sinx |dx=4[|sinx dx=4]sinxdx
0 0 0

= 4[—cosx]g =8

(125) (A).

1
1
F(x) =€+ [€F () dt = g4 keX where k=[t@ d
0 0

1
 k=[(+ke)ydt=erke-1-k . -1
- ok=om
0

e—1] e
2-e

(¢}

Thus 100 =¢(1+ 2]
—-e

(126) (C). Since,0<x<1then x>x2=-x<-x2
~~snx>0for0< x <X _x _x2
2 e’ <e
2
©2 &2 o e cos?x < e cos? x
- _[ |sinx | dx = 2[—cosx];
-n/2

1 1
2
Je’x cos® X dx < je’x cos” X

= 2[—cos£+cosoj =2 0 0
2 <1,
1 (127) (D). cos?(n + X) = cOS?X
T
— | logtanxdx - 3z T
(B)Le“_ ‘(..) R (I) |1:J.f(COSZX)dX::BJ.f(COSZX)dX:3|2
0 0
/2 . _
Then, | = I Iogtan[g—xj dx w11=31
0 € e € 1
(128) (C). 1o = J1InX) abx =| (x)**x || - 10(n0°.—x dx
/2 1 1
—1= [ logeotxax (i) .
0 = e-0-10= [ (Inx)°dx = e-10l4
Adding (i) and (ii), we get 1
/2 /2 lp+10lg=e
| = I (logtanx + logcot X)dx — I log(tan x.cot x)dx /2
0 0 (129) (D).1= _[ 2c0s0 cos20 do
/2 /2 0
- J. |091.dX= J. 0.dx=0 —=1=0 22 /2
_ . 2.4 2
0 0 =2 | (1-2sin20)cosfdo=2|sn0-=sin’0 ==
0 3 0 3

=
I71
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X EXERCISE-2
(130) f(x):f 2-1 g (%)
1 (1) Xllmo o(x) * “heref(0)=0,9(0)=0
£ () =v2—x2 .1-v2-1.0=v2-x2 100
x2=f'(x)=v2-x* L= g where

or x4+ x2—2=0 or (X2+2) (x2-1) =0 .. x=% 1 (only real) d
fr(x)= sin\/XT& (x?)—0=2xsinx

/2
| = e“sinxdx;XG{O,E}
(131) (D). .([ 2 _”m2xsinx: lim snx _2
I_xao 3x2 3x90 X 3

=0<snx<l= —g<-asinx<0

= e%<eM™celo1 dx

dx
2 B). =
/2 /2 @ ® J‘\/Zax—xz J'\/az—(x2—2ax+a2)

< jldx=£ and | > I edx=2e® >0
: 2 2 J‘ dx . _1(x-a
- 5> =9Sn T +C

a2—(x—a)

~f() =simlxandg(x) = X—aa

4 4
132) (8). =] OO dx = [ (x-[x))
1 1

2 3 4
= J o=+ [ = [xDMdx+ [ (x=[x])
1 2

3 @) (D). Given: f(x)= f /— 1(2=0
2 3 4
= [O=Dtdx+ [ (x=2)%dx+ [ (x—3)%x Also, f7(x) = -2
! 2 3 1+x3
(x-1) (x-2) (x-3) 2 22 12
=72 | 3 LY a Now, let |=j3gf(x)dx_f(x)— 2t () X%
' 2 3 ol v o 20
4t -
2 3 4 12 =042 dx
1 20 1+X3
(133) ( j ......... ) Put 1+x3=t2
(1+e )(1+x ) .
12%tdt 1 2
J% dx 1 :3x2dx:2tdt:E-§{T=§(3—1)=§
T lee 14 x2
X
Inx=In|=|+In2
J~ e* dx “) (D). X n(2)+ n
LA+ @x? @ tan(In x / 2) + tan (In2)
— tan(Inx) =
Adding eq. (1) and eg. (2) 1-tan (Inx/2) tan (In2)

. :} (1+€*) dx i

X
_1(1+ex)(1+X2) _1(1+X ) J.(1+X ) = tan(lnX)tan (lnzj tan(In2)

B T odx
o @+ x%)
[convert it into value of definite integral ‘I’ is same as]

_ tan’l(l) _r =tan (In x) —tan (In %] —tan (In2)

. '=jwdx—ftm(m)(/2)d><—jtan('”Z)dx
X X X

[4
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X
=Insec (Inx) —Insec ('nzj —tan (In2) Inx

=In {Sec(lzefl(lzn)iza”'”Z}Jrc

G (A= j| {%\

/3 1 /3
I In 2cos[x—§j dx—J‘ In cos x dx
0

0
/3 /3
- .[ In (2cosx) dx—f In (cos x) dx
0 0
n/3 /3 /3

— I In2dx—j In (cos x) dx—j In (cos x) dx=gln2
0

Alternatively,
/3 -
I = I In [l+\/§ tan (——XD dx
0 3

/3 (3-tanx )
_[InLl fklhftanxﬂ o

:’T’I (1+3tanx ++/3— ftanx\ o
5 L 1++/3tanx

/3
4
Pt e
1++/3tanx

0

21 =(Ej.2ln2:> 1=Zin2
3 3

2(2+43)
_ j 1—6dx
Putx=2tan 0 = dx =2 sec? 0 do

5n/12 2
- 16.25c°0

o, 16sec?6.sec?6

5n/12 5n/12
[ 2cos’0do= [ (1+cos20)do
0 0

5r/12

_3+5n

=0+—-sn20 5—+l
2 2 4 12

0

™

®

©

/2 | w2
| = J- n (cosx) dx = .[ In (cosg)
e ™ 1oLl (XX
m/2 _(x+sinx)
- [ e
—nl2 1+€
/2 2
In (cosx : n
_ J' (x+sin2< (1+e(X+s'nX))dX= _[ In (cosx) dx
1+e
—-n/2 /2
/2 i
20=2 J. In (cosx) dx = | = —Elnz
0

M= tan” - L
(A).Heref(l)_tan6 N

f’(2):tan§:\/§, f’(3):tan%:1

Now, ff'(x)f”(x) dx = ( \
] e,
@2 on? = tnog——
= SIEE)"-(F"(@2)7 = S-3 =

3
And, {f”(x)dx:(f’(x))f:f'(3)—f'(1):[1_%]

-1
. Vdue= —-1+1-
f B
m/2 COSX + 4
(B).Let | = j : ax e )
o 3sinx + 4cosx + 25
™2 sinx +3
and J= j ax e ©

0 3sinx + 4cosx + 25

Now we multiply the eg. (1) by 4 and (2) by 3 and add to

o 4143) nf24cosx+3sinx+25dx_£ .
9 " ¢ 3sinx+4cosx+25 2 ©

and we multiply the eqg. (1) by 3 and (2) by 4 and subtract
to get

/2 .
3l -] = ,[ _?>cosx—4smx dx=|n(25j
o 3sinX + 4cosx + 25

Againmultiply eqg. (3) by 4 and eg. (4) by 3 and add to get

251 = 2n+3ln§
29

—a+b+c+d=(2+3+28+29)=62

E
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_ " sin?(nx)  sin?(n-1x) d :ij‘(ZX3rn +3x%™ 4+ 6x™)YMd(2x3 + 3x%™ + 6x™)
(10) (C). & %17 -([L snx  sinx J X 6m
1
1 3M | a2 mt
. lan[cosz (n—l)X—COSZHX) i = 6(m+1) (2X +3X m+6Xm)m
-2 0 sinx
(14)  (A). 1 =]1.tan VX o
n/2 cos (2n—1)x nl2 I I
= I Sin(zn—l) XdX=|:—W:| = _1 1\/7
n- 2n-1 = tan VXX -
0 0 1+x 2\/_
_ E — 1 - l inH.P \/_
= 8- 5,887 £, Y37 S areinH.P. _ xtan‘lJ_—— o
1+Xx
92) Letx—t,dx—2tdt
(11) (A).Letg(x)=tthenl = j — f (t) ot
g(l) _ xtan‘lx/_——J t2tdt j(1+t ) - l
loaf (192 _ (1+t )
[logf ()5 =logf(g(2))-logf(g(1))=0 ) )
[-9()=9g(2)] = xtan~ \/;—[t—tan_ M]+c
(12) (B).Inordertoremovex, apply Prop.IV _ xtan‘lx/;—[\/;—tan‘lx/;]+c
In (m—x)dx ) )
=)o 2 ~ 202/ -2
a® cos”(n —x) + b*sin (- x) 15 (A). JFx) dx=[f(@+b-x)dx
| I T (m—x)dx @ a a
or =
0 A2 2 . 2 .
, a® cos” x + b?sin® x |_3+'°g3 log (4+5-Xx) y
Adding (1) and (2), we get 5 v 5100 (4+5-X)+log (9-5+x)
o J-n (X + m—x)dx Jn dx 9
= =T
0 a?cos?x+b?sin®x ~ 0 a?cos®x+b?sin?x I_3+|093 log (9— x)
T dx - log (9—x) + log (4+ )
Ll=7 2-log3
ZIO a® cos? X + b?sin® x
3+log3 3+log3
_x jn/z dx , 72 log (4+x)+log (9-x) fg 1dx
_ —ol= .
a’ cos? x + b?sin? x 24093'09 (9-x) +log (4+Xx) 2-log3
Divide above and below by cos? x. 21=(3+log3-2+log3)=1+2log3
2
n/2 sec? xdx 1
sl=n -5 5 I :(—+Iog3j
IO a2 + b? tan® x 2
Putbtanx =t ..b sec?x dx = dt
X 1
o dt nl t]” X5 <x<0
|_%Io - :—.—{tanl—} (16) (C).f()=JItldt = £r(x) =[x |.1= .
a+t ba alo 1 X;0<x<=
5 2
- E{E_o}:“_ Atx =0, neither max. nor min.
ab| 2 2ab
1 2 1 1) 3
3m 2m m\l/m f (—) = t|dt=| — :(___] =——
(13) (A)'J.(Xsm+x2m+xm)((zx 36T J.dx 2 Jel LZJ 8 2/ 8
" 1 1
~1/2
J.(Xsm_l+X2m_l+Xm_l) (2X3m+3X2m+6Xm)]jm.dX f[_%] .[ [t|dt=— J' [t]dt
1 -1/2

= %j 23 +3x%M + 6x MY M (6x3M L 1 6x2M L 1 6x ™) dx

—
14
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—{ i |t|dt+f|t|dt}

-2 0

- —{-(t2/2)‘_’1,2 +(t2/2)%)}

-3 --{E- )

Hence greatest value of f (x) = - 3

w

(20)
17)

(C). Wehave, i[tan‘l i] =
dx X 2

d (cot™1x)=-
X 1+x

. }%[t ‘1)1()dx j— dx

-1 -1

dx = —2_[

1+ %2 01+x

—Z[tan_lx} (1) = 2n/d)=-n/2

1
an‘lij dx = [tan‘li}
X X4

=tan11-tan~! (1) =n/2

td
Note that Id—x[t
-1

1 is not an antiderivative
X

is incorrect, because tant

d 11
primitive of &[tan 1;) onthe interval [-1, 1].

TT log(1+ tan6)

(1+ tan? 0) 0do

(18) (B).Letl= }M dx =

o 1+ x? 0
[Putting x = tan® = dx = sec?6 de]

n/4 nl4

log(1+tanB) do = Iog{lﬂan I }de
/ Jrojae (-0

nl/4 /4
j(ul‘tane]de:j |og[ 2 ]de
0 1+tan0 0 1+tano

/4
log2 [ 1do-1 =21=
0

L og2 =2 og2
4 %9 g%

2 2
(19 (A). j[xz] dx =2 j[xz] dx [~ integrand is even]

-2 0

1 V2 N 2
= 2| [[x*dx+ [ [xax+ | [xPJax+ | [x?]ax
0 1 V2 NE]

[Xx°]=0if 0<x<Llif1<x<~/2;
2ifv2 <x<+/33if\3<x<2

1 V2 3 2
= 2{j0dx+ j 1dx + j 20X + j 3dx]
0 1 V2 NE
= 2[x] +4[x](+6[x] Nz
=(10-2+3 -2+2)

(D). It is a question of greatest integer function. We
subdivide the interval = to 2r as under keeping in view
that we have to evaluate [2sinX]

A

Y(1,1/2)

X' S S X

(om) 30 0 (0.20)

-1/2,7/2 -1/2,11 /6
y'Y Y'1,-3r/2

1
We know that sm— =—

6 2
[ n] m 1
sn|t+—|=sn—-—
6 6 2
( n) i 1
Sn—=9gn|2n——|=-sin—=——
6 6 2
sm—nzsing—nz—l
2

Hencewedividetheinterval « to 2r as

SRR
(oD (o3

2sinx =(0-1),(-2,-1),(0-1)
[2sinx]= -1 -2 -1
SEl+ L+

= f—ldx +I —2dX + j —1dx
between proper limits

==
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@) ©. 15 2 25
0 1 = [x@ ) dx+ [ x @ D+ [ x (4 @) dx
Let | = I[x [1+sinmx]+1] dx+.|.[x[1+sinnx]+1] dx 1 15 2
-1 0
Now, [1+sinmx] =0 if-1<x<0 sus (X2 5
and [1+snmx]=1if0<x<1 = ()1 —3L7J T2 ()27 =
0 1 15
: |=j1dx+j[x+1]dx=2 nl2
21 0 25 (A). 1= j cosOf (sin0+1-sin?0) do ......... @
0
J Putsin®=t = cos0 do = dt
1
2*“2 lp=[2tf t+1-)at )
0
! 1
(22)  (B)-Method 1: - [@-0f @-t+1-a-v®) ot
0

[¢) o NP Y 2 x
8§ 8835
1
l,=3[@-t)f (@+t-t)dt
5n/12 0
j [tanx] dx = Areaof shaded region
1 1
0
I, =2 [f @+t—t?)dt—[tf Q+t—t?)dt
=0+1(tant2-tant 1)+ 2 (tan ! 3-tanl 2) 2 J(; (rt=t) £ (Lrt=tdr . ®)
3 [S_n_tan—13] Eq. (2) +eq. (3),
12 L
= n—tant (-1) = 5/4 20, =2[f @+t-t2)dt =1,=1,= 1 =
Method 2: Puttanx =t; sec?x dx = dt 0 2
2++/3 1
YL N LT (2 (©).F'()=—5—0g'(x)
1+1%) 5 (1+t?) V1+97(x)
"(nl2)
-4 6x [t+1j 4[1“) f,@:L [n) m
—=t = - | = . —_ :O: 2 s
@) @E.lag == 8 \1-v) 3\t 2/ \1+d?(nl2) 92 913
- 4(1+t)+2 L 10-2t 8+2(-1) Now g'(x)=[1+sin(cos?x)] (-sinx)
AU A Y T 30-1) _ n
31—t 31-1) 3(-1) g'(ij S1(1)=-1
f()= 3
3@-y 3 Hence, f’[%jz—lash'(o"):—l
8 1 2
o [F () o =§j T dx+§_[1dx @7 (A).
1,1
= —§Iog|1—x|+gx+C _ Lim 4”21‘1 "4”2_f _ Lim ; _
3 3 L= ool | —t = T nowig lan2 — 2
15 2 4n- -9 3n
(24)  (©).1= [ x[2x]sgn (x—2)dx+ [ x[2x] sgn (x—2) dx
1 15 i 1 (1-0) 1
= nl>r2 n 2
o)
+ jx[2x]sgn(x—2)dx n

2 Whichisof theform

=
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n b [=1;+1,
Lim —f( [—D 1
noe 5 N n Putting x = 1/t in second integrand ; dx=—t—2dt
1
Hereb=1,a=0andf(x) = 2 1 1
4-x .y | -
0 09() 1
|=J-t t[_i]dt _J-tlogt .
g x1 g ? 120 2 @2
SoL=.[ > =Sn" 2| =— 1[1+) 0
ovV4—X o 6 t2
(28) (B).Puttingx=-tinm, I=l,+1;==1;+1;,=0
0. 2 .
m=j|9”(_t)1|(—dt)=j Ismtl1O|t (32) (A).Letf(x)
2|:_t:l+ 0‘:_‘::‘+ X—1 A B C
T 2 T 2 = = + +
(2x+)(x-2)(x-3) 2x+1 x-2 x-3
2 .
= J‘&dt —_A= x-1 :| __E
O_[t}_Hl (x-2)(x-3|_1 35
i 2
2 o x-1 1
_ — |Snt| _ B:—:| =—— .
If x 1, then [—x]——[x]—l——J(; dt=-n 2x+D(x-3) | _, 5

x=3 7

Hi
T Cco x-1 2
(29) (C). In first integral putting t = sin?y and in second - (2x+1) (x—-2)

putting t = cos? z, we have
6 dx 1J- dx 2-‘- dx

[fax=—2 = +Z
2x+1 5 x-2 7x-3

X X B
| = '[ysinZydy—j zsin2z dz 35
0 /2
:3In|2x+1|—£|n|x—2|+zln|x—3|+C
2 /2 35 5 7

- TysinZydy+I zsin2z dz _ I 6sin20do
0 X 0

e

. /2 _ X —X X X
_ e[_coszejJrste o (33) (A).|_j (€ +e)+ (e —e¥)|.Inx dx
2 4 | 1 f(x) f(x) '

30) (A).Let y=/
(30) (A).Let y=yx+y ([ £00+xf () dx = x £ (x)

y2-y-x=0

1+ 1+ 4x R TN = Inxx f ()5 - [ X109 gy = ef(e)-[ (& +e) i
VST YT ) 1
2 =e(e®+e°)-[e" e ]]
J2-1+\/:Ié+ 4x dx — §+(1;4x)3/2 = (11 ey —[(E-e°) - (e—eD)]
0 5.2.4 . =t e e 0 gl
= 27 1 26 19 |:1xx2+x2 x3}] dx
= 5) -0+ 5 =l =% @30 (8). 1= [T +0H X%
-1
(3) (C).Here [Usng{x+n} ={x},nel]
o xlogx _ 1 xlogx © xlogx 1
Io 1+ x2)2 dX_J.o (11 x2)2 dX+I1 (11 x2)2 dx I = j{x2}+ (X} +{x%}) dx
-1

=
I77



SOAL

ODM ADVANCED LEARNING

Q.B.- SOLUTIONS

STUDY MATERIAL : MATHEMATICS

(35)

X if 0<x<1
NOW’{X}=L+X if -1<x<0
Y,
]
1+ X X
1 T T "

Also, for-1<x<1, {x% =x2

. x3  if 0<x<1
and {x°} =
1+x% if —1<x<0

0 1
Iy = [ XL @+ %)+ @+ x3)] dx+ [ x? (x+x%) dx
-1 0

0 1

I1:J.(2x2+x3+x5) dx+_|-(x5+x3) dx

-1 0

0 370

- 2_[ x2dx = Z.X— =—
10

-1 1

0 1
Notethat [ (x®+x%) dx+ [ (x*+x°) dx
4 0

1
= J(x3+x5) dx=0
-1
(A). Let5sinx+6=A(sinx +2cosx +3)
+B(cosx—2sinx)+C
Equating the coefficients of sin x, cos x and constant
term, we get

A-2B=5

2A+B=0; = A=1,B=-2,C=3
3A+C=6

= J'dx—ZJ. (cosx — 2sinx)dx +3,[ dx

SinX+2cosx +3 SinX +2cosx +3

=X —2/n|sinx+2cosx + 3| +3(;

Put tangzt . seczgdx:Zdt

2dt 2dt
J

t+1
So /y = = = an’l(—)+c
! '[t2+2t+5 (t+)%+4 2

_ tan‘l[1+ tanz(x/2)j e

(36)

(37)

(38)

(39)

| =Xx—-2/n|sinx +2cosx + 3|+ Stm‘l[W] +C
dx
(B). IZI—6
(29 [1_%
X

6 42 7 [ 6)
1-— | = dx=dp andx’'=| —
Let ( )(7) p= )(8 o dp Ll— pJ

3 3 2
I 1.[(1 9)} q 1 J-l p°—3p+3p
42

©°  (42(216) p dp

= oz I p®+9p2—-2p3—18p] +c

dx
OrLe =l

|:J' dx
7 )R (x+ )2

Theleast common multiple of 2and 3is6.
So substitute x +1 =t = dx = 6t° dt

=] 6t°dt

I t3dt
t?+t3

el |=6jt2—t+1—idt
1+t 1+t

=6l £ ¥t logt 1)\ c
=6] ———+t— +1) |+
AR R )

On substituting t = (1 + x)/6, we get

12 13
I:G((H X)"7 (1+Xx)
3 2

0

I ! dx
o 2 2 [52
(1+€* )i‘/ e \/ e Ve ..o

o0
1 1 1
2l = [ v _Xj. : : : dx
1+ e 1+e X /4.62X /8.63X /16

+(L+x)Ye —Iog((x+1)]j6 +1)} +C

(B).1 =

—00

.[ 12dx:>|=lj' 12dX=1\/E
g 2- & 2
2n b
(A). j In (sec2 X) dx = ZIIn (%c2 X) dx
0 0
/2 /2
=4 I In(seczx)dx=8f In (secx) dx
0 0

4
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n/2
=-8 j In (cosx) dx = —
0

oz

k
=4xIn2= 2k23|n‘1[ ]Ink k=2

K =2

(40)

<)
>

~
-

100
I ([cot‘1 xX]+ [tan‘l x]) dx = cot1+ (100n — tanl)
0

1-tan®1

tanl

=100r + =100r + 2cot 2

/2 ) nl2
(A). Ing = j x cosx.e™™* dx + I e¥"M*dx
T 0
0

(41)

nl2 nl2
- _[ e *dx + I e dx = —
0 0

/2
0

- Xesmx

/2 /2
Again, Ipg = I X sinx.e% dx — _[ e dx
I Il 0

/2

12
n/2 T
+ I e *dx —

0

J‘ efo0SX gy —
0

= _ xglosX

0

erc2
2TC

I
_Nrj —e

IDr

x|sinx|
42
42 J.1+|cosx|
I .
or I=J‘(Tc—x)lsmx|
1+]cosx |

T |sinx]
nj—dx

Addeg. (1) and (2), 21 =
e (Dand(2) 01+|cosx|

( na a A
LUsing [t dx=n[f(x) de
0 0

/2 /2
=£ .[ snxdx .[ smxdx _[ cosx dx
2 0 1+cosx 0 1+COSX 1+sinx
/2
=n.In(+sinx)];“=nIn2
43) (B).
1 ( ) )
1 X
Letl= [ cot™® Jeott——— J X ...... (1)
_jl L\/l—xzj L 1- (x?)X
1( Y )
1 —X
I=[]cot™® . cot_l—J dx
...... 2
LL V1- XZJ L 1- (x2)XI @)
On adding,
t 1 1 1 X 1 X
2l = | cot™ cot™ +7n—Cot " ——} dX
,Il Vi-x2 V1= (3 J1- (x)X
1 1
2l = I noot dx = Intan‘1 1-x2 dx
2
1 1-x -1
1
= Zn_[ tantyV1-x2dx .. ©)
0
(As tan14/1- x? iseven function)
1
=nf 1 tan t(y1-x2) dx e @
N S
Intetrating by parts
o (-x)
I=ntan‘l( 1-x? .x] j dx
0 0(1—i-1 X )\/1_
Zero
1 2
X
=g | ——F——dx
'cl‘)(Z—xz)\/l—x2
Letx=sin0® = dx=cos0 do.
/2 .2 /2 _ain2n_
= x sm.(z o 2 sm.(z 2de
o (2-sin“0) o 2-sin“0

E
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n/2 /2 2 2
|=2nj o =’ _, f ode  n?
2-sing 2 2+tan’0 2
Puttan 6 =t
% 2 2
I=27:J.—d’[2 r 2n1 _lt} T
02+t NP RN
_nt_nf_n’(2-) _n’(Ja—vb)
V2 2 2 Je

—a=2,b=1andc=4
= atb+c=2+1+4=7
x3 X2 X 5
(44) (D)_AJ‘de+BJ'7dx+CJ.;dx:xy
Differentiating both sides

X :2xy+x2d—y
y dx

Ax3 +Bx?

Ax3+Bx2+Cx=2xy2+ xzy%

2x-1
AX3+Bx2+Cx=2X (X2 —x + 1) + X2 5

2
=23 2x2+ 2x+ X3 —X?

A=3,B=-5/2,C=2

(45) (C).Wehave, f( )+x2f(x) 0=>f(x)=- x_f[;)
coseco coseco 1 1 sin®
= [ fdx= ——Zf[—jdx= [IRIOLY
. . X
sin® sin® coseco
1
wheret= —
X
cosecH
=- [ f@dt =1 . 21=0=1=0
sin®
X g O g
@6 (A 10= [ —5+ | 5
e 1Ht5 o tA+17)
Diff. w.r.tx.
di(x)  tanx >

= + rrcerdy) =
dx  (1+tan®x) cot x (L+ cot? x) (~cosec™x) =0

| () =constant. Letx=rm/4

Thus I(%] = i tdt2 + } dt

Jeltt? Jot+t?)

t 2 1
= | ErL g X ing, =1
Jett®+1) Je b
(47) (A), (48) (D), (49) (B).
Differentiate both sides

3 2

X —-6Xx°+11x -6 2 (x+2)
= (AX® +BX+C¢)——=—
VX% +4x+3 VX% +4x+3
+(2Ax+B)\/x2+4x+3+#
VX2 +4x+3

x3—6x2+11x—6 = (Ax2+Bx+C) (X +2)
+(2Ax +B) (X2 +4x+3) + A

Comparing coefficients of like powers of x
x3: 1=A+2A = A=13
X2 -6=2A+B+8A+B

g-_4

2B= —6—10.—
3 3

X:11=2B+C+6A +4B
1
6. =11+28-2=37

C=11-6 [—Ej
3 3

Congtantterms: —6=2C+3B+ A

14
A=-6-2.37-3 (_g] =—-6-74+14=-66

. ]
(50) (D).Here, Z k(k+3 nlmk s Cr e
(L 1)
_ C — [ xK*2dx |- x*2qx
nl—rﬂokZ:O J(; X L k+3 ‘L J
1 K
2 Jim C dx
‘(.;L n_)OokZ‘E) k(n)J
1 n
:sz{lim [1+£] }dx
0 n—o n
T to
=J‘x e* dx =Jx £ dx = (e-2) (By parts)
0 0
G1)  (D).fO)+F(x+4)=f(x+2)+f(X+6) .. @
Putx=(x+2)
Fx+2)+f(x+6)=f (x+4) +f(X+8) ... @

From equation (1) & (2)

ST+ (x+4)=f(x+4)+f(x+8)
=f(x)=f(x+8)

.. Periodis=8
g(x)=8(f(1)-f(0))

g(x)=0

¢
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X+7 n/2 .
sinx
(52) (D). f(x+m)= I (sin*t+cos?t) dt .[ ANX T and lim>—==1
o x—>0 X
o Both S-1and S-2 areindividually true but S-2 is not the
B .[ (s n4t + cos* t) dt correct explanation of S-1.
0

(56) (D).cot ‘x = g— tanx - d(cotlx)=—d (tan1x)
X+
_J(sn t+cos™t) dt+ .[ (sin*t+cos*t) dt

-1
tan” —x -1
. . Thus, [2 d(cot 1 x)

tan_lx

+C

=f(x)+ f(sin4t+ cos*t) dt =f (x) +f(n) = - jzta”’lxd(tanflx) =—
0

In2
o Slisfase, S-2istrue
M2 . (57)  (B). *. sinBx + cosBx = (sin?x + cos?x)3 - 3sin?x cos?x
or=f+2 | En*troostdt o¢ 426 () 3 . o
0 =1-7 sin? 2x (.. per|od=E )

2 : '
53 (B). | =j2§n2x.cost X g . Least and greatest value of (sinfx + cosBx) are 1/4 & 1.

T 1 "2 6 6 T
(1-tan2x) .2 [——0]><—< I (sin” x + cos x)dx<(__o]X1
= 4J‘sinx.cost1tL2XJ elean” X gy 2 43 2
1+tan” x
n " 6 6 b
2 kg : T
:5jtanx.seczxcos6x(1—tan2x) elan®x gy = 8< J(; (sin® x +cos’ x) dx<2
2 1 - _
Lettan’x =t ; 2tanx sec?x dx = dt (58) (A).Sincey=f-1(x), thereforex = ().
j(l ve ~odx=f(y)dy. Thus [75(x) dx=[yf'(y) dy+c

@+1)° . Statement 2 istrue.

Statement 1 istruefor f~1 (x) = sin~! x in statement-2.

J‘{(t+l) 5. el - Iet 1 3 2 ot
t+)® (t+1?  (t+1)3 (59) (A). Statement 2: [ €9 (g'(x) f (x) +f(x) dx

2¢ . = [[£(x).9%) g (x)aix + [ €90 £/ (x)dx
== 2 = —2cos” xe®* +C
(t+1) =1 (x) €909 - [£(x).e9ax +[ €909 £/ (x)x = 90 (x) + ¢
549 (B).
Statement 1: g(x) =sin"1x, f (x) = V1-x?
(x +1)—(x 1) 1,x-1
F(X)= I—dx In|x—1|——j >— dX
20 X%+ (x-1) 29 x°+1 J_ Ly X
e 1- dx
[ 2
= %Inlx—l|+%ln(x2+1)+%tan’lx+c L 1-x J
", discontinuousat x = 1 :eﬂ'nflxﬂll_ x2 ;¢ (Bystatement-2)
Note that f (x) = ?5(3 3 x%/3 4 C iscontinuous n 1 X2 L n
2 (60) (B).Statement 1: _[{X} dx:n_[xdx:n 2022
1 0 0 2 0 2
although —— isdiscontinuous at x = 0.
xY3 n n n n
(55) (B).Forx>0 Statement 2: J{x} dx =.[(x—{x} dx=jx dx—f{x} dx
0 0 0 0
. n/2 sinx n/2
snx<x:ﬂ<1: ITdX< J.ldX X2 n 1 n2 21 N
X 0 0 == —n_[x.dx:——n =—(n-1)
2 2
0 0 0

—
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b b
(61) (O [xf(x)dx=[(a+b-x)f (a+b-x)dx
a a

b b
=(a+ b)Jf (a+b—x) dx —Ixf (a+b-x) dx

a a
.. Statement-2 is true only when f (a + b —x) =f (X) which
holds in statement-1.

", Statement-2 isfalse and statement-1 istrue.
(62) (D), (63) (C), (64) (C).

(|)I d _Imdx

X+1
1 1 e
= I(x—l) ede+I—dx
0 0x+1

= (x-1 e - )5 +A =((-e)-(-1-1)+A=2-e+A

(ii) i[ﬁjz e dx :i{—(x+1)2—(22x+1)J e* dx

0 (x+12)

1 1 o 1
Iz.[ex dx—ZI dx + 2exdx
o 0x+1 O(X+1)

| = (e—l)—2A+(—E+1+A) _E A
2 2

1 x3 1x +1-1
_ N X N - = X d
(“')(I)(x+1)3 ¢ '[ (x+1)

:i(x+1)3—3x(x+1) 1 x g
(x+1)

1

x+11x i 1

=1-3 X 3
0(x+1) o (x+1)

- Lz(x+1) J I2(x+1)

0O

=1—3A+3[—E+1+AJ— (—_e+1)+l[—_e+1+Aj
2 8 2/ 2\2

=1- 3A—§+3+3A+——1+E—1—A
2 8 2 4 2 2
_3 A _%
2 8
(65) (C), (66) (B), (67) (D).
10n
| = J- COS6X.COS7X.C0S8X.C0SIX L )
0 14 628 n3 4x
10n
_ J- COS6X.COS7X.COS8X.COSIX dx
- o n e—Zsin34x
lj)ﬁ e2sin’ 4x (COSBX.COS7X.COS8X.COSIX o
= ! N e25n34x ....... 2
Addeqg. (1) +eq.(2)
101

= _[ COS6X.COS7X.C0S8X.CcoS9X dx
0 f (x)

f (X) repeats after 2n
2n
2l :SI f (x) dx, again f(2a—x)="f(x)
0

2l :10Tf (x) dx, again f (m—x)=f(x)

0
/2 n/2
20=20 [ f (x)dx=1=10 [ f (x) dx
0 0
/2
~ 1=10 I COS6X.COS7X.COSBX.COSIX dX  wnee 3
0

/2
1=10 I cos (3 — 6X) oos[%—?x] cos (4m —8x) oos(%n—gx] dx
0
/2
1=10 I COS6X .COS7X cOs8x .cosOx dx @
0

Eq. (3) + Eq. (4)

/2
21=10 .f COS 6X . C0S8X [COS 7X .COS 9X + Sin 7X.sin9x] dx
0

/2
21 =10 I COS 6X . C0S8X .cos2x dx
0

/2
=5 _f COS 6X . c0S8X .cos2x dx
0
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/2
| = 5[ COS8x

(cos8x + cos4x) dx
0

/2
=3 J c0oS8Xx (cos4x + cos2x) dx

nl2 nl2

=E I cos® 8x dx+§J C0S4x cos2x dx
2 0 2
An b
5
=}chosztdt (8x=t)=zjwsztdt
8 2o 0
ﬂ:/2 n/2
_[cos tdt= —jsm tdt
0
/2
2|=§jo|t:>|=§.£:>|:5—’r
2 0 4 2 8
/2

(68) (A).@n= _[ (1-sint)"sin2t dt
0

Letl-sint=u= —cottdt=du

n+l n+2

= 2J'u (1-u)du= Z[IU“du J'u”*ld\ 2(i_
a, 1 1 )
Hence, =" kn(n+1) n(n+2)J

noo i n
A3 26

(69 (B). 1= [(asinx+bsin2x)dx
0

T
I :j(asinx—bsinZX)2 dx
0

Add 2! = 2[(a®sin®x+ b?sin” 2x) dx
0

/2 /2
1=2 (a®sin®x) dx+2 | (b”sin® 2x) dx
0 0

- 27[/2. 5
=2a°—+2b jsm 2x dx
> J

/2
Let J= .[ sn?2x dx , put2x=t

n/2
_[sm tdt= _[sm tdt—

na’  nb?

Hence, | =— _%(a2+b2)

I(a) = g[a2 +(1-a?) = g[ZaZ —2a+1]

i [ﬂ{[gﬂ

. 1 (8 isminimumwhen a= 1/2 and minimum value /4

dx

(70) (D). 1= IW
X +VXE —

( 3
) Putx+x/x2—4=t:>L1+\/X:—_4JdX=dt

= x+Vx?-4=t = X2 _4=t—x

2
C+d_ o, _(Pea)”
a0 =X )

X =

2
_tt+1e+8-16t2  [t2-4)
at? _L 2t

( )
k 4J t51/3 _ %J- 53t — ZJ‘ 13

( -2/3

"2l

Where t=

t78/ 3

j { 3}+C = %tfs,s[l—t2]+c

NlH

o =a)

x-1 A B

= t— ()
X+D(x-2) x+1 x-2
= x-1=A(x-2)+B(xx+1) .. (i)
Puttingx—2=0or,x=2in(ii), we get
1=3B=B=1/3
Puttingx+1=0o0rx=-1in(ii) we get
—2=-3A=A=2/3

7))  (A).Let

T
I83
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Substituting the values of A and B in (i), we get

/3 Y Y T
x-1 2.1 11 :2|:I1-dx=[x]z/e:§—g=g =1 =n/12
(x+)(x-2) 3 x+1 3 x-2 /6
2 2
x-1 _2p 1 1 1 n T
S el @ e i 64n
2 1 3n 2
=§Iog|x+1|+§log|x—2|+c _ Lim n
o5 (n+n)°
nl4
Put 3n =m, we get
(72 (A).Letl= | logl+tanxyx @)
0 ( \°
/4 m 2 . 3 1
T . /9 Lim
Thenl = J. |Og(l+tan[z_ ]] dx L= #Lrgz(m )3 n—wrm (1+ 3!')
0 r=1
—+r m
3
nf4log(l+ tann/4—tanxj v 3 .
=1= 5 1+tann/4tanx - L =B
0@+ x)® T 2A+x)%0 32
4 1-tanx
- I Iog(1+ anx) X 1 —(5x—3) when 5x -3
< 0ie,x<3/5
° (75 (A). [|5x-3=
/4 /4 0 5x —3 when 5x-3>0
l+tanx +1-tanx ie,x>3/5
- f log dx — j log dx
1+ tanx 1+tanx
0 0 35
4 j|5x 3lax= [ |5x- 3|dx+j|5x 3 dx
- J {log2-log(1+ tanx)} dx 0 3/5
0
VA
nl4 nl/4
- '([ Iogde—'([ log(1+ tan x) dx y = (5x-3) 4 503
n/4 _T _T < >
= 1=(log2) [x]; —I:>I—4I0g2:>l—8log2 X o (%‘0) L.0) X
/3 /3
7 ©=] el /_S‘nxl—dx ()
' el cotx sinx + Va /
_ [n ] 3/5
njls sn(5- = [ ~(ex-3ax+ j (5% — 3)dx

/3

I \cosx
=1= n/6\/cosx ++/sinX

Adding (i) and (ii), we get

™3 Jsinx +/cosx

=2l 1’[6 \JCOSX ++/sinX

dx

/3

3/5

2 3/5 2 1

] 5
0 3/5

[9 9] [ 1 9] 13

===+ =+ =|==

5 10 2 10/ 10

T
(76) (D). 1= I (cos? px+sin? gx — 2cospx singx)dx

—T
-+ sinfgx, cos? px are even functions of x and
cospx .singx is an odd function.

¢

STUDY MATERIAL : MATHEMATICS
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(77)

(78)

(79)

§ _[ cos? px dx =2 I cos? pxdx
-n 0

sin qxdx 2| sin qxdx cospx singx dx —
J f andf =0

- -T

= Zj‘cos2 px dx +2_[sin2qxdx:0
0

.t 1+ cos2px t(1- cos2qgx
e N

T T
= j(1+ cos2px) dx + I (1- cos2gx) dx
0 0

{ sin2px}7E { sin2qu
2p | 2q |,

lim

1
(D). n5e /4n l 2 12 [an? 22 /nz—(n—l)z
n-1 n-1
. 1 . 1 1
= lim ) ———=1lim> =
noeiZoy4n? —r2 e 4 [rjz
n

_ j|x —1|dx+j|x —1|dx+j|x ~1]dx
)

( Here modulus funct| on will change at the points,

whenx?-1=0i.e.atx=+1)

Sol = j(x —1)dx+j(1 X )dx+j(x ~T)dx

-2 -1

-1 x31 x3 3
=X |+X+— | +—=X|
2 31 3 1

oo|><w

2 2 2 2 2 28

=—4+—+—+—+6+—- = —

3 3 3 3 3 3
(A). Applying theformula

b(x)

- f f (dt = f(b(x)).b'(x) - (a(x)).a'(x)

a(x)

We have, f'(xX)=(x2-1)(x2-2) (x2—4)3.2x

(80)

= 2(x+2°3(X+~/2) (x+1) x(x 1) (x—~/2) (x - 2)°
So that the possible external points are
—2,-2,-1,0,1,+/2,2 one can see that it is time

consuming to verify whether f "(x) is —ve or +ve at these
points in order to classify them as points of maxima or
minima. Instead one can find out whether f '(x) changes
its sign from +ve to —ve or from —ve to +ve as one moves
fromleft toright of apoint. Inthefirst caseit isapoint of
maximum and in the second caseit isapoint of minimum.

A
T T

In the neighbourhood of _,/2, it can be seen that f * (x)
changes its sign from +ve to —ve as one moves from left
torightof _,/2 . Itisapoint of maximum, Similarly 0,/2
are also points of maximum.

1
A).Let f(X)= =
*) ) x3+1 (x+1)(x2—x+1)
1 __ A, BxsC
3f(x)=(x+1)(x2—x+1) x+1 x%-x+1

= 1=A(X2-x+1)+(Bx+C)(x+1)
Comparing the coefficients of x2, x, and constants
0=A+B,0=-A+B+C,1=A+C
=A=1/3, B=-1/3 & C=2/3
1 x 2
3 3 3
fX)=—""+—>
= 1) x+1 x2-x+1

lpdx 1
li==|——===log|x+1|+
Let =3[ = 5l00lx Gy

1x+g
Let |2 J2—3dle Zz;xdx
X+1 37 xc—x+1
Express the numerator in terms of derivative of

denominator.

1, 2x-4
p— |2:—— —2 dX
6° x“—x+1
1, 2x-1
= I = |— —
27 6 x2 x+1 J X% —x+1
1 2 1 dx
l,=—=log|x* = x+1|+=| 5——
~27s 9 | 2'[x2—x+1
1 1 dx
= I2:—6I09|x2—x+1|+EI 2
-
2

4
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(1)

1 1 x5
= I2:—6I0g|x2—x+1|+—tan‘l 2

Nkl ey

2

+C,

(82)

= Izz—%log|x2—x+1|+%tan‘1[zx—_1] +C,

N

= |

dx
=|f(xX)dx=1,+1
X3+1j<> 1412

%Iog|x+1|—%log|x2—x+1|+itan‘1[

NE NE

Lt [—2)( _1] +C
V3 V3

1
B

3

X+1

X% —x+1

1
(81) (A).Consider | = I(by+a(1— y)* dy
0

(@+(b-a) y)***

2x -1

Jrc

1
:{(a+(b—a)y» dy{ oD

1
( X+1 x+1)

1
(83)
‘b- a}
0

1 (bx+1_ax+1\

I:(x+1) (b—a) T (x+1)

. (bx+l_ax+1\1lx( 1 ‘\UX
NowL=Im =% ) xe)

. ( \JJX (bx+l_ax+1\llx
L_imt(xﬂﬂ 'linok b-a J

1® 1°

( Iim1
an (x + VX = ex—>0X

x—0

(x+1-1) 1
==

1 [bx+l_ax+1\:ux
“ L==.lim L—J
e x-0 b-a

4

. l(bx+17ax+17b+a\

b—
Now, ¢ =¢°%" 2
1 . b(*-1-a(@*-1 1

= |jm —— e 5 1 _

_ eb—axTO X _ eb—a(blnb alna)
1

| (bb\b—a_ 1 1
I R AL
- Laaj e'Lan

(x +DYX

b-a J

.
- eJ

(84)

1
Let | = j 207C7.XTI00.(1— x)’ dx
0 I

; X201 7

— ==
201 | 201

Zern

1
I = 207C7 (1-x I - x)6.x2°1dx
0

1
_ 207 C7.LI a- X)G.X201dX
201,

|.B.P. again 6 moretimes

_ 207 7!
- ” 201.202.203.204.205.206.207

1
‘[ X207dx
0

_ (207)! 7! 1
71(200)! 201.202.......207 208

13. The polynomial is an everywhere differentiable
function. Therefore, the points of extremum can only be
roots of the derivative. Furthermore, the derivative of a
polynomial isapolynomial. The polynomial of theleast
degreewith rootsx; = 1 and x, = 3 has the froma (x - 1)
(x=3).

Hence P'(x) =a (x—1) (x—3) = a (x2—4x + 3) since at the
point x =1, there must be P(1) = 6, we have

P(X)= [P'(x)dx+6=a[(x? - 4x+3) dx+6
1 1

= akx—;—ZXZ +3x—%} +6

The coefficient “a’ is determined from the condition
P(3) =2, whencea=3.

HenceP (x) =x3—6x2+9x + 2
NowP(2)=8-24+18+2=28-24=4

AlsoP'(x) =3 (x2-4x+3)=P(0)=9

.. PQ)+P(0)=4+9=13

(200 70 1 1

_ B
(207171208 208 k

1 -—
2250. WehaveF (x) + F (x +E) =3 .. (@)
Replacex by X +% in(1),
wegetF(x+%)+F(x+1)=3 ....... 2
. From (1) and (2), we get
FO=Fx+) ©)

= F(x) isperiodic function

¢




(INTEGRATION J)

Q.B.- SOLUTIONS

SOAL

ODM ADVANCED LEARNING

1500 1
Now consider, | = .[ F(x) dx =1500 I F(x) dx
0 0

1/2 1
= 1500[j F(x) dx + j F(x) dx
0 1/2

(Using property of periodic function)
1. .
Putx=y+ — in 2" integral, we get

Ffz (x)d ﬂjz [ 1]d]
[=1500| | F(x)dx+ | F{y+—]dy
0 2

0
12
= 1500 j {F(x)dx+F[x+ ]J dx

1/2
=1500 | 3dx [Using(i)]
0

1
Hence, | =1500 (3) [Ej =750x% 3=2250

85 7 U H H 2 _m
(85 7. singsin X_1+tan2x
e 12tanx 2 (- tanx)?
| = _ Letan’X gy o ANX)_ 1+ tan? x) dx
Z'). n 2tanx I(l+tanx) o )
1+tan® x
2 . 2
— w.seczxdx
o (L+tanx)

put y =tanx = dy = sec?x dx

j(l Y)

(1+y)
nowput 1+y=z =dy=dz

© 2 ©
) |:J.Md2:_322_62+4 _1
. 1 Z4 7323 . 3

= a=1,b=3 = 1+3+3=7Ans.]

Alternatively: | = T (cosx—sinx)® o
)= [ eOSX=Snx)"
o (cosx+sinx)*

n/2
1= _t J' (cosx—sinx)- [ d (1Ddx
o dx | (cosx +sinx)®

integrating by parts

|

i . /2
(cosx —sinx) \n
: 3
_(cosx+smx) ‘0

| =

W

/2 (sinx +cosx) dx
o (cosx+sinx)*

B /2

1 dx
=——|{(-D)-@;+

3 n-o} -([1+sin2x1

o = 2tanx _g_lnj/-z sec? x

USNG SINaX= 4 tan?x ~ 3~ 3 o (L+tanx)?
212 L)

3 33t " 3 3l o

2.1 0 211
SO-W=5-573

= a=1,b=3 = 1+3+3=7

2525.

]9 x2 dx

o X+ (@ -2)x*+1

1
o—3

x4+t >+ (@ -2)
x2

(82-2=k>0)
T x2dx T (x2 +1)+(x -1
‘J 4 2 *.“ dx
X +kxc+1 x4 +kx? +1

0 O

1+ (1/x?) 1, 1- W/x?)
7f X2 +(1/x2 )+kdX J‘x 24 @W/x?)+k X

Iy I

now proceed, |, = and 1,=0

T
2a

s T

T
2a|’ 2a ~ 5050

T
8.Let 6= Z+X =d0 =dx
ord0=n+4x=n-40=-4x

o X(1+tanx)

0 (—4x)tan(—+xj
= [\ =4 j _l-tanx gy

-2 1—tan(ﬁ+xj _n/21_1+tanx
4 1-tanx
_ Jq X(1+tanx) (1-tanx) dx
B 1-tanx (-2)tanx
-n/2
—o .[ x(l+tanx)dx —o .f [ x]dx
e tanX i tanx
0 2 x
R
Lr/2 ﬂ/ztanx

[4
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2 /2 3
t
1=— = 42 [ ——dt  x=-t L [fax=2
4 o tant o
-2
/2 2 /2 0
nowl; = [ teottdt = tinsint [* - [insintet (90) 4. 1= [[x3+3x?+3x+3+(x+1)cos(x+1) dx
01 1] 0 -2
I 0
I,=0+ - 1In2 4 2
1 2 : XT+X3+%+3X+(X+1)SH’I(X+l)+COS(X+1)
T Tl:2 7'l:2 2
Hence,2-EInZ—T:nInZ—I:k:Z,W:4 =(sinl+cosl)—(4-8+6-6+sinl+cosl)=4
= kw=8

1

| (91) 3. Giventhat .[tz(f (t) dt=1-sinx

(88 3.g(1)=5and | g(t)dt=2 sinx
0

d

1
2 d .
to(f (1)) dt=—(1-
) dxs-{x (f () dt = (1-sinx)
Zf(X):!; (x*=2xt+ 1) g(t) dit = —sin®f(sinx) . cos x =—cos x

= f(sinx)= s

X X X 1
- xz_([g(t) dt—2x_([tg(t) dt+_([tzg(t) dt = f(U3)= TNECR
Differentiating X B
. \ [t dx—[x—z""] (F )+ (a)
2f'(X) =x2g(x) + E[g(t)dt 2%~ 2[XZQ(X) + utg(t) dtJ] ey 2 1 lim : (x—a)° =0
X X a+h h
21 (x)=2x [g(t)dt- 2[ tg(t)ct [ fx dx— (f (a+h)+f (@)
° 0 lim -2 0
3
h—0 h

f"(x)=xg(x)+ jg(t)dt -Xg(x)= jg(t)dt
0 0

f @+ h)—1[f @-+f (@+h)— 1 (F (a+h))
lim 2 2 -0

1 h—0 3h2
hencef" (1) = Jg(t) dt=2 [Using L’Hospital rule]
° h
dsof" (x)=g(x) =" (1) =g(1)=5 L @rm-tt @-"t @rn
L (1)-fr(1)=5-2=3 = lim 2 22 -0
h—0 3h
_ )% sinx for|x|<2
(89) 2. f (X) — {e SnX i
2 otherwise Lt @rny-Lir@en) - aih)
= lim 2 2 2 =0
f(x)= {ecosx sinx for -2<x<?2 h—0 6h
2 otherwise [Using L’Hospital rule]

3 2 3 i @)

jf(x)dx:jf(x)dx+jf (x) dx = gm0  ~9=f"(=0vacR

-2 2 2 = f(x) must beof max. degree 1.

2 3 (93) 0. Fromgivenintegral equation, f (0) =0.
= _[ e“SXsinx dx +IZ dx =0+ 2[x]3 Also differentiating the given integral equation w.r.t. x
-2 2 ()= (x)
[ €°SXsinxisanodd function]
=2[3-2]=2

=
I88




(INTEGRATION J)

Q.B.- SOLUTIONS

SOAL

ODM ADVANCED LEARNING

fr(x)
If  #0= f(x)

=1=f(x) = e°€*

f (0) =0= =0, acontradiction
fx)=0VYxeR
= f(In5)=0

@) 4 f(x):{i(__)g“, 1sx<2

Vi

f (x) isperiodic with period 2

3

10
= I f (x)cosnx dx
-10

10 2
= ij (x) cosm xdx:2><5j'f (x) cosm x dx
0 0

1 2
=10 j(l— X) cosz xdx+j(x—1)005nx dx}
0 1
=10(I;+1y)
2
I =I(x—1) cosm X dX putx—1=t
1
0

Izz—jtcosmdt
1

1 1
I =j(1— X) cosm X dx =.[x cos (n X) dx

0
1 .
SINTX COSTX
-_|:10[—2J‘x003nxdx}=—20{x +—
T T
0
2
ca[ Li)eE,
nTom T 10

(95) 2. Using by parts

il
2. 90 x2)5}

1
. —[d (1-x?).12x%dx
X

o O
1 1

— _12x2. (1—x2)5J + [ 24% (1-x?)°clx
0 0

-2x dx =dt

1-x2=t;

0
- —j 12t%dt = 2
1

- | [x7] I X [x%]
_12+[x+1] 3+[x+1]

(96) O.

J2
:j 0 dx:j dx+.|. X'1dx
3-1 O3+0 1 3+1

52
_Lixtp 2-1° 1
T4l 2 ) =g g - 4-1=0
1 g 2\
1
97 9. azj‘(egx+3tan X)L%J i
0 1+X
3n
O+—
= In(1+(x):9+3_7c
4
(12+9x2)

1 1
_ 9x+3tan~
Alter ; @ = ,[ (e

X)L 1+x2 )dx

Let 9x + 3tanix=t

( 2)
- [9+ 3 2] dx:dt:>k12+9)2( Jax=t
1+Xx 1+X
9+3r/4
= o= ‘[ etdt — (et)8+3ﬁ/4 — eg+37t/4 _1

0

Q(0+3n/4) _ 3T _ ¢

Now, loge |1+ a l_I =loge

4
EXERCISE-3
1 cos2x -1 COS2X +1— 2 B 2
} @  © jm _-[ CoS2X +1 -[[1_1+cosxj ox
0 2
- [l1- ]dx= 1-sec? X) dX =y _
J[ Py J( )X =x_tanx+c

lo
@ @[

Integrating by parts

[rax=1f1dx- j[ jndx}dx

,j(l(:(gx)dx Iong dx—f{dix(logx)jx—lzdx}dx

1 1 1 1 1
=lo .[——]— - [——]d =- —+|—
g X x Ixx x X Iogx><x+j'x2 dx

[¢
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©)

4

1 1 logx +1
.g__[og_}
X X X
n/4
A). In= j tan" x dx
0
n/4
lng+lpg= .[ (tan"" x + tan"*1 x) dx
0
/4 /4
- Itan”‘lx(1+tan2x)dx= Itan”_lxseczxdx
0 0
Puttanx =t
sec? x dx = dt

= Atx=0thent=0andx=n/4thent=1

1
Now, n.(I,_q + 149 = n.H =1

T 2x (1+sinx
(A).Izj—( > ) dx
“p l+cos™x

=+ [ f(x) =0if f is odd function
—-a
a
=2 f(x):f(x)iseven
—a

T2x q
I 59X isan odd function
1+ cos”x
T 2xsinx q
and I 50X iseven function
1+ cos”x

T .
Xsin X
|=4[-—=——dx

oo & )
a a
- [T dx =[f (a-x) dx
0 0
f(n—x)sin (t—x) T (m—x)sin x
=4 > dx = 4"
o 1+cos”(m—Xx) o l+cos”x

©)

(©)

(7

......... @)
t msinx
- 20=4—"" dx
Adding eg. (1) and (2), ,([1+ c0s2 X
Put cosx =t = —sinx dx = dt = sindx = —dt
-1 1
Ry e N
11+t 1+t
= 2n[tan 1]t =2 (tan~1(1) - tan~1 (-1)]
=2n[£—[—£])=2nx£=n2
4 4 2
©).
10n m 10n b1
j |sinx|dx = [|sinx|dx+ [ |sinx|dx—[|sinx|dx
T 0 T 0
10n T
= [ Isinx|dx—[|sinx|dx
0 0

{- |sinx|isperiodicwithperod tandin[0, ©] Sinx>0

na a
and I f(x) dx = ”,[f (X) 8% it ais period of function}
0 0

T T
=10[|sinx |dx - [|sinx | dx
0 0

= of |sinx |dx = 9fsinx dx
0 0
=9(-cosx)g =9(1+1)=9x2=18
2 1 2
). | X¥1ax = [[x?]dx+ [ [x?]dx
0 0 1

1 V2
= J'de+ j 1dx = 0+[x]iﬁ =2-1
0 1

B). lim
(B) N0 P+1
n P n P
r 1(r
= lim =lim —(—]
newénp*'l n—mZin n

If%=xifr=1andn—>oothenx=0

[¢
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®)

©)

(10)

n
and r = n then X=E:>X=l

i=1 0
R SR
P+1 P+1
sinx
). LR =S x>0
dx X
esinx
Integrating, F(x) = _[ ax ... (@]
X
4 o sinx3
3e
Also, [ ———dx = F(k) - F(1)
1

dt
Letx3=t=3x2dx=dt=3dx = 2

64 sint
e dt
—=F(Kk)-FZ
S [ S x = F-F

1

Mesint
| —dt = F(k) - F(1)

1

= [Fo)I¥* =F(K)-F(1) [Using(1),

jegnx dx =F(X)]
X

=F(64)-F(1)=F (K)-F (1) = k=64

b
©1=[xfeydx e 0
b
= [(a+b-x)f (a+b-x) d
a
b
I=[(@+b-x)f () ... )

a
- givenf(a+b-x)=f(x)}
Adding eg. (1) and eg. (2)

2I—.tf(a+b)f(x)dx | -a+b
-] =2

b
[ (x)

1
(D). I =[x (1-x)"dx
0

Letl-x=t=-dx=dt=dx=-dt

0
al==f@-1) thdt

1 1
= [@-nt"dt = [(t" ") dt
1 0 0

tn+1 tn+2 1 1 1
“|n+l n+2 0_ n+l n+2
X2
[ sec®tat

©). lim2 (gform]
x—0 XsSinX 0

(1)

Applying L’ Hospital rule

dx

d w(x)
v [ @ d =t -y (9-F@9 4" )
¢(x)

. sec? x2.2x
lim ———
x—0 X COSX +SinX
Again applying L’ Hospital rule

2x.2sec? x2. tanx2.2x + 2sec? X% 0+ 2sec? 0
—X SiNX + COSX + COSX 0+2cos0

= lim
x—0

(12) A

1+ 23+33+....+ n3
5

. 1+24+34+....+ n? .
lim 5 — lim
n—o n n—o n

n r3
205

n r4
- lim 2—5— lim
n—ow . N n—oo
r=1
18Nt n?(n+1?
= lim =>| = = lim ———=
naoonrzl n n—oo 4n

n?(1+1/n)?
3

1 2 5
— Ix4dx—1 lim (n+31) — x| 1 lim
0 n—owo n 5 0 4nswo n

1 1 . 1 2 1 1
45‘@‘2452[3??]:3
(C). - f(y)=¢
s ft-y)=ety (1) andg(y)=y

(13)
t

andF@= T =Yg dy
0

= jet‘y.ydy = t_|t‘e‘y.y dy
0 0

t

=€ {yj. e Vdy— I (d% yJ' e‘ydy] dy}

0

[4
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t
et veY _[—eY _ 1 dx
_e[y.e _[edy}o _ﬁ-[ —
cosx cos —sinxsin

= e [—y.e‘y + (—e‘y)J; —¢ [—ye‘y -e” };

:et _tat_at_(_ -0 _ o0 :ijd—x :ij‘%[x+ﬁ] dx
[-tet-et-(-0.e eV)] 2 cos( +E) 2 4
=e[-tet-et+=€'(-tet —e )+ 4
:ete—t(_t—l)—i-et:et_(t—i-l) (X+£\ 1 [X 311)
=1 T 4 = —=log|tan| =+ —||+C
fr = —log|tan—+ +C= g
(14) (D). Heref' () =f(x) = f((::)) 1 2 4 L 2 J V2 2 8
f'(x)
| () dx = [dx =|ogf (x)=x+c Since | secdx = log tan[%+§)+c
Sf)=e*c ) i
L fO)=1 .. =1 . 1
:>e°(=)1 .......... © 17 (®). r!ﬂ]oz_:ﬁe”n Replace 2.~/
o f(x) =€ r=1
foo=¢ 3 1 r _
Now, f(x)+g(x)=x2:>g(x)=x2—f(x)=x2—ex H—>dX ;H:X =ifr=1andn— othenx=0
1 1 andr=nthenx=1
100 g0 dx = [€.(x? - €*) dx L
0 0 w [Xax=[e"]5 = (€' -1)
1 1 1 0
:J(xzex—ezx)dx=jx2exdx—jezxdx 3
° ° 18 (). J 11X 1o
2 1 eZX 1 -2
:[(x —2x+2)ex}0={7} -1
0 = [11-x |dx+J.|1 X |dx+J'|1 x2 | dx
-2
_(61—2)—(5_}\: _9_2_§ -1
LZ ZJ 2 2 = [-a- x)dx+j(1 X )dx+j (1-x?) dx
-2 1
sinx .
(15) ()jsm(x dx =Ax+B logsin (x—a) +C o ( B ey
X+ X+ —
sin(x—o+a) 3 J k 3}1
:>J- sin (X—a) dx=Ax+Blog(x—a)+C
: - ———+1+§—2 [ ) ( 3j+(§—3—i+1)
sin (X —a.) cosa + cos (X —a) sina 3 3 3
:I - dx
sn(x-o) 2 2 2 2 2 2
=Ax+Blogsin (x-a)+C 3+3+3+3+9_3+§:?

:>_[003a+sinoc cot (x—a)dx =Ax+Blogsin(x-a)+C 5 2
+sinalogsin (x—a)+C 19 (©).1 .[ (sinx +cosx) "
= Xcoso +sina in(x—o A= —F
=Ax+ Blogsin (x—a) +C o Vl+sin2x

On comparing, A=cosa,B=sna

dx

(16) (D).[ .[ - Jsin? X+ cos? X + 25in X COSX
cosx—sinx V2 L cosx———sinx 0

Z

SIN X+ COSX
( ) dx

[+
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(20)

(21)

/2
- .[ (sinx + cosx) dx
0

= [—cosx+sinx]8’2 =[-0+1-(-1+0)]=2

T /2
(). ] Xf (Snx)dx=A [ f (sinx) dx
0 0

= . a a
Letl = | XF (sinx) dx ....(1){-.-If () dx = [ f (@~x) dx
0 0 0

= [(r=x)f sin (- x) dx (22)
0
I=[=x)fsn)dx
0
Adding eg. (1) and eg. (2)
20 = [xf (sinx)+(n—x) f (sinx) dx = [ nf (sinx) dx
0 0
= |=g£f (sinx) dx
2a a
o [ ) dx=2[f (x) dx iff (2a-x) = f ()
0 0
heresin (m—Xx) =sin x}
/2 n/2
:gz{ f (sinx) dx:rrif(sinx)dx s A=n 23
(A). Giventhat f(x) = & — (@)= _&.
1+¢€* 1+€?

andf(a)+f(-a)=1=f(a)=1-f(-a)
Letf(-a)=t=f(@)=1-t
f(a)
Now, I, = I xg [x(1—x)] dx
f(-a)

1-t
J' X g (x(1—x)) dx

b b
{ [f(x)dx = [f(a+b-x)dx =
a a t

1-t
=] @) g(1-x)x) dx
t

Adding eq. (1) and eg. (2)

1-t
2l = [ g(x(@-x)) [x+1-x] dx
t

1-t

f(a) ~
{.wz: [ g(x@-x)dx= [ g(x(@A-x)) dx (given)
t

f(-a)
1-t

2l = [ g(x(@-x)) dx. 2|1=|2:>'|—2=2
t 1

2
o f{ (logx —1) } "

1+(Iogx)2
Putlogx=t=x=¢e = dx=€"dt

_[[ t_1]2etdt :ILmetm

1+1t2 (1+t2)2
w t 1 -2t \ td
- (1+1%)? o :IL(1+t2)+(1+t2)2)e t

[ @+fr@) dt=e'f () +C

1 -2t
Q=77 ~1'0= 2,97

( 2t )
B e v o b svenc
A+t (1+t9) 1+t 1+ (logx)
. 1 1 2 4 1
(D). lim [—2$02—2+—Zsec2—2+ ..... +—se021}
n—ow | n n n n n
lim Zn: ' sec? r? | Z—>j r
> —> Replace ; ——>X
N0 £ 2 n2 ep n

1
Ifr=landn— o, x=0andr=nthenx=1and H—>dX

n 1 r2 1
lim Z(—)—secz(—j =steczx2dx
nowSin/n n

= 0
Putx2=t

dt
2xdx=dt=xdx= E

1
1.2 1 1
= —ISEC tdt=Z[tant]p = 1[tanl—tanO] - Lian1
20 2 2 2
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(24)

(25)

(26)

T 2 1 3
(B). |1=J‘2X dX, |2 =J.2X dx
0 0

2 2 3
|3ZJZX dX, |4=IZX dx
1 1
For 0<x <1, wehavex?>x3
For 1<x <2, wehavex3>x2

2 3
2% 52X forO<x<1

2 3
and 2% < 2% for 1<x<2

2 2
}ZXde > }szdx and IZXZdX < j 2X3dX
0 0 1 1

s> lhandlig<ly
(D).f:R— R andf isdifferentiablefunction

fx) ,.3
1 . 4t
f()=6andf (= - Jim £ 5
f (x)
im | AT d)t -6
Seo240-2 ) T x 2
n (00-0

= lim =22 (F (%)) +(6)%) (F (x) + 6)

xez

= lim Mnm[(f(x)) +62] lim (f(x)+6)

X—2 X -

{+ f(2)=6)
=f'(2) x[f ()% +36] x[f (2) +6]

= % x(62+36)x(6+6)=% x72x12=18

cos? X
dx,a>0

(B). I

1+a

T cos? x

_ dx
Let | = _fn 1t e @

T cos? x

I= _fﬂ LaX e )

Adding eq. (1) and eg. (2)

1 T
1+a*

-7 -

-+ cos? x is even function
a

_?f(x) dx = 2[ f (x) dx
-a 0

(27)

(28)

- 2} cos? x dx - ZI dx

[ sinZX}7T
= | x+ =+
2

| =n/2

ﬂ{1+ cost}

sin2xw O+Sm0 o
> —2 =2l=n
|=J§de

(A). 3 V9-X +/x

V6+3-X

I='!;\/9—(6+3—x)+\/6+3—x o

b b
{-:jf(x) dx =[ f (a+b-x) dx

=

[ 5 & )

6
20=[1.dx=[x]$ =6-3; 21=3 = 1=32
3

-/2
I [(x + )3+ cos? (x + 3n)] dx
-3n/2

-n/2
.[ [(x + )2 + cos? x] dx
—3n/2

-n/2
[ [(x )3 LHC0S2X c;st} dx
-3n/2

r —n/2
(X+n)4} " 1( sin2xj’t/2
- += x+
4 2 2 -3n/2

-3n/2

(-n/2+m)* (3n/2+m)*
= 4 4

RN

3_n+sin(—67c)ﬂ
2| 2 4

2 2

4 1( T 37'5)
+o =+ =
2\ 2 2

(n/2* (-n/2
=l 4 4

[¢
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i Tlogt
(29) (C). £X f (sinx) dx @Yy @A) fx)= {m a 1)

(30)

WY
Letl = | XT (sinx) dx
0

b b
{.-jf(x) dx =[ f (a+b—x) dx

Izjf(n—x)f (sin (m—x)) dx
0

- T(n—x)f (sinx) dx
0
Adding eg. (1) and eg. (2)

2a a
{ [ () dx=2[f(x) iff(2a-x)=f(x)
0 0

T T
20=[nf (snx)dx = = [ f (sinx)dx
0 0

/2 /2
20=2n [ f(sinx)dx o |_. [ f(sinx)dx
0
0

/2 a a
=7 [ f (cosx) dx { [f() dx =[f @@-x) ox
0

0 a

@), DX (x) dx
1

Lem<a<m+1l=[a=m ... (@]

Now, j[x] fr(x) dx
1

N

= [1tr (x)dx+j2f (x)dx+j3f (x) dX +
2 3

-

[ (m-nf (x)dx+jmf (x) dx

m-1 m

= [F QI + 2.[F ()13 + Ff (I3 + oo m[F (I,
=[F(2)-F(U)]+2. [F3)-F(2)] +3[f(4)-F(3)]

=mf(a)—[f(1)+F(2)+F(3)+.... +F(m)]
=[] f @)~ [f (L) +F(2) +F(3) + ...+ T ()]

{-- m=[d from(1)
[95

...... +mIf (@) -f(m)]

then f[ j j logt
X 1+t
Nowputt=1/z = dt=-1/z2dz

ift=1thenz=1
andif t=1/xthenz=x

X
-t = [o9 x(—iz] dz
1

1+1/z

z
X X
= J—Iogz x(—lj dz:jl(—logzj dz
z+1 z zZ\1+z
1 1
Replacing z with t we get
t1 logt
f(Ux)= jt(1+t) ........... @)

Adding eg. (1) and (2),

f(x)+f (Ux) = Ilo—gt[Ha dt
1

togt?[* _ (ogx)?  (logn?

2 |1 2 2
2
O +f(1x) = @  FX)=f (X) +f (Ux)
. _ (logx)? _ (loge)? 1
..F(X)——2 :>F(e)_—2 =5

X

ILZL
@ W e 1

12
seclx_ o
= 4" 12
seclx= T, B _4r sec ix== 2
= 124 12 T “3 7 XF

I'_
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J' Y
(33) (A —COSH J3snx (36) (D). I =[[cotx] dx
0
1-.- dx 1I dx
= — = — T[ n
;COSXJF\/éSinX 2 cos%cosx+singsinx I=I[—cotx] dx =2l = j'([cotx]+[—cotx])dx=—n
0 0
1 dx 1 ( TE) T
=—|——==|sec| x——=| dx =—=
2J [ n) 2J 3 ===
cos| X ——
3 37 (A).

PX)=p(1-X)=>p(X)=-p(L-x)+c

1 n ox-n/3) . 1 [5 g] ax=0
_Elogtan(—+ 5 ]‘+C— Slogitan| S +o )1+ C p(0)=-p(l) +c=42=c
now p(x) =—p (1 —x) + 42
. Tom =p(X)+p(l-x)=42
sinx dx 1 S‘”(X‘ZM) 1 1 1
[ == dx
(34) jsn(x—nj .2I sn[x_ﬁj I=[p() dx=[p@a-x)dx. 21 =[(42) dx | =01
4 0 0 0
(38) (A).x=tan6
. ( n) T ( n] LT dX:SGCZGde
SiIN| X——| COS—+COS| X—— | SIN—
=2 4 4 . LY "hgin dstand) /4
sin[x—f) 1= [ SR e 0do =8 [ In (L+ tan6) do
4 sec? 0
0 0
= \/5.[[005£+sin£+cot[x—£ﬂ /4 /4 >
4 4 4 = 1=8 In(l+ten (n/4- e))de‘sf (1+tan6] do
0
= ﬁ{xcos%+sin%log sin[x—%] }C /4
21=8[ In(2do_, 2I=8% In2=2xIn2
0
= x+log sin[x—%)+c —~l=xIn2
dy dy
1. (39) (A). —=Yy+3; ——=dXx
(35) (A). I Iﬂdx - snx<xforO<x<1 dx y+3
o VX In(y+3)=x+c ; Givenatx=0,y=2
InN5=c .. In(y+3)=x+In5
. 1. 1
sinx X sinx 3
SX X 3 e < [V [y;): Cras
X X J(; X J(; In 5 X ;y+3=5¢X
ot y=5e*-3 .. y(In2)=5¢"2-3=7
2i3
X 2 Stanx S5tan x
I<|Z=| : 1<=[1-0
LS/ZJO ' 3[ ] (40) (D)J -fsmx Zcosx
(sinx —2cosx) + 2 (cosx + 2sinx)
COSX =_[ : d
| <2/3andJ= I dx - cosx<1forO<x<1 (sinx —2cosx)
Jx
COSX + 28iNX
= [t [ 22220 = x4 21In (sinx—2 cos X) |+ k
cosx _ 1 }Cosxdx<(f 1 sinx —2cosx
= - =)= I =2
” X X Ix —a
x 0 0 (41) (Bor C).
1
J<[2\/;] 1 J<2 X+7
0 g(x+n)= jcos4tdt_g(x)+fws4tdt g(x) +9g(n)

T
I96
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= dx
Here, g () = [ cos4t dt = 0 4o ©.] <2 eraal) 34
0 x?(x* +1) 5[ 1]
X711 7
X
@2 (©). [fdx=y () 1=]x% () dx
Putx3=t= x2dx = dt/3 Letl+i:t:>_—4dX:dt
x* x>
1 1
:gjtf(t)dtzg[t\y(t)—j\u(t)dt] Cacd 1
So, | =— — [t
1 4 t3/4 4
3 3 2 3
=—| X x7)—3| x x7)dx |[+C
S v %) =3] X%y (%) o e "
1 L1/4J+c— [1+—4] +cC
:§x3\y(x3)—_"x2w(x3)dx+c X
2
n/3 n/3 /3 tan x dx |OgX
dx dx _ [N (47) dx
43 ().1=] PPN | Ty el tanx jlogx 2 +1og (36-12x + x?)
n/6 /614 tan[f—xj T
_j‘ log (6— x)2dx
/3 - 2 2
logx“ +log (6—x
= 2= I dX = |:1[£_£}:£, Statement-1 is 2109x"+1og (6-%)
6 213 6] 12 y
false. 20={10x ;2=2;1=1
b b 2
£f (x) dx :£f (a+b-x) dx itisproperty. j 212 5,0 N
(48) (A (B +x3+1)°
y =2sin (x/2)
2 i 2x12 + 59 2x 3 +5x 70
: _I 15 _I 2 3 X
1b-- ; (1+x +X ) Six” +1)
@4) (D). i E xS+x2+1=t
i E (+5x78 + 2x°3) dx = — dt
e . [ +-2) 10
t t 1
_.[d L J +C=_5+C= 5X3 7 +C
T X X n X 2t 2(xX°+x7+1
|=j\/1+4sin2——4sin—dx =[|1-2sin= |
2 2 2 Un
0 0 n+l n+2 n+3  n+2n
(49 (@) (=" T -
(1 2sin j X + I [Zsm——ljd
n+2 n+2n
n/3 Iogf——{log[ ) Iog( j+ ...... +Iog( ﬂ
n n
[x+4cos—} [4cos——x} =4/3- 4__ 2
Iogf:jlog(1+x)dx [1+x=1]
0
1 X+t
| 1+x—-=]e X dx
(45 (B) j( + Xj

3
|°gf=j|09tdt : Iogfztlogt—J%-tdt
1

(”1] 1 (X*lj log ¢ =t (logt—1)
:Ie X dx+jx[1—x—2)e X7 dx |gg€=3(|(c)>g3—l)—1(log1—1):3|og3_2
! 1 1 1 Iog/:Iogz7—Ioge2:|ogz s
:.[e(“x) dx+xe(x+;j _Ie(x ;]dx ~ Xe(x+f) e ’ 2 &2

[4
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3n/4
dx
(500 D). 1= I
14 1+ COSX
3n/4
| = Using [a + b — x] propert
1~ coox gl ] property
nl4
3n/4
a2 g
nlA 1-cos” x
3n/4 /a
| = j cosec?x dx = cotx|y ,, =1-(-)=2
nl4

(51) (D). J.tan4 X dx +J.tan6 x dx = atan® x + bx° + ¢

Differentiating both sides

tan® x + tan® x = 5atan® x sec? x + 5bx*
=Batan? x (tan?x + 1) + Sbx*

=5atan®x + 5atan® x + 5bx* = a=1/5,b=0

Alt. |4+|6=j(tan4x+tan6x) dx
1
=jtan4xseczxdx=gtan5x+c

(52) (B).Given
a1+ 2

sn’x  2X(sn’x) . 5

fX)+f(—x)= + =sn“Xx
() +1(=) 1+ 2% 1+ 2%

/2 -
_[ sinzxdx=z
0

sin? cos? x

dx
(53 (@) '[(sm X +C0S° Xsin? X + sin® x cos? X + cos® x)?

tan? x sec® x
_[ dx

(tan5 X + tan? X + tan® x +1)2

dt
Puttanx =t = Sec®x = —
dx
I t2(1+t2)?
3 +%(t? +1)?
t3+1=y
a2 -
dt
Ejﬂ__i+ 1

C=-————+C
3(y) 3(tan® x +1)

(54) (A).Put(x2-1)=1=2xdx=dt

=_j /1 cost Itan dt =Injsect|+c
1+cost 2
(x2-1)
I=In sec(x 1J +cC
/2
(55) (D). I|cosx| dx = I cos® x dx — jws X dx
n/2

™2/ cos3X + 3C0SX % ( cos3xX + 3cosx
= J‘ 22RO dx —_[ SRR T O dx

0 4 /2 4

1| (sin3x V2 [sin3x O\
=— +3sinx - +3sinx
4\ 3 0 3 /2

%K%ﬂ 3] ~(0+ 0)-{(0+ 0)-(%23]}} -

X COSX
(56) (D)-g(fCN=In(f(x)=In (2+ xcosxj

M4 (2 xcosx
(2o
2+ X COSX

-n/4

nl/4
2— X COSX 2+ X COSX
j In +In dx
i 2+ X COSX 2—XCosX

Wl

/2

[ (0)dx=0=loge()
0

57 (©).
sinsx ZsinsxcosX
5 o U, sin3x +sin2x
[ Zax=[—2 2y = [SRELINAg,
. X . X sinx
sin— 2sin—Ccos—
2 2 2
_J-3sinx—4sin3x—25inxcosxdx
sinx

= I(3—4si n? x + 2cosx) dx
= j (3— 2 (1- cos2x) + 2cosx) dx

=I(1+ 2C0S2X +2c0sX) dX =x+sin2x+2sinx +c

[¢
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(58) (A).f(x):fg(t) dt: f(og)= | 9t
0 0

putt=—-u

=—[g(-udu=—[g(u)d(u=-f (x)
0 0

f(=x)=-f(x)
= f(x)isanodd function
Alsof (5+x)=g(x)
fG-x)=9(=x)=9(x)=f(5+x)
= f6-x)=f(5+x)

X
Now, I = [f (t)dt ;t=u+5
0

X-=5 x-5

J' f (u+5)du= j g(u)du = I f’ (u) du

-5 -5

=f(x-5)-f(-5)=-f(5-x)+f(5)=f(B)-f(5+X)
5

5
= [ fr@d=| gt

5+x 5+x

s o] W =t () Wex®)

j dx 2/3=xf(x)(1+X6)1/3+
7[1 1
x| =+
6
X
1
lett=-——+1: dt=—dx
6 X
1pdt 1s
6 t2/3_ 2
SER T ST
/2 Sin3X
= | ——2 _d
(60) (C). J(;sinx+cosx X
3 /4
:I sin®x + cos X ix = J' (1-sinx cosx) dx
5 Sinx-+cosx 0
14
_(X_szx\” _r 1 =1
¥ 2 )O 4 4 a4
61) (D).~ o
(61) (D) |—J 4/3 2/3

(sinx)™< - (cosx)

2

dx Sec” X
= |l=f— = |=|—"dx
I[gnxj4/3 ) J.(tanx)4/3
221 .costx
COSX
Puttanx =t = sec? x dx = dit
dt -3 -3
l=[—==l=—otC=>1=———4C
6] /3 (tan X):IJS

62 A Izjxtan(; dx
©2) &) 0 L1+x2(x2—1))

1
| = _[x tan (tan_l x2 - tan‘l(x2 —-1) dx
0

x2=t = 2xdx =dt

1
| = lj(tan—lt —tan"%(t—1)) dx
2 0

17 17
==ftan "t dt—= [ tan~}(t-1) ci
20 20

11 1
—j tan Lot = j tanLdt
2

0 0
tarlt=0=t=tan0; dt=sec? 0 do
n/4

je-seczede

11
=—ftan‘1tdt—
2

/4
1=(0-tan0) |54 - jtanede:(%_o]_m(sece)
0

nl4

0
ST nv2-0)=F-Lin2
4 4 2

(63) (secxtanx f (x) + (secx tan x + sec?x)dx

= e%0Xf (x) + C

(D). e

Diff. both sidesw.r.t. X'
eCX (sec x tan x f (X) + (Sec X tan X + sec?x))
=e¥¢X secxtanx f (x) + e Xf ' (x)
f'(x) = sec?x + tan x sec x
= f(X)=tanx+secx+c

2n
(©- 1= [ [sin2x (1+cos3x)] dx
0
2n
= _[ ([sin2x + sin 2x cos3x] dx

0

(64)

T
+ [~ sin 2x —sin 2x cos 3x]) dx = I—dx =-n
0

[¢
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dx 1 /2
=~ ~[cos?0de cot
©®) O] (<1219 27J ©®) @ [ O
o COLX +cosecx
Putx—1=3tan 0 X
nfz cot x n.fZZCoszz—l
1 1 sin20 dx= | ——%—dx
=—[q@ 20 de:—(e ) C
54[( +€0s20) = + > + 0 cotx +1 0 20052%
1[ ,{x—lj 3(x-1) ] /2 /2
=—|tan | —|+——"—|+C 1 X
54 3 x2—2x+10 f [1——5902—] dx :[X—tané}
0 2 2 20

(66) (A).Letx?=t

= 1
2xdx=dt =5ln=2; m=12,n=-2; mn=-1

%Itz e tdt = %[—tze‘t +j2t.e‘tdt}

J- 2X3 _1dX
. (CORNCS b
E(—t2 e+ (-tet+ [1e )

1
2X——
2 gt [ {2 ) 2 2, == (ZX——jdX dt
__te —tet—etzk—t——t—l)et J o T t X
X
(x4 ) 2
:L—X——xz—lje_x +C J.E:In(t)+C:ln(x2+1)+C
2 t X
2 “ixta+D)-(x+a)

4
Q(X)=—1—X2—X7+ke (70) (D)-(-I; (X+0a) (X +0o+1)

1 5 :(In|x+oz|—In|X+oc+l)|)°‘Jr1
Fork=0, g(-1)=-1-1- =—3 ’
n 2a+1x2a+1 |n9 )1
23 = g™ =4
) @ :j . 11/3 dX:J-tan2 .56c2 % dx 20+2 20 8
cos?®xsin’3 xsinx tan

tanx + tan sin (x+ )
) ™ © g e &= e

:Itsechde {tanx =t, sec?x dx = dit} sin (x - a)
anex Letx—o =t
__3 U3 sin (t+2a) ~ _
I 4/3 1/3 ( ) I—ént dt—jCOSZocdt+JCOt(t)Sh2adt
| =—3tan (x)1/3 =tcos2o +In|sint|.sin2a+C
/3 ( =(x—a) cos2a +In|sin (x—a)|. sin2a.+ C
3 :IJS
= -3 b
73 3
(t@nx)™"ye k(f) ) (7D ()17 ———[X[f ()+F (x+D] K on(D)
(at+h))
=3[3”3—3$6j 3716 _3%6 X—>a+b-x

[¢
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J‘(a+ b—x)[f (a+b-x)

(a+ b) +f (a+b+1-x)]dx

b
= (aib).[(aer—x)[f (X +1) +f (x)] dx

[Putx — x + 1ingiven equation]
Eq. (1) +Eq.(2)

b b b
20 =[[f (x+2)+f (] dx. 20 = [f (x+3) dx+[ (x) dx

a a a
b b b
If (a+b+1-x) dx+_[f (x)dx. 2 =2jf (x) dx
a a a
73 A). 2 2 5 0: 2L529_i+4_0
( ) ( ) cot e—m+4= , sin29 sno

2c0s?0-55in0+4sin20=0,sn0 =0
25in20-5sin0+2=0
(2sin6-1) (sin6-2)=0

5n

sn6=1/2; 0= Y

ola

5r/6 5r/6
I cos?30 do = j Mde

/6 /6 2

: 51/6
ZE{QJF&GG} _1[5_7r_£ (- 0)}
20776 |, 206 66

0 2
74 (A). 4o { [ e™dx+| e‘“xdx} =5

-1 0

» (eax\o _ax |2 :
—_— + =
L o J—l %o

(79)

(76)

(77)

= 4(Q2-e—e2)=5Pute"=t
= 42+4t-3=0 = (2t+3)(2t-1)=0
= €*=1/2 = a=In2

(B).sinx =t ; cosxdx=dt

dt dt

I= .[t3(1+t6)2/3.[ [ 1j2/3
1+

t6

1 3 a -1,
— 3= ==—rr
Put1+t6 r 72
V3
r2dr_ 1r+ B 1(5in6x+1\ ie
28 2 7 2 ZL sin®x

1 .
=—— (1+sm6x)1/3
2sin“x

f (X)=—%coseczx and)=3 : Af (%) -2

1
(A)- £ () = ——
J2x3—9x2 +12x+ 4
frx) = =2 6x” —18x +12
2 (2x3-9x? +12x + 4)¥?

B -6(x-1) (x-2)
2(2x3-9x? +12x + 4)%?

E<1<i

1 1
fO=310-F5 ; 3<l<j

2T xsindx
()= [ XSMX__ g (1)
0 Sin” X +€0s° X

~ T xsin®x
) S By cod

8

Osm XCOS™ X Osm X+ C0S™ X

dx I(Zn x)sm xd ]

T &n®x
=2 g
o Sin® x +cos’x

;8 in8 8 d
0 SIN~ X+ COS™ X 0 SIN~ X+ COSs™ X

L T M2 cox
I=2n j—sdx+ I — % dx
/2 1
:21tJ.1dX:27t7=n2
o 2

4
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(78) (). ':.[ 8/3)( 6/7 :.[ :/b?( 80) (A 'ZI 2 @
(x+4)7"(x-3 (X+4) (x-3)? cos“ 0 (tan 20 + sec26)
x-3
2
6 do
X+4 dx 1 = Sec a2 2
Let .3~ 1= 7= J 2tan®  1+tan20 =j(1 tan” 0) sec 0 do
X (x-3 5 > (1+tan6)?
1-tan“0 1-tan“6
1¢._
Isﬂ“?.ﬁ et tan 6 = t = sec?0 do = dt
7 y7 1-t) (1+t) 1 t
_ 4 -3 .
t”7+C:+(XLj +C:[X—) +C J.(1+t) j @+1)? 1+t 1+t
— X+4
- 2
(79) (C).f(x)=a+bx+cx =In|1+t|—j[%—?1t]dt
1 » 3t
[t (x)dx:{ax+bi+ﬁ} =In|1+t|-t+In|1+t| =2In|1+t]-t+C
2 3
0 =2In[l+tan0|-tan 0 +C
A=-1,(0)=1+tan®
b ¢ 1 1]
—adt—F—-== f f (1) + 4f
a+2+3 6[6a+3b+c] { ©O)+f D+ (2}
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