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(COMPLEX NUMBERS) ODM ADVANCED LEARNING
IMAGINARY NUMBER Example2 :
Square root of a negative real number is an imaginary {592 ;590 ;588  .586 584
number, while solving equation x>+ 1 =0 we getx == \/_| Find the value of (582 80 578 1576 1574 -1
which is imaginary. So the quantity \/_] is denoted by i' = Sel. Given expression
called 'iota' thus i= /_| (10 (1582, 580 578  .576 i574)
Further (/75 , -3 » /0 crvvvrvveeee = T ss 380 51 576 . -1
urther \[_5, /-3, /=9 may be expressed as (582580 578 576 574
415,143,530 =il0_1=@2)5_1=(1)y-1
=—1-1=-2
Integral powers of iota (i)
COMPLEXNUMBER

We havei=+/—] andi2=—1.

Soit=i2.i=(-1)i=—1 andi* =(i?)?= (-1)2=1.
Note that {0 is defined as 1.
To find the values of i", n > 4, we first divide n by 4. Let m
be the quotient and r be the remainder. Thenn =4 m +r,
where 0 <r<3.

. in:i4m+r:(i4)mir:(1)mir:ir [ i4:1]
Thus if n > 4, then i" =if, where r is the remainder when n is
divided by 4. The values of the negative integral powers of
i are found as given below :

1 i 1 1
il=-=7=3=1j 1—2—7:_:_1,
1 1 i -1

1 1
i737l:L:l:1’ i*477:—:1
it it 1
Note:

() 2=ixi=-1xJ-1%1
(i) /—a * «/=b # fab so for two real numbers a and b

Jab = «/a - +/b possible if both a, b are non-negative.

'1' is neither positive, zero nor negative. Due to this reason
order relations are not defined for imaginary numbers.

(iii)

Example1:

Find the value of [ilg " Gj ) T
[ T3]
[ OF )]

=[Fi+PP=(H-i)?=4i?=-4

A number of the form z=x + iy where x, y € Rand i= /—

is called a complex number where x is called as real part and
y is called imaginary part of complex number and they are
expressed as Re (z) =x, Im(z) =y

Here if x = 0 the complex number is purely imaginary and if
y =0 the complex number is purely Real.

A complex number may also be defined as an ordered pair
of real numbers and may be denoted by the symbol (a, b).
If we write z = (a, b) then a is called the real part and b the
imaginary part of the complex number z.

ALGEBRAIC OPERATIONS WITH COMPLEX NUMBER

Addition: (atib)+(ctid)=(atc)+i(b+d)
Subtraction: (a+ib)—(c+id)=(a—c)+i(b—d)
Multiplication : (a + ib) (c + id) = ac + iad + ibc +i% bd
=(ac—bd) +i(ad + bc)

i atib _ @ribe-id

WIIORE Chid T (c+id)(c—id)

(When at least one of ¢ and d is non zero)

(ac+bd)  (bc—ad)
P +d? ' ¢ +d°

Properties of Algebraic Operations with Complex Number

Let z, z, z, and z; are any complex number then their
algebraic operation satisfy following properties
Commutativity : z, +z,=z,+z,and z,z,=2,7,
Associativity: (z, +2z,) + 2, =2, +(2, +23) (2/2,)23 = 2/(223)
Identity element : If0=(0,0)and 1 =(1, 0) then
z+0=0+z=zandz. 1=1.z=2z.

Thus 0 and 1 are the identity elements for addition and
multiplication respectively.

Inverse element : Additive inverse of z is —z and
multiplicative inverse of z is 1/z.
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Zl+22 =Zl+Z3

Cancellation law : Zo+2, =23 +7,

:Zzzz3and z,#0

212y =123 -
=>7,=z
Zy7) =237 2 73
Distributivity : z,(z, +2;) =22, + 2,74
and (zy +23)2) = 2yZ) + 2537,

Multiplicative inverse of a non- zero complex number
(Reciprocal of a complex number) : Multiplicative inverse
of'a nonzero complex number z=x + iy is

1 1 1

1 —= =

LXTy | x-ly

z z_x+iy_x+iy x—iy_X2+y2
xz+y2 xz+y2 o |z |z|
Example3:

Find the multiplicative inverse of z =3 — 2i.
3 e 32
34+ (=2 3°+(=2)° 13 13

. 1
Sol. z ' = =5 3+2)

Equality of complex numbers :

Two complex numbers are said to be equal if and only if
their real parts and imaginary parts are separately equal
ifatib=c+id,thena=c & b=d

Note:

1 Ifz=0=x+iy=0=x=0andy=0

(i) x,yeRandx, y#0thenifx+y=0=x=-yiscorrect
butx +1y =0 = x =— 1y is incorrect.

Inequality relation does not hold good in case of
complex numbers having nonzero imaginary parts. For
example the statement 8 + 51 >4 + 2i makes no sense.
Complex number '0' is purely real and purely imaginary
both.

(iii)
(iv)

Example4:

If (x +iy) (2 — 31) =4 + 1, then find the value of x and y.
4+i  (4+1)(2+3i) S5+14i
2-3i 13 13
Sox=5/13,y=14/13.

Sol. x+iy=

Example5:
Find the values of x and y satisfying the equation

(1+1)x—21+(2—31)?f+1 i

3+1 3-1
Sol. U+0xf2{+Q—30y+1:i
3+1 3-1

= (4+2)x+(O9-71)y-3i-3=101
Equating real and imaginary parts, we get
2x—7y=13 and4x+9y=3.Hencex=3 andy=-1

SQUARE ROOT OFACOMPLEX NUMBER
Ifz=x+iy

Suppose [z =./x+iy =a+ib
= x+iy=a2—b2+2iab

On comparing the real and imaginary parts
x=a2-b%, y=2ab

Now, az+b2:1/X2+y2 =lz| . Q)
a2-b2=x . (ii)
From equation (i) and (ii)

Iy IRy T
a 2 2

Solving these two equations we shall get the required square
roots as follows :

lz|+x . [lz|-x

+ 5 +1 5 ify>0
lz|+x . [|z|—x

and £ ) —1 2 ify<0

1+i
Note : (i) The square root of i is + [ﬁ] (Hereb=1)

1- ij
(i1) The square root of —1iis + ( NG (Hereb=-1)

Example6:

Find the square roots of 7 + 24i.
Here|z|=25,x=7

Hence square root

=+ {[252”]1/2 +i(?}ﬂ =+ (4-+3i)

TRYITYOURSELF-1

Sol.

Q.1 Evaluate: i!33.
Q.2 If(atb)—i(3a+2b)=5+2i,thenfindaandb.
X
Q3 Ifz=x+iy,z*=a—iband ;—% =k (a2 —b?), then find
the value of k.
Q.4 Ifone root of the equation z2 —az+a—1=01is (1 + i),
where a is a complex number, then find the other root.
+1)?
Q.5 Express — in the standard forma+ib.
-1
Q.6  Find square root of 9 +40i.
1 3
Q.7 Express [5 + 3ij in the standard forma+1ib.
Q.8  Find the multiplicative inverse of ~/5 + 3i

ree
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ANSWERS other. It is represented by Z and Z is mirror image of z in
@ -1 2)a=-12,b=17 (3)4 @Pz=1 real axis on Argand plane.

(6) (5+4i) or —(5+4i)

V5 3

N> 3
14 14

5 _l+§i
() ~5*5

™ %;‘2—261 ®) i

REPRESENTATION OFACOMPLEX NUMBER
Cartesian Representation : The complex number
z =X + 1y = (X, y) is represented by a point P whose
coordinates are referred to rectangular axis xox' and yoy',
which are called real and imaginary axes respectively. Thus
a complex number z is represented by a point in a plane,
and corresponding to every point in this plane there exists
a complex number such a plane is called Argand plane or
Argand diagram or complex plane or gaussian plane.
Note : (i) Distance of any complex number from the origin is
called the modulus of complex number and is denoted by

\Z|Thus,|z|:,lxz.;_y2 .

(i1) Angle of any complex number with positive direction of
x—axis is called amplitude or argument of z.

Thus, amp (z) = arg(z) = 0 =tan™! % '

Polar Representation: Ifz=x + iy is a complex number then
z=r1(cosO+isinQ)isapolar form of complex number z

where x =rcosf, y=rsinfandr=,/x? + y? =|z|.

Exponential Form: Ifz=x +1iy is a complex number then its
exponential form is z = rel® where r is modulus and 6 is
amplitude of complex number.

Vector Representation: If z=x + iy is a complex number
such that it represent point P(X, y) then its vector

representation isz= OP .

Example 7 :
Find the polar form of — 1 +1.
Sol. “+ |-1+i|=./2,amp (-1 +i)=n—n/4=3n/4

So=1+i= /2 (cos3m/4 +isin3n/4)

Example8: .
Ifz= re‘G? then find the value of | e'#|
Sol. If z=rei%=r(cosd +isind)

= iz=ir(cosb +isinB)=—r1sinO + ir cosO
or eiz — e(7r sin@ +ir cose)) =T sinO ei r cosO

or ‘ eiz‘: | efrsine‘ | ericose‘
=¢ 5109 [cos2 (1 cosB) + sin? (r cos B)]2=¢ T
sinf
CONJUGATE OFACOMPLEXNUMBER
In a complex number if we replace i by — i, we get conjugate
of complex number. If a +ib is complex number it's conjugate
is a— ib. Here both numbers will be conjugate to each

Properties of Conjugate Complex Number
Letz=a+iband Z =a—ib then

(i) (z) =2

(il) z+ z =2a=2 Re (z) =purely real

(ii)) z— z=2ib=2i1m(z) = purely imaginary
(iv) zZ =a? + b2 =z

(V) Z1+22:21 +22 (Vl) Z]_Zzzzl _22

(7))

7
.. i0 —i0 e 1
e = = _

(vii) re (viii) L_Zz J Z

(x) z" = (2)" X) 2,2, =7 7

) [z, +2,? =(z, +2)) (2, +2,) =(z,+2,) (7, +Z,)
=lz\P+1zy 2,2+ 7 2y

xi))z+ Z =0orz=— Z = z=0or zis purely imaginary

(xiil) z= Z = zis purely real

Example9:
Find th jugate of
ind the conjugate o 3.4
1 3-4i _ L _
Sol. i TG+4)GB—4) 25 G4

1 1
= conjugate of [m) = 25 (3 +4i)

Example 10 :

If z is a complex number such that z2 = (Z)2 , then
(1) zis purely real

(2) zis purely imaginary

(3) Either z is purely real or purely imaginary

(4) None of these

Sol. (3). Letz=x + iy, then its conjugate z =x—1iy

Given that z2 = (Z)2 = x2—y? +2ixy =x2 - y2 - 2ixy

= 4ixy=0Ifx#0theny=0andify#0thenx=0
MODULUS OFACOMPLEXNUMBER

If z=x + iy then modulus of z is equal to \/x? + y? and it

z=x+iy=|zl=\[x2 +y2 .

Note: Modulus of every complex number is a non negative
real number.

is denoted by | z | . Thus

Properties of Modulus of a Complex Number :
(1) |1z|>0 and |z|=0ifandonlyifz=0,i.e.,x=0,y=0
(i)—|z| £ Re(z) < |z| (ii)—|z|< Im(z) < |z]

TR
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) |z|=Z|=|=z|=|-Z| (V)zZ=|zf
. Al Al
V) 2,2, = 74| |z, (vii) Z, = |22|(22¢0)
(viii) [z2|=|z Por|z"=|z[",n e N
also [z,z,...... | = [z4] [Z5] ..o |zl
, _ 1 .z
X |z|=1ez2=— (x)z7=—+
z |z

(Xi.)._lzliZzlS2|Zl|+ 12, , (Xzii)\212*22| 2 |lzy| =1z, |
(x'111) \Zl+zz| +|21722| :2(|Zl| +\Zz|)
(xiv) re'¥|=r

()2, = 2P =z, +]zy £ 2Re (217,

Example 11 :

Sol.

Sol.

) 241
Find the modulus of (1 + 1) v

(it i) 20,
3+i |

\/g—l
10

|3+i J10
Example 12 :
) z—5i )

Ifz=x+iyand S15il” 1 then z lies on

(1) x-axis (2) y-axis
(3)liney=5 (4) None of these

z—51
OF zZ+51] !

= |z—5if =|z+ 5if
= x2+(y—5)2:x2+(y+5)2: y=0

Example 13 :

Sol.

Ifz,=3+iand z,=i-1, then
(1)|21+22|>|21|+|22|

(3)|21+Z2|S|21|+|Z2|
).z, +z,=2+2i

=Slz+zl =Ja+4 =18 Now|21|:\/m,|22|:\/5-

Itis clear that, | z; + 2, | <|z; |+ |z,|

2 |Z1+Z2|<|21|_|22|
(€] |21 +Z2|<|21|+|Z2|

AMPLITUDE ORARGUMENT OFACOMPLEXNUMBER

The amplitude or argument of a complex number z is the
inclination of the directed line segment representing z, with
real axis.

If z=x+1y then

amp(z) = tan™! (%j .

For finding the argument of any complex number first check
that the complex number is in which quadrant and then find
the angle 6 and amplitude using the adjacent figure.

HI
x<0,y>0 x>0,y>0
0=rm-tan’! | Y] | 0= tan! ‘1|
X X
x<0,y<0 Olx>0,y<0 X
1Y -l | Y
6:—n+tan1‘;‘ 0 = -tan ‘x‘

Note :

()
(i)

(iii)
(iv)

V)
(vi)

(@)

(b)

Principle value of any complex number lies between
—-t<0<m

Amplitude of a complex number is a many valued function.
If 0 is the argument ofa complex number then (2nm + 0) is
also argument of complex number.

Argument of zero is not defined.

If a complex number is multiplied by iota (i) its amplitude
will be increased by /2 and will be decreased by n/2 If is
multiplied by —i.

Amplitude of complex number in I and II quadrant is always
positive and in IIT and IV is always negative.

Let z|, z,, z3 be the affixes of P, Q, R respectively in the
Argand Plane.

Then from the figure the angle between PQ and PR is

- _ (Z?’—Zl\
6=0,-0, =arg pR —arg PQ =arg LZZ—ZIJ

If z|, z,, z5 are collinear, thus 0 = 0 therefore BTh is
Zy — %

purely real. I

If z,, z,, z; are such that PR L PQ, 06 =1/2 So =L is

purely imaginary . 7

Properties of Argument of a complex Number :
(i) amp (any real positive number) = 0
(i) amp (any real negative number) =«
(i) amp (z— z)=+mn/2
(iv) amp (z, . z,) =amp (z,) +amp (z,)
{ Z \
(v) amp LZ) =amp (z,)—amp (z,)

(vi) amp (z)=—amp (z) =amp (1/z)

Py
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(vi)amp (—z)=amp (z) = &t

(viii) amp(z")=namp (z)

(ix) amp (iy) = /2 ify>0
=-—m/2 ify<0

(®) amp (z)+amp (Z)=0
Example 14 :

Find the amplitude of sin %+ i(l —cos %] .

Sol. si "+'(1 ”] 25 cos % 4 i2sin? 10
Ol. SIN —+1| 1=COS— | =<2 SINnT - COST - TI1Z8IN
5 5 10 10 10

. T T .. T
= 2sin —(cos—+1s1n—)
10 10 10

For amplitude, tan® =

Example 15:
Let z be a complex number such that | z | =4 and

5
arg (z) = ?n , then find the value of z.

5
Sol. Letz=r(cos0 +isin). Thenr =4, 0 :?”

4(_ 3 )

53 =—243 +2i

[coss—n+isin5—nj
nz=4 6 6 )"

Example 16 :

Let z, and z, be two complex numbers with o and 3 as their
principal arguments such that o + 3 > 7, then principal
arg (z,z,) is given by

Da+p+n 2Q)a+pB-n
B)at+p-2n @ oa+p

We know that Principal argument of a complex number lie
between -r and , but o + B >, therefore principal
arg(z,z,) = arg (z,) +arg(z,) = o+ P, isgivenby a + B -2n

Sol.

Example 17 :
Ifz=(1/i) then find arg (Z).
1 1 - -
Sol. z=-=-X—=—-1
i i -1+
.. z =1, which is the positive Imaginary quantity

arg (z) =mn/2

Example 18 :

2= 2+ 222 then find arg (a
z= 5 thenfin arg (zi)

31 B-D)2-1)+B+1)(2+1)
L z=— = X ;
Sol = i o @+i)(2-i)
z =2 = (iz) = 21, which is the positive Imaginary quantity
arg (iz) =m/2

3+1

TRYITYOURSELF-2

Q.1 Find thereal part of (1 —1)\.
Q.2 Solvetheequation|z|=z+1+2i.
Q.3  Find real values of x and y for which complex numbers
—3+1ix%yand x% +y + 4i are conjugate of each other.
Q4 If|z|=1,|2,|=2,|z3|=3 and |92 2, + 472,23 + 2,25 | = 12,
then find the value of | z| +z, +z5 |.
Q.5  Find the greatest and the least value of | z + z, | if
z,=24+7iand|z,|=6.
6  Find th litude of 1+—\/§1
Q. ind the amplitude o B
Q.7 Ifarg(z)=170°and arg (z,) = 70°, then find the principal
argument of z, z,.
Q.8 Find the modulus and the arguments of z=—-1- i3
Q9 Solve: \3x> —\/2x+3/3=0
Q.10 Ifarg(z)<0,thenarg(—z)—arg(z)=
(A) B) -=n
(C) —n/2 (D) n/2
ANSWERS
_ 1 3
1 © 4 o8 (ElogZJ (2)x+iy:5—2i
3) X+H(x*-1)=0 @2
(5) 19,25 (6) /6 (7)—120°
®)2 -3 O~,5  (0®
DEMOIVRE'STHEOREM

(i) Ifnisany integer then (cos + 1 sin ) = cos nO + i sin nd
(i) Ifp,q € land q#0 then

+ pO\

(2K (2kn+pb)
(cos O +i sin )P/ = cos(nTJ+ m+p

isin

-
wherek=0,1,2, 3,.......... ,q—1
Note: (i) This theorem is not valid when n is not a rational

number or the complex number is not in the form of
c0s0 +1sin0

Ex (cos€)+isin€))\/g # (cos~/50 +isin/5 0)

(sinB +1 cosO)"  sin nb + i cos nO
(cos +isinB)® = cos 80 +1 sin 86
(i) (cosB; +isind;)(cosO, +isind,)......... (cos0,, +isind,)
=co0s(0; +0, +03-----0 ) +isin(0; +0,+0;....... 0,)
(iii) The term (cos0 + i sinB) is also denoted by cis6

B
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Example 19:

LT T 3
Find the value of (smg +1cos g)

Sol [sin£+icosﬁj5
ol. 5 5

5 5

(n n] ‘.[n nj [ 3n ..37:]
—dcos| =—=|+isin| === |} =| cos==+isin—
{ 275 275 10 "o

3n .. _3mn 3n .. 3m
= c0S5.—+1sin5.— = cos—+1isin—
10 10 2 2
=0+i(-1)=-i
Example 20 :

1
If l +x =2 cos 0, then find the value of x" +—
X X

1
Sol. — +x=2c0s0 =>x2-2xcosO+1=0

X

= x=c0s0 * isin0 = x"=cosnO +isin nd
1 1 1

= = = — —0059 Fisin®

X cosO+tisin0

1 .. 1
= —n:cosneilslnl‘ﬁ. Thus , x" + — =2cos nO
X x"

POWERS OF COMPLEX NUMBERS
To find the value of any power of a complex number
z =X +1y first we express z into the polar form.
iLe. z=x+iy= r(cosO+isinf), where — 1<0<n
then we use De-moivre's theorem to find z"
ie. zZ"=r"(cosO +1isinO)"
=r"(cos n® +1i sin nB)
Thus, we have

No. x+iy form Polar form General

1 1+i0 cos0+isin0 cos 2nm + i sin2nn
-1 -1+i0 cosmtisinm cos(2n+1) w+isin(2nt+1)w
i 0+il Z 4isin = cos(4nt1)—+isin (4n+ 1) —
1 i(1) cos 5 Tisin cos (4n )2 isin (4n )2

i 0+i(-1 Z isin— 4+1£"4+1E
—i 1(7)c0327151n2 cos (4n )27151n(n )2

Example 21 :

A+1)8
(1—1@)3

Find the value of

(2)%(cosm/4+isinm/4)® B
23(cosm/3—isinm/3)°

=2 (cos3m+isin3m)=-2

cos2m+1sin2x

Sol. Exp.= P
*P COST—1sinT

Example 22 :

If . and B are roots of the equation x% — 2x + 4 = 0 then the
find the value of a2 + 12

Solving the equation x2 —2x +4 =0

weget a=1+i/3 ;P=1-i3
Here a2+ B12=(1+i/3)12+(1-i3)"?

Sol.

T T
Now 1+i.f3 :2(cos§+isin§)
T T
and lfi\/722(cos§fisin§)
n T
0c12+[312:[2(cos§+isin§)]12

+[2c08 (=) i sin (= )]12
3 3
=212[cos 47 + i sin 4nt] + 212 [ cosdn — i sin 4n]
=212(1+0)+212(1-0)=212+212=212 (1 + 1)
(1,12 + B12:2-212:213

EULER'S FORMULA
e‘?zcos9+isin6 ....... )
¢i®=cos®—isin ... ()
From (1) and (2)
0, -i0 0 _—i0
+ —
cosO = ° & sinf = £ -°

2i
Thus, (eile)n = ei(fle) =cos nd +1i sin nO
and (e =¢l(10) = cos n — i sinnb

T T
i= cosE+1sm =¢i™/?

in 1
logi=loge? =

in
> 10g(10g1)—10g[ ]

- .
=logi+log [5] = — +log(m/2)

Example 23 :

1 1
Ifx + < 2 cos 0, then find the value of x! +T

Sol. Letx = cos0 +isin 0 =¢i®
1 : 1
then x4y = e1129 +—
12 ol 126
=l 120 4 1120 = 05 120 +1sin 120 + cos 120 —i sin 120
=2cos 126

£
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Example 24 : . 2m T

Find the value of il. (D13 =cos +1sin , m=0,1,2

i
. I T L
i — Ztisin=| = /2y = o2 21 2n 47 4n
Sol. We know (i)' = [COSZ Fismn 2) = (T =eT =1, cos — +isin —, cos— +isin —
3 3 3 3

APPLICATION OF DE-MOIVRE’S THEOREM -1 _ l+£i _l_ﬁ- -1 1 (1£i3)

nth Roots of Complex Number (z1/?) : 2 027 2 2 T2

@)
(i)

(iii)

(iv)
w)
(Vi)

To find the roots of a complex number, first we express it in
polar form, then write the general value of amplitude and
use the De-Moivre's theorem so,
z!m = (x+1iy)/"=r1/" [cos0 + i sin ]/

=r/M [cos(2mn + 0) + i sin (2mm + 0)] /"

n n

wherem=0,1,2,............. (n-1)

Thus there will be n distinct roots and these can be obtained

by corresponding to m= 0, 1, 2, 3,..., (n —1) when m = 0,

corresponding value is called the principal value of z!/? .

Properties of the roots of z/" :

Modulus of all roots of z!/?

orle| I/n

All roots of z!/™ lies on the circumference of a circle whose

centre is origin and radius equal to |z|!/", Also these roots

divides the circle into n equal parts and forms a polygon
of n sides.

Amplitude of all the roots of z!/" are in A.P. with common

are equal & each equal to r!/®

. 21
difference T

All roots of z!/" are in G.P. With common ratio 2™/
Sum of all roots of z!/" is always equal to zero.
Product of all roots of z!/M = (—1)" 1 z

Roots of unity :
Consider the equation x"—1=0
x= (1)1/n: (1+i O)I/n

= x=[cos2mn+1isin2mn]!/

2mn . . 2mmn
= x=[cos +1sin ]
= ¢l@mmn) where m=0, 1,2, ....... (n-1)
i2(n-D)m
= 1, i@ eil4nm) e n
= 1,002, e, o1 where o = el7n)

Note:

(i) n'hroot of unity are always in a G. P. with common ratio
ei(ZTr/ n)

(i) The sum of roots of unity is always zero.

Cube roots of unity :
In above case if n = 3, then for cube root of unity

(@)
(b)
©
(d)
©

1 iV3
Now if ® = —5+§ then its square

, 1 i3 :
- = ————— and vice versa
2 2

Here ()3 =1,0,0% and 1 +o+a?*=0, @’ =

Note : (i) Cube root of unity are the vertices of an equilateral

triangle.

(ii) If n = 4 the fourth roots of unity are (1)//4=+ 1, + 1

(iii) Fourth root of unity are vertices of a square which lies
on coordinate axes.

Some Identities :

XX -y =(x—y) (x—yo) (x— yo?)
x3+y3:(x+y)(x+ym)(x+yo)2)

X2+ xy +y?=(x - yo) (x— yo?)
xzfxy+y2:(x+yo))(x+yo)2)

3,..3..3 - W o>
X°+y’ +2° =3xyz= (X +y + 2) (X + yo +zw) (X + yo© + zo)

Continued product of the roots :

Ifz=r(cosO+isinB)i.e.|z|=randamp.z=06

then continued product of roots of z!/" is r (cos ¢ +1isin¢)
n—1

where ¢= Z
m=0

2mn +0
— =(n-1)n+0

Thus continued product of roots of
V" =r[cos{(n—1)m+ 0} +isin {(n—1)w+6}]

_Jzif nis odd
~ |—z,if n is even

Similarly, the continued product of values of z™" is

. z™,if n is odd
% (-z)™,if n is even

Sum of pth Powers of n'! Roots of Unity :
The sum of p™ powers of n'h roots of unity

n, when p is amultiple of n
~ 10, when p is not amultiple of n

Example 25:

Ifx=a+b, y=an+ bo?and z=aw? + bw, then find the
value of x3 + y3.

Sol. "~ x+y+z=a(lto+w?)+b(l+o+w?)=0

(. 1+o+0*=0)
=x3+y>+723=3xyz
=3 (a+b) (aw + be?) (aw? + bw)
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=3 (a+Db) [a20® + b2w?® + ab (0? + ©*)]
=3 (a+b)[a2+b2+ab (0 + 0)]
=3 (a+b)(a2+b2—ab)=3 (a3 +b3)

Example 26 :
Ifx =a,y=bo, z= cw?, where o is a complex cube root of

. X y z
unity, then find the value of N +=+—.

b ¢ Q.l
Sol. Giventhatx=a,y=bw,z= ce?

Q.2

2
Theni+l+£=i+b_w+£:1+m+®2:0 Q'3

a b ¢ a b C
Example 27 : Q4

Find the roots of (2 — 2i)!/3-

Sol. Using De- Moivre's theorem
(cos® + i sin 8)" = (cos n0 + i sin nO) QS5
and putting n =0, 1, 2 then we get roots as

V2| cos = —isin— N2 —sin—+icos— 1—i
12 12 !

x3 +y3 + 23 xyz, gives similarly
Ycos3a=3cos(a+pB+7)
Ysin3a=3sin(o+p+7)

If the condition given be x + y + z = xyz, then
> cosa = cos (a + 3 +y) etc.

TRYITYOURSELF-3

Evaluate \/—2 +24 24242+ ...

Ifz+z ! =1, then find the value of 2100 + 7100,
If @ is a cube root of unity, then find the value of the
(1-)(1-w?) (-0 (-

oL
Ifz= (1)(1) where i=+/—1, then |z | is equal to —
A) 1 (B) e 2
© e™ (D) None of these
Sum of common roots of the equation z> + 222 + 2z + 1=0
and 21985+ 2100 + 1 =0 is —
A) -1 B)1
© 0 D)1

12 12 Q.6  Letz, and z, be nth roots of unity which subtend a right
angle at the origin. Then n must be of the form
Example 28 : (A)4k+1 (B)4k+2
Find the sum of 14th power of 10t roots of unity. (C)4k+3 (D) 4k
Sol. Herep=14andn=10 Q7 If o (# 1) be a cube root of unity and
- 14 is not a multiple of 10 hence 2n 4.n ..
= , then the least t lue of
the sum of 14™ power of 10" root of unity =0 (I+o7)" =(1+o7)", then the feast positive value of n
(A)2 B)3
MISCELLANEOUS RESULTS ©5 (D)6
(i) Ifz=cosO +isin0, then 1/z=cosO — i sind Q.8 A manwalks a distance of 3 units from the origin towards
the north-east (N 45°E) direction. From there, he walks a
Hence z+ 1_ 2 oSO = cosh = 1 (z+l) distance of 4 units towards the north-west (N 45° W)
z 2 Z direction to reach a point P. Then the position P in the
| Argand plane is
(N 1 ( ) (A) 3ei™4 + 4i (B) (3 4i)ei™
_~ =2 = —|z—— . .
27y T 2isind=sind= o 177 (C) (4+3i)ei™4 (D) 3+ 4i)ei™4
(i) Ifz=cos0 +isinb, using De-Moivre's theorem in
1 1 o Q9 Let @w=e3,anda,b, ¢, x,y, z be non-zero complex
z"+ z_" =2cosnf;z"— z_" =21isinnb numbers such that
. . . atb+c=x; atbo+co’=y;a+bw?+co=z Then
(iii) If x=cosa +isina, y=cosp +isinf, z=cosy +1isiny and
iven x+y+z=0,then 2 2 2
8 Y thevalueof‘X|2+|y‘2+|Z|2 is
R y af? +[bP +|c]
M) X'y z =0 (i) yz+zx+xy=0
(i) x2 +y2 + 22 =0 (iv) x3 +y3 + 23 =3xyz ANSWERS
then, putting, values if X, y, z in these results x+y+z=0 1 x=+ \/E(D @)-1 3)9
= cosa + cosP + cosy = 0 = sino + sinf + siny @ A) 5)(A) (6)(D)
yz+ 27X+ xy=0 7 B ®) (D) ©3
cos(B+vy)+cos(y+a)+cos(a+P)=0
sin (B +v)+sin (y +a) +sin (o + [3) =0 GEOMETRY OF COMPLEX NUMBERS
() Distance Formula: Letz =x;+iy, andz,=x, +iy,be

2 cos2a =0
X2 +y?+z2=0 = {Zsin2a=0 >

the summation consists 3 terms

two complex numbers represented by points P and Q
respectively in Argand Plane then —

P
I 106




( COMPLEX NUMBERS )

SOAL

ODM ADVANCED LEARNING

(i)

PQ = \/(Xz ~x)’ +(y2-y1)° = (g —x) +i(y,—yy)l
= ‘Zz - Z1|
Section Formula : If the line segment joining A (z;) and
B (z,) is divided by the point P (z) internally in the ratio
m122 + m2Z1
. zZ=—"="
m; : m, then m; +m,
Butif P divides AB externally in the ratio m; : m, , then
5 = Mz ~Myzy

m; —m,

Zy +22

If P is mid point of AB, then z =

(iii) Area of a triangle : Area of triangle ABC with vertices

A (z)), B (z,) and C (z;) is given by

A=—||z, Z, 1
4 2 _2
Z3 Z3 1

(iv) Condition for collinearity : Three points z|, z, and z; will be

®

collinear if there exists a relation az; +bz, +cz; =0
(a, b & c are real), such that a + b + ¢ = 0. In other words.

Z 21 1
. . ol Zy Zy 1] _
Three points z,, z, and z5 are collinear if =0
z; zz 1

Equation of Straight Line : Equation of straight line through
z; and z, is given by

z z 1
zn _I°% |, g 0,
Zo—Z1 Zn—1Z — N
277 2~ 7 z, 7, 1

The general equation of straight line is
az+az+b =0, where b is a real number

i) Ifz,,z,, 25,7, are vertices of parallelogram then

zyt23=2,%2,
" . . . P(2)

(vii) Equation of the perpendicular bisector :
The equation of perpendicular
bisector of the line segment 2|
joining points a
A(z,)and B (z,)is
|2=7,[=]2-7) 1Y) B —

(viii) Equation of a circle : The equation of a circle with centre 7,

andradiusris|z—z,|=r
The general equation of a circle is zz+az+az+b=0,
where b is real number.

The centre of this circle is ‘—a’ and its radius is /az —b -

(ix)

®

(xi)
(@)

(b)

©

(d)

©

7% _k isacircleifk # 1 andisaline ifk = 1

(a)

Z—17Zy

Zy —Z Z1—Z .
(bIfarg {( 2-23) (& 4)}:in,0,thenthepomts
(21 -23) (23 —24)
71,25, Z3, Z, are concyclic.
(©) |z—zy|<rrepresents interior of the circle |z—z, | =rand
| z—z, | > r represents exterior of the circle [z—z | =r.

Equation of ellipse :
If|z—z |+|z—z,|=2a, where 2a> |z, — z, |, then the point
z describes an ellipse having foci atz; and z,,a € R™.

Equation of hyperbola :
If|z—z| |~ |z—2,|=2a, where 2a<|z| -z, |, then the point
z describes a hyperbola having foci at z; and z,, a € R*.
Some properties of triangle
If z|, z,, 5 are the vertices of triangle then centroid z,
Z) + Zy + Z3

3

If z|, z,, 5 are the vertices of an equilateral triangle then
the circumcentre z, may be given as

may by given as z, =

212 +z% +z§ :SZ%.
If z,, z,, z; be the vertices of an equilateral triangle when

Z12 + Z% + Z% =712y + ZyZ3 + 737

1 1 1
or + + =0
Z1 =2y  Z2y—23 237

If z,, z,, z; be the vertices of an isosceles triangle, right

angled at z, then 212 + 22% + z% =275 (21 +23)
If z|, z,, z; are the vertices of isosceles triangle right
angled at z, then (z, — 2,)> =2 (z, — 23) (z; — 2,).

(f) Ifthree points z,, z,, z5 are collinear then,
7237 _73-7
2-71 -7
Example 29 :
The points represented by the complex numbers
5
1+1,—2+3i, 3 i on the Argand diagram are
(1) Vertices of an equilateral triangle
(2) Vertices of an isosceles triangle
(3) Collinear
(4) None of these 5
Sol. (3).Letz;=1+1i,z,=-2+3iandz;=0+ Ei
Xl yl 1 1 1 1
Then X2 y2 1{=]|-2 3 1
X3 Y3 1 0 5/3 1
-1 4 10 4+6-1
- 1(3—5) +1(2)+1[—0) _4,, 10 _4%6710
3 3 3 3 3

TR
I 107




SOAL

ODM ADVANCED LEARNING

STUDY MATERIAL : MATHEMATICS

Example 30 :

If the complex numbers, z,, z,,2; represented the vertices
of an equilateral triangle such that |z, | = | z, | =] z3 |, then
find the value of z; + z, + z5.

Let the complex number z,, z,, z; denote the vertices A, B,
C ofan equilateral triangle ABC. Then, if O be the origin we
have OA=z;,0B=1z,, OC=2z;,

Therefore |z, |=|z,| = |z;] = OA=0B=0C

i.e. O is the circumcentre of AABC

Hence z; +z,+2z;=0.

Sol.

TRYITYOURSELF-4

ar?

(z-a)’
Ifz be any complex number such that | 3z—2 | +|3z+2 |4,
then identify the locus of z.

z-2
Q3 If 73

r>0

Q.1  Identify the locus of zif Z =

Q.2

=2 represents a circle, then find its radius.

3n/4, when |z|<|z-2]

Q4 Locusofzifarg[z—(1+i)]= {—n/4, when |z|>|z-2]

is

(A) Straight lines passing through (2, 0).

(B) Straight lines passing through (2, 0), (1, 1).

(C) aline segment

(D) a set of two rays.

If z is complex number then the locus of z satisfying the
condition |2z—1|=|z—1|is—

(A) Perpendicular bisector of line segment joining 1/2 & 1.
(B) circle

(C) parabola

(D) none of the above curves.

If|z,|=|z,|=|z; |=1and z, +z, +z; =0, then area of the
triangle whose vertices are z; z, z; is —

(A) 33/4 (B)\/3/4
© 1 (D)2

Q5

Q.6

3
© 24cos0+isin®’
(A) a straight line
(B) a circle having centre on y-axis.
(C) aparabola
(D) a circle having centre on x-axis.
The locus of z which lies in shaded region (excluding the
boundaries) is best represented by

Q7 Ifz then locus of z is —

Q8

(A)z:|z+1|>2and arg(z) =+~
larg (z+1)| < m/4

B) z:|z—1|>2and / .
larg (z—1)| < w/4 G142, 42) P HE@ <,

©) z:|z+1|>2and A A(I,O) .
larg(z+1)| < m/2 1.0 arg(z) > -

D) z:|z—1|>2and QHf,—ﬁ)D 4
larg (z+1)| < /2

arg(z) =~

ANSWERS

(1) circle (2) Line (3)2/3

@ D) S ®B) (6) (A)

(M O ®) (A)

ADDITIONAL EXAMPLES
Example1:

) a+bo+co’ a+bw+co’

Find the value of +

b+co+an® c+am+bon’

Sol. Multiplying the numerator and denominator by @ and o?
respectively I and II expansion

a+b(x)+coo2 2

b+cco+a0)2

a+bo+cw
+

c+am+bw?

(n(a+bo)+cc02) N u)z(a+bco+co)2)
= 2

—o+o*=-1.

- (b +co” +a) (C(o2+a+bco)

Example2:
Find the continued product of four roots of

T ..
(cos— +isin

T 34
3 3)

T T . .
Sol. (COSE +i sing)3/4 — (em/3)3/4 — (em)l/4 — (_ 1)1/4

Hence continued product of four roots of
)M =En*En=1

Example3:
If cosa + cosf + cosy =0 =sina + sinf} + siny, then find the
value of sin 3o + sin3f3 + sin3y.
If a=cosa+isina;b=cosP+isinf;c=cosy+isiny,
thena+b+c=(cosa + cosP + cosy) +1i (sino + sinf} + siny)
=0+i0=0

=ad+b3+c3=3abc
= ¥ (cosa + i sina)?

=3 (cosa +1isin o) (cosP +isinf) (cosy + 1 siny)
=X cos3a+iXsinda=3cos(a+p+y)+3isin(at+p+y)
= sin 3o+ sin 3 + sin3y = 3sin (o +  +7)

Sol.

Example4:

(3) (i
Let z= L%} - [%) . Then the smallest positive integer

n such that (z%° +i67)% = 22 is —
(A)12  (B)10 ©)9
(B). From the hypothesis we have

NG i:i(l i3) |

A A FNE !

which is a cube root unity.

(D)8
Sol.
(iy3)
2
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Now, z%° = (iw)?’ = — iow? (since 0® = 1) & i®7 =3 =—i
Therefore, 2 +i%7 =—i (1 + ©?) = () (~0) = io

(295 + i67)94 - (iO))94 =i2o=—-o
Now, —0=2z"=(io)" = i . 0" 1 =—1
= n=2,6,10,14,....... andn—-1=3,6,9, ........
Therefore, n = 10 is the required least positive integer.

Example5:

Sol.

:ReL

iz+1

iz—1

IfRe [ ) =2 then z lies on the curve

(A)4x2+4y2+x—-6y+2=0
(B)x?+y?+4y+3=0

(C)3 (x2+y?)—2x—4y=0
(D) x2+y2—x+2y—1=0

iz+1 (Z_ij_
- Re| —|=2
Letz=x+1ythen
[x+(y—l)i\ (x2+y2—1+i2x\

22 R
x+yini) 7 eL X2+ (y+1)?

= X2y’ -1=2x2+2(y+ 1)Y= x> +y> +4y+3=0

Example6:
2k .. [ 2k
Let zj =cos[—nj+1sm(—nj ;k=1,2, ... 9
10 10
then \l—zl\|1—zz|...|l—29\:
10
(A1 ®)2
©3 (D)4
Sol. (A).z!°-1=0
= (z-2)) (z—2y)..... (2—29):1+z+22+ ..... +2°
So,|[1-z[|1-2,]....... [1-2z4|=10
Example7:

Sol.

A particle starts from a point z, = 1 +i, wherei= v-1. It

moves horizontally away from origin by 2 units and then
vertically away from origin by 3 units to reach a point z,.

From z, particle moves V5 units in the direction of
2f+j and then it moves through an angle of

cosec” ! \/E in anticlockwise direction of a circle with

centre at origin to reach a point z,. The arg z, is given by
(A)sec! 2 (B)cot ™10

! (V3-1) (D) cos”! [_71]

C)sin" | ——=
@ hn)
After moving by /5 distance in direction of 2i+] ,

(B). Clearlyz; =3 +4i

particle will react at point (5i+5j) . Ifparticle moves

by an angle /4 then it will reach at y-axis.

Im (2)
(5,5)

Z, 5

(0, 5\2) , 2 !
D)
3
< Z 2 » Re (z)
0

At z, =0+ 5\2i hence, amp (z,)= - = cot1 0

n
2
Example8:
The continued product of all the four values of the complex
number (1 +1i)¥4is—
(A)23 (1+i)
©201+1)

(B)2(1-i)
(D)23 (1-1)

\/* m .. T
Sol. (B).Letz=1+i=V2 cosz+1smz . Therefore,

24 =238 _| cos [2kn+£] 3 L isin [2kn+£) 3
4) 4 4) 4

Fork=0, 1, 2, 3, the product of the values of this is equal

to
23/2 Cis(£+9_ﬂ+l7_ﬂ:+25_ﬂ:]§
4 4 4 4 )4
=2¥2¢is [52_7:2] :23/2cisﬁ
4 4 4
=2¥2¢is [9n+3—ﬂ] =2¥2¢is [10n—3—n]
4 4
=23/2{cos£—isin£}:2(l—i)
4 4
Example9:

Iff(x) =g (x3) +xh (x3) is divisible by x>+ x + 1, then —
(A) g (x)isdivisible by (x— 1) but not by h (x).
(B) h(x)isdivisible by (x— 1) but not by g (x).
(C) both g(x) and h (x) are divisible by (x— 1).
(D) None of these
Sol. (O).f(x)=g(x3)+xh(x3)
Letf,(x)=1 +x+x2
Clearly, the roots of f}(x) = 0 and wand o? (where o
is aron-real cube root of unity). As f; (x) divides f(x).
f(0)=0, f(0?)=0=g(0’)+oh(0*)=0
and g (%) + w?h (0®) =0
g(1)+oh(1)=0,g(1)+w*h (1)=0
2g(1)+h (1) (0+0?) =0
2g(1)~h(1)=0=h(1)=2¢(1)
g(l)+w2g(1)=0
g(H)(1+20)=0 =g(1)=0
x =1istherootofg(x)=0andh (x)=0.
Thus, g (x) and h (x) both are divisible by x — 1.

U

uUus vl iy
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QUESTION BANK CHAPTER 5 : COMPLEX NUMBERS
EXERCISE -1 [LEVEL-1]
PART1:P ER OFIOTA.ALGEBRAI (1+i)"
PERATI D EOUALITY OF Q.11 The least positive integer n, for which m i
COMPLEX NUMBERS positive, is — 4=y
Q.1  Find the value of [i]'?8 (A)3 (B)4
(A)-1 B)0 ©1 (D)2
©)1 (D)i
Q.2  Find the value of i + i""1+4 {02 4 jn*3
(A)-1 B)0
: 1+i/3
©1 D)i Q.12 The value of ++f2 is —
Q3 If M is purely real, then 0 is equal to- (1 + ﬁ)
1-2isin6 (A)4/5 (B)5/4
(A)nmt+ /6 (B)nn ©)9 (D)20
(©)2nn+m/3 71 (D)nr £ ©t/3
Q4 iff cZoirSnf)lex number 2l is purely imaginary then locus PART 2 : SQUARE ROOT, CONJUGATE
(A)acircle (B) astraight line MODULULSAND ARGUMENT OF
(C) a parabola (D) None of these COMPLEXNUMBER
Q.5 Ifforanycomplex number z, |z—4|<|z— 2|, then atib
(A)R(z)>2 (B)R(2)<0 Q.13 The amplitude of — is equal to-
(C)R(z)>0 (D)R(2)>3 a—ib
Q6 2.-3 isequalto- N 1(a2—b2\ ) 1( rap )
. tan™ tan™
() iW6 B)- 6 Rl ey B Ve e
©) V6 (D) None of these
Q7 Ifz=x+iy,z/3=a—iband g—%:k(az—bz),thenk 71( 2ab ) Jaz—bz\
equals - (©) tan Laz + sz (D) tan L 2ab J
(A)-2 (B) 2
©)4 D)0 1o,
Q8  The values of z for which |z+i|=|z—i| are Q14 If[z)|=[z] = .. =2y = 1 then |7 757 7 Z.
(A) Any real number (B) Any complex number (A)=|z, + 2z, +... 4z, B)<|z;tzy+...7]
(C) Any natural number (D) None of these (©)>z, +2y 2, D)=1

Q.9  The vector z=3 —4i is turned anticlockwise throughan Q.15 Ifz=(1/2, 1), then the value of 7 1is-
angle of 180° and stretched 2.5 times. The complex number

corresponding to the newly obtained vector is 2 4 1 2
Do B) 12 4 10i
A) ——-101 -
(A) 5 (B) — 1
15 o © [—, —J (D) (—,— —j
© B3 101 (D) None of these 55 575
1-ix . 2 9 tane—i(sin9+cos9j
Q10 Let T+ix ~iband 2% +b® =1, whereaandbare Q.16 If 2 is purely imaginary then
real, thenx = 1+ 2isin 5
2a 2b general value of 0 is -
A) 2.2 B) 2 2
(I1+a)*+b (1+a)*+b (A)nrc-i—% (B)2nn+§
©—2— O : .
2,2 i 3
(1+b)? +a? (1+b)° +a (©)nr+ 2 (D) 20+~
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Q.17

Q.18

Q.19

Q.20

Q.21

Q.22

Q.23

Q.24

Q.25

Q.26

For any two non real complex numbers z, z, if z; +z, and
z,Z, are real numbers, then

(A)z,=1/z, B)z, =17,
©)z;=-2, D)z;=z,
If z,, z, be two complex numbers (z; # z,) satisfying

|7 —23| = |7 +75 — 277, | then -

(A) A s purely imaginary (B) A s purely real

) )
(C)largz; —argz,|=n (D) |argz, —argz, |=7/3
If z,,z, are any two complex numbers and a, b are any two

real numbers, then |az; — bz | + bz, +az%| is equal to-
(A) (612+b2)(|Z Frlzy ) (B)a?b(z)* + Iz
©O)(at+ b)2(|zl| +z,/9) (D) None of these

The amplitude of 1 —cos 6 —1sin O is -

1 0
(4) 5 (n-0) ®) 5

0 0
©3%5 ™5+

The polar form of complex number

_ {eos(n/3)—isin(n/3)} (V3 +i) .
i-1

(A) \/5 [cos %H sin 71—;] B) \/E [cos 113—2“+i sin 13—“]

12

111—;] (D) None of these

If [z,+ 2, = [z,]* + |z, then (z,/z,) is
(A) zero or purely imaginary (B) purely imaginary

©) 2 (cos — T tisin

(C) purely real (D) None of these
Square root of — 8 — 61 is —

(A)£(3+1i) B)£(1+i4/3)
(O)=(1-3i) (D)=£(1+3i)

The complex numbers sin x +1icos 2x and cos x —i sin 2x
are conjugate to each other when —

B)x= (n+%) I

(O)x=nn (D) no value of x

If|z+ 2i| <1, then greatest and least value

of |[z—.f3 +i|are-

A)3,1 (B)x,0

01,3 (D) None of these

If complex number z = x + i y is taken such that the

(A)x=0

z—1 b1
amplitude of fraction o1 is always R then

A) x2+y2+2y:l (B)x2+y2—2y:0

©) x?+y?+2y=-1 D) x2+y2—2y=1
y y y y

Q.27

Q.28

Q.29

Q.30

Q.31

Q.32

Q.33

Q.34

Q.35

Q.36

The values of x and y for which the numbers 3 + i x2y and
x2 +y + 4i are conjugate complex can be
(A)(2,-1D)or(2,-1) B)(-1,2)or(-2,1)

© 1,2)or(-1,-2) (D) None of these

If the conjugate of (x +1iy) (1 —2i) be 1 +1, then —
(A)x=1/5 B)y=3/5

+iy=—-— -y =
(€) x+iy=7— (D) x~iy =7 —

The maximum value of | z | where z satisfies the condition

z+=|=21s
(A) \3-1 (B)\3+1
€3 (D) V2 +4/3

If z; and z, be complex numbers such that z; #z, and

|z) |=|z, | .1fz, has positive real part & z, has negative

(z+2)
2172

(A) Purely imaginary (B) Real and positive
(C) Real and negative (D) None of these

imaginary part, then may be

z—1
If|z|=1and w=ﬁ (where z # —1) ,thenRe (o) is

1

A)0 B) -
( ( |z+11
z 1 2
©) || —— D) ——
z+1| |z+1] |z+1|
Ifz= l_lﬁ,thenarg(z):
+ i\/g
(A)60° (B)120°
(C)240° (D)300°
If zy.z,....... z, =2z, then argz, +argz, +.... targz,
and arg z differ by a
(A) Multiple of (B) Multiple of m/2
(C) Greater than 1t (D) Less than &t
13-5i .
The argument of the complex number 5 is
-9i
(A)m/3 (B) m/4
(C)m/5 (D) /6
1+2i
The modulus and amplitude of m are —
—(1-i
(A) V2 and % (B) 1and 0
(C) land n/3 (D) 1 and /4
221\

Ifz, =1+ 2iand z, = 3 + 5i, and then ReL ) =
(A)-31/17
(©)-17/31

(B)17/22
(D)22/17

e
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Q.37

Q.38

Q.39

Q.40

Q.41

Q.42

Q.43

Q.44

Q.45

Q.46

If x+iy= fa+.lz,then(x2+y2)2:
c+i

A a’ +b’ B a+b
W) 5o B 4
2 42 (22.42)
oS +d D) a“+b
() 2+b2 ( ch-f-dzJ
If Va+ib = x +iy , then possible value of /a—ib is
(A) X2+y2 (B) )(2-i-y2
(O)x+iy (D)x-iy

If z|, z, are the roots of the quadratic equation

az2 + bz + ¢ = 0 such that Im (z1,2,) # 0 then —
(A)a,b,careallreal

(B) atleast one of a, b, c is real

(C) at least one of a, b, ¢ is imaginary

(D) all of a, b, c are imaginary

3+ix2yand x2 +y + 4i are complex conjugate numbers,

then x2 + y2 =
(A)4 B)2
©3 D)5

The point of intersection the curves

T T
arg(z—1+2)= s andarg(z+4-31)= 1 is given by

(A)(-2+1) B)2-i

©)2+i (D) None of these

If z is a complex number and the minimum value of
|z|+|z—1]+|2z-3|isAandify=2 [x]+3 =3 [x—A] then
find the value of [x + y] (where [ . ] denotes the greatest
integer function)

(A)30 B)20
©)21 (D)25
Ifiz2 -7 =0, the | z|is equal to —
(A)1 ®B)0
(C)0orl (D) None of these
If |z+4|<3, then the greatest and the least value of
|z+1|are—
(A)6,-6 (B)6,0
©7,2 (D)0,—1
If the conjugate of (x +1y) (1 —2i) is 1 +1, then —
. 1
(A)x=—1/5 (B) x-iy=">
C) X+iy = -t D) x = l
(© x+iy=1— (D) x =~
. 1+2i
The modulus and amplitude of —— 5 are—
I-(1-1)
(A) 2 and /6 (B) 1 and /4
(©) 1and 0 (D) 1 and /3

Q.47

Q.48

Q.49

Q.50

Q.51

Q.52

Q.53

Q.54

Q.55

Q.56

3 n- 2
If Z:Mthen\z | is equal to —
(8+ 6i)°
(A)O B)1
©)2 D)3
PAR :GEOMETRY OF

COMPLEX NUMBERS
IfA=1+4+2i,B=-3+i,C=-2-3iand D=2 —2iare
vertices of a quadrilateral, then it is a

(A) rectangle (B) parallelogram
(C) square (D) rhombus
z =31
If T 1 then the locus of z is -
(A)x axis
(B)x—y=0
(C) Circle passing through origin
(D) y axis
Ifzis a complex number satisfying | z—iRe (z) | = |z-Im(z)

| then z lies on —

(A)y=2x B)y=-x
Oy=x+1 D)y=-x+1
The complex numbers z,, z, and z, satisfying
a7z ﬂ are the vertices of a triangle which is —
g
2223
(A) Ofarea=0 (B) Right angled isosceles
(C) Equilateral (D) Obtuse angled isosceles
. z—2 i
A complex number z is such that arg| ——| =—.The
z+2 3
points representing this complex number will lie on —
(A) Anellipse (B) Aparabola
(O)Acircle (D) A straight line

and 0 are vertices of an

If complex numbers z,, z22
+ 222 — 2,2, is equal to-

equilateral triangle, then z,

(A0 B)z, -z,
Oz, +z, D)1
z—(1/5)i .

Ifw=———— and | w|=1, then complex number z lies
(A) a parabola (B)acircle

(C)aline (D) None of these
eyt ivandif log < 120212141

z=x+tiy,andif 108 3 2|7

then z lies in the interior of the circle

(A)]z]=4 ®)|z|=3

©lz]=2 D)[z|=5

If z, is the circumcenter of an equilateral triangle with
vertices z, z,, Z3, then 212 + 222 + 232 is equal to

(A) z,? (B) 2232/3
(C) 37,2 (D) zy*/3

[F
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Q.57 Inacomplex plane z, z,, 3, z, taken in order are vertices PART 4 : DE-MOIVER’ S THEOREM
of parallelogram if AND R T F 1ITY

Q.58

Q.59

Q.60

Q.61

Q.62

Q.63

Q.64

Q.65

Q.66

Az, +zy=23+ 27 B)z,+z3=2,+ z4
Oz +z4=2,+24 (D) None of these

IfA, B and C are respectively the complex numbers

3+41,5-2i,—1+16i,then A, B, C are-

(A) collinear

(B) vertices of right-angle triangle

(C) vertices of isosceles triangle

(D) vertices of equilateral triangle

The complex number z having least positive argument

which satisfy the condition |z—25i|< 151s -

(A)251 (B) 12+25i

(O 16+12i (D) 12+ 16i

Let z be a complex number satisfying |z—51|<1 such
that amp z is minimum. Then z is equal to

2 244 24 24/6i
(A) ﬁ i (B) =+ J6i
5 5 5 5
246 24
© T\/_ —?1 (D) None of these

If three complex numbers are in A.P., then they lie on —
(A) A circle in the complex plane

(B) A straight line in the complex plane

(C) Aparabola in the complex plane

(D) None of these

ABCD is a rhombus. Its diagonals AC and BD intersect
at the point M and satisfy BD =2AC. Ifthe points D and
M represents the complex numbers 1 + i and 2 — i
respectively, then A represents the complex number

1. 3. 3 . 1
A)3——iorl-—=i B) ——1 or ——3j
(A) 5 5 ( )2 S

1
© E_i or - %i (D) None of these

For all complex numbers z;, z, satisfying |z [=12

and |z, —3—4i|=5, the minimum value of |z, -z, | is

(A4)0 (B)2

©7 D) 17

For any complex no. Z, the minimum value of | Z | +|Z— 1|
A1 B)0

©)12 (D)3/2

The points Z on complex plane satisfying Z+|Z | =0, lie
on—

(A) The x-axis, x <0 (B) The x-axis, x>0

(C) The y-axis (D) None of these
If P (x, y) denotes z = x + iy in Argand’s plane and
z—1
- =1 , then the locus of P is a/an —
z+2i
(A) straight line (B)circle
(O)ellipse (D) hyperbola

Q.67

Q.68

Q.69

Q.70

Q.71

Q.72

Q.73

Q.74

Q.75

6
The value of (1 +iV3 ) +(1-1i)8 is-

(A)16(2-1) (B)32(3-2i)
(©)80 (D)48
If  is a cube root of unity, then

sin {((035 +0)25)Tc+g} + cos {(0)10 +m23)n—§} is

@A) 2442 ®) 2442
2 V2

2++2) 22

C)———F— D)
2 2
If z,, ,, 25, 7, are the roots of the equation
3 4
A+ +72+7+1=0 then | 2% equal to
i=1

(A)2 ®)3
©1 D)4

If x, =cos[31n] +isin[3£n], then Xq.X5.X3...Xq

is equal to —
A1 B)-1
(O} (D)—i
Ifx, =cos (1/2%) + isin (n/2"), then XX, Xj........0 is
equal to-
A)-1 ®)1
©0 (D)o
—2
Number of solution of the equation, z +—3 ) =0
z
where z is a complex number is —
(A)2 (B)3
©6 D)5
6 ¢ ok . 2mk
The value of z SmT - 1COST is -
k=1
(A)-i B)0
©-1 D)i
If z=1ilog(2—+/3), then cos z=
(A)i (B)2i
O1 D)2

(~1+i4/3)%0 s equal to

(C) 220 (_1 _ i\/g)ZO

(D) None of these

B
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Q.76

Q.77

Q.78

Q.79

Q.80

Q.81

Q.82

Q.83

Q.84

Q.85

Q.86

The area of the triangle whose vertices are represented

by the complex numbers 0, z, zeia, (0<a < m) equals

L 1, - .
(A)E|Z| cosal (B)5|Z| sina

1 2 . 1 2
(C)E|Z| sino.cos o (D)E|z\

Number of solutions of the equation 7 =7Zi |z| are —

(A)2 ®)3

(©)4 D)5

Integral solution of equation (1 —i)* = 2* are —
(A0 (B)4n,neN
©)0,1 (D) None of these

Common roots of the equations P 4272422+41=0

and Z1985 +ZIOO +1=0 are
(A) o, 02 (B) o,
(C) 0%, (D) None of these

If the cube roots of unity are 1, o, ®? then the roots of the
equation (x —2)3 +27=0are —
(A)flaflsfl (B)flafmsfo)z

(©) -1,2+ 30, 2+ 30> (D) -1, 2-3w, 23w

Ifx+iy= (-1+iv/3)21?, thenx =

(A) 722010 (B) 22010

©1 D)-1

If o is an imaginary cube root of unity, then the value of
(1-o+m)?(1-0?+o*) (1-o*+ed).....(2n factors) is
(A)0 B)1

©2 (D) 220

If o is a complex number such that o2 — o + 1 = 0, then
OLZOM -

(A1 (B)-a?

(C)o? D)a

If2x=-1+ \/gi , then the value of
(1+x2+x)0—(1-x+x2)0=

(A)32 B)o4

(©)-64 (D)o

If 1, o, ®* are three cube roots of unity, then
(1-o+0?) (1+o-o?)is—

A1 B)2

©3 (D)4

The real part of (1 — cos 0 + i sin 0) ! is —
0

) 1+cos6 ®) COtE

C 1 D tan9

© 5 (D) tan

PART 5 : MISCELLANEOUS

Q.87

Q.88

Q.89

Q.90

Q.91

Q.92

Q.93

Q.94

Q.95

Q.96

Ifz=il, wherei= \/_1 , then—
(A) zis purely real (B) zis purely imaginary
(C)|z|=1 (D) arg(z)=n—tan"! (1/+/2)

Z e Csatisfies the condition | z | > 3. Then the least value

1
of |2+~ is
z
(A)3/8 B)8/5
(©)8/3 (D)5/8
z—5i
Ifz=x+iyand |- ;| =1 thenzlies on
z+51
(A) x-axis (B) y-axis
(C)liney=5 (D) None of these

If | z | = 5, then the points representing the complex num-

.15
ber —1+— lies on the circle —
z

(A) whose centre is (0, 1) and radius = 3

(B) whose centre is (—1, 0) and radius = 15

(C) whose centre is (1, 0) and radius = 15

(D) whose centre is (0, —1) and radius = 3

The equation Z3 +1iZ — 1 =0 has

(A) three real roots (B) one real root

(C) no real roots (D) no real or complex roots
A point Z moves on the curve |Z — 4 — 3i| = 2 in argand
plane. The maximum values of |Z| are

(A)2,1 B)6,5

(©)4,3 D)7,3

1-iz

Ifz=x+iy, W= and |w|=2, then in the Argand’s

z—1

plane z lies on —

(A) real axis (B) imaginary axis

(C)acircle (D) none of these

If a, B are the complex numbers, then the maximum value
of +ap

of W is —

(A1 B)3

©2 (D)4

For any two non zero complex numbers z,, z,, the value

Z Zy | .
of (|z4]+ z,)) m"‘ 12, is

(A) less than 2(|z;| + |z,])

(B) greater than 2(|z; | +|z,))

(C) greater than or equal to 2 (|z] +|z,|)

(D) less than or equal to 2 (|z,| +[z,)

The number of solutions of the equation in Z,

B
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27 -(3-i)Z-(3-i) Z-6=0is |22 -3i[<|3Z-2ilis
(A)0 B)1 (A) the unit disc with its centre at Z =0
(©)2 (D) Infinite (B) the exterior of the unit circle with its centre at Z=0
Q.97 The solutions of the equation in Z , (C) the interior of a square of side 2 units with its centre
atZ=0
2 74 = _
|Z| *(Z‘i‘ Z)+1(ZfZ)+2—0are (D) none of these
(A)2+i,1-i B)1+i,1-i
©O)1+2i,-1- MD)1+i,1+1
Q.98 The region represented by the inequality
EXERCISE -2 [LEVEL-2]
LYONE OPTIONI RRECT Q.7  Ifthere exists an Z satisfying both |z—m| =m+ 5 and
Q.1 Ifacomplex numberz satisfies | 22— 10+ 10i| <53 -5, |Z - 4| < 3. then the set of all permissible values of m
then the least principal argument of z is —
belong to the set
(A)—m/3 (B)-2n/3 A) (L33 B)(—3.9
(C)*STC/6 (D)*3TC/4 ( ) (_ > ) ( )(_ s )
Q2 Ifz=re then|e'?| equals ' ©E3-3) D) &,9)
(A) &' sin® (B)e™ sin0 3+2isin® | . . .
(C) ¢ cosd (D) et c0s0 Q.8 1= 2isin0 will be purely imaginary, if 6 equals
Q.3  Forany two complex numbers Z; and Z, with [Z] # [Z,|
T T
— 2 — 2 A)2nm+ — B =
N22, 432, + V32 +i2 2y is- (A)2nm 3 (Bynm+ 3
T
2 2 =
(A) less than 5 (|Zl| + |Z2| ) (C) nmw+ 3 (D) None of these
(B) greater than 10 (Z, Z,| Q.9 In the argand plane the inequality
(C) equal to 2|Z >+ 3|Z,? . NP2 . NP2
(D) zero ‘<\/§+1)Z—(\/§—1)Z‘ + ‘(x/z+1)Z+(\/§—1)Z‘ <28
Q.4  Aand B represent the complex numbers 1 +ai and 3 + bi represents
and AOAB is an isosceles triangle right-angled at A. Then (A) The region enclosed by a triangle
the values of a and b can be (B) The region enclosed by a circle of radius 4
(A)a=2,b=-1 (B)a=1,b=-2 (C) The region enclosed by an ellipse
(C)a=2,b=1 (D)a=2,b=-2 (D) None of these
| 7. 7 Q.10 A triangle with vertices represented by complex numbers
1 4
1 7. 7 2y, Z,, Z, has opposite side lengths in ratio 2 : J6:3 -1
Q5 If | 22 22 =0, the points Z,, Z,, Z, in an argand respectively. Then —
343
(A) (25 —79)* =9 (7+43) (z; - z9)*
plane
(A) Form an 1so§celes trla.mgle B) (z, -z )4 =9(7+ 4\/5) (2 - 20)4
(B) Form an equilateral triangle
(C) Are collinear (©) (zy —29)* = (T+43) (2, - 2p)*
(D)Licona 01rncle N . (D) None of these
Q.6 Theroots of Z" = (Z +a)", a> 0, lie on- Q.11 Number of ordered pair(s) (a, b) of real numbers such
al a that (a + ib)2098 = a — ib holds good, is —
(A) The circle | Z Sl=5 (A)2008 (B)2009
(©)2010 D)1
. a a Q.12 Ifa,b, care three distinct non-zero complex number such
(B) The circle Z+E =5 that |a|=|b |=|c|and the equation az2 + bz + ¢ =0 has

(C) The straight line Re(Z) + % =0

(D) The straight line Re(Z) — % =0

a root whose modulus is 1, then —
(A)b%=ac (B)c2=ab
(C)a%=bc (D) None of these

B
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Q.13

Q.14

Q.15

Q.16

Q.17

Q.18

Q.19

Q.20

Q.21

Letz (1 <r<4)be complex numbers such that

|z.]= \Jr+1 and |30z, +20z, + 15z, + 12z, |
=k|[2,2y23 + 252374 + 23247 + 2,21Z,|.

Then the value of k equals —

(A) 212525 | (B) 2,252 |

©] 237,47, | D)| Z4le2|

A particle starts to travel from a point P on the curve

C,:|z—3-4i[=5, where | z| is maximum. From P, the

. 3. . .
particle moves through an angle tan~! 1 in anticlockwise

direction on |z—3 —4i |=5 and reaches at point Q. From
Q, it comes down parallel to imaginary axis by 2 units and
reaches at point R. Complex number corresponding to
point R in the Argand plane is —

(A) (3+5i1) (B)(3+7i)

(©)(3+8i) (D)(3+9i)

Ifz,z,, 25 be three pointson |z |=1 and z, +z, + 23 =0.
If 0, 8, and 05 be the arguments z,, z,, z; respectively,
then cos (0, — 0,) + cos (0, — 0;) +cos (0;-0,) =
(A0 (B)-1

©)312 (D)-372

IfA(z,) and B (z,) are two points on circle | z| =r then the
tangents to the circle at A and B will intersect at —

212+z% 2123
) 7 +Z2 ( ) Zl+22
22122 le+2%
C D) —— <
( )zl+22 ( )2(21+22)

Ifx2 —2x cos 0 + 1 = 0, then the value of

x2"—2x" cosnO + 1, n e N is equal to —

(A) cos 2n6 (B) sin2n6

©o (D) some real number
greater than 0

m™ .. T .
If m:cosEﬂsm;,then value of 1+ +w? +..+0™ ! is

(A)1+i (B) 1 +itan (n/n)
(C) 1 +icot(n/2n) (D) none of these
If z is a complex number satisfying

the equation | z+1|+|z—1|=8, on the
complex plane then maximum value
of|z|is—
(A)2
©)6

(B)4
(D)8

100
K
If Z' = X + iy, then the values of x and y are
k=0

(A)x=-1,y=0 B)x=1,y=1
O)x=1,y=0 D)x=0,y=1

a, b, ¢ are three complex numbers on the unit circle |z |= 1,
such that abc =a + b + c. Then | ab + bc + ca | is equal to
(A)3 B)6

O1 (D)2

Q.22

Q.23

Q.24

Q.25

Q.26

The points of intersection of the two curves |Z — 3| =2
and |[Z| =2 in an Argand plane are

1 1
(&) 77+ 3) (B) 5 Bi7)

3,17 7,..13

The solution of the equation 2z =| z | + 2i, where z is a
complex number, is —

(A)Zzﬁ—i (B)Z:£+i
3 3
©) z= ?ii (D) None of these

The value of the expression
[1+l) [1+L2) +(2+l] [2+L2) +(3+l]
® 0} o 0) )
1 1 1
[3+—2)+....+[n+—] (n+—2]
® ® ®

where o is an imaginary cube root of unity, is —

2 2
2
(@) n(nT—l) (D) None of these

Ifa complex number z satisfies |2z + 10+ 101 | < 5J3-5,

then the least principal argument of z is —

A_lln B_S_n
®) -7 (B) -~
o 2" o3
© -3 ) -

Principal argument of the complex number

L 2 (1-i3) (1+1) o
W3-y (-1+i)?*

A= B) %
oF ®)
o2 .
© ® -

1.
Q.27 Ifz= 5(1@ —1), then the value of

(z—22+223) (2 —-z+72)is—
(A)3
(€)1

B)7
D)5

Ty
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Q.28 Given f (z) = the real part of a complex number z. For ( \
example, f(3 —4i) =3.Ifa € N, n € N then the value of (©) Re Lz 1 J -0
6a ® =7
. n
2. log, |f ((1"‘1\6) ]‘ has the value equal to — D) lo+5]<]o-4]
n=l Q.37 If from a point P representing the complex number z; on
(A) 18a2+9a (B) 18a%+7a the circle | z | = 2, pair of tangents are drawn to the circle
(C)18a%—3a (D) 18a2—a |z|=1, where Q (z,) and R (z5) are the points of contact,
Q.29 The solutions of the equation (1 +i./3 )*—2* =0 form gf)n XEICh Otf the gouowmg o;;;t1on;A1s1:g(§)H§l<;t oL 4
orthocentre and circumcentre o will coincide
(A)AnA.P. (B)AGP.
3
(C)AH.P. (D) None of these and lie on | 2 |= 5
1 _ -
Q.30 If iy =1 and arg(z, z,) =0, then (4 1 1) (4 1 1)
2 (B) LZ—+E—+Z—J LZ—+Z—+Z—J:9
(A)z, =2, (B) |z, =2,z, e b
©)zz,=1 (D) none of these (2 w2
Q.31 LetZ;=ri(cos 0;+isin 0;)i=1,2,3 and (C) arg L—U is either By
Z3
1 1 1
—t—t— = '
77, 7, 0. Consider the A ABC formed by 42y +23 ' _
1 =2 (D) Complex no. ————— willlieonthecircle|z|=1
cos 20, +sin 26, ’ cos 20, +sin 20, ’ €0s 205 +5in 205 ASSERTION AND REASON QUESTIONS
Z Z, Z; (A) Statement-1 is True, Statement-2 is True; Statement-
Then the complex number lies — 2 is a correct explanation for Statement-1.
(A) On the side BC (B) Outside the triangle (B) Statement-1 is True, Statement-2 is True; Statement-
(C) Inside the triangle (D) On the side CA 2 is NOT a correct explanation for Statement-1.
Q.32 If(1+x)1=py+p X+ pyx>+ ...+ p X1, then (C) Statement -1 is True, Statement-2 is False.
Po— Do+ Ps—Pe + -... is equal to (D) Statement -1 is False, Statement-2 is True.
(2) 2n%2cos4n7t /46 (B) 2" sin n/4 (E) Statement -1 is False, Statement-2 is False.
(C) 2" cos n/4 (D) 212 gin nr/4 Q.38 Statement 1 : If| le |=30,|z,— (12 + 5i) |=6, then maximum
Q.33 Itis given that complex numbers z; and z, satisfy value of | z; —z, |5 49.
|z, | =2 and |z, | = 3. If the included angle of their Statement 2 : Ifz, z, are two cgmplex numbers, .thfan
|z, —2,|<|z,|+]z,]|and equality holds when origin, z,
Z,+2, and z, are collinear and z,, z, are on the opposite side of
corresponding vectors is 60° then z - can be the origin.
Q.39 Statement 1 : Any complex number z satisfy at least one
expressed as N /7 where N is natural number then N 1
equals — of the two inequalities |z+1]|> T or | 722 +1 |>1.
(A) 126 B)119 2
(C)133 (D) 19 Statement 2 : There are no non-zero real numbers a and b
Q.34 Aregular hexagon is drawn with two of its vertices forming such that a? + b2 < 0.
a shorter diagonal atz=—2and z=1—i./3 . The other Q.40 Statement1:Twolines az+az+b=0, aZ+az+b =0
four vertices are (wherea,a; € C,a,a; #0andb, b; € R)are parallel if and
(A)£243 i (B)i\/g,ﬂ:i onlyif X isreal.
a
©) V3, NG +i,-1-i3 (D) none of these :
Statement 2 :Two lines az +az+b=0, a,z+az+b, =0
Q.35 IfZis point on the circle |Z— 1| =1, then equals (wherea,a; € C,a,a; #0and b, b, € R) are perpendicu-
(A)itan (arg Z) (B)icot (argZ) lar if and only if 2 purely imaginary.
(C)itan(arg(Z-1)) (D)icot(arg(Z-1)) a
Q.41 Statement 1 : a, b, c are three non-zero real numbers such
Q.36 Ifzsatisfies |z+1| < |z—2| then =3z +2 +isatisfies thata+b+c=0andz,,7,, z; are three complex numbers

A) lo+2] <|w-8]
@) lo+1+i| <|w-8+il

such that az, + bz, + czy =0, then z|, z, and z; lic on a
circle.
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Q.42

7z, 7 1

z, Z, 1|=0

Statement 2 : If z,, z, and z, are collinear then

zy 73 1

Statement 1 : Two non-zero complex numbers z; and z,
lie on a straight line through origin if and only if z,Z, is

real.
Statement 2 : Two non-zero complex numbers z; and z,
always lie on a straight line passing through origin if and

only 7z, isreal.

MATCH THE COLUMNTYPE QUESTIONS

Q.43

Q.44

Q.45

Ifz,, zy, ...... z,, are the roots of the equation
1+z+ 22+ ..... z10=0 match the entries given in column
I with one of the entries in column II.

Column I Column IT
@A+z)(A+z)(1+z3) ... (1+z0) p)1
(b) 1 +2,10042,1004 71004 42,100 (g1
©A-2z)(1-2y) (1 -23) e (1-20) ®o
(d)zxzyXzZ3% ... XZ10 (s)11

Code :

(A) a-p, b-r, c-s, d-p
(C) a-r,b-q, c-s,d-p
Match the column —

(B) a-s, b-q, c-s, d-r
(D) a-T, b-S, c-p, d'q

Column I Column IT

(a) Locus of the point z satisfying  (p) A parabola
the equation Re(z2) =Re (z+Z)

(b) Locus of the point z satisfying  (q) A straight line

the equation|z—z; |+|z-2z, | =4,

LeR* and A £|z;—2, |

(c) Locus of the point z satisfying  (r) Anellipse
2z—1
the equation =m where
+1
i=+—1 and m eR*
(d) If | Zz|=25 then the points (s) A rectangular
representing the complex no. hyperbola
—1+75Z willbeona (t)Acircle

Code:
(A) a-s, b-qr, c-qt, d-t
(C) a-r, b-pqr, c-s, d-p

(B) a-ps, b-q, c-s, d-t
(D) a-qr, b-s, c-p, d-r

Match the equation in z, in column I with the
corresponding values of arg (z) in column IT

Column I Column IT
(a)z2-z+1=0 (p)—2n/3
(b)Z2+z+1=0 (q)-n/3
(c) 22> +1+i3 =0 () /3
@) 222 +1-i3=0 (s)2n/3

Code:
(A) a-r, b-ps, c-s, d-p
(C) a-qr, b-ps, c-gs, d-pr

(B) a-pgr, b-ps, c-ps, d-gr
(D) a-pr, b-gs, c-ps, d-pr

PASSAGE BASED QUESTIONS
Passage 1- (Q.46-Q.48)

Q.46

Q.47

Q.48

1
Letf(x)= i wherex € Rand letf(a), f(B), f(y), ()

be four points on the Argand plane. Now answer the
following questions
The maximum value of | f (o) —f(B) |is —

1
B

1
(A)| 0B B) [~
O1 (D)2
Ifa triangle is formed by joining the points f (o), f(B), f(y)
then maximum value of the area of triangle is —

33 33

433 B) =~ (C) =5~ (D)None

Points f(av), £ (B), £ (y), f (8) are chosen such that they form
a square, the length of square is —

(A) 12 (B)1/42
O1 (D) None of these

Passage 2- (Q.49-Q.51)

Q.49

Q.50

Let z be a complex number lying on a circle | z| = J2a

and b=b, +ib, (any complex number), then

7N\B(b)
/ 49
_PR45
of 1= PNNQ(Z)
P(z)

Let P(z) be any point on the tangent at B(b), then
OB L PB

Z—b _ b—O in/2
= Jz-b| [b-0]°

= zb-bb=2zb+bb = zb+zb=2|b|’

-+ blicon z=+2a . |bl=2a

The length of perpendicular from z, ( any point on the

circle) on the tangent at ‘b’ is
| Zob +Zyb —a? |

2\/5 a (B)

Zﬁa

Zﬁa

(A)

| Zob +Zyb —3a? |
2\2a

The equation of tangent at point ‘b’ is

©
(A) zb+7b = a? (B) zb + 7b = 2a*

(C) zb +7b = 3a* (D) zb +7b = 4a*
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Q.51 The equation of straight line parallel to the tangent and Q.52 Ifthe lines are inclined at an angle of 120° to each other,

passing through centre circle is
(A) zb+7b=0 (B) 2zb+7b =1

(C) 2zb+37b=0 (D) zb+7Zb =2

Passage 3- (Q.52-Q.54)

The complex slope of a line passing through two points
represented by complex numbers z; and z, is defined by

ﬁ and we shall denote by w. If z; is complex number

zy -7

and c is areal number, then Zyz+zyz +c =0 represents

Q.53

then —

~ Py —2 —2
(A) 001 = 00 B) 00 = W0,

©) ? =03 (D) ®; +20, =0

Which of the following must be true —
(A) a must be pure imaginary

(B) B must be pure imaginary

(C) amust be real

(D) b must be imaginary

Q.54 If line (i) makes an angle of 45° with real axis, then
a straight line. Its complex slope is —;—2 . (1+i) [_ ZTOLJ s
a
Now consider two lines
(A) 242 (B) 24/2i
oaz+az+ip=0 ... (i) and az+az+b=0 ... (i) . )
©O2(1-1) (D)-2(1+i)

where a, B and a, b are complex constants and let their
complex slopes be denoted by ®; and m, respectively —

B
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EXERCISE -3 (NUMERICAL VALUE BASED QUESTIONS)

NOTE : The answer to each question isa NUMERICAL VALUE.

Q.1

Q2

Q3

Q4

Q5

Q.6

Q7

Q8

The smallest positive integral value of n for which the

2
complex number (l + \/g i)n/ isreal, is

Let z be a complex number of constant non zero modulus
such that z2 is purely imaginary, then the number of
possible values of z is

Suppose that w is the imaginary (2009)™ roots of unity. If
2008
2009_1) 3 ———=(a) (2°) +c wherea,b,c e N,
=1 2- w'

then find the least value of (a+b + ¢).

1. s +byb
Forx € (0, n/2) and sin x = g,if Z sm3(:x) =2 c\/_
n=0

then find the value of (a+b + ¢),where a, b, ¢ are positive
integers.

(You may Use the fact that sinx = eT )

The polynomial f(x)=x*+ ax3+bx2+ cx +d has real
coefficients and f(2i)=f (z+i)=0. The value of
(a+b+c+d)equals

The number of solutions of the equation z2+z=0 where
z is a complex number, is :

Ifz= (3 + 7i) (p + iq) where p, q € I — {0}, is purely
imaginary then minimum value of | z |? is

Number of values of x (real or complex) simultaneously
satisfying the system of equations

1S

Q.9
Q.10

Q.11

Q.12

Q.13

Q.14

Q.15

Q.16

Number of complex numbers z satisfying 23 =7 is

The complex number z satisfies z+|z|=2 + 8i. The value
of|z|is

The minimum value of | 1 +Z| + | 1 —z| where z isa
complex number is

Ifa, b, ¢ are integers, not all simultaneously equal and ®

is cube root of unity (® # 1), then minimum value of

|a+bw+cwm?| is

Let z = x + iy be a complex number where x and y are
integers. Then the area of the rectangle whose vertices

are the roots of the equation 77> +72° =350 is
If z is any complex number satisfying | z—3 — 21| <2, then
the minimum value of | 2z— 6 + 51| is

in
Let @ = e?, and a, b, ¢, X, y, z be non-zero complex
numbers such thata+b+c=x; a+bc0+cc02:y;
PalyP +lzf

a+bw? + cw = z. Then the value of|X 3 5 5
lal” +[b[" +|c]|

is
) kn) .. (k=
For any integer k, let o = cos - +1isin =)

where i= /-1 . The value of the expression

12
D logey —oy |
k=1 ls —
3
D logp g —oggs |
k=1

£
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EXERCISE -4 [PREVIOUS YEARS AIEEE / JEE MAIN QUESTIONS]

Q.1

Q.2

Q3

Q4

Q5

Q.6

Q.7

Q8

Q.9

Q.10

Q.11

Letz and w are two non zero complex number such that
|z|=|w|, and Arg (z) + Arg (w) = m then -[AIEEE 2002]

(A)z=w B)z=w

©z=w D)z=—w

If|z—2| > |z— 4] then correct statement is-[ AIEEE 2002]
(A)R(z)=3 (B)R(z)<3

OR(z)=22 (D)R(z)<2

If ® is an imaginary cube root of unity then

(1+ o— o?) (1+ ©* — ) equals- [AIEEE 2002]
(A)0 B)1
©)2 D)4

If z and ® are two non- zero comlex numbers such that

|zw| =1, and Arg (z) — Arg (0) = /2, then Z w is equal to-
[AIEEE 2003]

(A) —i ®)1

©-1 (D)i

Let z; and z, be two roots of the equation Z2+az+b=0,

z being complex. Further assume that the origin, z; and z,

form an equilateral triangle. Then [AIEEE 2003]
(A)a?=4b (B)a’=b
(C)a?=2b (D)a2=3b
1+i)*
If i)~ 1, then [AIEEE 2003]

(A) x=2n+ 1, where n is any positive integer
(B) x =4n, where n is any positive integer
(C) x =2n, where n is any positive integer
(D) x=4n+ 1, where n is any positive integer

Let z, w be complex numbers such that zZ+iw =0 and

arg zw = m. Then arg z equals- [AIEEE 2004]
(A) /4 (B) n2
©)3w4 (D)5 /4
X,y

Ifz=x—1iyand z\3 =p+iq, then is equal to-

p’+q’°
A1 B)-1 [AIEEE 2004]
©2 (D)-2
If|z2— 1| =|z/* + 1, then z lies on- [ATEEE 2004]
(A) the real axis (B) the imaginary axis
(C)acircle (D) anellipse

Ifz; and z, are two non-zero complex numbers such that
|z, +2,|=|2z;|+]|2z,], then arg z; —arg z, is equal to -

[AIEEE 2005]
(A)ym/2 (B)-n
©0 (D)-n/2
Ifw= Zl and | w|=1, then z lies on [AIEEE 2005]
z——1
3
(A) an ellipse (B) acircle
(C) astraight line (D) aparabola

Q.12

Q.13

Q.14

Q.15

Q.16

Q.17

Q.18

Q.19

Q.20

Q.21

If the cube roots of unity are 1, o, ®? then the roots of the
equation (x— 1)3 +8=0, are - [AIEEE-2005]
(A)-1,-1+20,-1-20* (B)-1,-1,-1
(©)-1,1-2m, 1 —20? (D)-1,1+2w, 1 +2a?

If 22+ z+ 1 =0, where z is a complex number, then the
value of

2 2 2 2
J A2 ) e ()
Z+—| +H|Z°+—| +| 2+ +..+ |2 +—
( 2 ) K 6

is — [AIEEE 2006]
(A)54 B)6
©)12 (D)18
O( okn . 2kn
The value of 2. (Sm = Hicos T] is—[ATEEE 2006]
k=1
(A)1 B)-1
Ok (D)i
If| z+4 | < 3, then the maximum and minimum value of
|z+1|are- [AIEEE 2007]
(A)4,1 (B)4,0
©)6,1 (D)6,0

1
The conjugate of a complex number is i Then that

complex number is- [AIEEE 2008]
A) —— B — () — (D) —
()i+1 ()i+1 ()i—l ()i—l

4
If ‘Z - ;‘ =2, then the maximum value of | Z | is equal to

(A) J5+1 B)2 [AIEEE 2009]
(©)2+42 (D) V3 +1

The number of complex numbers z such that
|z—1|=|z+1|=|z—i|equals— [AIEEE 2010]
(A1 (8)2

(O D)o

Let a, B be real and z be a complex number. If
72+ o z+ B =0 has two distinct roots on the lineRe z=1,

then it is necessary that [AIEEE 2011]
(A)Be(0,1) B)pe(-1,0)
©OIB[=1 D)B e (1,0

If o (# 1) is a cube root of unity, and (1 + ®)’ =A+ Bo.

Then (A, B) equals [AIEEE 2011]
(A) (0, 1) ®B)(1,1)
©1,0) D)L 1D

72
Ifz#1and 1 zs real, then the point represented by
the complex number z lies : [AIEEE 2012]

(A) either on the real axis or on a circle passing through
the origin.
(B) on a circle with centre at the origin.
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Q.22

Q.23

Q.24

Q.25

Q.26

Q.27

Q.28

(C) either on the real axis or on a circle not passing through
the origin.

(D) on the imaginary axis.

If zis a complex number of unit modulus and argument 6,

1+z
then arg [1 N Zj equals — [JEE MAIN 2013]
T

(A)-9 (B) 2 0

(OF] (D)n—-06

If z is a complex number such that | z | > 2, then the

1

minimum value of |Z+ 3 [JEEMAIN 2014]
(A)isequal to 5/2

(B) lies in the interval (1, 2)

(C) is strictly greater than 5/2

(D) is strictly greater than 3/2 but less than 5/2

A complex number z is said to be unimodular if | z | = 1.
Suppose z; and z, are complex numbers such that

z, 22,

is is unimodular and zZ, is not unimodular. Then

2—Z]Z2

the point z lies on a — [JEE MAIN 2015]

(A) Straight line parallel to y-axis
(B) Circle of radius 2.

(C) Circle of radius /2 .
(D) Straight line parallel to x-axis.

A value of 0 fi h'hm' ly imaginary, i
value o Oor whic 1 _ 21 sin 9 1S purcly 1mag1nary, 1S
[JEE MAIN 2016]
(A) W6 (B) sin"'(/3/4)
©) sin~'(1//3) (D)3

Let o be a complex number such that 2w + 1 = z where

1 1 1
z=-3.1f|1 —0? -1 o =3k, then k is equal to
1 w? o’
(A) -1 B)1  JEEMAIN2017]
© —=z D)z

If a, B € C are the distinct roots, of the equation
x2—x+1=0,then a0 + B197 is equal to:

A1 B)2 [JEE MAIN 2018]
©-1 Do
Let A = {6 € (—g,n) % is purely imaginary}
then the sum of the element in A is

[JEE MAIN 2019 (JAN)]
(A) 5m/6 (B)2w/3
(©)3n/4 D)=n

STUDY MATERIAL: MATHEMATICS
3 1. .
Q29 Ifz= §+% (i= \/—_1) ,then (1+iz+2° +iz%)° isequal
to [JEE MAIN 2019 (APRIL)]
(A)-1 B)1
(©)0 (D) (-1 +2i)°
Q.30 Letz e Cbesuchthat|z|<1.1f o = > 3% then
5(1-2)
[JEE MAIN 2019 (APRIL)]
(A)SIm(w)<1 B)4Im(w)>5
(C)SRe(m)>1 (D)5Re(w)>4
1+i)? . 2 — .
Q.31 Ifa>0and z= —, has magnitude g ,then Z is
a—i
equal to : [JEE MAIN 2019 (APRIL)]
A) — E — ll B) - l + 21
( 5°5 ( 55
Q) — l — 21 D l — 21
© 55 (D) 55
Q.32 Ifzand ware two complex numbers such that |zw| =1 and

Q.33

Q.34

Q.35

Q.36

arg (z)—arg (w)=m/2,then: [JEE MAIN 2019 (APRIL)]

(A) zw =i B)zw =-i
—_1-i —1+i
C) zW =—= D) zw =
© =" 0 =1
The equation |z—i| =|z—1|, 1= /1 , represents:
[JEE MAIN 2019 (APRIL)]

(A) the line through the origin with slope —1.
(B) acircle of radius 1.

(C) acircle of radius 1/2.

(D) the line through the origin with slope 1.

2Z—n

Let z € C with Im (z) = 10 and it satisfies =2i—1

2z+n
for some natural number n. Then:
[JEE MAIN 2019 (APRIL)]
(A)n=20andRe (z)=—10 (B)n=20andRe(z)=10
(C)n=40andRe(z)=-10 (D)n=40andRe(z)=10

z—-1
If z=x+1y and real part (—) =1 then locus of z is —

2z+1
(A) Straight line with slope 2.  [JEE MAIN 2020 (JAN)]
(B) Straight line with slope —1/2
(C) circle with diameter /5 /2
(D) circle with diameter 1/2
If the equation x2 + bx + 45 =0, b € R has conjugate

complex roots and they satisfy | z+ 1 |=24/10, then

[JEE MAIN 2020 (JAN)]
(A)b2+b=12 (B)b2—b=30
(C)b2-b=36 (D)b2+b=30
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3 100 100 Q.39 Ifzbeacomplex number satisfying
Q37 Leta=— ga=(+0)) o, b= o™ 1faand |Re (2)] +|Im (7) | =4, then | z | cannot be
2 k=0 k=0 [JEE MAIN 2020 (JAN)]
b are roots of quadratic equation then quadratic equation 7
is [JEE MAIN 2020 (JAN)] A /_ B) 1
(A)x2—102x+101=0 (B)x2—101x+100=0 ) 2 ®) 10
C)x%>+101x+100=0 D) x2+102x+100=0
(O 10lx (D 102 5 ©B (D) 7
zZ—1
=1 = — ..
Q.38 Letzbe complex number such that z+2i‘ and | Z| 2 Q4o Ifz:[3+.lsme] is purely real and 0 e[ﬁ,n)
Then the value of| z+3i|is: [JEE MAIN 2020 (JAN)] 4-icos 2
(A) J10 (B) 243 arg (sin 6: icos0)is— [JEE MA}IIV 2020 (JAN)]
VI D) 15/4 (A) —tan™" (3/4) (B) t—tan' (3/4)
© (D) (C) n—tan"! (4/3) (D) tan~! (4/3)
ANSWERKEY
EXERCISE - 1
Q|1|2|3|4]|5]|]6|7|8|9]|10]|11|12|13|14|15]|16]|17|18|19|20]|21]|22|23| 24| 25
A|A|B|l(B|A|D|B|C|A|B|B|C|A|B|A|D|A|B|JA|A|C|B|B]|C|D|A
Q[26|27|28|29]|30]31(32|33|34|35|36|37|38|39/40]|41]|42(43|44|45]|46|47|48| 49|50
A|D|A|fC|B|JA]J]A|C|A|B|B|D|A|D|fC|D|D|J]A]jJC|B|JC|]C]|]C]|C|A|B
Q|[51|52|53|54)|55|56|57|58|59|]60|61|62|63|64|65)|66|67|68|69|70]|71]|72|73|74(75
A|J]C|]C|A|C|D|C|B|A|D|A|B|J]A|B|A|JA]JA]J]C|]C|C|C|A|D|D|D|D
Q|76|77|78|79|80|81|82|83(84|85|/86|87|88(89|90|91[92]|93|94|95]|96| 97|98
A|B|D|A|A|D|B|D|D|D|D|JC|]A|]C|A|D|C|D|J]C|]C|D|D|B]|B
EXERCISE - 2
Q|1|2|3|]4]|5]|]6|7|8|9]10]|11|12|13|14|15]|16]|17|18|19|20]|21]|22|23| 24|25
A|JA|B|fB|C|C|C|]A|C|D|A|C|]A|D|B|D|JC]C]|]C]|B|C|C|B|B]|B]|B
Q|[26]|27|28(29]|30|31|32|33(34|35(36(37]|38(39|40|41|42)|43|44|45]|46(47|48|49|50
A|D|B|D|A|B|JC|A|C|D|A|B|J]A|B|A|B|D|JA]JA]J]A|fC|C|C|B|D|D
Q|[51]|52]|53]|54
A|JA|B|B]|C
EXERCISE - 3
Q1] 2 3 45| 6 7 8|9|10|11)12|13|14| 15| 16
A| 6] 4140161411 9| 2 |3364| 1 | 5|17 2| 1|48 5] 3] 4
EXERCISE - 4
Q|1(2(3|4|5|6|7(8|9(10|11|12|13|14(15(16|17|18|19|20(21(22|23|24]|25
A|D|/A|(D|A|D|B|C|(D|B|C|C|C|C|C|C|B|A|[|A|D|B|JA|C|B]|BJ|C
Q|26(27(28|29|30|31|32(33(34|35|36|37|38(39](40
A|C|A|B|[A|C|C|B|D|C|[C|B|A|JC|D]|C
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CHAPTER-5 :
COMPLEX NUMBERS @
SOLUTIONS TO TRY IT YOURSELF
TRY ITYOURSELF-1

(0)) 135 leaves remainder as 3 when it is divided by 4
s i =id=
(2) Wehave, (a+b)—i(3a+2b)=5+2i
= atb=5and-(3a+2b)=2
= a=-12,b=17
(3) (x+iy)BP=a-ib
X +1iy=(a—ib)3 = (a3 —3ab?) +i (b3 —3a’b)
x =a’ —3ab?, y=b3—3a%b

X y
— a2 2 2 _ K2 2
. =a-—3b“ and b—b —3a )

2—% —a2 3b2- b2 322 =4 (a2 - b?)

oo k=4
@4 z2-az+ta-1=0
Putting z=1 + i in the equation, we geta=2 +1
= 72— (2+1)z+1+i=0is the equation
= z=1is the other root.

20 3+i  6i+2i°

(+i)? 142i+i%  2i

® 3T 351 3-i 3-i3+41 9_{2 3)
2+6i 1 3,
=———=——+—1
10 55
(6)  Let /94 40i =x+1iy. Then, (x+iy)?=9 +40i
= x2-y?=9 ... 1)
andxy=20 ... )]

Squaring eq. (1) and adding with 4 times the square of (2), (4
we get x*+y*—2x2y2 +4x2y2 =81 + 1600

= (xX2+y3)2=1681 =>x2+y2=41 ... 3)

Fromeq. (1)+(3), we getx2 =25 =>x=+5and + 4

From eq. (2), we can see that x and y are of same sign.

= x+iy=(5+4i) or - (5§ +4i)

[Lsnj3 —(1)3 +(3i)° +3x[l)2 x3i+3xlx(3i)2
M 3 3 3 3

L B ot =L o7itio
27 27

[3=—iandi2=-1] ©
1 _
:[—— j—zazﬁ—za
27 27
) z=+/5+3i then Z=~/5-3i
and |z|=(/5) +(3)* =5+9=14 ©)
Therefore, the multiplicative inverse of J5+3iis given
1.7 53 W5 3y
% 2T 14 14 14

TRYITYOURSELF-2
Letz= (1 —i)™.. Taking log on both sides,
logz=—1ilog (1l —1)

=- logx/z (cos%—isin%) =—-ilog (x/ie_i 01/4))
1 _ 1 in
=—i|—log2+loge ™* |=—i| —log2——
[2 g & 2 g 4
i b .
- _Elogz_zz> 4 = o~ T/4gi(l0g2)/2

_ 1
— Re(z)=¢ n/4cos(zlog2j
|z|=z+1+2i
= X2 +y? =x+iy+1+2i=x+1+Q2+y)i

= Jx?+y?> =x+land0=2+y or y=-2

= Jx?+4=x+1

= xX24+4=x2+2x+1=2x=3=x=3/2
3
+iy=—-2i
= xtiy=7

Given, 34 xzy: x? +y+4i
B+ixty=xt+y-4i=>-3=xZ+y ... (1)
and  x%y=—4 . Q)

4
-3=x"~— [Puttingy=—4/x2 from (2) in (1)]
X

= x*+3x2-4=0 = (x2+4) (x2-1)=0
|Z1|:1:>Z121,|Z2|:2:>Z222:4,
|Z3|:3:>Z323:9

Also, |92z, + 47,25+ 2,75 |= 12

= | Z1Z2Z323 + Z122Z322 + Z121Z2Z3 | =12

= |Z122Z3| |21+22+23|:12

= lzllzyllzz| |7 +2p + 23| =12

= 6|Zl+22+23|:12:> |Zl+22+23|=2

= |Z1+Z2+Z3|:2

|z, +2, <]z |+]|2,|=]24+Ti[+6=25+6=31
AISOa|Z1+Zz|:|Z1_(_Zz)|Z||Z1|_|Zz||

= |z, +2,]2|25-6]=19

Hence, the least value of | z; + z, | is 19 and the greatest
value is 25.

(1+\/§i\_ . .
ampk\/g .J—amp(1+x/§1)—amp(\/§+1)

+1

w|a

6

ol a

s
I 124
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(7)  arg(z;z,) =arg(z)) +arg(z,) = 170° +70° = 240° Forz=-?, 2100+ 27100 = (—?)100 4 (2)~100
Thus, z,z, lies in third quadrant. Hence, its principal 1 1
argument is — 120° :0)200+W=0)2+—2=c02+(0=—1
. ® ®
®  Wehave, 2=-1-iV3 @ (-0 (-} (-0 (-
Let —1—iv/3 =1 (cos0 +isin6) =(1-0) (1-?) (1-0) (1 -e?)
Equati Land imaoi , . =(l-0?(1-0?)?=1-20+0%) (1-20%+ %
quating rga: ar; imaginary parts, wle ge —(1-20+ 0?) (1 - 2602 + ©)
rcosO=-1 ... ) — (S30) (-36%) = 903 = 9
and rsin@= -3 .. ) o
Squaring and adding eq. (1) and (2), we get @ A.i= cosErisin Tt =e2
12 (cos?0 +sinZ0) =1 + 3 2 2
= r?=4=r=2=Modulus=|z|=r=2 , .
: 1 . -
(-1, -3 ) lies in the third quadrant so it principal argu- i (e%\ _ eig — g = (i)(i)l _i¢ 2 =|z|=1
ment line in third quadrant. L J
Also, dividing (2) by (1) , we get
(5)  (A).Wehave,z> +222+2z+1=0
-1 —2n 3 —0 - 2 _
tan0 =+/3 = 0 = tan"'(+/3) = tan (—] B+1)+22z+1)=0; z+1)(Z2+z+1)=0
3 z=-1, ®, ®".
. Since, z=—1 does not satisfy z!?8% + 7100+ 1 =0
= Argument=0=—- — while z = o, ®? satisfy it, hence sum is o + @?=-1.
3 6) (D). Letz=(1)""=cos (2kn +isin 2km)!/n
Hence, the modulus and arguments of the complex num-
2kr . . 2km
I z=cos——+isin— k=0,1,2,........ ,n—1
ber —1—i/3 are 2 and E) respectively. n n
2kym) .. (2kym
(9) Wehave, \3x2 —V2x+3/3=0 oo (1) Let, 21 = COS[ n] ) +1sm[ nz j and
Comparing (1), with ax2 +bx + ¢ =0, we get
a:\/g,b:—\/i and c:3\/§ 22=c05[2k2n]+isin(2k2nj
n n
H 2 _ —(_ 2 _ _9_ —_
ere, b —dac = (—+/2)” 4 (V3) (33) = 2-36 = =34 be the two values of z s.t. they subtend £ of 90° at
—(2)£V-34  2+i34 o 2gm 2kmom
X= 3 NG origin. = P, =i5 = 4(k;—ky)=%n
(10) (A).arg (-z)—arg (z)=arg(—z/z)=arg(-1) =n Ask, andk, are integersand k; #k, ;n=4m,m=1I
M ®).(+)=(1+6)"= ()= ()"
TRYITYOURSELF-3 =(®"=1=n=3. P~ 7Y
® (D). Let OA = 3, so that the 4
1) Letx= \/ D424 224..® complex number associated 3¢/
with A is 3ei™4, 32
2 / If z is the complex number T /4=
=-24+424y-2+2v-2+....
- X \/ * associated with P, then o *
= x2=—2+\/5x :>x2+2:\/5x z—3ei“/4_i —in/2__4_i
= (T+2)?=2x" 5 x4+22+4=0 0-3e™* 3 3
o S = 3z-9e™4=12ie™* = z= (3 +4i)e™4.
o xRN 1 Bi= 200 in
2 (9) 3. Ontaking o =e3 . Expression is in terms of a, b, ¢
= Xx=z \/E(D i2n
Q@ z+zl=1=22-z+1=0=z=—0o0r—? So lets assume o =¢ 3,

For z=—@, 7100+ 77100 = ()10 - (_)~100

1

then the solution is following
atb+c=x;atbot+co’=y;a+bo’+co=z




SOAL

ODM ADVANCED LEARNING

TRY SOLUTIONS

STUDY MATERIAL : MATHEMATICS

2 2 2
xP 41y P +lzf

2 2 2 2 2 2
aP +[bP +[cf [aP +[bP +[c|

XX+ yy+zz

(a+b+c) (@+b+T)+(a+bw+co’) (@+bo’+cw)
_ +(@+bo’ +cw) (@+bw + o)
lal +[bf +|cf’

3(lal + b +|cP)
2 2 2 =3
lal + b +]c]

TRY IT YOURSELF-+4

r? r?

=Z—-a=

1 z=a+
Z—a Z—a
= (z-a)(z-3)=1> = |z-af=1’ =|z-a|=r1

Hence, locus of z is circle having center a and radius r.

Q) |3z—2|+|3z+2|=4
z——|+ z+g _4
= 3173 e @))

If P (z) be any point A = (2/3, 0), B = (-2/3, 0) then (1)

represents PA+PB =4

Clearly, AB =4/3 = PA+PB =AB = P is any point on the

line segment AB.

z—-2

z-3

= |x-2+iy[F=4|x-3+iy[?

(x=2)* +y? =4[(x-3)* +y?)]

3x2+3y2—24x+4x+36-4=0
20 32

2.2 V24
= +ye— X+ =0
R A T

This represents a circle with centre [(10/3, 0)] and

. 100 32 4 2
radius by T_?: 525

Q) =2 = |z-212=4|z-3]

=
=

“@ (D). The given quation is written as

3n/4, when x<2

—n/4, when x>2

arg (z—(1+i))={

0.2
\ W

f 0

N\

Re (#) =1

Therefore, the locus is a set of two rays.

1 |z—1]
2lz——|=|z-1] - -
S ®).2775 lz—1] . 1‘ 2
1
2

(6) (A)-|Z1|:|Zz|:|z3|:1
Hence, the circumcentre of triangle is origin. Also,

Z1+Zy +73

centroid =0, which coincides with the

circumcentre. So, the triangle is equilateral. Since

radius is 1, length of side is a = ﬁ . Therefore, the

area of the triangle is (\/§ /4) a’ = (3\/§ /4).

3
7 .G' = ——
@ (D). Given z 2+ cosO+isinB
cos@+isin6:§—2:3_2Z
z z

1= # [Taking modulus]
z

7>

2 .

= iz = 5 . Hence, locus of z is a circle.
z

)

®) (A). The point (\/E—l, —\/5) and (\/5—1, \/E) are
equidistant from the point (-1, 0).
The shaded area belongs to the region outside the
sector of circle | z+ 1 | =2, lying between the line rays
arg(z+1)=mn/4 and arg (z+ 1) =—m/4.

5
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CHAPTER-5: COMPLEX NUMBERS
EXERCISE-1
M (A [B8=[2 =[-1]7=-1
)  (B).i" il 2 40t
=i [1+i+i2+i]
=i[1+i—1-i] = i"[0]=0
) 3+2isin® 1+2isin®
3 (B).Given 175050 X1+ 2isin6

346isin® + 2isin®—4 sin® 0
1+4sin%0

3-45in” 0 + 8isin®
1+4 sin’ 0
If it is purely real then
8sin O
1+4sin” 0
“@ (A). Letz=x+1iy then

=0=>sin0=0=>0=nn

z-1 x+iy-1 (x-1)+iy

z+1 x+iy+1 B (x+1D)+iy

(x+D-iy
(x+1)—-iy

B (x—-1)+iy y
(x+D+iy

x2 —l+iy(x—1)+iy(x+l)+y2

(x+1)2+y2

_ (x2 —1+y2)+i[2xy]

(X+1)2+y2
Ifit is purely Imaginary
—X2_1+y2 0 242 2,2
= +y2-1= +y-=1
(x+1)2+y2 =>x+ty 0=x"+y
which is the equation of a circle.
(5) (D).Letz=x+iy,then |z—4|<|z-2|
= (x—4)2+y2<(x—2)2+y?
=-4x<-12=x>3 =R(z2)>3

©  (B).V-2xy-3 = V2ix\Bi=6(i) =6
(1) (O)-Herex+iy=(a—ib)’=(a®~3ab%) +i(-3a%+b?)
=x=a’-3ab?,y=b3-3a%

- g_l =(a2-3b%)— (b2 -3a%) =4 (a2~ b)=k=4

b
® (A). Let z=x+iy ... )
Given| z +i| = z -]
or | x+iy+il= x+iy—i

or |x+iy+1)=x+iy-1)

of x2 4@ +17 =yx’ + -1y

or x*+(y+17 =x>+(@ -1y

or yz +2y+1:y2 —2y+]0r 4y=00ry:0

Hence from (i), we get z = x , where , is any real number.
Q) (B). 3 —4ii.e., (3,-4)lie in fourth quadrant in complex

plane, after turned anticlockwise through 1gge this will

lie in IT quadrant, therefore, the number will be _3 + 4;,
now after stretching it 2.5 times i.e., multiplying by 2.5,

. . -15 .
the required complex number will be > +10i,

(10) 1-ix a—ibo (1-ix)(1-1ix)

" 1+ix (+ix)(1-ix)
2 . 2
1-x° —2ix -X 2x
=a-ib = =a and =b
1+x2 1+x2 an 1+ x2
Now we can write X as
2x 2x
X=1+X2= 1+ x> - b - 2b
2 1—-x2 I+a 1+1+2a
2 +1
I+x 1+x2
B 2b B 2b
1+(a2+b2)+2a (1+a)2+b2
1+1)" . o .
(1) (C).—2:(1+1)n(171) n given +ve with n=1
1-n"
A+i)(1-i)=2
(12) (A). 1+i\/§ _ 1+i\/§ =VI+3X(1+1):&
12| |G+2)?| 1+4 5
Qe =
i+1 (i+1)
(13) (B).amp {w} =amp (a+ib)—amp (a—1ib)
a—ib
LBy b
= tan LaJ —tan L aJ
207 [ 2ab )
=tan ' | 5 5. :tan‘Lz ZJ
1-(b"/a%) a“—b
(4)  (A).Givenlz||=|zy|=...=[z|I=1 .. (D
Now L+i+ ...... +i :| Zl_ + EZ_ +... Zn_ |
A R) Zy |21Z1 2,7y Zy Zn|
. + 43 z |
= = |z +Z,+...4+2Z
Izl 1z Tz, ] T TR n

from (1)
=z tzytotz | Co|Z]=]2z])

B
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15

(16)

amn

(18)

19

20

—_——1 —_, —

il

1zP  (1/2)%+1 5 5 \5 5
(A). Multiply above and below by conjugate of
denominator and put real part equal to zero.

_ . s 4
ol Lo Wi 2 4._( ]

[ 0 e] 0
tan0—i | sin —+cos— 1= 2isin—
2 2 N 2

1+2isin9 1—2isinQ
2 2

. 0—-2si 9 (sin9+cosgj =0
. tan O -2 sin B 2 =

2
S0 (1~ cos 0) —sin =0
cos6
. (l—cosej
= sin 0 cos0 —(1-cos0)=0

= (1—-cosB)(tan®6-1)=0

cos@zl:>9:2nnandtan6:1:>9:nn+%

(B). Letz; =a+ibandz, =c+id (b= 0,d #0).
Then z; +z, and z,z, are real
=b+d=0 and ad+bc=0

=>d=-bandc=a (. b#0,d20)= z,= 27,
A). |7, +2,|_ |2, - 2|

LI D ETR .
= —> — lies on L bisector of 1 and — 1
zZ Z
2 2 Z2
zZ; .. . . . z . . .
= L lieson imaginary axis = s purely imaginary
%) %)

[Zl\ T T
> arg| —|=x—; |arg(z,)—arg(z,)|= <
ngzJ 3 |arg (z)) —arg (z) [= 5

(A). Expression

= (az,~bz,) (az; —bz,) +(bz| +az,) (bz, +az,)
=(az;~bz,)(a z; —b z,) +(bz, +az,) (b 7 +a z,)
=a? |z, P +b?| Z, ? +b? |Zl|2 +a? |Zz|2

— @2+ 12) (12, 2+ |2, P)

(C).Letz=1-cosB — isinB® =r(cosdp+isind)

_ —2sin(0/2)cos(0/2)
2sin? (0/2)

_ [2_9] _ (9_2]
=—tan 5 o) or tan ¢ =tan 2 2

0 =
coamp (z)= E_E

—cot(0/2)

(e2)

22

23

249

25

|cos(n/3)—1s.1n(n/3)\|\/§+1|:i:ﬁ
ji-1] 2

(B).|z=

Again amp(z) =amp {cos(n/3)—1isin(n/3)}
+amp (/3 +i)—amp (- 1 +1i)

13n) . . (13n
= \/5 {cos[ﬁj +1 SIH(E)}
(B). -

|z, +2y =]z, |2y > +2]|2,|]zy|cos (6, —0,)

2 If0,-0,=+ — ;Then |z, +z,[>=|z, ? +|z,

oA

TC
i.e. Ar —A =4 —
i.e. Arg (7)) - Arg (z,) =+

( VA \ T Z . .
= Arg L—J =+ > = — is purely imaginary
) Z

(C). Let\/-8—-61 =*(a+ib)
= —8-6i=a2—b>+2iab
=a?-b>=-38
2ab=—6=ab=-3
(aZ + b2)2 — (a2 _ b2)2 + 4a2b2
=(-8)? +(-6)>=64+36=100
=a2+b2=10 e
From equation, (2)and (3) a=1,b=-3

So, \[-8—6i ==+ (1-3i)

(D). sinx+icos2x=cosXx +1isin2x
= tanx =1 and tan 2x =1

(1)
Q)

+TC d IlTE+TC
: = _— _ — —
X=Nn7 4an X b 8
~7m Z3m m St 9n
=X € orey 4 > 4 s4a4747 -----
~/m Z3m m St 9m
M ceey 8 5 8 ,8,8,8, .....

= there is no common value of x.
(A).|z—3+i]=](z+2D)~ ({3 +i)|
<|z+20) [H (3 +i)<1+2=3
= The greatest value of |z—/3 +i|is 3.
Again|z— /3 +i|=|(z+2i)— (/3 +1i)|
>3 +i|-|z+2i|22 -1=1
Thus least value of | z—+/3 +i]is 1.

5
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z—1 (x+iy)-1 (x=1+iy H ¢ " (z, +2,) b l
26) (D). Z+1_(x+iy)+1_(x+1)+iy owever 1t 44 + pc =0 , then (z, - 2,) will be equal to

_{x-D+iyHx+D iy}
(D +iy}H(xoF D —iy)

(31
_ {62 D+ Y +ily(x+ D - y(x - D}
(x+1)2+y2
(xz—l)+y2 . 2y
- 2 2 (M 22
x+D)"+y x+D)"+y
Pl x+D)2+y? (x+DP+y?] G2
i 1 2y T 2y
= —=tan {——F— > tan—=—F—"- 33
4 {x2+y2—1} 4 ey (33)
2
31:%3X2+y2—l=2y 34)
x“+y -1
= x2+y2—2y=1
(27) (A). According to condition, 3 —ix?y =x? +y+4i
$x2+y:3andx2y:—4:>x:i2,y:—1 (35)
= (xay):(zs_l) or (_2=_1)
(28) (O).Giventhat (x +iy)(1 —2i)=1+i
X —1i :izx-i—i = 1-i
= YT TS 36)
2 2
29 @)+ =24 —m32:>| z|2 2] z| =2<0
<22 e
Hence max. value of | z|is | +,/3
37
(B0) (A). Let z, =a+ib=(a,b)and z, =c—id = (c,—d) 37
Where ;>¢0and g9 000 ... (1)
Then|21|:| 22| = a2+b2202+d2
z, +z, :(a+ib)+(c—id)
Now . " @+ ib)—(c —id)
_ [@a+c)+ib—-d)l(a—c)—ib+d)]
[a=c)+ib+d)][(a—c)—ib +d)] (8)
_ @ +b*)—(c? +d?) - 2ad +be)i
a*+c¢* —2ac+b* +d* +2bd
—(ad + be)i . .
& +b? —ac+bd [using ()]
(z, +2,) (39)

m is purely imaginary.

zero. According to the conditions of the equation, we can
have ad +bc=0

A). | z|=1=| x+iy|=1=x> +y? =1

_z-1

_ (x-D+iy ><(x+1)—zy

z+1 (x+D+iy (x+D-iy

C(xP+yi-D) 2iy 2iy

(x+1)2 +y2

(x+1)2 +y2 7(x+1)2 +y2
. Re(w)=0.

_l\/g = arg(l —z\/g)—arg(l +i\/§)

+if3

=-60° —60° =—120° OF 240° -

(A). We know that the principal value of ¢ lies between
-z and .

1
(©). arg[ :

(B). arg[ lj —_95iij =arg(13 — 5i)— arg(4 — 9i)

=—tan"! i +tan'12=£
13 4 4

1+2i
B)- "1y

Modulus =1

1+2i
1—(1—1—2[)

_1+2i
1+2i

=1+0i

40
Amplitude g = tan IT: 0,

(D).Given z; =1+2i,z, =3+5iand z, =3 - 5i

_ 1340 3-5i_44-62i
T 3450 3-5i 34
Z,Z 44 22
Re| 2L | = — ===
Then [zz] 3417
f ib
A). X +1 —i
(A)- V= : = c—id
2 2
. +b
Also x> +y% =(x +)(x —iv) = 4| >
244
a® +b?
= ()C2+ 22_
) 244t

D). Va+ib =x +yi3(,la+ib)2 =(x + yi)?

=a=x?-y% b=2xy and hence

Na-—ib =\/x2 —y? = 2xyi :\/(x —yi)? =x—iy

Note: In the question, it should have been given that
a,b,x, yeR.

(C). s azZ+bz+c=0 ... 1)

and zj, z, (roots of (1)) are such that Im (z,z,) # 0

B
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(40)

1)

(42)

(43)

(44

45

(46)

CL))

CL))

49

z; and z, are not conjugates of each other

complex roots of (1) are not conjugate of each other
coefficient a, b, ¢ cannot all be real.

at least one of a, b, c, be is imaginary.

(D). 3 +1ix2y and x2 +y + 4i are conjugate

thenx Zy=—4and x> +y=3
=>x2=4,y=—1=x*+y?=5

D i42)= & o anm oYl
(D).arg (z=1+2)= " = tan e =277
= x-By=—-B+2),x>-2,y>1 e (1)
b T y—-3
3= —— t | =
(@+d4=3p=—, = an( 4] x+4
S>yt+tx=-1,x>-4,y<3 .. )

so0, there is no point of intersection.

(A).|z|+[z=1|+|2z=3|=[z[+|z—1[+]3-2z]
>2|z+z-1+3-2z|=2

“lz|t+|z-1]+]|22-3]>22 .. A=2

then2 [x]+3=3[x—A]=3[x—-2]

2[x]+3=3(x]-2)

or[x]=9theny=29+3=21

sx+y]Ex 21 =[x]+21=9+21=30

©). - iz2=7
Taking modulus of both sides

liz® |=|Z|= |i]|z* | =|z|
= 2% |=|z|=|z|=0o0rl
(B). |z+4|<3 = 3<z+4<+3
= -6<z+1<0 >0 <—-(z+1)<6

= 0<|z+1|L6
Hence greatest and least values of | z+ 1 |are 6 and 0

respectively.
(O). Conjugate of (x +iy) (1 -21)=1+1

1-i

o (xHiy)(1=20)=1—i ~ x+iy=
(+iy) (1-2) =11 o x+iy=1—
142i 1420 142 . .

© — - T o i
== 1-1-i2+2i l+2i

Modulus = 1, Amplitude =tan1]0/1 |=0

©). [N3+i|=B3+1=2;|3i+4|=9+16=5

23 ><52

L1z|=
102

=2

|8+6i|=/64+36 =10

(©O). - A=(1,2);B=(-3,1);C=(-2,-3); D=(2,-2)
. ABZ=16+1=17,BC?=1+16=17
CD?=16+1=17,AC?=9+25=34
BD2=25+9=34,

Now since AB=BC=CD and AC=BD

. ABCD is square.

(A). Letz=x+1y then

(50)

(1)

(52)

(53)

(54

(35)

z —3i

| = 1= 1z-3i]=|z+3i

= [x+iy-3i| = [x+iy+3i]

= \/xz+(y—3)2 = \/xz+(y+3)2

= y=0, which is equation of x-axis

(B). |z—iRe(z)=|z—Im(z) |

Let z=x+1y, then
|x+iy—ix|=|x+iy—y|

ie x2+(y—x)2=(x-y?)+y?

ie. x2=y?ie.y=+x

=12y=0

z-z| LB [13
©- 1~z 27 2| Va3
SO, |Zl—Z3|:|Zz—Z3‘
- (- )
ampk Z 23\_ 0! J3/2 —tanl(—3)=-L
Z2—Z3J L 1/2 J 3
(Zz— 3\ T
or am =—or / 0
D k21 — 23 222321 60

-. The triangle has two sides equal and the angle be-
tween the equal sides = 60°. So, it is equilateral.

(©). arg [ﬂ] I {M} _n
z+2/ 3 x+2)+iy | 3

= -2 +y? =tan(z/3)[y(x +2)* +y°]

Squaring both sides,
= (x-2)% +y? =3[x+ 22 +y*]
=x? +y2 +4—4x =3x? +3y2 +12x+12

= 2x2+2y? +16x+8=0 =x’+y? +8x+4=0
which is a equation of circle.
(A). z,, Z,, 0 are vertices of an equilateral
triangle, so we have

22 +2,> + 02 = 2,2, +2,.0 + 0.z (a property)
:>212-|rz2 =212, :>212-|rz2 -22,=0
©).|w|=1=1|z-(1/5)i|=|z|
= |z—(1/5)i = |zP=|x+iy—1/5i P=|x +iy 2
=Sx2+(y-1/5)2=x2 +y2=-2/5y+1/25 = 0
= 10y =1, which is a line.

1z —|z|+]
(D). 1Og*/§T|z| <2

2 —|Z|+1

2 (B

=z -|z| +1<6+3|z|:|z|2—4|z|—5<0
=>z[=-5(z[+D)=(]z|-5)<0

since |z|+1>0=|z|<5

Hence z lies inside the circle |z | =5

£




SOAL

(COMPLEX NUMBERS) Q.B.- SOLUTIONS ODM ADVANCED LEARNING
(56) (C).Since z),z,, zy , are vertices of an equilateral triangle,  (62)  (A). BD = 24C = 2DM = 22 AM)
SO 212+222+Z32 :Zl 22+Z223+Z321 or or 2 2
Further the circumcenter of an equilateral triangle is same DM =24M O DM" =44M
as its centroid, so or 5=4[(x -2)> +(+1°’] - (i)
2y=(z)+2y,+23)/3 y+1
=972 =72 +2,° + 232 +2 (2,2, + 2,23+ 737)) Again slope of pjs =2 and slope of 47 is —
245,210,209, 24,20 2 -
21221 . 22222 . Z3Z23: 3220(22.1 77t 70) AM is perpendicular to DM
(57) (B). Let the given points be A, B, C, D respectively. B z[y +1 ] o x—2=2p+1) (if)
Then ABCD is a parallelogram, so AB = DC x-2
= 2,2 =772 7Y 732, + 7, Hence from (i) and (ii), we get
(58) (A).Given pointsare A(3,4), B(5,-2)and C (-1, 16). 1 3
=TTy and x =3,1
-2-4
Now slope of AB = 5_3 3 (63) (B). The two circles are C,(0,0),r, =12, C,(3,4),r, =5
1642 and it passes through origin, the centre of C, .
+
slope of BC= 15 =-3 .. slope of AB=slope of BC C,C, =5<n —-r, =7 .Hencecircle C,
— A B. Care collinear lies inside circle C, . Therefore minimum
(59) (D). The required complex number is point of contact distance between them is
C (0, 25) is the centre of the circle and radius is 15. AB=CB-Cid=r—-2r,=12-10 =2.
I 2 2 _ (64) (A).LetP(#),A(0,0),B(1,0)
Now |z | =OP= ,/OC” -PC 625 - 225 =20 . |Z|+|Z—-1|=PA+PB will be mininimum when p lies
amp (z)=0 = L XOP = Z OCP on line segment AB
PC 15 OP 20 4 Somin (|Z]|+]Z-1])=AB=1
scos0 =—=—=—and sinb0 = —=—=— 65 (A).LetZ=x+iy
oc 25 5 ocC 25 5 S ZH+|Z]=0
3 4 i 2.2
2= 20(5 5)—12+161 = XTIy T Yx"+y" =0
B B Equating real and imaginary parts, we get
(60) (A). Wehave OC=5,CA=1 Imaginary part : y =0
Real parts=x + \/xz +y2 =0=x+Vx% =x+ |x|=0
NZ) - |X|:7X
Hence, Z lies on x-axis : x <0
JAN x 66) (A).|z—1=|z+2i
(x+iy—1)(x—iy—1)=(x+iy+2i)
0 = ZAOX = min.amp z, .. ZAOC =90° -0
[ A ] n
67 CO).1+i /3 =2|5"17"|=,"3,
:>sin(90°—9)=%:>cos(9=§ ©n - (© V3 22 2¢
. : : 1 1
. z=0Aco0s0+i0Asin6 . N P 4T
=242 [ﬁ ﬁj Ve
2 1 . 2 1
= z=45 —1[—]+1\/5 -1 1-— 6 . .
5 52 © (1+3) =20 m =26, (1 - ) =24 o 2im =24
Given expression =20+ 24 = 80.
2\/> 22 1+i246).
68) (C).o¥+oP=0?+o=-1
(61) (B).Let z,z,,z; be three complex numbers in A.P. and 0%+ 0B =0+o?=-1

Then 2z, =z, +z5.
Thus the complex number z, is the mid-point of the line
joining the points z; and z; So the three points z,,z, and

z5 are in a straight line.

. the given expression is

RENERENES
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z -1 or ¢ = (2++/3). Similarly, 7 = (2 -+/3).
(69) (C). The given equation is 1 0 which means that We know that
1, Z,, 23, 24 are four out of five roots of unit except 1. efre ™ Q+3)+2-3)
= = =2.
. CoSsz )
4. 4, 4, 4 4 4|_
Zl +Zz+Z3+Z4+1 —O:> ;ZI 1 (75) (D)‘LetZ:—1+l.'\/§7}’: (1+ -2
1=
(70) (O X|.X3.X53...X00 0 =tan ' (ﬁ] _2r nz= 2[c052—” +isin 2—”)
-1 3 3 3
[cos£+isin£) [coslﬂsml] [cosiﬂsm i]
BN 3 32 32 3 3$) 2 Al
@7 =2 cosT-HsmT

20
1
=2% [cos%ﬂsmi—”j =2% [——+i—

(Y () 22
n/3| .. | =®n/3 T, .M. .
=cos 71 7| Tism 71 [|Teosyrisino =t (76) (B). Verticesare 0 =0 +i0, z = x +iy
3 and ze™ = (x +iy) (cos & + isin@)
71)  (A)-x %y X5 e 00 . .
=(xcosa—ysina)+iycosa+ xsina)
[n+n+n+ ] ..[n+n+n+ ]
=CcoS | = 7 73 ......... +181n | = —2 —3 ......... 0 0 1
2 2% 2 2 2% 2 1 |
- Area " 5 o Y
((m/2) ((m/2) (xcosa—ysina) (ycosa+xsina) 1

= cos 121/ *isin | 1572)

1 2 . 2 .
— cosmtisint=—1+1i.0=—1. :E[xycosa+x sina@—xycosa+y” sina]

3(z)? 1
(72) ). 7 +L=0 :Esma(x +y )——|z| SING o) 2= fx2 42
Letz—reezr 130 4+ 3re120 = 3_—.
Since r cannot be zero = rel’®=—3 a7 .z = Z.1|Z| :>.|Z|_1 or |2]=0
which will hold forr =3 and 5 disinct values of 8 Thus, z=0is a solution. .
There are five solutions. If|z|=1. Letz= !9 then ¢20 =101
ei49:i
[smﬁ—lcosﬁj St 9 13
(73) ). 7 = 4d0=2, 01 2 28
222 2
o amk . 2mk) 2™ n St 9m 13m
=_i 0057 + ISIHT =—je 7 Ozg,?,?,? are solutions.

*. In all there are 5 solutions.

12mi
6 27 7 X
_2nk . 2mk) 2 |1—e 7 1-i)* (\2cis (-n/4))
D 2 1 s BT G IR E S
1-¢ 7
X
LS ot
2mi cis [ 2 j (f )
=—i L_,l =i & e2m _ ) Clearly equation is satisfied by x = 0 only.
2mi (79) (A). The first equation can be written as
l-¢7
(z+1)(z% +z+1)=0 . Its roots are —1, ® and o’
(74) (D). Given, complex function z =ilog (2 - \/5). Now, let f(z) = 1985 100 4

The given equation may be written as
We have f(-1)= (-)'"% + (=)' +120

: -2
log(2—+/3 —log(2—+/3 log(2—+/3)-1
e =¢" oK B - e K B - e ¥3) Therefore —1 is not a root of the equation f (z) =0

T
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Again f((,o) = (91985 + 0)100 +1 z—51
@9 (A). 2451 1
= (m3)661m2 +(0)3)33m+1 —w’+o+1=0
, _ = [z-5iP=lz+5if = x2+ (y- 52 =x>+(y +5)?
Therefore o is a root of the equation f (z) = 0. = y=0
Similarly, we can show that f (»?)=0
2
Hence o anl%m are thezz common roots. (90) (D).Let w=—i +1_5, then i+w = 1_5
80) (D).Herel'’=1,m,w z z
.. For the equation (x—2)3+27=0 Clitw]=— 15 -3
3 3 |z]
= (x-2)’=-27=-3 . .
is a circle with centre at (0, — 1) and radius = 3
= x-2=-30"3 = 3L, 0,0%) = -3,-30,30° (91)  (C). Suppose x is a real root.
Thenx?+ix-1=0= x>~ 1=0 and x=0.
= x=-1,2-3w,2— 302 There is no real number satisfying these two equations.
5 (92) (D) Z describesacircle of radius 2 with its centra at 4 + 3i.
3 = 2T is its distance from Z =0. If follows that the ends of the
1 —1+if3 = 2(c1s—]  Theref |Z]is its dis
@) ®) 3 erelore, diameter through Z = 0 will be the positions of Z having
maximum and minimum values of |Z|. The centre being at
972010 . . - . e
(—1+i \/5)201 0 _ 52010 (cis _n] _ 52010 adistance of 5 units from Z = 0, the maximum and minimum
3 values of |Z| are 7 and 3.
pure real itself is real part. 1-iz —i(z+1)
9 O.w=s—FT=—7""—
) 2010 1+iz zZ—1
[Observe that 2010 is multiple of 3 and [cis?) =1 Nz+il lz+i
W=l = =2 .. zliesonacircle
(82) (D).Putn=1 z-1 jz—1
GE=(1-0+0?) (1 - 0*+n)=(20) (20?) =40’ =4 — _
(83) (D).2isarootofa?—o+1=0 04 (©) of +ap _aBl+laBl_
“laBl ] [aBl
-1+iy/3
*= 21[ =0 or 0 oM =M =0=a .. Maximum value =2
: lzi] 12z
L 05 D AP AR _
B4) O)2x=—1+\5i: x=—= ©3) ®) |zl| AN PN RPN
LHS = (1 - 0? + ®)° — (1 -0+ 0?)° R
=(20%)0 — (20)°=64—-64=0 Azl + 1z m+ 2, || <2l Izl
(85) (D).G.E.=(-20)(-20%)=40’=4 1 2
1 B 1 (96) (D). The given equationis [Z— (3 —1] [Z-(3-1)] =16
®6) (©. 1-cosO+isin® .20 .. 6 ) and represents a circle with radius 4 and centre at 3 —1.
2sin” —+ 2isin —cos — . . .
2 2 2 All the points Z on the circle are solutions.
(97) (B). The equation can be rewritten
1 sin%—icos9 ZZ-Z(1-i)-Z(1+i)+(1+i)=0
- 9[ 0 9] = iy 9 ie,[Z—(1+1)][Z-(1-1)]=0giving
251n5 s1n5+1cosg smE Z=ltiandZ=1_i
Real part=12 98) (B). Th.e gi\ien in. equality is. equ_ivaleflt to
2Z-31)(2Z7 +31)<(3Z-21) (37 +21)
) ( iE\ _r which reduces to | Z 2> 1.
87 (A).i = Le 2J —e¢ 2 =g purely real quantity.
EXERCISE-2
1 1 1 3-1
(88) (C)‘Z+E 2|Z|_‘—E‘ >3_§:§ @M A).|z-5+51] SSMT) is a circle centre at (5 — 51)

and radius =

5(H3-1)
2

B




SOAL

ODM ADVANCED LEARNING

Q.B.- SOLUTIONS

STUDY MATERIAL : MATHEMATICS

()

€)

)

©)

©6)
Distance of centre from the origin = 5\/5
.. least principal argument of z is equal to
—(£+ sin”! \/5_1\ = —[£+£] -
™ SR ) TR TS
(B). If z=rel®=r (cos0 + i sinB)
= iz=1ir (cosO +1isinB) =—rsinO + ir cosO
or eiz — e(—r sin@ +ir cose)) =eT sin6 ei r cosO
or ‘ei Z| — ‘e—r sin6| ‘ eri cose|
=750 [cos? (r cos) + sin? (r cos 0)]1/2 = T sind ™
_ 2 _ _ 2
B). N22, +13Z,| + 32, +i2Z,|
+ (V32 +W22, ) (W32, - 127, )
=s(zi[ +z.f A
=5{|% 2 )>5.24|Z)[" |2, =102, Z,),
since AM > GM for |Z,| # |Z,|
T
(C). Since Z OAB = 5 and OA=AB, (3 +bi)— (1 +ai)
=(-1-ai)i2+(b—a)i=a—i
A (1 +ai)
B (3 + bi)
(6]
, ®
B
X
Comparison givesa=2andb=1.
Another Figure is also possible.
This givesa=—-2andb=-1.
1 7z, Z,| |1 2x, Z 1 x, -y,
©). 1 Z, %2 _ |1 2x, %2 -9 1 x, -iy,
€)]
L x v
=_2i 1 X2 Y2l — 0
1 x3 v;

Implies that the points are collinear.

.2rm

s
(C). Then nroots are givenby Z +a=27Z_¢ " |
r=0,1,2, ....... ,n—1.

z 2 =

r 2rm . . 2r¢ e .o, I
l—-cos———isin——  2sin—| sin— —1c0s—
n n n n n

—a . oImo I —a . . IT

= sin—+1cos— | = —— | 1+1cot—

. IT n n n

2sin— 2
n

—a
- Re(Z,)= EY for all r, i.e., all the roots lie on

a
Re(ZJij =0

Which is a straight line parallel to Im Z-axis.

(A)|Z—mi|=m-+ 5 represent a circle with mi or B (0, m) as
centre and radius m + 5.

| Z—4| <3 represent the interior of a circle with centre 4
or A (4, 0) and radius 3.

If there is to be at least one z satisfying both the two
circles should intersect.

(i.e,)rj—r—<d<r;+n

m+5-3< /2416 <m+5+3

24+ 4m+4<m2+169 <m?+ 16m+ 64

B(0, m)

o] A4, 0)
" m<3andm>-3
~ me (-3,3)
3+2isin0

©). 1-2isin® will be purely imaginary, if the real part

3—4sin’0

m =0 =3 —4sin0=0 (only if

vanishes, i.e.,

3 T
0 bereal) = sind —ig_sin [igj

s T
= 0=nn+(-1)" [igj =nmE
(D). As |Z]> = Z Z , the given inequality can be written

(V3 +DZ-(2 -DZI(3 -DZ ~(J2 +DZ]
+[(J2 FDZH+ (3 -1 Z1[(2 1) Z +( 3 +1)Z]<28
=327 +427 +327 +427 <28 =|7)*<2

e
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o A AA?b2+cz—a2__6+(4—2J§)—4__l_ v Q69
(10)  (A).cosA= 2be Woi-l) 2 o P(6,8)

20

b 9

V-1 A3 V6 34
or VA r
Z X
2 Zy (6]

(11

(12)

(13)

(14

6 .
. ZZ_ZO:J;jilCIS[ig] (z1 —zp)

24(2; - 29)" =[V6 (V3 + D cis (+ 1) (2 ~ )"
(C).Let z=a+ib = Z7=2a-1b

T
sAa="
= 4

Hence, we have 72008 _ 7

2008 _ |

-z z|=|z|

1z|[ 1z -11=0
|z|=0or |z|=1, if|z|=0= z =0 = (0,0)
if|Z|:1; 22009=ZE=|Z|2=1

= 2009 values of z = Total =2010
(A). Let |, z, are the two roots with [ z; |= 1

1

C C
v nn=—=|z )=
a a

b
vz =——and|b|=|a|= |7 +7, =1

= (Zl +Z2) (El +22) =1

:}(Z1‘|‘Z2)[i"1‘L :1:>(Z +Z )2_ZZ
” ZzJ 1+2)" =212y

2
= [—R) =So b =ac
a

Zy Z3 Zy

Z
—+
(D). We have PR

11 1 1
—t—+—+—
V4

1 22 23 Z4

£|zzzz|
:60 1424344

NOW, 2121:2,2222 :3, 2323 =4 and Z4Z4:5

=30 | 2472, |

6060
|z12y2324 | N24/34/445

Note for objective takes,

Z] :\/5522 :\/§7Z3 :2524 :\/g
(B). Pointon C, : [z—3—4i|=5
where | z | is maximumis P =6+ 8i
Let complex number coresponding to point Q be z,

So, k

Taking rotation of 6 + 8i about 3 + 41, we get

.. 13
7y —(3+4i) _ 12
6+8i—(3+41)

. Nt ( _13j\..[ _13)
22:(3+41)+(3+41)LC°S tan ZJHSIH tan 1

4 .3 1
—3+4H{3+4ﬂ(§+1§)—3+4fk§(3+M)m+3D

=3+9i

. Complex number corresponding to R, z; =3 +7i.

as) D).z, +22+Z3.:Q
z; = cos 91 +1sin 91
Z, = COS 92 + 1 s¥n 92
Z3 = COS 93 +1sin 93

. Cos 61 + cos 62+cos 63 =(0=sin 61 + sin 92+sin 63

% cos? 0; +2Xcos0;cos0, =0

Tsin? 0, + 22 sin 0, sin0, = 0
2% (cosB; cos0, +sin 6, sinB,) = -3
ie. Zcos(0,-06,)= —%

d d, .
(16) myAP=?AQJ“;z—q=?eqo

BP = %BO.e_in/2 32/ =2y =—125i
Alzy)
\
p(2)
B(z)

Now fromeq. (1) and (2), we get

- A 2212,

7' -z, Zy Z1+2y

T
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(17) (C).x2—2xcos0+1=0, —
(23) (B). 2(x+iy)=+4/x"+y~ +2i
_200561\/400526—4 0+isind
= ) , COSTE18IM 2X:1/X2+y2 and2y=2ie.y=1
Let x=cosO+isin 0O 1
—2x"cosnb + 1 =cos 2nO +isin 2nb 4x2=x2+1ie, 3x*=1 ie. x=+—
—2 (cosnO +1sinnb) cos nb + 1 V3
=¢0s 2n0 + 1 — 2 cos? nf +1 (sin 2nO — 2 sin nd cos no) | | NG
=0+i10=0 x=—= ("x20) L Z=——ti=— i
NE] 3 3
2 n-1 1-o"
(18) (C). Wehave, l+o+0 " +...+0 = | | 1 | |
1-® 24) (B). [1+—)[1+—]+(2+—] 2+—]+(3+—]
o 2 ® > )
n_ nt) .. (nm o 1 1 1
But ® =COS| — |+1SI| — ] = cosn+isinn = —1 34—+ +ln+—|ln+—
n n S5t . "
T T T
and 1—©=2sin® ——2isin—cos— 1 1
2n 2n  2n [r+—j (r+—2] :(r+m2)(r+(o)
[ ®
_ oisi (1] T isin T
= —2isin o cos2n+151n2n =2t (@+02) r+1= (2 —r+1)
2 n-1 n
Thus, 1+o+o” +...+® _ Z(rz—r+1)=n(n+l)6(2n+l)—n(n2+l)+n
_ 2[cos(m/2n)—isin(n/2n)] . r=1
ZDisin(n/2n) =1+icot (n/2n) a ) a . n(n2+2)
=— +3n+1-3n-3+6]=— +4)=———=
(19) (B). If [z+i|+|z—i|=8, g 2o F3nt1=3n=3+6]="7 (2n7+4) 3
PF| +PF,=8 .. [z =4 =(B) (25) (B). Point B has least principal argument
100
5(3-1
(20) (O). Z' =x+iy, > 1+i+i2+.....+110=x+iy AB=#, OA =52 '
k=0 45° o
Given series is GP. - s 1527
ZAOB =—
LA-i'" 1-i 12 s
——— =xtiy=> ——=x+tiy=>1+0i=x+iy
1-1 1-1 . Ar B 5 A
Equating real and imaginary parts, we get the required - Arg(z) = -~ '
result.
R 1
1) (C)aa=bb=cc=1 N (l_i\[i Lilzﬁ
20-i3)(+i)  \2 2 2
(26) (D). z= B+ 3 N4
B Zab W3- (-1+1) (i_l\ [—L+LJ
|abe|=|a+bc| | T+ b+l a+b+c abe T R G R
w | D_ab |=[abe|[abe|=(]al[b|[c|)* =1 , [ n) ,
_ cis| ——|cis—
(22) (B). |Z|=2implies ZZ =4 and |Z — 3| = 2 implies _ 1 3 4
77-32-32+9-4. 42 cis[—i“) cis[4.3—n]
The points of intersection are given by 6 4
_ 3 - 9
Z+7=3.2Z== +iagivesZZ= — + o =4so than _ 1 cis[—£+£+£—3nj= ( 31”)
2 4 42 3 4 2 4\/_ 12
7 1
a?= 1 The points intersection are 5(3 +1/7)

7713 T
4«/_ —=cis .. Princpal value of z is T

2
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1+iV3 :(ppfp2+p4f ..... )Ti(P—P3TPs—wer) e ?2)
(27) (B). z=——— is a cube root of unity. Equating real parts of (1) and (2), we get
2 Po— Pyt Py e =212 ¢os n/4
L (z-22+283)(2-z+7%)
B % C

2%

29

30

31

(32)

=(z-22+2)2-z+22)=Q2+z-7%) 2—(z—-7?))
:4—(2—22)2:4—(ZZ+Z4—223)
=4—(2+2-2)=4—(Z+z+1-3)=4+3=7
) |2 cosE risin®) | =27 [ cos™™ 4 isin T
(D). (1+1\/§) —|:2(cos3+1sm 3]} 2 (cos 3 +1isin 3)

f (1+iv/3)") = real part of z=2" cos%

6a
y ZIng cos—‘ Zn+log2 cosﬂ‘
n=l 3
:@H—I—HO—I—HO)

a such term

=3a(6a+1)—4a=18a%—
- (1.3
(A). Rewriting the equation, b + 17 =1and

LT
1—X

e 3
r=0,+1,+2, ...
which form an A.P. with common difference 6.

(B).Let z; =1(cos6; +1isin6,).

— eern

Then |7 —1:>|21|—|Zz|:>|21|—\22|—r1

Nowarg(z, z,) =0 = arg (z;) +arg (z) =0
= arg (z) = -

Z, =1;(cos(—0;) +isin(—0;) = r;(cosB; —isinO;) = 7

=) :(Zl) =21 =]z, |2= 712,

1 1 1

© Z_1+Z_2+Z_3 —0= z(cosel—i-isinel) 0

- Zc0561+isin61 PN Zc0561+isin61 —0
I I
.. 2 ..

N Z(cosel +isin®), ) PN Z:(c05261+1sm261) _
(cos6; +isin6)) Z
1 « (cos26; +isin26,)
= 3 z Z =0
(A). (1 +D)"=2"2(cos n/4 +isinnmw/4) ... (1)

putting x =1 in the given relation, we have
(1 +1)"=py +pyi+pyiZ +pgid +..... +p,i"
:p0+p117p27p31+p4+p517 .....

giving the solutions x =6r,r=0,%+2, ....

(33

(34

(35)

(36)

©.
[z} — 2|
o ‘21‘

A Z4

Using cosine rule,

2 2
|2+ 25 | =71 P +] 25 P =22, || 25 | cos120°]

—J4+9+2x3 =419

and 121-25 | =z P +125 > =2| 21 || 25 | cos 60°

_JiT9 67

\/7 V133 =N=133

(D). A regular hexagon is circumscribed by a circle with
its centre at the centre of the hexagon and radius equal to
the length of a side. The sides subtend an angle of n/3 at

23

Z] +22

Z,—2,

the centre. The length of a shorter diagonal =

n
Length of a side is therefore V3 sec i 2 = radius of

the circle.
Centre is Z = 0 and the other verticesare 2,+ 1 +1 \/3 and

—1-i+3.
A).|Z-1]=1 = Z-1=¢"
z-2 -1

= — = =
z e 41

cos0—1+1isin0O

cosO+1+1sin0O

. 0f. 6 .0
2sin—| 1c0S——sin—

2 2 2 . 0

= =jitan —

2c>ose(cose+isin9 2
2 2 2

=itan (arg Z)

(- argZ=arg(1+cos0+isin0)

[ e( 0 .. OD 0
= arg| 2 cos—| cos—+isin— || =—
2 2 2 2

(B). Given |z+1| <|z-2| andw=3z+2+i

ot =3z+2+i+3z+2z —i

Lote=3(z+Z)+4 L. )
Now |z+1|2 < |z—2|2

z+1)(2+1)<z-2)(2-2) 22+ Z<1 ...(2)
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37

(3%

39

(40)

from (1) & (2) > Y S0t ® <7 (3)
lo+1+i| <|w- 8+il
|(D+1+i|2<|m—8+i|2
= (@+1+i) (@ +1-i) <(0-8+i) (® — 8 —i)

Soto <7 which is true from (3)
(A). PQR is equilateral triangle so orthocentre,
circumcentre and centroid will coincide and lieson|z|=1,

Z,+2,+12,
3

=1 o |z, +z, +z, |2=9

ey
\E 7’1{(2;

(z,+2,+2,)(z,+2,+2Z,) =9

(i-rl-r IJ[i-ri-r—J 9

Z, 7y

[Zz\ _ _ °
arg LZJ =/ QOR =120

(B) C,C,=13
=30, 1,=6
C1C2< r -1,

. Thecircle|z— (12 + 51) =6 lies with in the circle | z| =30

. max|z;-z,|=30+13+6=49

.. Statement-1 is true.

Statement-2 |z, —z, | <[z, |+ |z, | is always true.
Equality sign holds if z, z, origin are collinear and z; and
z, lies on opposite sides of the origin.

.. Statement-2 is true.

(A). Suppose by contradiction

1 2
|z+1|<—=or|1+z" |<1.
2
Letz=a+ib, z2=aZ2—b%+ 2iab

1 1
lz+1]<—= +a)l+bi< =
> =(1+a)+b 5

=2@%2+bH)+4a+1<0 L. @)
|22 +1]<1 = (1 +a2 - b2 +4a2b? < 1
=@ +b3)2+2@2-b)<0 . (ii)

Adding (i) and (ii) gives

(a2 +b%)%+(2a+ 1)2 <0, which is impossible fora,b € R

(B).Let a=oa+if and a,

Now, the two lines are given by
2(ax +Py)+b=0

=a, +if;

and 2(oyx+P;y)+b; =0
The lines (1) and (2) are parallel if and only if

1)

(42)

(43)

(44

a4 o o
BB BB
a+1B _ o +iBy i, _a__IQi:ic;)i
a—if o —iff; @ g a; |a a,
isreal
Next, (1) and (2) are perpendicular to each other if and
\( a‘l\ o _B
onlyif | —— -leo—=—1
Y L J L [31J B iy
0L+1[3 =By +ioy  i(oy +ify)
a—ip —[31 —iay (1) (o4 —iBy)
a a]

& —=—— 2 s purely imaginary
a a a;
(D).a+b+c=0 =c=-(at+b)
az; +bzy +cz;=0
=az; +bz,-(a+b)z;=0
_az; +bz,
=5 a+b
= 74 divides the segment joining z; and z, in the ratio
b:a= z, 7, and z; are collinear.
(A). z, z, will lie on a straight line through the origin if the
origin O divides the join of z, z, in some ratio.

z, +kz
= 0= 2 forsomek € R.
1+k
Zy _ - _ 2
= —=-keR =27, =k|z,|"eR
Z

Next z,z, e R = 7z, eR
A).
@1,z 222, ...... Zl? are the 11th roots of unity
ltz+ze+ .z 0:(2—21)(2—22) .............. (z—2y9)
forz=-
1+Z6)(1 TZy) . (I+z)
(b)1+z 100+22100+z ..... +2,,190
=l+z,+zy+...+27,,=0
()1+z+z2+ ... +210
=(z2-2))(2-2y) (2~ 23) ... (2~ 2y )
11 =(1-2) (1-2y) (1 -23) o (I-2;)
(d) Zy,Zgy e 7}, are the roots of z H_1=0
- productofroots 1,2, z,, ...... z0= (= D=1
A).
(a)Putz=x+iy
. Re (x +iy)2=Re (x +iy + x —1y)
x2—y2=2x or x2—y?-2x=0
Rectangular hyperbola, eccentricity = /2
(b) For ellipse A >| z| — z, | and for straight line
A=z, ~2,|
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i (4n) . [471)
. z—— cos| — | +isin| —
@~ 2= 2.1 > ’
T lz+1 a
o ’ cos(—z—n]+isin[—2—n]3 r
or 3 3 p
i (46) (C), (47) (C), (48) (B).
F = "2 = —i = 1 1 i 1
orm=2, 0 =l=|z > |z+1] ; Lot «a "
z+ = ; o=
(0= =i " ari o®+1  a’+1
i.e., a straight line and for m # 2, locus is circle. — Real part x = o y= 1
(d) Let z=x+1iy a?+17 7 a4l
= xz-i-y2:252
_ . . (x/y)
-1+752=75x—1+175y=h+ik X _q _ =2 2.2
= y , then x (X/y)2+l:X +y =y

2 2
h+1] [kj )
L[] =25

= ( 75 75

= Locus of (h, k) is a circle.

45 (©.
1£+v-31 1+iV-3 1-iv-3
(a) 2= = or ;ampz="2
2 2 2
b4
or amp z = —?:> qr
1248 -1+i3 -1-i3
(b) z= = or ;
2 2 2
27 2n

ampz=—— 0 ——— = ps
p 3 3 p

(c) 227 =-1-i3 = 7% = 71721\/5 = cos (—Zg)ﬁsin[—z?n]

(2mn—(2n/3)) . (2mn—(2n/3))
Z = COS f +1S1n f

2 2
1 1
= (x—0)>+ [y - E) = [3] = f(a) lies on the circle.

1
. max | f(a)—f(B) | = diameter of the circle=2. B =1

Aflo)

LS
f‘(y)C W Bf(p)

Iff (o), f(B), f(y), lies on circle, then A ABC for maximum
area will be an equilateral triangle

abc l_(ﬁ/2)3:>A_3J§
N 16

= R="T= (units)?

4N 2 4A
Iff(a), £ (B), f(y), £ (d) forms a square then its area

m=0, z=cos [—E] +isin(—£j ;m=1,
3 3

49)
(271) .. [27:]
Z=COS| — |+1SIn| —
3 3
- __r,.2r
amp z = 3 or 3 = (s (50)
(d) 222 +1-i3 =0
, —1+i3 [mj . [27[) (51
z° = =coS| —|+1smm| —| :
2 3 3)°
[2mn+(2n/3)) . [2mn+(2n/3))
Z=COS| ———m—|+1sm| ——
2 2
(52)

T .. T
1’1’1:0, Z:COS(§)+1SIH[§] ;m:l’

Lo N S LS
5 (diagonal)~ = 7 (H== E(umts) and side = —= unit

N

.(D). Length of perpendicular from z;, on the tangent at B
is,

= 2x/§a

(D). -+ blieon z=2a

| zgb +Zyb —4a” |
2[b|

. b|=v2a |zb+7b=4a’

(A). The equation of straight line parallel to zp +7h = ) »
which passes through origin is
A=0or zZb+7b=0 is a straight line parallel to tangent
at ‘b’ and passing through centre.
An
_ 5 3_ .3
(B). ®] =0 ° = 0] =)

= 0I0I03 = 03DL03 = 0,0F = ©03

B
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(53) (B).Sinceifisreal
.. P pure imaginary.

1T

in (2 _
(54) (©O). —g=ei2 =+i . (1+l)[—7aj:i2(—1+1)
a a

EXERCISE-3
n/2
1 6. |:2(COS g +isin :H is real

2“/2{cosnn+isinm} ;
6 6 |18 real

. nm . nm )
hence sin 5 =0 .. 6 =km ..
smallest positive n is 6

(2) 4.Letz=x+iy,x,y e Rand x2+y2=2 (say)
-, 72 is purely imaginary
(x +iy)? is purely imaginary
x2—y2+2xyi=0+ki k e R— {0}
s x2=y?and 2xy =k [If k=0 thenx=0and y =0]
letk>0 say2

Lxy=l=y=1/x
x*=1 =x*=1=x=1 or—1
sy=1 or -1

sozisl+i or—1-i
if k<0 say —2 then xy=-1;
xt=1=x%=1
x=1lor—1
y=—1 orl
sozisl—1i or —1+i
.. there are four values of zwhichare £ 1 i
(3)  4016. Let x be the (2009)™ root of unit # 1, then

x2009 _ 1 =(x—1) (Xx=W) ....... (x —w2008)

Taking log on both sides, we get
In(x29 _ )=In(x— 1) +In(x—w)+In(x—w?)......

y=—1/x

+1n (x — w?008)

.. On differentiate both the side w.r.t. x, we get

(2009)x209% 1 . 2%):8 1
=—+ ) — . 1
B M

Putting x =2 in eq. (2), we get

2008 4 2009 (22008)
=1+ 2 T 52009
Soow' o 22009

Multiplying both sides of above equation by (22009 — 1),

we get
2008 1

Q00— 1) X ST 2200922008 22009 4
r=1 <~ W

=22008 (2009 —2) + 1 =22008 2007 + 1 =[(a) (2°) + ]

Q)

®)

(6
™)

®

(C)

..a=2007,b=2008,c=1
Hence,a+b+c=4016

i sin(nx) . enix _enix
. 2 "n put ==
= put sin (nx) oY
i sin(nx) _ 1 i ehix _ gnix
T 3" e S
B 21 | n=0 3 n=0 3
1 1
= i ix —ix
2 (1= -8
L 3 3
{ 3 3 } 3| GB-e™)-(3-¢)
T3 3-e™ ] 21| 9-3(e™ +e ) +1
3 { 2isinx } 3sin X 1
" 2i [10—6cosx | 2(5-3cosx)  2(5-3 /1_(1/9))
B 1 54242
2(5-24/2) 34

—a=5b=2,c=37=a+b+tc=5+2+37=41

9. If a polynomial has real coefficients then roots occur

in complex conjugate and

c.rootsare 21, —21,2+1, 2—1

hence f(x)=(x +2i)(x—2i)(x -2 —1)(x -2 +1i)
f(1)=(1+2i)(1-2i)(1 -2—-1i)(1-2+1)
f(1)=5x%x2=10

Alsof(l)=1+a+b+c+d

S l+a+b+c+td=10=a+b+c+d=9

2.z(z+1)=0=>z=0o0r z=-1

3364.z=Cp—7q) +i(3q+ 7p)

for purely imaginary 3p=7q=p=7o0rq=3

(for least value)
[2]=[3+7il|p +iq| = [z = 58(p? + ¢*) = 58[ 7% + 9] = 582

1.1-2z18=0;:1-2z14=0 =z%=1 orz18=

since one is extraneous root z=— 1 is the common root.

5.z=0;z=x1;z=%+1i;

7=7 =|2P=|Z|=|z|

hence |z|=0 or |z =1

againzt=z z =|zPP=1= z*=1

yre
I 140
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(10

(11

(12)

(13)

(14

= no. of roots are 5
Note that the equation z%= Z will have (n+2) solutions.
17.Letz=a+Di.
|z [>=a%+b2
So,z+|z|=2+8i

at+bit+ [,2 p2 =2+8i
a+ a2 1p2 =2,b=8; a+ Va® +64 =2
a2+ 64=(2-a)’=a’—4a+4,
4a=—60,a=—15. Thus, a2+ b2 =225+ 64 =289

slzl= (a2 1 p2 =289 =17

2.distance ofz (1,0) & (-1, 0), will be minimum with zis at
’Ol

Loy Ol (1,0)

y<|z|+1+|z|+1=2+2|z|=2 wherez=0

2
1. |a+bo+co’|= \/[a_tz)_gj ﬂL%(C—b)2

=\/§«a—b)2 +b-0 +(c—a)?)

This is minimum when a=b and
(b—c¢)?=(c—a)?=1= The minimum value is 1.
48. 7z(z> +7%) =350
=2(x2+y?) (x2-y?) =350 = (x> +y?) (x2—y?) =175
Since x, y € I, the only possible case which gives integral
solution, is
x2+y2=25
x2—y2=7
From (1)and (2) x2=16;y>=9
=>x=+4;y=+3 = Area=48

5. |2z—-6+5i|
51) 3,2
=2 z—|3-—=
2 ( 2
For minimum
5/2
2 - b (3.52)

in

(15) 3. Ontaking © = 3. Expression is in terms of a, b, ¢

i2n
So lets assume o =¢ 3

then the solution is following

atb+c=x; atbo+co’=y;a+ba’+co=z
2 2 2

xR+ ly P +lzf _
2 2 2 2 2 2

lal" +|b[" +]c|” [al"+[b]" +|c|

XX+Yyy+zzZ

(a+b+c) (@+b+T)+(a+bw+co’) (@+bo’+cw)
 +(@+bo’ +cw) (@+bw + o)

2 2 2
lal” +[b]" +]c|

3(lal* +|b] +]cP)
= 2 2 ;=3
laP + b +]c]

.2kn
2km

;2km
ae) 4. oy =cos&+isin—=e 14
14 14

| 2k i2kn 1] i2n
Sle 14 e Slets -1
k=1 k=l 2,
3| i@k-Dn  i@k-2)x| 3|2 | 3
Sle 14 - 14 Sle14 -1
k=1 k=1
EXERCISE-4
(O]

1 @DM).|z|=|o|andArg(z) tArgo=n

Letargo=0=argw=-6

2l

Sarg—-m=-0+n

~
—
~
D

®
But arg (z) targo=n=argz=n—argo=n—0..... (ii)
From(i)and (ii),z=-© {|z|=|o|=>]|z|=|-©|}
Alternate : Letargo=0=argz=n—0
Let|z|=|o|=r {-o=r[cos0+isin0]}
and z=r[cos (n—0)+sin(r—0)] =r[-cosO+isin0]
=—r[cos0—-isin@] ; z=-w

B
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()

(€)

)

®)

(©)

™)

A).|z-2|>|2-4|
Letz=x+iy=|x+iy—2| > |x+iy—4]
=|x-2)*tiy)[2[(x-4) +iy|
=x-2+iy) 2| (x—4) +iy

= (x-2)2+yH) 2| (x—4)2 +y?
=x2+4-4x>x2+16-8x=4x > 12=x>3=Re(2) >3
(D). o is cube root of unity then (1 + ®— o?) (1 + o? — )

(v l+tot+te?=0=1+0=—0?

l+0*=—oand @ =1}

(02— 0?) (~0— ) = (262) (20) = 403 = 4 ®)
A). " [zo|=1= |z||o|=1

1
2|Z|:m ......... (1) andletarg(w)=06

22_|22|ei(x

T
ooarg(z)= 5+9 .. We know that Z— 2|

(where a is the angle between them)

1
|—|m|}

z z| ; z |
_:uelﬂ/Z Z 21 {|Z
0 |0 0 o

i® _ e ie i®
7=

- 2
|o|

Z = = =-—
2 2 2
o[ [o] |o|

{2125 =21 2, and 1 = —i}
,_ ©)
s (D)
Again zo = 5 =
|| |

(D). z, z, are roots of equation Z2+az+b=0
z1+tz,=—a ... (1) and z;.z,=b
We know if z;, z,, z; form an equilateral triangle then

le + Z% + Z% =712y + Z223 + Z3Zl
.. In question z, z, and origin form an equilateral

triangle .. 212 + z% +0% = 7127 +2,.0+ 0.z

2 2 —
= 7y +275 =712y = (74 +zz)2—22122lez2 (10)

= (2, +72)? =371z, = (-2)>=3b {from(1)and (2)}
=a2=3b

1+i)" 1+i 1+i)*
(B).(—.j :12(—x—j =1
1-1 1—i 1+i

. X 2. X
—J -1 = B} -1 =>i*=1
(1n
= x must be multiple of 4
. X =4n where n is any positive integer
©).zZ+iw=0
and arg z ®= n then arg (z) = ? v zZ+im=0

= Z=—i0 = Z=-lw=-C.00

. z
=ZT10 > 0=

zz
vargzo=m =arg (- =T
i

2
z .
= arg—=n argz>-argi=n
i

3n 3n
Qargz—mn/2=m :>2argZ:7 =argz= 7

(D).z=x—iyandz!3=p+iq

z=(p+iq)” > z=p’ +(iq)’ + 3 (p) (iq) (p + iq)

= x—iy=p’-3pq? +i(3p*q—q°)

On comparing, x =p> —3pg? and —y = 3p3q—q°

= X =p?-3q? and _—y:3p2—q2 and Z=q2—3p2
p q q

Onadding, X4+¥ = p2 _3¢2 _3p? + ¢
P q
i+X:—2p2—2q2
P q
X,y
X y 2 2 p q =2
= —+—=20p"+q")=> 5 7~
| P~ +q

B). |Z2—1|=|z2+1. Let z=x+iy
cl(xFiy)P-1]=|x+iy+1

= X2 -y?+2ixy—1]|=x>+y? +1
= |(C-y2-D)+2ixy|=x2+y2+1

- \/(Xz_yz_l)2+4xzy2 —x24+y2+1

Squaring both side

=2 -y - 1)2+4x3y? = (2 +y2+1)?

= x4yt +1-2x2y? +2y2 - 2x2 + 4x2y?
=xt+y 1 +2x2y2 +2y2 +2x2

=2x%y? —2x2=2x2y? +2x2 = 4x2=0 =x=0

= zis purely imaginary = z lies on imaginary axes

|zitzy[=]z; [ +]2]

{Letargz, =0, and arg z, = 0,}

|21+ 2y P=(l2; | +]2,])

|2y P+]2y P +2]2 || 2| cos (8, —6,)

=1z P +|2 P +2]2 || 2, |

cos (0, -0,)=1

0,-0,=0 or 2nm;n el

argz;—argz,=0 or2nn;nel

©). o= and |o|=1

[F
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|z i 2kn
1: —_ = —_ =
= Z_li = |2 3 |z| = |z——|=]z-0] a14) (O). Z(sm +1cs11]
3
{ - zis equidistant from i/3 & 0} —Z (COS kn_lsm2k) e 69— cos 0+ i sin 6and
= Locus of z is perpendicular 11 {w ¥ =cosB+isinfan
Bisector of line joiningi/3and 0 { if|z—z; |=|z—2,|= ,19 — cos 0—i sin 0}
z lies on L bisector of line joining z; and z, }

(12) (O). 1, ®, ®? are cube roots of unity (—Zkﬂ) Con dn i6n 20n
x—1P+8=0=>(x—-1)*=-8 -iYe —ile 1l 4o 1l 4ol 4+ 4o 11
=x-1)=(8)B{ ifx=(1)"P=x=-1,-wand—?} Z
Sx-1=-2,200r-20?=>x—1=-2=x=-1
x—1=20=>x="20+1 -i2n
x—1=-2w=x=-2w*+1 B T [1 11 )10

(13) (C).z2+z+1=0 =ile —1_6—2in/11

—1+41-4.1.1 {..w_—lﬂﬁ 0)2_—1—1\/5
Z=———— (- 0= W=
2 2 -
2.1 {* sum of n terms of G.P. is @,Wherea:ﬁrst
-1
- “1+i3 term, r = common ratio}
2 —i2n —i2n
Sz=onor’=>0=1andl+o+e?=0 Je 1l (1—e_20”/11) eT e—i22n/11)
1 - =1 -
—i2n/11 _
[ 1]2 ( 5 1}2 [ 3 1]2 [ 6 1]2 1—e i2m l—e i2m/11
z+—| +z7+—]| +| 2 +—| +tH| 2 +—
z 22 z 2°
| 5 . 5 ] efiZn/ll_efi2n) . efi27'c/11_1 '
[z+;) :(m+g) =(+0>) =(12=1 (] TSt | T et | T
5 5 sy (©).|z+4]<3
2 1Y (01 5 5 vzt zy <)z |+ 2, ]
[Z +Z_2] —[(D +_2] _((02+0)) (1) 1...... (2) .'.|Z+4—3|S|Z+4|+|—3|
= |z+1|<3+3 {+ |z+4|<3=max.|z+4|=3}
s 1 2 5 2 =|z+1|<L6
[z +Z—3] =[c0 +§j =(1+1)=2)*=4... (3) (16) (B).Letcomplex no. is z its conjuate is 7
i ST S S
[z4+i]2 —[m4+i] —[o)+l)2 ' i I+i
z* o o a7 ALIZ =12, B2, -2,
=(0+o?)?=%=1 ... “) 4 )
5 2 s = [Z]- Z] 251ZP-21Z2]-4020= | Z ], =
o) ot i) o
z> + =0+ =lo”+
[ z o’ o? V541
=(@+w)?=C1)?=1 .. (5) (18) (A).Letz=x+iy
5 5 |z—1|=|z+1|=Rez=0=x=0
S L) o6 L) _ L4 12— ()4 g lz—1|=|z—i|=>x=y
6 o6 D=y =4 ©) lz+1|=|z-i|=>y=—x
Only (0, 0) will satisfy all conditions.
From(1),(2).(3). (4). ). (6) = Number of complex number z= 1
12 ;1 2 s 1 2 .1 2 (19) (D). Letroots be p +iq and p—iq, p-q€R
(Z+—] HzZT ] +|zZ +—3J +[Z +—4] RootlieonlineRe (z)=1=p=1
z z z z Product of roots =p2 + 2 =p =1+ ¢2
=B e (1,x), (q#0, " roots are distinct)
(20) (B).(1+m)=A+Bw

2 2
1 1
+[ZS+—5] +[26+_6]
Z z

=1+1+4+1+1+4=12

(-0*)’=A+Bo
—olt=A+ Bow; —@?*=A+Bo
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Q.B.- SOLUTIONS

@1

22

23

249

25

(26)

@

1+0=A+Bo .. (A,B)=(1,1)
2 22

(A). —=_ . 272-7° =777 7%
-1 z-1

|z)? (z-Z)-(z-2) (z+Z) =0
(z-2) (|2 - (z+7)=0
Either z=7Z = real axis

or |z|2:z+E:>ZE—Z—E:O

represents a circle passing through origin.
(©).|z|=1,argz=0,z=¢"

()
_ 1 1
Z=—; argl +ZJ:arg(z):9
z 1
1+—
z
B).|z|=2
z+12 \z|—122—12E
2 2 2 2

Hence, minimum distance between z and (—1/2, 0) is
3/2.

(Z] 2z2\
(B). kZ zlzzJ

217

(Zl 222\(21 222\

L2 Z1Z2)L2 2122J !

— 2Z122 — 2Z221 + 42222

=4- 221Z2 — 2Z122 + Z121Z222
ZIEI + 4Z222 =4+ ZIZIZZEZ
221(1—2222)—4 (1—2222) =0
(Zzl —4) (1—2222) =0 = lel =4

|z|=2 i.e.zlies on circle of radius 2.
(C). Re (2 + 3i sin 0) (1 +2i sin 0)) =2 — 6 5in20 =0
= sin?0=1/3

3i—1
©O).2o+t1=z u)=\/_2

1 1 1

1 -0*-1 o?|=3k; Ry >R +R,+R;
1 o? )

3 0 0

1 -0?-1 o

1 o [0

=3[o(-0?-1)-ot=3[-0’-0-0]=3[-1-20]
:—3 Ro+1]=-3z=3k=k=-z

A).x2-x+1=0
1£4/-3 )
= Xx= 5 =—0,—0

(where m and ®? are non-real cube roots of unity)
= a=-wandp=-?
= (70))101 + (70\)2)107

= (0 +?=—(?+w)=1
3+2isin®
1-2isin6
So, real part becomes zero.

[3+21S1n6j [1+Zisin6)

1-2isin© 1+2isin©

_ (3—4sin?0) +i (8sin0)
1+4sin’ 0

(28) (B).Givenz= is purely imaginary.

3—4sin’0
Now,Re (z)=0; ~——" 2 _¢ ,

.2 3
sin“ 0 =—
1+4sin* 0

T
sin© :iﬁje:_ﬁ,f, 2n .. g e[——,n)
2 33 2

2 2
Then sum of the elements in A is —§+ Z + Tﬂ ?n

N

(A). 2=+ Lo cos T tisin
2 6 6

@9) 5

—\/§+i

2

(1+i\/§\
2

5 St Sn
77 = cos?ﬂsm—:

8 47 4
z —COST-I—IS]I’]—:—

1 Vioi B

(+iz+2° +iz%)’ k1+7—*—*+5—5+7J

=cos3n+isin3nt=-1

(1+1«/_\
2

(30) (O).[z|<1
So(1-z)=5+3z

So—5wz=5+3z

miw
=

(=]
-

_50-5
3+5m
Slo-1[<|3+50]

; lz|=
3+50

Slo—1]<5 @455 [o-1]<5 0

e
I 144
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(31) (O).Givena>0

:(1+i)2_21(a+i)

a—i a?+1

Also, |z|=

=\/§:>a=3
5

__-2i(-i)_-1-3i
zZ =
So, 10 5

(32) B).|z].|w[=1
= 16l O+ 72) g v+ ei6
r

~i(0+7/2) 0 _ i (v/2) _

Z-W=¢
S el (047/2) 10 _ i (n/2) _s
©, 1)
y=x
33) ).
! (1,0)

|z—i[=]z=1] ; y=x

(B4) (O).Putz=x+10i
2(x+10))—n=(2i—1).[2 (x+101) +n]
Compare real and imginary coefficients
x=—10,n=40

35 (©.z=x+iy

[ z—l) _ (x-D+iy

2z+1/ 2 (X+1iy)+i

_ (x=D+iy ><2x—(2y+1)i
2x+2y+Di 2x-Qy+1i

R z—1 :2x(x—1)+y(2y+1):
e(zz+ij (2x)2 +(2y +1)?

= 2x24+2y2-2x+y=4x2+4y?+4y+1
= 2x2+2y2+2x+3y+1=0

3 1
2+y24x+-y+==0
= X“+y“+x 2)’ 5

1 3
Circle with centre [— == *j

2 4
ri\/l+2_li\/4+9—87§
4716 2 16 4

(36) (B).Letz= o =1 be roots of the equation
So2a.=-band o2 + B2 =45,
(a+1)2+p2=40. So(a+1)?—a2=-—

= 20t+t1=-5=20=-6, sob=6
Hence, b2 —b =30

37 Aa=o,b=l+’+al+...... =101
a=(1+o)(1+o*+o*+. .. .0+
_ 101 _
—(+o )( (w)2 ) (1+co)(12 @) _,
1-o 1-o

Equatlon x2—(101+1)x+(101)x 1=0
= x2-102x+101=0

—1:>|z—i|:|z+2i|

3% (©O.

z+21

= zlies on perpendicular bisector of (0, 1) and (0, -2).
= Imz=-172

i

Letz=x—7 |z|=5/2=x2=6
sif [,.25 [ 25
|z+3i|= X+E‘: X2+T: 6+T:_
(0,4)

39) ). / il
(-4.0) \ /(4,0)
(0,-4)

zZ=X+1y |x|+|y|=4

|2]=Vx* 4y =2 |min =8
|Z|max:4':\/E
So | z| cannot be /7

3+1isin® y 4+1isin0
4—icos® 4+icosH

@0 (©.z=

As z is purely real
= 3cos0+4sinf6=0=>tanO=-3/4

cos 9)
. . _ -1
arg (sin 0 +1icos 0) =1 + tan [ sin0

(3= ()
=T+ tan —— | =m—tan —-—
3 3

B
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