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THEOREM-
If P (n) is a statement depending upon n, then to prove it by
induction, we proceed as follows :
(i) Verify the valdity of P (n) forn=1
(ii) Assume that P (n) is true for some positive integer m
and then using it establish the validity of P (n) forn=m+ 1.
Then P (n) is true for eachn € N.

THEOREMHI
If P (n) is a statement depending upon n, but beginning
with some positive integer k, then to prove P (n), we proceed
as follows :
(1) Verify the valdity of P (n) forn=k
(i1) Assume that the statement is true for n=m > k.
Then using it establish the validity of P (n) forn=m+ 1.
Then P (n) is true for each n > k.

SUMS USEFULRESULT BASED ON PRINCIPLE OF
MATHEMEMATICALINDUCTION
For any natural number n

1
(1) 1+2+3+4+.... +n:Zn:$
D) (2n+1
Q) 12+22+32+42+ ... +n2:2n2:—n(n+)6(n+)
2
1
@) P+23+33+43+ . +n3—2n3—(2n)2—{$}

_n(n+1)(2n+1) (3n® +3n-1)

(4) 14+24+3%+4%+ _ +n* 2

n? (n+ l)2 (2n2 +2n-1)

(5) 1P+25+43+47+. ... +nd= o

6) 2+4+6+....+2n=X2n=n(n+1)

(7) 143+5+...+2n-1)=2(2n—1)=n?

(B)x"—y"=(x—y) (" XM 2y xR xy 2yt

O X" +y"=(x+y) (T xP 2y + xSy xy? 2y
when n is odd positive integer.

NOTE:

(1) Product of r consecutive integers is divisible by r!

(i) Forx=y,x"—y"is divisible by
(a)x+yifniseven (b)x—yifnisevenorodd

(ii)) For solving objective question related to natural numbers
we find out the correct alternative by negative examination
of this principle. If the given statement is P(n), then by

puttingn=1,2,3, ........ in P (n) we decide the correct answer.
We also use the above formulae established by this principle
to find the sum of n terms of a given series. For this we first
express T as a polynomial in n and then for finding S, we
put X before each term of this polynomial and then use
above resulsts of  n, Tn2, Tn3 etc.

ADDITIONAL EXAMPLES

Example1:
Prove that n < 2" for all positive integers n.
(1) For n= 1, the formula is true, because 1 <2!.
(2) Assuming that k < 2k
you need to show that k + 1 < 2K+ 1,
For n=Xk, you have 2kt1 =2 (2K)>2(k) = 2k.
[By assumption]

Because 2k=k +k>k + 1 forall k> 1, it follows that

2K > 2k >k+1 or k+1 <2k,
So, n < 2" for all integers n >1 -

Sol.

Example2:
Prove by mathematical induction that the sum of the
products of every pair of squares of the first n natural

1
e o= 2 +
numbers is 360 1 (n*—1) (5n+6).

Sol. Letp(n)=12.22+12 32+, +12.n2+22 32+22 +42

1
B S +22 0%+, +(n—1)2.n2:%n(nz—l)(5n+6)

2x3x15x16

PQ)=12.22= 360 is true

Assume P(m+1)= ﬁm(mt 1) (4m2—1)(5m+6)
N (m+1)° m(m+1)(2m+1)
6

m(m+1)(2m+l) )
- 0 {(m—1)(2m— 1) (5m+6) + 60 (m+ 1)2}

m(m+1)(2m+1)

= 3+57m2+ +
360 (10m3 + 57m2 + 107m + 66)

m(m+1)(2m+1)

_ T (m+2)(2m+3) (5m+11)

=(m+ 1) (m?+2m) (4(m+1)2—1 (5m+11)
={(m+1)(m+1)2-1} 4(m+1)> -1} {m+1}+6

This being of the same form the RHS of P (m), P(m+ 1) is
true. Hence, P(n) is true by mathematical induction.
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Example3:
Prove by mathematical induction or that the sum or other-
wise that 32012 52n_33n%2 521 jg djvisible by 1053 for
n<l.
Sol. Let f(n)=320"2(52n_3p 22m=gntl (p5n_ 1om)
=81.971 (25n - 12m)
Now, a” — b" is divisible by a—b
257 — 12" is divisible by 25— 12=13
f(n)=81.9"1 13xk=1053.9"! k
Hence f(n) is divisible by 1053.

Example4:
Find Py, for the following.
k2 (k+1)?
@P:S = EE—

(b)P:S, =1+5+9+.. . +[4(k—-1)-3]+(4k-3)
(©) P : S, > 2k+1

(k+1)%(k+1+1)
Sol. (@) Py, :S,,; = 2

[Replace k by k + 1]

C(k+1)?(k+2)°
=T
(b)Py: S, =1+5+9+. ..+ {[4(k+1)-1]-3}+[4(k+3)-3]
=1+5+9+...+(4k-3)+(4k+1)
(©)P 3 > 2(k+1)+1
3kt S 2k +3.

Example5:

7
3
Find 2.0 =13+23433 443453+ 63+ 73

n=1
Sol. Using the formula for the sum of the cubes of the first n
positive integers, you obtain the following.
L 3
207 = 13423 433 4 434 534 634 73 -

n=1
2 2
7°(7+1) _ 49 (64) _ 784
4 4
Check this sum by adding the numbers 1, 8,27, 64, 125,216
and 343.
Example6:

Use mathematical induction to prove the following formula.
S,=I+3+5+7+...+(@2n-1)=n%
Mathematical induction consists of two distinct parts. First,
you must show that the formula is true when n = 1.
(1) When n = 1, the formula is valid, because S;=1= 12,
The second part of mathematical induction has two steps.
The first step is to assume that the formula is valid for some
integer k. The second step is to use this assumption to
prove that the formula is valid for the next integer, k + 1.
(2) Assuming that the formula

S, =1+3+5+7+...+(2k-1)=k?

Sol.

is true, you must show that the formula S, | = (k + 1)?is
true. S =1 +3+5+7+. .. +Q2k-1)+[2(k+1)-1]
=[1+3+5+7+...+2k-1)]+2k+2-1)

= SE +(2k+1) [Group terms to form S, |
=kZ+2k+1 [Replace S, by k?]
=(k+1)?

Combining the results of parts (1) and (2), you can conclude
by mathematical induction that the formula is valid for all
positive integer values of n.

It occasionally happens that a statement involving natural
numbers is not true for the first k — 1 positive integers but
is true for all values of n > k. In these instances, you use a
slight variation of the Principle of Mathematical Induction
in which you verify P, rather than P,. This variation is
called the extended principle of mathematical induction. To
see the validity of this variation, note from Figure that all
but the first k — 1 dominoes can be knocked down by
knocking over the kth domino. This suggests that you can
prove a statement P to be true forn > k by showing that
Py is true and that P, implies P, , |

Example 7 :
Find a formula for the following finite sum :
1 1 1 1 1
+oeee

—t—t—t—
12 23 34 45 n(n+1)

Sol. Begin by writing out the first few sums.
1 1 1 1 1 4 2 2
1.2 2 1+1 1.2 3 6 3 241
1 1 9 3 3
S=—Ft—F+—=—=-=——
1.2 23 34 12 4 3+1
1 1 1 1 48 4 3
Sy=—F+—+—+—=—=-=——
1.2 23 34 45 60 5 4+1

From this sequence, it appears that the formula for the kth
sum is

1 1 1 1 1 k
Sy=—+—+—+—+.cccqF ———=—
1.2 23 34 45 k(k+1) k+1
To prove the validity of this hypothesis, use mathematical
induction, as follows. Note that you have already verified
the formula for n = 1, so you can begin by assuming that

the formula is valid for n = k and trying to show that it is
valid forn=k+ 1.

1 1 1 1 1 1
Sk = —=F+=——=+—+—+.....+ +
L.Z 23 34 45 k(k+1)} k+1)(k+2)

k N 1 _ k(k+2)+1
T k41 (k+1)(k+2) (k+1)(k+2)

K2 +2k+1  (k+D)?  k+l
S (k+D) (k+2) (k+D)(k+2) k+2°
So, the hypothesis is valid.

—_—
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Q.1 2">n?whenn e N such that 3 15 63
(A)l’l>2 (B)Il>3 Q,]O Z+E+a+ ......... to n terms =
(©)n<s (D)n>5
Q.2 Ifn e Nandnis odd, then n (n — 1) is divisible by — 4" 4"
(A)24 B)16 (A)n-—-2 (B) n+———2
©)32 (D)8
Q.3 If49"+16n+ A is divisible by 64 for all n € N, then the n 4
least negative internal value of A is — ©)n+—-= (D) n- 3 + 3
A)-2 B)-1
EC))—S ED))—4 Q.11 LetS(K)=1+3+5+.......+(2K—1)=3+K2. Then which
N of the following is true?
Q4 Forne N, x™!+(x+1)2"1is divisible b .
A)x (x+ 1) Byxe1 y (A)S (1) is correct (B) S(K)= S(K+1)
©x+x+1 D)x2—x+1 (©) 5(K) 2 SK+1)
Q.5  The sum of the terms in the n™ bracket of the series (D) Principle of mathematical induction can be used to
(DFQ@+3+4)+(5+6+T+8+9)+ e is - prove the formula
(A) (n— 1)3 +n3 (B) (n+ 1) + 8n2 Q.12 Statement-1: For every natural number n > 2
(n+1)(n+2) >
S (D) (n+1)3+n? \[ \f \f Vo
Q.6 IfneNandn>1,then— Statement -2: For every natural number n>2
a1\ n )\ Jn(n+1) <n+1
(A) n!> [ > j (B) n!z [ > j (A) Statement-1 is true, Statement -2 is true; Statement-2
is a correct explanation for Statement-1
\" (B) Statement-1 is true, Statement -2 is true; Statement-2
(C)nl< [HT) (D) None of these is not a correct explanation for Statement-1
(C) Statement-1 is true, Statement -2 is false
Q.7 If o is an imaginary cube root of unity then value of (D) Statement-1 is false, Statement-2 is true
expression 1.2—).(2—?)+2.3-w).(3—?) +........ 3 A3 a3 3 _
t(—1)(n-0). (n—?)is— Q13 1"+2°+3 +....+n
2 3
1 n(n+1) n(n+1)
(A) an(n +1)° ®) L (A) ( 5 ] (B) [ 5
3 2
(C) n Zn+1)2 -1 (D) None of these n(n-1) n(n-1)
Ol—5— D)
2 3
08 3.5 7 o ot n terms. is caual @14 102"~ 1 + 1 is divisible by —
T2 1242 1242243 P e (A12 (B)13
to— ©11 (D) 14
. o Q.15 12+32+52+ .. +(@2n-1)2=
n n
— (B)— — — _ _
(A )n+1 ®) 7 © 3 ) )n+1 (A)n(n 1)3(2n+1) B)n(Zn 13)(2n+1)
(1 k)
Q9 IfA= LO 1J , then for some n € N, A" is equal to — © n(n-1)(n+0) D) n(2n-1) (n+1)
3 3
mo (1 ) o (10 Q.16 3272 8" 9 s divisible by —
(A)2 B)3
(A) kO nJ (B) LO 1 J © LO 1) D) LO 1J (€)4 (D)8

=
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I VRS I S 3N(103) (1:2).. 14 222)
Q.17 35 + 57 + =9 +..+ Gnil)@ntd) " Q.22 (1+ 1) (1+ 4] (1+ 9] ...[1+ 2 =
(A)2 (n+1)>? (B)(n+1)?
(A) = B) = (©) (- 1)? (D) (n+ 1)}
(2n+3) (2n-3)
1 1 1 1
n n Q'32 (14-1] [14‘5] [14‘5)(14‘;] =
O) T o D) 5
© 32n+3) D) 2n3) (&) @+1) B) @+ 1
Q.18 n(n+ 1) (n+2)is divisible by — (C) (n—1)2 (D) (n+1)3
(A) 4 (B)2 Q.24 x2"—y2n s divisible by —
©6 D)8 (A)x-y B)x+y
Q.19 13+23%2+333+ ... .n3"= (C)x—2y (D)x+2y
_13nH _1)3nl 25 143437 4. 3l =
*) (2n 1); +3 ® (n 1)1 +3 Q +3+37 4.4
3" -1 3" +1
2n-1)3""+2 2n-1)3""! (A)( 2 ) (B)( 2+)
— + —
(C)U% (D)%
(3" +1) 3" -1
Q.20 n(n+1)(n+5)isamultiple of — (C)T (D)T
(A)3 B)4
(OR D)6 s 1 1

1
+—+ +ot =
. | . Q26 147477710 " (3n-2)Gn+1)

1+ + Fort——— =
Q21 ) T+ 243) (A+2+3+...)

2n 2n

A (A) Gn+1) ®) Gn 1)
@A) v ® w1 ) )
2n 2n © (2n-1) ) (3n+1)
© mo D) m+1) Q.27 417—14"isa multiple of -
(A)27 (B)30
©9 (D)81

ANSWER KEY
112)3|4|5|6|7|8|9(10(11(12|13|14|15|16|17|18]|19]20
DIA|B|C|AfC|B|[A|JC|B|C|B|A|A|B|D|C|JC|A|A
21(22]23( 24| 25| 26| 27

>|10|>»|(0
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(€)

(C)

®)

(©6)

n+1\"
Whenn=4,thenn!=24, | —| =

CHAPTER-3 :
MATHEMATICAL INDUCTION

QUESTION BANK SOLUTIONS
LUTI EXERCISE

(D). Let the given statement by P (n), then
P (1) = 2'> 12 which is true
P (2) = 22> 22 which is false
P (3) = 23> 32 which is false
P (4) = 2> 4% which is false
P (5) = 25> 52 which is true
P (6) = 20> 62 which is true
. P(n)istrue whenn=>5
(A). Let P (n)=n (n?—1) then
P(1)=1(0) =0 which is divisible by everyn € N
P (3) =3 (8) =24 which is divisible by 24 and 8
P (5)=5(24) =120 which is divisible by 24 and 8
But we know that a number which is divisible by 24 is
also divisible by 8 but its converse may not be true.
Hence P (n) is divisible by 24.
(B). Forn=1, we have

49"+ 16n+A=49+16+A=65+A

=64+ (A+ 1), whichis divisible by 64 if AL =—1
Forn=2, we have

490+ 16n+A=492+16x 2 +1=2433+ 1

=64 x38+( A+ 1), which is divisible by 64 if A =—1
Hence, A=-1
(C).Forn=1, we have
M x+ D)2 1 =x2 4+ (x+ 1) =x2+x+]1,
which is divisible by xZ + x + 1
Forn=2, we have
M x+ D) =3+ (x+1)3=2x+ D) x2+x+1),
which is divisible by x2 + x + 1.
Hence, option (C) is true.
(A). Forn=1, we have
Sum of the terms in first bracket = 1
And,(n—1P+n3=1-1)3+13=1
Forn=2, we have
Sum of the terms in the second bracket=2+3+4=9
And,(n—12+nm3=2-13+23=1+8=9
(C). When n =2 then

( n+ 1] t
nl<|——
2

, (n+1j"_2
n=2 17 =3 =

n+1\" n+l
When n=3, thenn! =6, > =8= nl< -

n

2

n
n
. Itis seen that = n! < (—)

™

@®

(C)

10

B).Sum= 2. (1=1) (n-0) (n-0?)
n=2

= Z:(n—l)[(n2 —n(co+a)2)+0)3]
n=1
[-- whenn= 1, sum=0]

=X(m-1)m2+n+1)

=X -1)=2n3 21*4n Zm+1)? -
(A).
2n+1 (2n+1)6
T1'1= =
12+2%+..+n?> n(@m+1)(2n+1)

6 _6{1_L}
n(n+1)_ n n+l
:>Sn=6[[l—l)+[l—l]+

2 2 3

el L | 6n
n+1 n+1

(C). We find that

5]

A2 kKY(1 k) (1 2k)
(o o )7 1)
A3 (1 2k\(1 k) (1 3k)

o 1Jlo )7l 1)

Similarly, At =((1) 4lkj A’ ( Jetc

. (1 nk)
So, A LO IJ

(B). Forn=1, we have

3 3 3 3 3
4 471103
n+ ——=l+————=—
3 3 3 3 4
n
n+4——l:1+i—l:2
3 3 3 3
4 4711 s
n- +—=1l-—4—=—
3 3 3 3 4
Also, forn= 2, we have
47" 1 1 1 27 3 15 27
—_= ———=—3and " +—=—
3 3 48 3 16 4 16 16

Hence, option (B) is correct.
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(11

(12)

(13)
(14
15)
(16)
a7
(18)

O©).SK)=1+3+5+7+...... +(2K-1)=3+K2
ForK=1

LHS.=1landR.H.S.=4

Option (A) cancel out

w weknow 1 +3+5+7+....+(2K-1)=K2
but in question S (K) =3 + K2

.. by principle of mathematical induction

S(K) =S (K+1)

{*> S(K)isnottrue forK=1,2,3, ....... }

1 1 1
(B).Letp (n)= $+$+....+E

1 1
-1l
1 1 1 .
Let us assume that —+ —+.....— k is true.
1 V2 Tk
1 1 1 1 1
Spkt+tD)=—+—+—+.....—+ >+k+1
plerl) NG NN

has to be true.

1 Jk(k+1)+1

~ LHS.> vk + =
vk+1 vk+1
Since, k (k+1) >k (V k>0)
JEkk+D)+1  k+1
‘. > =vk+1
vk+1 vk+1
LHS.> /k+1

.. Statement (1) is true.

Letp(n)= yn(n+1) <n+1
P(2)=y2(2+1) <2+1
Ifp (k)= k (k+1) <k+ listrue

Now, p(k+1)= /(k+1) (k+2) <k+2 has to be true.
Since (k+1)<k+2

ooJk+ ) (k+2) <k+2

Hence statement 2 is also true but not correct explanation
of statement (1).

(A).

(A).

(B).

D).

©).

(C). Let P (n) be the statement “n (n+ 1) (n + 2) is divisible
by 6”,i.e. P (n)=n(n+ 1) (n+2)is divisible by 6.

Step 1 : Forn=1, we have

19

20
(e2)

P(1)=1(1+1)(1+2)=1x2x3=6,whichisdivisible

by 6. Thus, P (1) is true forn=1.

Step 2 : Forn=Kk, Let P (k) be true,

ie., P(k)=k(k+1) (k+2)isdivisible by 6.

Let, k(k+ 1) (k+2)=06A\, for some A € N.

Step 3 : Forn=k+ 1, we have to show that P (k + 1) is true,

i.e. P(k+ 1) is divisible by 6.

Pk+D)=k+1D)k+1+1)k+1+2)
=(k+1)(k+2)(k+3)
=kk+1)(k+2)+3(k+1)(k+2)
=6A+3(k+1)(k+2) [From (1)
=6L+6t=6(L+1)

Thus, P (k+ 1) is divisible by 6.

Therefore, P (k+ 1) is true.

o P(k)istrue=P (k+ 1) is true.

Hence, by principle of mathematical induction, P (n) is

true for all natural number n.

(A). Let P (n) be the statement given by

2n-1)3""143
P(n)=13+232+3.33+..... n.3n:%
Step 1 : Forn=1, we have

2-13"43
4

9+3
P(1):1:31= or3=Tor3:3

Thus, P (1) is true
Step 2 : For n =k, assume that P (k) is true.

(k=13 43

4

Step 3 : Forn=k + 1, we have to show that
1342324333+ ... k3K+(k+1)3k]

Then, 1.3+232+333+.....k3 (D)

[2(k+1)—1].30 D+ 4 3
4
Now, LH.S.=13+2.32+3.33+ . k3K+(k+1)3k!

+(k+1)3%*!

k+1
(k- 1)43 +3 [Using (1)]

C k=13 4344 (k+1)3E!
4

_ (2k-1+4k+4) 3 43 (6k+3)34" 43
4 4

C3k+D3 43 (2k+1)34 43
4 4

2 (k+1)—1].3%DT 13
4

Therefore, P (k+ 1) is true. Thus, P (k) istrue =P (k+ 1)
is true.
Hence, by principle of mathematical induction P (n) is
true foralln € N.
A).
D).

e
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(22) (B). Let P (n) be the statement given by : (25) (A). Let P(n) be the statement given by
3 5 7 2n+1 3" -1
P(n)i[Hfj [HZ) [1+§]...[1+( 2 )):(n+1)2 P():1434+3%+..... +3“’1:(—2)
n

23
249

Step 1 : Forn=1, we have

P(l)=[l+2xi+1
1

3
] =(1+1)2 or [1+T] =2’ or4=4

Thus, P (1) is true.
Step 2 : For n =k, assume that P (k) is true. Then,

(1%} (1+%] [1+9 ...... [1+ 211‘(2”] = (k+D% (1)

Step 3 : Forn=k + 1, we have to show that

[”%j (”%] (1+3 ...... [Hﬂ;l) {Hziig;ﬂ
=(k+1+1)*Now,
[1+%] (1+%j (1+3 ...... [”%}X[H%}

2
ka2 2k +3 kD2 (k+1D)°+2k+3
= (+D) {+(k+1)2 = (e (k+1)°

=(k?+2k+1+2k+3) = (k> + 4k +4) = (k +2)?

= (k+1+1)°
Therefore, P (k+ 1) is true.
Thus P (k) is true = P (k + 1) is true

Hence, by principle of mathematical induction P (n) is
true foralln e N

(A).
B).

(26)
@7

Step 1 : Forn=1, we have

1
-1
P(1): 3H=3T:>1:1

Thus, P (1) is true.
Step 2 : For n =k, assume that P (k) is true.

_ 31‘—1+3k _ 314235 3Fa+2)-1
2 2 2

3351 3¢
2 2

There P (k+ 1) is true. Thus, p (k) is true = P (k+ 1) is true
foralln e N.

D).
(A).

4
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