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AREA BOUNDED BY CURVE

INTRODUCTION
The process of finding area of some planeregioniscalled
Quadrature. In this chapter we shall find the area bounded
by some simple plane curves with the help of definite
integral. For solving the problems on quadrature easily, if
possible first draw the rough sketch of the required area.

CURVETRACING
In chapter function, we have seen graphs of some simple
elementary curves. Here weintroduce some essential steps
for curve tracing which will enable us to determine the
required area.
(i) Symmetry:
Thecurve f(x,y) =0issymmetrical
* about x—axis if all terms of y contain even powers.
*  about y-axisif al terms of x contain even powers.
* about the origin if (—x, —=y) = f(x, y).
For example, y2 = 4ax issymmetrical about x-axis, x2=4ay is
symmetrical about y—axis and the curve y=x3issymmetrical
about the origin.
(if) Origin: If the equation of the curve contains no constant
term then it passes through the origin.
For example x2 + y2 + 2ax = 0 passesthrough origin.
Pointsof inter section with theaxes: If weget real value of
X on putting y = 0 in the equation of the curve, then real
values of x and y = 0 give those points where the curve
cuts the x-axis. Similarly by putting x = 0, we can get the
points of intersection of the curve and y-axis. For example,
the curve x?3/a? + y?/h? = 1 intersectsthe axes at point (+ g, 0)
& (0,xb).

(iii)

(iv) Region Write the given equation asy = f(x), and find
minimum and maximumval ue of x which determinetheregion
/a— X , . .
of thecurve.y=a ~ - Now, yisred,if 0<x<a, soits
region liesbetweenthelinesx=0andx =a.
AREABOUNDEDBYACURVE
(i) Theareabounded by a Y
Cartesian curvey =f(x), x-axis -
and ordinatesx =aandx =bis §§
given by, %g
Area= [ ydx= [ f(x)dx o
a a

(ii) Theareabounded by a Cartesian curvex =f(y), y-axisand
abscissa y=candy=dis

\\\
SRR

I
dy

Examplel: x=b X

Find the area bounded by the curve y = x3, x-axis and
ordinatesx=1and x =2

2 2 3 X4 2 15
Sol. RequiredArea= j ydx = IX dX=|—| =—
x=1 1 4 4

Example2:
Find the areabounded by the curvey = sinx, x-axisand the
ordinatesx =0 and X = /2.

n/2 n/2
Sol. Area= f de=j sinxdx=[—cosx]g/2=1
0 0

Example3:
Find the area bounded by the curve y = mx, x-axis and
ordinatesx=1and x =2

2 2

2
mx
Sol. RequiredArea= | Yox = [ mxax = {T}
1 1 1

Example4:
Find the area bounded by the curve y =x (1 - x)2and x -axis,
Sol. Clearly the given curve meetsthe x-axisat (0, 0) and (1, 0)
and for x =0t0 1, y ispositive so required area

1 YA
=_[x(1—x)2dx
0
1
- J'(x—Zx2 + x3)dx
0 3(0,0) (1.0) X
1
x> 23 x* 121 1
|t ===+ ===
2 3 4 o 2 3 4 12
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Example5:
Find the areabounded by the curvey? = 4x, y-axis& y = 3.

3 3y2 1 y3 3 1
Sol. Area= [xdy=[-dy= 2| <-| = (27-0) =9/4units
S , 12

Example6:
Find the area bounded by the curvey = log x ; y-axis and
theliney = 2.

2 2
Sol. Required Area= dey = jeydy = (&2, =€?-1
0 0

(iii) 1f theequation of acurveisin parametric form, say x =f(t),

b to
y =g(t), thenthe area = j ydx = j g(t)f '(t) ot
a t1

where t; and t, are the values of t respectively
corresponding to the values of a& b of x.

SYMMETRICALAREA
If the curveis symmetrical about acoordinate axis (or aline
or origin), then wefind the are of one symmetrical portion
and multiply it by the number of symmetrical portionto get
the required area.

Example7:

Find the area bounded by the parabolay? = 4x and its|atus

rectum.

Sincethe curveis symmetrical about x-axis therefore the

required Area Y

A

Sol.

'

1
= ZTde = ijdx
0 0

\/

I

POSTIVEANDNEGATIVEAREA
Areais always taken as positive. If some part of the area
liesinthe positive sidei.e., above x-axisand some part lies
in the negative side i.e. below x-axis then the area of two
parts should be calculated separately and then add their
numerical values to get the desired area.

Example8:

Find the area bounded by the curvey = 2 cosx and the
x-axisfromx=0tox = 2.

Thegraphof y=2cosxfromx =0tox =2risshowninthe
figure. We have to find out the shaded area. If weintegrate
directly fromx = 0tox = 2r, thenet result will bezero ashalf
of the area is above the x-axis and therefore positive and
remaining half isbel ow the x-axis and therefore negative.

Sol.

Thus to avoid incorrect v a
result, wewill find thearea
fromx=0tox =n/2 (Area
OAB) and multiply it by 4.
AreaOAB

nl2 /2
- J' ydx = J' 2cosx dx
0 0

= [2sinx]}*= Zsin% ~25in0=2

.. Total areafromx =0tox = 2w is4 x 2= 8. units.

Example9:

Find the area between the curve y = x (x-1) (x— 2) & x-axis.
Given curvemestsx-axisatx=0,1, 2

The required areais symmetrical about the point x =1 as
shown in the diagram.

Sol.

1
So, reqd. area= ZIydx
0

1 Y
= 2_[ (x3 —3x%+ 2x) dx

= 2(2—1+lj =
4

Example10:
Find the area bounded by the curve y = x3 , x-axis and
ordinatesx=-2and x =1.
Obviously when -2 <x <0, Y A
theny < 0 and when
0<x<1,theny>0
Hence area between

= -2 and x =0 lies
below x-axis and area
betweenx=0andx=1
lies above x-axis. So

N

Sol.

X
1]
|

N

o
V><

x=1

required area
0 1
— j x3dx +Jx3dx
-2 0

0 1
x* x* 1 17
= +|—| =44+—=—
=4, L4 4 4

0
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AREA BETWEENTWO CURVES
Y
1. When two curves
intersect at two points and
their common arealies between
these points.

Ify=f,(x)and y=f,(x)are o X
two curveswheref, (x) > f,(x) whichintersect at two points
A (x=4) and B( x = b) and their common arealies between
A & B, thentheir common area

b
= [ [f100 - 1,007 cx

a

b
= I (y1-Y,) dX
a

Y
2. When two curves intersect
at apoint and the area between them /\@ Plo, B)
is bounded by x-axis. yan

3 FN\Y=f2x)
Ify=1f,(x) andy = f,(x) are ] X
two curves which intersect at 0| (@0  (bO)
P(a,) and meet x-axis at A(a, 0) B(b,0) respectively, then
area between them and x-axisis given by

o b
Area= [ f,(x)dx+ [ f,(4)
a o

3. Theareaboundedby y=f(x) and y=g(x) (wherea<x<h),
when they intersect at x =c € (a, b) isgiven by

y=9(x)

y=1f(x)

YA

<
<

A:j: It ()—g ()] o
or [ (F00)-g00)dx+] : (900~ (X)) dx

Example 11:
Find the area between the parabolas y2 = 4ax and x2 = 4ay.
Sol. Solving the equation of the given curvesfor x, wegetx =0
andx=4a

4a( XZ\ Y
So, reqd area = J L@_EJ dx
0

o P=(x =43

5 X3 4a
_| 2= ax3/2——
—|: 3\/7 12a:|0

_322 16> 16
3 3 3

Examplel2:
Find the area between the curvesy = x and y = x>
Solving the equation of the given

curves forx, wegetx=0,1,-1 Y T
Therequired areais symmetrical
about the origin as shown in the
diagram. So

Sol.

1
Reqd. area=2 _[(x —x3)dx

Example13:
Find the area between the curvesy = tanx, y = cotx and
x-axisintheinterval [0,7/2].

Sol. In first quadrant tanx and cotx meet at x = /4. Also as
shown in the diagram, desired areais bisected at x = n/4.

/4 Y

So, reqd. area= ZI tan x dx 1
0
= 2[log secx] ™4,

=2[logy2-0] =log2

O| x=mn4

STANDARDAREASTOBEREMEMBERED::
(1) Areabounded by thecurve y2=4ax ; x2=4by isequal to
16 ab

: 2
3 x“=4by y ,
y“=4ax

2
(x2)
At point of intersection kEJ = dax

= x*=64ab2x=x=0, (6420?13

Let k=4 (ab?)V3
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3) Areaenclosed by y2=4axanditsdoubleordinateat x=a:
3 .3 1 2 (
- _4a Na o K _\/’ 8 (abz) 2 6A(@d7) (chord perpendicular to the axis of symmetry)
3 12b 3 12b Required area= OABO y
16ab a 32 a D A
= —ab——ab =
3 =2.{ (2/ax) dx = 4@\ 373)
0 0 [e) X
Examplel4: B
. _ o 8\/— \/— 88? C
Find the area bounded by thecurve y = \/x ;x= \/§ =3 a-(ava) =3 a
Sol. a=1/4 ;b=1/4 Areaof rectangleABCD = 4&2
y x=ly 2
y=Vx — Areaof AOB= 3 (areacABCD)
X Examplel6:
ol Find the areabounded by the curve. y = 2x - x2,y +3=0
Sol. For point of intersection of y = 2x — x2andy +3=0
16.1.1 Area( ABCD)=4x4=16
16ab "7 4 4
Required area= = ) 2 32
3 3 Required area= 3% 16= 3
Area=1/3
y
(2) Areabounded by theparabolay?=4axandy = mx isequal 5 c
8a% y =] 3 %
:y2=4ax andy = mx
3m®
At point of intersection o i A B
4a T .
m22=4ax=x=0, —% Alternativemethod :
; : - 3 32
c 4a By integration A — j[(2x—x2)—(—3)]dx _><
Area= J'(Z\/E\/;—mx) dx , where c= ) a 3
0
y
(3 o) 3 2
X2 3
| pmX2om | 4a o _me — : X
32 3 2 z
0 2 L —y+3=0

4J5 8ava m 16a° 32a° 8a° 8a°

3 m® 2 m® am® m am’ x2 y?
(4 Wholeareaof ellipse —2+?=1 isequal topab:
a

Example15:
Find the area bounded by the curves x2=y ; y=|x]. al 2) (0, b)
(o) ) A= 4j 1- 2 |ax T
8a @a? 1 a2 0
e 22162 N
sal. L3m3J 30 3
Put x=asin0
/2 nl2
A=4_f abc0329d9=4ab.[ cos? 0do
0 0

n/2
= 4ab | (—“ cosZGj do = 4ab[£) —nab
2 4

[4
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Examplel7:

Sol.

2 2

Find the areaof elipse )1(—6+y—:1.

9

Areaof ellipse=nab=n(4) (3) =12r

SHIFTING OF ORIGIN

Since area remains invariant even if the coordinates axes
are shifted, hence shifting of origin in many cases proves
to be very convenient in computing the areas.

Example18:

Sol.

Area enclosed between the parabolasy? — 2y + 4x +5=0
andx?+2x-y+2=0.

y2-2y+1 = (y-1)2=-4(x+1)
X2+2x+1=y-1= (x+1)2=(y-1)
Lety—-1=Y and x+1=X

So equation Y2=-4X and X2=Y

(D)
(2

a=1 b=14
16ab 16 1 4
i = =—x1lx—=—
so required area 3 3X X4 3
Example19:

Sol.

Area enclosed between the ellipse

9x2+4y2—36x +8y +4 =0and the line3x + 2y—10=0in the
first quadrant.
Ox2+4y2—36x+8y+4=0=9(x-2)2+4(y+1)°=36

2 2
x-2% (y+)° _,
2? 3
LetX=x-2andY=y+1
So equation of elipsewill be

(D)
Y 4
0.3

2 2
’;_2+;_2=1 2.0

and equation of line \j\

3x+2y-10=0 (2
3(X+2)+2(Y-1)-10=0

_3(n-2)
)

» X

3X+2Y-6=0
So required area (shaded region)
nab 1

b1 1 3n
SRS @®=20E-50@="7 -3

VARIABLEAREAGREATESTAND LEAST VALUE:
Animportant concept :

If y =f (x) isamonotonic function in (a, b) then the area
bounded by the ordinatesat x =a, x =b, y = f (x) and

L a+b
y=f(c), [wherec e (a, b)] isminimumwhenc= -
c b
Proof : A= [(f(c) - £ (x)) dx + [ (f (x) - (c)) dix
a Cc

[ b
=f(c) (c-a) _j(f(x)) dx +j(f(x)) dx —f(c) (b—c)

b c
A=[2c-(a+b)]f(c)+ [(£00) dx = [ (f (x)) dx

YA
(0] S / y =f(x)
f(c) : y=1(c)
f@ /
X Ol x=a ¢ x=b > X

Differetiatingw.r.t. c,

‘l_’z:[zc—(am)] f'(c) +2f(c) + 0-f(c) - (f (c))

for maximaand minima E =0

= f'(X)[2c-(a+b)]=0(asf'(c)=0)
a+b

c=z= —

2

Al <a+b %<0 g >a+b%>
S0CS T e ST

hence

L a+b
HenceAisminimumwhenc= T .

Note: Let f (x) be the bijective functon and g (x) be the
inverse of it then areabounded by y = g(x), and the ordinate
a x=aandx=bissameasareabounded by y = f (x) and the
abscissaaty =aandy =basf (x) and g (x) are mirror image
with respecttoliney = x.

Example20:

Sol.

3
If theareabounded by f(x)= X?— x%+a and the straight

lines x=0;x=2 andthex-axisisminimumthen find the
value of 'a.

3

X 2
fX)=—-x“+a
*) 3

f'(x) =x2-2x = x (x—2) < 0 (note that f(x) is monotonic in
(0, 2)). Hencefor the minimumand f(x) must crossthe x-axis
0+2

1 2
at Tzl.Hencef(l):g—1+a:O: a:§.

[4




SOAL

STUDY MATERIAL : MATHEMATICS
Example21: 2

The value of the parameter a for which the area of the 1 cos? x dx

figurg bounded by the abscissa axis_, the. graph pf the Yaverage = T ol o (sinzx 1 4cos? X)

functiony =x3+ 3x2 + x + aand the straight lines, which are

parallel to the axis of ordinates and cut the abscissaaxisat

the point of extremum of the function, istheleast, is /2 1 o m/2

(A)2 (B)0 == [ —5——d =_j dx

©)-1 D)1 T o (tan®x+4) sec? x(tan x+4)
Sol. f(x)=x3+3x%2+x+a

NG o2 sec? x dx
oY — Au2 _ _ NY =—
f'(X)=3x“+6x+1=0=>x=-1% 3 oy (1+tan2x)(4+tan2x)
Hence, f (x) cutsthe x-axisat Put t=tanx so dt = sec2x dx
J6) [ o

L g 1‘_J
f(-1)=-1+3-1+a=0;a=-1
AVERAGEVALUEOFAFUNCTION

Average value of the functioniny = f (x) w.r.t. x over an
interval a< x <bisdefined as

1 b
yavgzﬁ'if(x)dx

Note:
(i) Awverage value can be + ve, — ve or zero.
(i) If thefunctionisdefinedin (0, =) then

b
1
Yag= Lim = [f(x)dx provided thelimit exists.

b—w©

Root mean squarevalue (RM S) isdefined as

1 b 1/2
p:{E £f2(x)dx]

Example22:
2
COS” X
Computethe averagevalueof f(x)= ——————
sin® X +4cos” X
in[0, n/2].
cos? x

Sol. Averagevalueof f(xX)= —————

sin“ x + 4cos” X

average TEO(t2+1)(4+t2) 3y t°+1 t°+4

2n 1

_2 tan‘lt—ltan_l(%j _2|r_m|_2n_1
3n 2 3n|2 4

0 34 6

DETERMINATION OFFUNCTION
The area function A(x) satisfies the differential equation

dA(x)
dx =f (x) withinitial conditionA(a) =0i.e. derivative

of the areafunction is the function itself.
Note: If F(x)isanyintegral of f(x) then,

A= [f)dx=[F(x)+c]

A@=0=F@+c = c=-F(a
hence A(x) = F(x) — F(a). Finally by taking x =bweget,
A(b) =F(b) - F(a).

Example23:

Let C; & C, bethegraphsof thefunctions y = X2 & y=2x,
0< x< 1respectively. Let G be the graph of afunction
y = f (x),8x<1,f(0) =0.Forapoint PonC,, letthelines
through P, parallel to the axes, meet C, & C;at Q & R
respectively (seefigure). If for every position of P (on C,),
the areas of the shaded regions OPQ & ORP are equal,
determinethefunction f(x).

C, y=2x
Cpy=x2
(11
L [[5(1,0)
Caiy=F(x)

g
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Sol. Let P(h, h?) be apoint on the curve C;.

= R(h f(h)

AreaOPQO =AreaOPRO

h2

0
Differenting w.r.t. h

( 2)
Lﬁ—h;J 2h=h2-f

j[ﬁ_%] dy - Jz(xz—f(x))dx

(h)
C2: y:2X
Cy=x?
o) a1/ B
C
Q P(h|,h2)
(0,0) L] [IRA(1,0)
Cyiy=f(x)

= 2P-mB=-f(h)= f(h)=h-h2= f(x)=x3-x2

AREAENCLOSEDINCASE ONE CURVEARE EXPRESSED

INPOLARFORM :

1
Areaof any curve = E-[ r2do

Example24:

Find the areaof the cardioid r =a (1 + cost )

2 2n

17, a 40 0
Sol. A== |r“do=— | 4cos' —do t — =t
2£ 2£ 2 Pt 5

m 2 (g .2
A=a2J4cos4tdt=8x3:a _3ma
0

AREA INRESPECT OF CURVE REPRESENTED

PARAMETRICALLY
Example25:

Find the area enclosed by the curves x = asin®t and

y = acos® t
Sol. x23 +y23=g23

Q1
Q.2
Q3

Q4

Q.5

Q.6

a
Required area= 4! (@23 — x2/3)312 gy
0

Putx =asindt; dx = 3asin? cost dt
/2

Area= 4.[ (@?® -a?2sin’1)¥? 3asin? cost dt
0

/2

A =1222 I sin?tcos* t dt___(l) .3
0

/2 (-a.0) (a0

. 4 2
A =1222 .gsm tcos”t dt e 0,8)

Adding (i) and (ii)
2 nl2
A= 1276‘ [ cos®tsin®t (cos?t +sin%) di
0

/2 /2

)
=62 Isinztcosztdt = 62 I sin” 2t
0 0

4

3a° ”/2[1—0054t]
== dt
2 0 2

_gz(t_sinmj”’z _gz(nj _ 3na’

4 4 )y 4a\2) 8

TRYITYOURSELF
Compute the area enclosed between y = tan™x ;
y = cot™1x and y-axis.
Compute the larger area bounded by y = 4 + 3x — x2 and
the coordinates axes.
The area of the region enclosed by the curvesy = x log x
andy =2x—2x2is—
(A) (7/12) 9. units (B) (1/2) 5. units
(©) (5/12) . units (D) None of these
Theareabounded by the curve a2y = x2 (x + a) and x-axis
is

(A) (a2/3) q. units (B) (&%/4) 5q. units

(C) (3a%/4) 5. units (D) (a?/12) q. units

Find the area enclosed by the curve (y - sin"1x)2 = x — x2.
X3 2

If theareabounded by f (x) = 3 X< +a andthestraight

linesx = 0; x = 2 and the x-axisis minimum then find the
value of a.
Theareafrom 0 to x under acertain graphisgivento be

A=+1+3x-1,x>0:

B
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(@ Findtheaverageof changeof Aw.r.t. x asxincreases 4.

from1to8.

(b) Find theinstantaneous rate of change of Aw.r.t. x at

x=5.

(c) Findtheordinate (height) y of thegraphasafunction

of x.

(d) Find the average value of the ordinate (height) v,
w.r.t. X asx increasesfrom1to 8.

AN ER
@) In2 (2)56/3
4 O (5) n/4
3
(N @37.(0)38,(0) 575 D7

3 (A)
6)2/3

IMPORTANT POINTS l

DIFFERENT CASESOFBOUNDEDAREA
1. The area bounded by the continuous curve x = f (y), the
axisof y andtheabscissay =aandy =b (whereb>a) is

. b b
given by A=jaf (y)dy:J.axdy

YA

y:b%
y=4a

A\

2. Theareabounded by the straight line y=a,y =b (a<b)
and the curvesx =f (y) andx =g(y), provided f (y) <g(y)
(wherea<y<b), isgiven by

A=[ Tg ()~ dy

YA

f(y)

ay)

\4

If some part of a curve lies left to y-axis, then its area
becomes negative but area cannot be negative. Therefore,
we take its modul us.

If the curves crosses the y-axis at ¢, then the area bounded
by the curve x =f(y) and abscissaey =aandy=b
(where b > a) isgiven by

A= st oay|+|] 1 oy

—A=[t)dy-[tmdy

yA
%b
C| % x =f(y)
a
[¢]
Y

4

Theareabounded by x =f (y) and x =g (y)
(where a<y<b), whentheyintersectat y=c e (a b) is

given by A=I: [f»)-90) | dy

o [T -am)dy+[] (g~ () dy
YA

y=b 1 9(Y)

<
<

ADDITIONAL EXAMPLES

Examplel:

Find the area bounded by the curve y = log x and the
coordinate axes.

Sol. Observing to the graph of log x, we find that the required

3. Whentwo curvesx =f (y) and x=g (y) intersect, the bounded

areais A=j:[g ¥)—f (y)] dy; wherea<b.

where aand b are the roots of the equation f (y) =g (y)

YA
y=b

fy)

ay)

arealiesbelow x-axisbetweenx =0and x = 1.
\%

1
Jlogxdx
0

Sorequired area= =|(xlogx—x)%g|=|-1|=1

-+ lim (xlogx) = lim 'Oﬂ(fj
x—0 x—0 1/ X \ oo
=1lim
x—=>0-1/x

= lim(-x)=0

2 x—0

B
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Example2:

Find the areabounded by the curve x = at?, y = 2at and the

X-axisin1<t<3.

Sol. Eliminatingt, we get y2 = 4ax

Fort=1,x=aandfort=3,x=9a

9a 9a
Reqd. area= f |y|dx = .[ 2a/x dx
a

a

9a
XB/ 2

- 2\/5 2 - g\/a[(ga)g/z_ag/Z]

a

Example3:

Find the area between the curvesy = \/x andy = x.

Sol. The points of intersection of curvesarex =0andx =1

1 32 27t
2
Reqdarea:J.(x/x—x)dx:{ X —X—}
0 0

Example4:

Sol.

Find the area of the smaller portion between curves
x2+y2=8andy?=2x.
Two curves meet at Pand Q wherex = 2.

Obviously therequired arealies between x = 0 and

x = 242 . It is symmetrical about x-axis and bounded by
two given curves. So required area

(2 22
=2 J‘\/E\/;dx-l-.[ 8- x2dx
0 2

_ 2 .,
2| (22, (Ko st X )

3 o \2 22/,

0

)+(2n—2—n)}=2n+%

Example5:

Sol.

Find the area bounded by the curvey = (x—1) (x-2) (x-3)
lying between the ordinatesx =0 and x = 3.
y=(x-1)(x-2)(x-3)

The curveswill intersect the x-axis, wheny = 0.
=>X-1)(x-2)(x-3)=0 => x=1,2,3

And the curve intersectsthe y-axis, whenx =0 = y=-6

Thus, the graph of the given function for 0 < x < 3isas
shown in figure.

YA

X'

\/
x

LA/
(0,-6)
Yy

Hence, the required area A = shaded area

2

_[ydx
1

= + +

1 3
Iydx y dx
0 2
since [ydx = [ (x-1) (x—2) (x—3) dx

2
11x —6x

4
= [(x®-6x? +11x - 6) dx = %-2x3+
From equation (1)

1
4 2
X——2x3+&—6x +
4 2

0

2
4 2
A= X3 X gy
4 2

1

3
4 2
+ X——2x3+£—6x
4 2 5

=|-9/4 |+ (L/4) +|~1/4| = 11/4 sq. units

Example6:

Sol.

Consider theregionformed by thelinex x=0,y=0, x=2,
y = 2. Area enclosed by the curves y=eXandy = In x,
within thisregion, isbeing removed. Then, find the area of
the remaining region.

Required area = shaded region

In2
In2
= ZJ (2-€)dx =2[2x-¢*] = =2(2In2-1)sq. units
0

x Ve
| (l0g,2,2)

1
e

rrrm
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Example7: Example8:
Find the value of ¢ for which the area of the figure bounded If the areabounded by y = x2 + 2x — 3 and the line
4 y =kx + listheleast, find k and also the |east area.
bythecurves y= — ; x = landy =cisequa toZ. Sol. x; and x, are the roots of the equation
X x2+2x-3=kx+1, or x2+(2-K)x—-4=0
A X1 +Xy =K— 2}
y=c|\ T XX =—4
X2
Sol. A= [ [(kx+D)-(x*+2x-3)] dx
y= 1 X1
x=1 >

1 1 L

_ 4 4
Required area= J- C——2 dx = CX+; ~
e X X SRR

2 9 L
Area=c [1——] +4-24c =¢c—- 4Jc +4= 2

%

k-2)2 1
9 3 :(xz—xl){( 2) —5((X2+X1)2—x1x2))+4}
= (\/6—2)2::13\/6:215
(k-22 1
\/’:%E C:%’%g :\/(x2+x1)2—4x1x2{ —5((k—2)2+4)+4}
[ 2
:_XKZ%LiEQ[%a«—a2+g}

Bk—2f44ﬁ}y2

6
whichisleast whenk = 2 and A, = 32/3 sg. units.

4
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QUESTION BANK

CHAPTER 8 : AREA BOUNDED BY CURVE

EXERCISE-1[LEVEL-]]

X2 x<0 Q.9 Theareabounded by the curvef (x) = (x + sinx) and its
Q.1 Theareabounded by thecurvey = 15 "y 5 o andthe inverse between the ordinatesx = 0to x = 2xt is —
i o (A) 4 square units (B) 8 square units
|ne§/27 34 5= 83 (C) 4n square unit (D) 8rn square units
('é) 203 (B) 63 Q.10 The area of the region bounded between the curves
© 2 (D)1 5 . ly|-]sinx|>0andx2+y2—n2<0isnd-A. Find the
Q.2 Iftheareabetweeny =mx<andx =my<(m>0)is1/4sq value of A
units, then value of mis — (A)8 ' ®)7
(A) /3 (B) V2 ©6 (D)5
Q)+ 2/{3 (D) + 32 Q.11 Area commontothecurve y= ,/9—x2 & x2+y2=6x
Q.3 Theareabounded by the curvey = sin (x/3), x-axis and is—
linesx=0andx =3mris—
®)9 ®)0 w2 &
©6 (D)3
Q.4 Theareaof theregion bounded by thelinesy =mx, x =1,
X =2, and x axis is 6 sq. units, then ‘m’ is (C)B(Tf + ﬁ\ (D)3(7t — %\
(A)3 (B)1 \ 4 ) L 4 )
©)2 (D)4 _ -3
Q.5 Areaof the region bounded by two parabolasy = x2 and Q12 ;I':)e ]?rfa between the curves >(/B) :/;\n dy=x7is
—\2;
wus B3 ©3 01
202 = 2 (22 _ w2\ i
G4 D)3 Q.13 Thetotal areaof the curve a2y? = x2 (&2 — x2) is
Q.6 Areaboundedbyy=x3 y=8andx=0is- 2
(A) 2 sg. units (B) 14 sg. units (A) 3 & (B)
(C) 12 5. units (D) 6 5. units )
Q.7 Areabounded by the curvesy=|x|-2andy=1-|x-1| ©) E D) 4a”
isegual to 3
(A) 4 5q. units (B) 6 5q. units Q.14 The areaof the figure bounded by y = €¥, y = e and x=1
(C) 2 sg. units (D) 8 9. units
Q.8  Forwhich of thefollowing values of m, isthe areaof the (A)2(e-1) (B) e+i_2
region bounded by the curve y = x— x2 and theliney = mx €
equals 9/2? 1 1
(A)-4 (B)1/2 (C)e-—+2 (D) e+—
©2 (D)4 y °
Q.15 Theareaof the region bounded byy=|x-1|andy=1is
(A)2 \B)1
©uv2 (D) /4
EXERCISE - 2[LEVEL-2]
Q.1  Find the area between the parabolax? = 4y and line Q.4 Theareabounded between normals drawn to the circle
X=4y-2. x2 + y2 = 4 at its point of intersection with curve
(A) 714 (B)958 )
(C)5/4 (D) 8/4 J2 x| and curvey? = 2x2is -
Q.2 Theareaenclowd by y =x3,itsnormal at (1, 1) and x-axis (A) 1/3 (B)2/3
is equal to — ©)1 (D) 4/3
(A)7/4 (B)94 Q.5 Theareabounded by thecurve y =x2— 1 & the straight
(©)5/4 (D) 8/4 line x +y=3is:
Q.3 The area bounded by the curve y =(x2 + 2x + 1) and (A) 912 (B) 4
tangent at (1, 4) and y-axis is —
(A) 2/3 square unit (B) 1/3 square unit © \/_ (D) 17\/_
(C) 2 square unit (D) 4/3 square unit

e
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Q6  If Ay, represents the area bounded by the curve Q.14 Statement-1 : The areaenclosed by the curves
y=Inx", thex-axisand thelinesx = 1 and x = e, then 3 3
Ap*MA,_yis = cosx,y=1+sn2x and x= — equals2 + —
(C)m?/2 (D)m?-1 3n/2
Q.7 The areabounded by the curve Statement-2: A= I (1+sin2x—cosx)dx =2
y2:4\/§(\/§—|x—\/§|) is (insg.units) 0
Passage (Q.15-Q.17)
A)8 B) 16 : : ;
(A) (B) Consider onesideAB of asquareABCD, (read in order)
©)24 (D)32 onthe liney =2x-17, and the other two vertices C, D on
Q.8 Theareaenclosed by thecurve y = \/x & x = —fy , the the parabolay = x2.
circlex2 +y2 = 2 above the x-axis, is — Q.15 Minimum intercept of the line CD on y-axis is —
(A) /4 (B) 32 (A)3 (B)4
On (D) /2 ©2 . (D)6
Q.9 Theareabounded by thecirclex2+y2= 1 and the curve Q.16 Maximum possible area of the square ABCD can be —
(C) 1280 (D) 1520
(A)n-2 (B)m-2+2 Q.17 Theareaenclosed by theline CD with minimum y-intercept
— 2
(C)2(r—2+2) (D) None of these and the parabolay = x“is -
Q.10 The area bounded by the curves y=x (1 -Inx); x=e1 (A) 15/3 (B)14/3
and positive X-axisbetweenx=e1 and x = e is: © 2273 (D)3273
(e? _ 4e72) (e? _5a2) Theanswer toeach questionisaNUM ERICAL VAL UE.
(A) LTJ (B) LTJ Q.18 If A be the area bounded by the curvesy = | x -1 | and
3 .
y+ = 2, thenfind thevalue of (2A +31n 3).
(462 _ a2 (5e2 _ 2) [x+1]
© L 5 J (D) L 4 J Q.19 LetO<ax4.If themaximum areabounded by the curves
y=1-|x-1|andy=|2x-a|is Athen A=1/P. Find the
Q.11 Find the areaof the region bounded by y =logx and valueof P
y=sintnx. Q.20 If y=2sinx+sin2x for 0<x<2m, then the area
(A) 18 (B)11/8 enclosed by the curve and the x-axis is
(C)3r8 D)7 B
Q.12 Find thearea(in sq. units) of the figure enclosed by the Q.21 The area bounded by the curves y = -/-x and
2 2 =
‘(:X;"e/gx +OXy+ 2y +7x+ 6(%;'3; 0 X=—,/—y Where x,y<0is 1/A. Find thevalueof A.
TG
(©) /3 (D) /6 Q.22 Thevalue of 'a (a>0) for which the area bounded by the
Directions: Assertion-Reason type questions. X 1
(A) Statement-1isTrue, Statement-2is True, Statement2 curvesy = €+x_2 ,Y=0,x=aandx = 2ahastheleast
isacorrect explanation for Statement -1 .
(B) Statement-1isTrue, Statement -2 isTrue; Statement2 value is -
isNOT acorrect explanation for Statement - 1 Q.23 The area boqnded by the curvesy =| x| -1 and
(©) Statement - 1isTrue, Statement- 2 isFalse y==Ix|+1is
(D) Statement -1 isFalse, Statement -2is True Q.24 Theareabounded by thecurves y =/x, 2y +3=x and

Statement -1: Areabounded by parabolay = x2-4x + 3
andy = 0is4/3 sg. units.
Satement -2 : Areabounded by curvey =f (x) > 0 and

Q.13

b
y=0 between ordinatesx = aandx =b (b>a) is [ (x) dx..
a

x—axis in the 1% quadrant is

The area enclosed between the curvesy = ax? and
a=ay?(a> 0) is1sg. unit, then the value of ais 1/, -
Find the value of X.

The area bounded by the parabolasy = (x + 1)2 and
y=(x-1)2andtheliney = 1/4is 1/X sq. units. Find the
value of X.

Q.25

Q.26

B
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EXERCISE - 3[PREVIOUSYEARSJEE MAIN QUESTIONS]

Q.1

Q.2

Q3

Q.4

Q5

Q6

Q7

Q8

Q.9

If the area bounded by the x- axis, curvey =f(x) andthe Q.10 The area of the region bounded by the parabola

linesx=1,x=bisequal to \/,2 ; 1—+/2foral b>1,then

f(x)is [AIEEE 2002]
(A) y(x-D (B) J(x+1)
© J(x?+1 (D) =

( ) V1+x?
The area of the region bounded by the curves y=|x-1|
andy =3 -x]is- [AIEEE 2003]
(A) 6 sg. units (B) 2 sg. units
(C) 3. units (D) 4 5. units

The area of the region bounded by the curves

y=|x-2|,x=1,x=3and the x-axisis- [AIEEE2004]

(A)1 (B)2

©3 (D)4

Area of the greatest rectangle that can be inscribed in
X2 y2

theellipse —2+? =1is- [AIEEE-2005]
a

(A) 2ab (B)ab

©) Jab (D) alb

Theareaenclosed between the curve y =log, (x + €) and

the coordinate axesis - [AIEEE-2005]
(A)1 (B)2
©3 (D)4

The parabolas y2 = 4x and x2 = 4y divide the square
region bounded by thelinesx = 4, y = 4 and the coordinate
axes. If S, S,, S; arerespectively the areas of these parts

numbered from top to bottom; then S, : S, : S5is-
[AIEEE-2005]

(A)1:2:1 (B)1:2:3

(©2:1:2 (D)1:1:1

Let f (x) be a non-negative continuous function such
that the area bounded by the curvey = f (x), x-axis and
theordinatesx =n/4and x=f >n/4is

[BsinBJr%COSBJr ﬁﬁ] “Thenf [g) is-[Al EEE-2005]

(A) (%+\/§—lj B) G—ﬁﬂ)

o5 o5

The areaenclosed between the curvesy? =x andy = [x]is
[AIEEE 2007]

(A)2/3 \)1

(©) V6 D)3

The area of the plane region bounded by the curves

Xx+2y2=0andx+3y2=1isequalto- [AIEEE 2008]
(A)1/3 (B)2/3
(©) 43 (D)5/3

Q.11

Q.12

Q.13

Q.14

Q.15

Q.16

Q.17

Q.18

Q.19

(y - 2)2= x — 1, the tangent to the parabola at the point

(2, 3) and the x —axis is- [AIEEE 2009]
(A)3 (B)6
©9 (D)12

The area bounded by the curvesy = cosx and y = sin X
between the ordinatesx = 0 and x = 3r/2 is[Al EEE 2010]

(A) 42 +2 (B)4+/2 -1
(042 +1 (D)42 -2

Theareaof theregion enclosed by the curvesy =x, x = e,
y = 1/x and the positive x-axis is— [AIEEE 2011]
(A) 1/2 square units (B) 1 square units

(C) 3/2 square units (D) 5/2 sguare units

The area bounded between the parabolas x2 = y/4 and
x2 = 9y and the straight liney = 2 is — [AIEEE 2012]

wai @22 922 o

The area (in square units) bounded by the curves
y=.x,2y—-x+3= 0, x-axis, and lying in the first

quadrant is — [JEEMAIN 2013]
(A)9 (B)36
(©18 (D) 2714

The area of the region described by
A={(x,y):x2+y2<landy?<1-x}is[JEE MAIN 2014]
T 2

0 5+3

n 4
_+_

n 4 n 2
2 3 ) 2 3 (C)Z 3
The area (in sq. units) of the region described by
{(x,y):y?<2xandy>4x—-1}is  [JEEMAIN 2015]
(A)5/64 (B) 15/64
(©) 932 (D) 7/32
The area (in sg. units) of the region
{(x,y):y?>2xand x2+y2<4x,x>0,y >0} is—
[JEE M AIN 2016]
42 o = 22 D) 7 4
3 © 2 3 ©) 3
The area (in sg. units) of the region

8
(&) ©— @)=

{(x,y):x>0,x+y<3,x2<dyandy <1+ VX }is:

(A) 7/3 (B)5/2 [JEEMAIN 2017]
© 5912 (D) 312

Let g(x) = cosx?, f (x) = /x , and a, B (o <p) bethe

roots of the quadratic equation 18x2—9nx + 2 = 0. Then
the area (in sg. units) bounded by the curvey = (gof ) x
& thelinesx=a,x=Bandy=0,is [JEEMAIN 2018]

(A) 563-42) ®) %(ﬁ 1y

© %(@—1) (D) 343+

Y.
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Q.20 Thearea(in sg. units) bounded by the parabola y2=4)x and theliney = Ax, A > 0,is1/9, then A isequal to

Q.21

Q.22

Q.23

Q.24

Q.25

Q.26

y = x2 — 1, the tangent at the point (2, 3) to it and the

y-axisis: [JEE MAIN 2019 (JAN)]
(A)14/3 (B)56/3
(©)8/3 (4D 32/3

The area (in sg. units) of the region

A={(x,y) e RxR|0<x<3,0<y<4,y<x2+3x} is:
[JEEMAIN 2019 (APRIL)]

(A)53/6 (B)59/6

©8 (D)26/3

Let S(o) ={(xy) : y2<x,0<x<a} andA (o) isareaof the

region S(a). If for ai, 0<A<4,A (L) :A(4)=2:5,then)r

equals [JEEMAIN2019(APRIL)]
(A) 2 (4/25)13 (B) 4 (4/25)V3
(C)2(2/5)¥3 (D) 2(4/5)Y3

The area (in sg. units) of the region
A={(x,y):x2<y<x+2}is [JEE MAIN 2019 (APRIL)]
(A)10/3 (B)92
(C)3U6 (D) 13/6
The area (in sg. units) of the region

2
A={(xy): %s X <y+4} is[JEEMAIN2019(APRIL)]

(A)53/3 (B)18

(©)30 (D) 16

The area (in sg. units) of the region bounded by the

curvesy =2*andy = |x + 1|, inthefirst quadrant is:
[JEEMAIN 2019 (APRIL)]

3 1 log. 2 3 3
(A2 Tog2 B 3 (©loge2+> (D)5

If the area (in sg. units) of the region

{(X,y):y?<4x,x+y<|,x>0,y>0} is a2 + b, then
a-bisequal to: [JEEMAIN2019(APRIL)]

Q.28

Q.29

Q.30

Q.31

Q.32

[JEEMAIN 2019 (APRIL)]
(A) 24 (B)48

©)4y3 (D) 2J6
Theareathat isenclosed inthecirclex?+y2 = 2whichis
not common areaenclosed by y = x andy2 = x is

[JEE MAIN 2020 (JAN)]

(A) % (24n-1) (B) % (12r-1

1 1
© 2 (6rn-1) ®) 3, (12r-1)

Theareabounded by 4x2<y < 8x + 12is-

[JEE MAIN 2020 (JAN)]
(A)127/3 (B)128/3 (©)124/3 (D)125/3
If y2=ax and x2 = ay intersect at A & B. Areabounded by
both curvesis bisected by line x = b (given a> b > 0).
Areaof triangleformed by lineAB, x = b and x-axisis 1/2.
Then [JEEMAIN 2020 (JAN)]
(A)a®-12a%-4=0 (B)ab+12a3-4=0
(C)ab-12a3+4=0 (D)a®+12a%+4=0
Let P be the set of points (X, y) such that
x2 <y <-2x+ 3. Then area of region bounded by points

inset Pis [JEEMAIN 2020 (JAN)]
(A)16/3 (B)32/3
(©) 293 (D) 20/3
);' 0< xl<% [ 1)2
i . == == = A ’ R .
Given: f(x) 5 X=% andg(x)=| X > X e
l—x,%<xsl

Then the area (in sg. units) of the region bounded by the
curves,y =f (xX) andy = g (x) between thelines, 2x =1 and

g'é))gl‘? gg))g/% 2x=/3,is: [JEE MAIN 2020 (JAN)]
Q.27 |If thearea(in sg. units) bounded by the parabola (A)LLﬁ (B)Q—E(C)Lrﬁ (D)E_ﬁ
3 4 4 3 2 4 2 4
ANSWERKEY
EXERCISE - 1
Qf 1 2 3 4 5 6 7 8 9 (102121213 14| 15
A c|c|DbD|B|]C|]A|D|B|A|D|B]|D]|]B]| B
EXERCISE -2
Q|1 2 3 | 4 5 | & 7 8 9 |10 | 11 |12 |13 | 14 | 15 | 16 | 17
A B A| B D D B A B B A B | C A C D
Q 18 | 19 | 20 | 21 22 23 | 24 | 25 | 26
A 4 3 8 3 1 2 9 3 3
EXERCISE-3
Q|1]2|(3[4|5(6]|7|8(9]10(11[12]13|14|15(16|17|18(19]20
A|DID|(A|JA|A|[D|D|C|C|C|ID|C|IC|]A]JA|C|A]|B]|C]|C
Q|21(22(23|24)|25(26(27|28|29|30| 31| 32
A/B|Bl[B|B|A[C|A|B|B|C|B|B

v
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HAPTER-8: Required area
AREA BOUNDED BY. RVE 0 ) 2
X“(X+a) a .
- Iydx:f — dx=Esq.un|ts
a
SOLUTIONSTOTRYITYOURSELFE - -
) (5) (y-sinIx)2=x-x2
1 cot-x - y:sinflxi X—X2 :>domaanG[O,1]
1 A= I (cot 1 x — tan"1 x) dx Area enclosed by the curve
0 % 1
=I(Qn‘1x+Vx—x2)—(sjn‘lx—\/x—xz)dx

/4 n/2 0
A= _[ (tany)dy+j (coty)dy=In2

0 nl4 1 1 2

’ =2I x—xzdxzz.[ l_[x_%) dx
4 4 ) 0 o 4
) A=£ydx=£(4+3x—x ) dx 5 i
7o \ - (0
4 _=
= 4x+§x2—}x3 _56 =2 1(X—E]\/x—x2+1(1jsm‘l 2
2" 3" |, 3 2\ 2 2\4 1
()  (A).Curvetracing:y =xlog,x y=xlogx N 2 7o

Clearly, x>0, -

For0<x<1, xlog:x<0, ) _5 [0+lﬁj—[0+l[—ﬁn _ [n n] n
andforx>1,xlog,x>0 "-1 i 2 8\ 2 16 16/ 4
Also, xlog,x=0=x=1 y = 2x - 2x2

3
_X 2
Further,ﬂ=0:>1+log x=0 ©) f(x)—?—x +a
dx €
— x=1/e, whichisapoint of minima. f'(x) =x2—2x = x (x—2) < 0 (note that f (x) is monotonic in
' (O, 2)). Hence, for the minimumand f () must crossthe
1 1
2
Requiredarea:,[(zx_zx )dX_IXIOQXdX x-axisatoLzzzl.Hence,f(l):%—l+a=0:>a=§
0 0
3Tt T2 2Tt T
_{Xz_zi} {x_logx_x_} (M A=VI+3x-1=[f (x) dx
3 2 4 0
0 0
2) 1 1. 11 7 dA 1 [dA]
=[1-Z|-|0-=-Zlimx°logx |==+==— - — dx
[3{42Ho 9}3412 (a)dxg(Sl)
2
X“(x+1 1 = 8_1 3
(4 (D). The curve is w%, which is a cubic =7( 1+3x 1) =7(4—1)=7
a
polynomial. (t) dA 3 3 3 3
y dXly-s  2V1+3x  21+3(5) 8
X
s > X © A)=[f(x)dx=+1+3x-1
| o
x2(x +a) Differentiating w.r.t. x f(x)——3
Since, — 5 — =0 hasrepeated root x =0, B T 21+ 3x

a
it touches x-axis at (0, 0) and intersects at (—a, 0).

) Yavg = j f (x) dx = —(«/1+ -8 =

@-17

=
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CHAPTER-8: @)
AREA BOUNDED BY CURVE

EXERCISE-1
o) (C),A2=%><4><4=8

y=x2 4

\ “
N ;

2(22)3/4 _16
3 3

4 2 4
- ooy - 2477 -
0 0

(®)

_ _ 16 40 .
Area=A; +A,=8+ ——?sq. units

3
@ (©).y=mx? x=my?2
1 1
2 — 2 —
X my Yy mX
1
4a=m, a=—m ©)
4
1
16a° 1 16m2 1
=22 _Z16 -
Area= —3—=7 3 4
1 1 > 4 2
——=om=— o>m=t+t—
3m*> 4 3 V3

X I
(3 (O).Put5=t, Givenintegral = 3jsint dt=3x2=6
0

2
4 (D). Area=[mxdx =6

y = mx
1
2
2
mx— =6 R
21 N 1 2 7
>m(2®-1%)=12
(10)
= 3m=12 = m=4
. daxdb
(5)  (B).y?=4ax,x2=4byis 3
(11)
R uired—ﬁ'—l
eUITed= 3773
3 3

8 8 8
6 (© A=[xdy=[y"2dy= 3y _
0 0 4 0

263 =2x16
28 =3

=12 sq. units

(A). Bounded figureABCD isarectangle.
AB=+1+1=+/2 ; BC=4+4=2\2

1
A1, 1)

B/ y=Ix-2

2N\ 0 172 y=1-|x-1

21 C

Thus, bounded area= (1/2) (24/2) =4 sq. units.

(1=m) g
2
.. X—=X“—-mx|dx| - 2
o | ]| Jox| = 2
1—
(1—m)x2 x3( ™ 9 (1—m)3 9
=" 2 3| 270 6 |2
0

=|1-m|=3

1-m=3or-3=>m=-20orm=4
(B). Graph of f~1 (x) isthe mirror image of f (x) about the
line y=x.

f(x)

(!

o) X=n

(A). Reqd area=n (n?) -4 j'sinxdx
0

=n3-8
333
(D). x2+y2=9  ..(2) 03 2 2
X2+y2—6x=0 ..(2) \
Onsolving x=3/2 C
y2=9-9/4=27/4 30 0) G0
3
:>y=¥ A= 2 [ V9-x% dx

3/2

e
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12)
get x=0,1,-1
Therequired areaissymmetrical
about the origin as shown in the 1
diagram.
Soreqd. area

(13) (D). The curve hastwo loopsis symmetrical about the

a
X [2 2 2
x—axisA=4Ig a—-X dx=5
0

M
a
(az _X2)3/2 4a2 /\)I/\ X
3 W

0
1

(14) (B). Required area= ,[(ex -e” )dX = [ex +e¥ ]2
0

=(el+e?) —(1+1):e+%—2

D

(O.)A
C

o B

(15) (B). The given region is represented by the equations
y=1-xx<1=x-1,x>1

andy=1;C=(2,1)andB=(0, 1)

1 1
.. theshaded areainthefigure= 5 BC.AC = > 2.1=1.

(B). Solving the equation of the given curves for x, we

@

@

©)

EXERCISE-2
(B). Solving the equation of the given curves for x, we
get x2=x+2=(x-2) (x+1)=0 = x=-1,2

A

xr

2 2 2 372
X+2 X 1] x X
Reqd. area= J[_4 vy }dx:z{—z +2x——3}
-1

1
=5 [@+4-8/3)-(U2-2+1/3)] =018

dy g2 (W)
(A).y:x3&=3x2, [dx]_g
Norma at P (1, 1); y—lz—%(x—l)

y+x=4 L. (@)
So intersecting point of normal at x-axisis (4, 0)

4 4
3 (4-x)
— | x°dx + | —=dx
Area—J(; ,[ 3

(B).Since, y=x2+2x+1

dy (dYJ
L= (2X+2) |5, =4
e ( ) ol -

Equation of the tangent at (1, 4) is
(y-4)=4(x-1)=>4x-y=0
y

A

£ (1, 4)

03

10 /0 x=1

1
1
Required area= | yp0x -5 x1x4
0

1
1
= I(x2+x+1) dx-2 = 3% unit
0

Y
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O

®

©)

™

®)

©)

=22 I: (2,\2)

(D). y=\N2|x|.x>+y?=4

Normalsarex=y,x+y =0

J2
Reguired area= 4_[ (2Y4xY2 —x) dx

0
{zwxwz XZF 4( 221434 ) 4[4 1] 4
32 2| 3 ZJ 3 3
(D).3-x=x2-1=x2+x-4=0 ,
) 1+x2:—]_ _xHy=3 y=x>1
Xy X, =—4 ] (1) X1

‘ %00

X2 X2
A= I[(S—x)—(xz—l)] dx = j (4-x-x2)dx use(1)
X1 X1

e
(B). A, = jm x dx = (x Inx - x),®=1sq. unit then
1
Ap=mA;=m
Ap_1=(M-1)A;=(m-1) = A +mA_ _,=n?
(B). Forx< /3, y2= 4./3x
For x>+/3,  y?=-4/3(x-23)
The two parabolas have common latusrectum,

common axis and opposite in concavities.
Area bounded by parabolay? = 4ax and its latusrectum

i 8a2 i YV’L\
is —— sq. units.
3
_ 550 ,
. Answer is2 x 822/3 o) > X
(2/3,0)
wherea= /3 =16 sq. units. L

Azi[ﬁ—xz}dx+i[ﬁ—x/ﬂ dx:%

(A). By changing x as —x and y as-y, both the given
equation remains unchanged so required area will be
symmetric w.r.t. both the axis, which isshown in thefig.,
Sorequired area

4i[x/1—7 —a- x)}dx

Y
(6]
« 1 NE: W
= 4{—\/1—x2 +—sin1x—x+—:I
0

Xy

2 2 2
1n 1
=40+=——-1+=| =—
[ 22 2} m-2

(B).y=x(1-Inx)=0 = x=e (as x>0)

dy . .
” =—Inx = Tin (0,1) and{ in (1, «)

o o= Jm
X—0
1/e 1 2 ‘é\

e
A= I X (1-Inx)dx
Ve
(B).y =sin®* nx intersectsthex-axisat x =0, x = 1.

Thecurve, y = log x also passes
through (1, 0) - logex
Required area
O (1,0
1 1
- J'sin“nxdx + flogex dx
0 0
Y
. 4,00 1
= J(;sm 6 o+ ‘[xlogex—x]o‘
nl2
=2 [sn*edo+1- 2,3, © ,_ 11
T no4° 272 8

(A). Equation of curve can be re-written as
2y2+6(1+x)y+5x2+7x+6=0

. =31+ Xx)—+/(B=x)(x-1
1= > ,

y =31+ X)+4/(B=X) (x -1
0=
2

Therefore the curves (y, andy,) are defined for values
of x for which (3-x) (x-1)>0

i.e, 1<x<3 (Actualy the given equation denotes an
ellipse, because A# 0 and h? < ab).
Required areawill be given by

3 3
A=[(y1-yz)dx = A=[[(3=x) (x-1) dx
1 1

Put x =3 cos? 0 +sin0 i.e., dx =—2sin 20 do

=
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-3
Yi

-6

vy

/2
A=2 [ sin?20 de:g sg. units
0

3 (3 a2
_ = [ (x®—ax+3)dx = _| X"
(B). Area j; (x© —4x+3) dx L3 5 +3x)

(13)

- Slistrue. S-2istruebut doesnot explain S-1.

3n/2
(14) (C).A= [(1+sin2x—cosx)dx
0 y

ﬂ‘\

2

e

+ + + + X
w4 wWN 34 m swa /P2

3 1 ] [ B - 3rn
—+=+1 _|0-=| = —
(2 2 2+

(15) (A), (16) (C) (17) (D).
Let theequation of thelineCD bey=2x+b ...(1)
and side of the square ABCD be ‘@’

Yi—X1 _
X X2—2 (CD ||AB)

&= (Xo— X1)2 + (Y- yl)z

_ 1 .
= (X—ECOSZX—SH’]X]

0 0

but

(v,-y,)
— 2 2™ Y - 2
(X,=Xy) [:HLXZ —XlJ 5 (X —Xo)
s @=5(X—X,)?
=5[(X; +X5)?—4%,X,]
wel(2) \ y=x2
Solving (1) withy = x2
x2=2x+Db
or xX2-2x-bh=0
X +X5=2; X Xo==b
;. @=5[4+4b]
=20(b+1)...(3
Now assume any arbitrary
point on the line
y=2x-17say (X1, Y1)
Now perpendicular distancefrom (x;,y;) on 2x—y +b=0

17+b

NG

2X, -y +Db
J5

582 =(17+b)2: 5.20(b+1)=(17 +b)?

100b + 100= 289+ b? + 34b

b2-66b+189=0; b2—3b-63b+189=0

b(b-3)-63(b-3)=0

b=30rb=63= a2=800r a?=1280

wherey, =2x;-17.. &=

(18)

- |

J3-1

(19)

A, =1280Ans.

Jmax
(iii) Solvingy = 2x + 3and y = x2
x2-2x-3=0 = (x-3) (x+1)=0= x=3o0rx=-1

3 L3
- Area= _[ [(2x+3)-x?] dx = {XZ +3x —%}
_l _l

=(9+9-9)— (1—3%) = 9—@ _g 2.3

3 3
4. Solving the two functionswe get x = 2, /31

2
3
; _ 2— —|x—1|}dx
So, required area= Jg—i (x+1)

2
__3 _ -3 _.a- }d
{2 (x+1)+(x 1)}dx + Ji (x+1)+( X) |dx

A= (2—§In3] SO units

2A=4-31In3
2A+3In3=4

aa
3.Casel : Ifae [0, 1] thecurvesintersect at (55] and
(aa).

The bounded region is contained in the triangle with
SRNCE CE
vertices(a, ), 3'3 and 5 with area= 3

Hence, the area cannot exceed 1/3.
Casell : Ifae[1, 3] inthiscase, thebounded regionina
quadrilateral with four vertices

(%%] and [g,o] , [agz,%""] and (1, 1).

1
In this case area bounded = 6[2_ (@-272]

Caselll : Ifae[3,4]. Thiscaseissymmetricwith casel.

; 2
@20 1 N

N

12,0 |

wrre
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1 @R,
T

(200 8.A=2[(2sinx+sin2x)dx
0

T T
= 4jsinxdx + zjsinzxdx =8+0=8

(21) 3.y=-._x = y?=-x wherex &y both () ve
x=-,-y = x2=-y wherex &y both (-) ve

16ab
Hence, A= —(—
3
x=—N-y 1Yy
\| O\ <
y=-V—x AN
\
AY
\
\
AY

wherea=b=1/4 ... A=1/3

2a X 1 XZ 1 2a
—||=+—==|dx- Z—_=
(220 1.A= JIG Xz) =12 L

x=a x=2a

(23) 2. Thegivenlinesare
y=x-1;y=-x-1
y=x+1;y=-x+1
which are two pairs of parallel lines and distance

between the lines of each pair is /2.
Thus lines represents a square of side /2.

Hence, area= (1/2)2 =2 sg. units.

9. Thecurvesgiven are

y=X 1)
2y+3=X e )
and x-axis y=0 .. (3)

Eq" (1) [y? = x] representsright handed parabolabut
with +vevaluesof yi.e., part of curvelying above x-
axis.
Solving eg. (1) and (2), we get
2y +3=y?
= y2-2y-3=0
(y-3)(y+1)=0
y=3 (as = —ve)
= x=9
Also, (2) meetsx-axisat (3, 0).

y

A

9,3
( )ly= Vx

30) "X

d

Shaded areais the required area given by

9 9
2X3/2 1 X2
A =[x dx— —d 12X X3
jf xj [ : } 2{2 "
0 3
_2x27 18l 9 54 1
_ ] Y
3 2{2 2 } 3 518

=18-9=95q. units.

3. y=ax?andx = ay?

Points of intersectionare O (0, 0) and A (1/a, 1/a)

Vva 11
Area= J.L\/:— _3a2 3a2:g:1

1
V3
Thegivencurvesarey = (x + 1)2 ....... €N
upward parabola with vertex at (-1, 0) meeting y-axis
a(0,1)
y=(x-1)2 . )
upward parabolawith vertex at (1, 0) meeting y-axis
at (0,1).
y=1v4 L. 3
alineparallel to x-axismeeting (1) at
(-1/2,1/4), (=312, 1/4)
and meeting (2) at (3/2, 1/4), (1/2, 1/4).
The graph is as shown

=
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@

@

< (-1,0) O\ (10
Q

v
Therequired area is the shaded portion, given by
ar (BPCQB) = 2ar (PQCP) (by symmetry)

[1/2

12
=2 I[(x—l)z—%] dx}:z {(X;ﬁ_ﬂo

0

(593

_::EE::S§;EE§ = EE s . units
24 | 3

EXERCISE-

b
). |f 0 =vb%+1-2
1

d 2 d /5
%jf (x)=—-(b +1-+/2)
1

b

1
—————x2b=f(h) =
2Vb% +1 ®) N

f(b).1-f(1).0=

=>f(x)=

X
\/x2+1

©).y=1x-11= oty 21

3-x ;x>0
3+Xx) ;x<0

and y=3-|x|=

c(0.3)

y=3-X

Solving, y=x-1andy=3-x =>x-1=3-x
=>2X=4=x=2andy=2-1=1

AB2=(2-1)2+(1-0)2=1+1=2; AB= 2

©)

4

©)

BC?=(0-2)2+(3-1)2=4+4=8; BC= 242
Areaof rectangleABCD

=ABxBC=+/2 x 242 =45 unit

X—2 X=2
(A).y=Ix-2]=\_x42 :x<2

x=1 x=3
/"
1,1
A S EGRD
B D
(1,0) C(20) (3,0

Required area=Areaof AABC +Areaof ACDE

1 1 11
= —xIxl+—=xIxl=—+—-= . uni
2><>< 2><>< 515 1sg. unit

. 22
(A). Equation of ellipseis *_ .Y _1
272
a b
x=b (acos, bsind)
D A
bsind
acosh
F>x=a

X = —a<

C B

Let polar coordinate of point A on ellipseis
x=acosfandy=bsno

.. Areaof rectangleABCD =2acos6 x 2bsin6 =2basin

20

itwill bemax. if 20 =n/2= 0 =nr/4

.. Area=2absinm/2=2ab

0
(A). Required area= I loge (X + €) dx
l-e

X=-e

P (0.1)

(-e0)

{(1/-e), 0y [©O)

T
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Putx +e=t= dx=dt

e y=1Ix]
[loge t dt = [tloge t - t]f ws yex
1
=[eloge—-e—-1logl+1]=(e-e-0+1)=1 ® (©. = (1;,0)
4X2
6 (O S=Sa=]
0
4
:lx_s _ixm_g unit Requiredareazjl(\&—x)dx {ifx=0;|x[}
a3 | T2 . -
0
S +S,+S;=4x%x4=16 , - -
6 NI [___ _(0-0)|_4-3_1
£8,=16-(5,+8) (v §=8= s unit) -{3 2|, 372700 =%
16) 16 (9 (C).x+2y2=0=y2=x/2
=16—(2><—j = —sg(. unit
3 3 1-x
x+3y2=1:>y2=T
y2:4x X+2y2=0
(-2.1)
y=4 ©D
(04) / a2 x+3y2 =1
—>X2=4y
S > x=4 20) 00 J@o
(4.0) /
-2-1) (0-1)
1
Required area= 2 j[(l— 3y?) - (-2y?)] dy
0
0850185,:85=1:1:1 { §=5=S3 . -
; =2[@-yddy = 2|y-L :2[1_%:2 2_4
@ (D). If(x)dx:BsinB+%cosB+\/§[3 {)( y9)dy y 3 o 3 373
n/4
10) (C).(y-2)?>=x-
Differentiate with respect to § on both side (19 (©)-(-27=x-1
f(B).1-f(n/4)x0=sinB.1+pcosP-n/4sinP+ /2 z(y_2)y’=1:>y'=Z(y_z):y'=§aty=3

=f(B)=sinB+pcosp-n/dsinp+ /2

. 1
f(n/2):sing+ﬁcosg—%sing+ﬁ Equation of tangenty — 3 = > (x-2)
=2y-6=xXx-2=>x=2y-4

1+0-24 2 =1-%4 2 y
4 4 4 P

23
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3
A=[((y-2%+1-(2y-4) dy
0

3
:I(y2—6y+9)dy:£:9
0 3
/4 5n/4
(1) (D). _f(cosx—sinx)dx+ J' (sinx —cosx) dx
0 nl4
3n/2
+ _f(cosx—sinx):4«/§-2
5n/4

sinx
a5 @A).

0 L 2n
4 E
' 1 1 x4
A=—><n+2I\/1—x X =—+—
2 o 2

3

16) (C). After solvingy = 4x — 1 and y2 = 2x
( gy y

4 2
L) A ee y=4L_1; 22-y-1=0
A c 2
0 [ —
1 e 1+41+8 143
(12) (C). B | D y="— = iy=1-102
1 1 2
+1
SUACSLAIRS
Required area= OAB + ACDB -2 -2
1 i1 1 3 M2 L 3 y=1_ 1/y=1
= —xIx1+|=dX = Z 4 (Inx)¢= = i lly 1lly
> -[x 2 (Inx)1 2 square units -2 7+y =15
L -1/2 -1/2 102
y _ -~ —
\ }"”;:gxz 1[4+8-1+4] 1[8+1
3 y=2 4 8 2| 24
13) (C). %}&y _
© e x 1f15] 9 15 6 _9
40 8] 48 3R R 3R
1, (A7) (A).x2+y2-4x<0 A22) y2=2x
y:4x2; y=—X y222x
9 X2+ 2x—4x=0 X2+ Y2 4x = 0
2_oy= —2)= BZ0)
2( \/f\ 5y.Jy 5 2072 = x-2x=0=>x(x-2)=0
Area= BRIV e MDA R N N x=0,x=2
{)k?"/g 2 )Y =% 202 322=75 -
2
@ Ay=Jx e ) Afeﬂ=£ [V4X—X2—ﬁ\/ﬂdx
and2y-x+3=0 ... 2

Onsolving bothy=-1,3

{\/227(#2 2 *\/E&jl dx

o —N

wre.
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-2 4 .
X 4x—x2+§sm

|
[ fg))- [

_1X—2 \/— 2 3/2
272 axtx
2 “3

(18) (B). Solvingx?=4yandx+y=3
X2
Weget, —+x=3
= x2+4x-12=0 T35
= (X+6)(x-2)=0=>x=2,y=1
Solving y=1+ x/;andy=3—x
Weget 1+ Jx =3-x =>x=1y=2
1 2 2.2
Area= | @+¥x) dx+ [ (3—x) dx - [ =—dx
0 1 04
1 212 32
x4 2x32 XXy
0 2 12 2
1 0
(19) (C).g(x)=cosx?;f(x)= Jx ;9(f (x)) =cosx
Given, 18x?-9nx + =0
bx—m) (3x-m)=0 - X=—,—
(6x—m) (3x-m) =0 .. =53
/3
Area= f COSX dx:\@—1
/6
(20) (C). Equation of tangent at (2,3) on
y=x2-1,isy=(4x-5) Veenis
Required shaded area /
\ cl©3)
3 - 23
=ar (AABC)- I\ly+1dy 0 X-axis
-1
N =
1 2 3243
=—x8x2-—[(y+1 >
> [T 505)
_g- 108 it
33 Square units
Y
(318)
x=3
(14)P, y=4
S
4
. 09
(21) (B).«x \ oo, R X
y

2] 1
0 0

Required area j(xz +3x) dx + Areaof rectangle

11 59
PQRS="+8="

(22) (B).S(o)={(xy):y2<x,0<x<o}

A (a)zzT&dx=2a3’2

=2x 492216 ; A(1)=2x232

/3
5 25

X2<y<x+2
X2=y;y=x+2
x2=x+2
x2-x-2=0
x-2)(x-1)=0
x=2,-1

A(4)
AG)
A (4)

(23) (B).

2
Area= [ (x+2)-xdx -9

,1 2

(B). y2=2x

X-y-4=0 y
(x—-4)2=2x
x2+16-8x—2x=0
x2-10x+16=0

(24)

(8.4)

4

+4y|il2 - %

-2

1
=(8-2)+4(6)- ¢ (64+8)=6+24-12=18

y=x+1|

(25 A

(-1,0)

j((x +1)-2%)dx = (—2+x—n—)

=(£+1—ij [O+O—i]=
2 In2 In2/ 2

[5
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(26)

(27)

(29)

(29)

(©).{(x,y):y?<4x,x+y<1,x>0,y>0}

3242
A j 24X o+ S 1-6- 22)) 1-(3-

321322
_2Ix 3/]2 +1(2f 2) (242 - 2)

2.2))

4/
(A).Area=%: [ (ax - ax) dx
0

= A=24
(B). Total area — enclosed area

1
2n—J&—de
0

“ A4, )

(B). 4x2=y
y=8x+12
4x2=8x+12
x2-x-=3=0
x2-2x-3=0
x2=3x+x-3=0

(x+1)(x-3)=0
x=-1

3 2
A= I (8x+12—4x2) dx. A _T+12X__

-1

=(4(9)+36-36)- (4—12+§)

g 4y, 4_132-4 128
3 3 3 3

bl 2) 2
Jax? X =&
© J| Va7 Jax =5

(30)

2 —3p b @
:\/_ 3a6"'(|)

Alsoareaof AOQR=1/2

1l poa
2 2
Putin (i), 4a/a-2=a’

= d+4a8+4=16a8=Pb-12a%+4=0

(B). Point of intersectionof y = x2 & y =—2x + 3
Obtained by x2 +2x-3=0=>x=-3,1

(31)

1
Area= I (3-2x- x2) dx
-3

:3(4)_2[12—232}(13;33\ -

=12+ 8—§:§
3 3

‘ T

(32 B

Required area=Areaof trepeziumABCD

—Area of parabola between x = %& X= %
J1(V3 1)1, B R 2 3
23 e

[4
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