Chapter- 8
Application of Integrals

Introduction:

Integral has a large number of applications in science and engineering. Here we will study a

specific application of integral to find the area under simple curves area between lines and are

of circles, parabolas, and ellipse. In geometry, we have learned to formulate to calculate areas

of various geometrical figures such as triangles, rectangles, circles, etc. But these formulae are

inadequate to find the area enclosed by many curves. The concept of the definite integral can

A
be conveniently used to find the area enclosed by curves. Y

y="F(x)

The area under Simple curves:- /
Area of the region bounded by x-axis:-
Let f(x)be a continuous function defined on[a,b]. M\AO X
2 Xx=a x=b -
Y'y -

Then the area bounded by the curve y=f(x),

the x-axis and the ordinates X =a and X =b is given by.

Area = Lb ydx = Lbf (x)dx

Example:- Find the area of the region bounded by the curve y* =x and the lines x=1,x =4

and the x-axis

Area of Region bounded by Y-axis

The area bounded by the curvex =f (),

the y-axis and the lines y = cand y = d is given by.

V><
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Area = Ld dA = Ld xdy = jcdf (y)dy

Note:- Area of any bounded region cannot be negative

Example:- Find the area of the region by the curve x = y* and the linesy = 1, y = 4 and the y-axis
Area of the region when the curve is below the x-axis:-

If the curve y =f (x) lies below the x-axis then the area bounded by the curve y = (x), x-axis,

and the lines x = a and x = b comes out to be negative. But the only numerical value of the area
A
Y

is taken into consideration. Thus if the area is negative then we
0 x=a Yy=f(x) x=b X

take its absolute value.

Area =

b
.[ydx =

Example:- Find the area of the region bounded by the line 2x—y =2 and lines x = %and X :%

and x-axis
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Area of the region when the curve is above and below the x-axis:-

Generally, some portion of the curve may be above the x-axis and some are below the x-axis
A

which is shown in the figure given below.

Here, A1 >0and A, <0.

Therefore the area A bounded by the curve y :f(x), x-axis and the lines

x=aandx = b is given by

c

If(x)dx

a

b
A:A1+|A2|:jf(x)dx+

Example:- The area of the region bounded by the line 3x —y =3 and the lines x = %and X=2

Solution:- A

Area = jydx +j.ydx
1 1
2

(3x—3)dx +'2[(3x—3)dx

[ E—

——55q units
3 .

Questions:-

(1) Find the area of the region bounded by the parabola y® =4ax, its axis, and two ordinates

X =4 and X =9 in the first quadrant.

(2) Using integration find the area of the region bounded by the line 2x+y =8, the y-axis and

the lines y=2andy =4
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(3) Find the area of the region bounded by the ellipse %+y? =1 in the fourth quadrant.

(4) Find the area bounded by the line y =X, the x-axis, and the lines x=—landx =2.

Area of Symmetric Region:-

Sometimes the bounded region for which we have to calculate area is symmetrical about x-axis
or y-axis or both x-axis and y-axis or origin. While determining the area of the symmetrical

region, we have to check the symmetry of a curve is as given below.
(a) If the equation of the curve contains only

(i) Even powers of x, then it is symmetrical about the y-axis

(ii) Even powers of y, then it is symmetrical about the x-axis

(iii) The equation of the curve remains unchanged when x and y are replaced by —x and —y
respectively then the curve is symmetrical in opposite quadrants
Area of the region bounded by a curve and a line:-

To find the area of the region bounded by a line and a circle, a line, and a parabola a line and an
ellipse we use the following steps.

Step -l:- We draw the rough sketch of given curves and identify the region for which we have to

find the area.
Step — lI:- Find the point of intersection of the line and curve.

Step — llI:- (i) If the region is symmetrical then draw a vertical (or horizontal) strip and take

suitable limits.
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(i) If the region is not symmetrical then draw a vertical strip (or horizontal strip) in the required

area and ake suitable limits.

(iii)  To find the number of the vertical (horizontal) strip we generally draw perpendicular

lines from the intersection points of the line and curve to the x-axis or y-axis.

Step — IV:- If these perpendicular lines divide the region into two (or more) parts then take two
(or more) vertical (or horizontal) strips and find the area by using suitable formula.

For two vertical steps.

c b
Area = .[ y,dx + j Yy, dx, where y, &y, represents the height of vertical stripes.

X=a X=C

For two horizontal strips

© b
Area = I X,dy + I X,dy, where x; and x, represent the lengths of the horizontal strips.

Examples:-

01. Sketch the region {(X,O):y=\/4—x2} and x-axis. Find the area of the region using

integration

02. Using integration find the area endorsed by the circles x* +y* =a?

03. Find the area of the circle x* +y*—2x =0

2 2

04. Find the area of the ellipse ;_(_6+y_ =1

9

05. Find the area bounded by y=4x*x=0,y=1andy =4
06. Find the area of the parabola y? = 4ax bounded by its latus rectum.

07. Find the area of the portion of the parabola y* =4x bounded by the double ordinate

through (3,0)
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08. Draw a rough sketch of the given curve y:1+|x+]4,x:—3,X:3andy:O and find the

area of the region bounded by them using integration.

. y:x+2/
Solution:- 4

2+X, x>-1
X, X<-

y=1+|x+14={

A

v

-1 3
Required area = I—de+ I(X+2)dx =16squnit
53 ]

09. Draw a rough sketch of the curve y=|x—2|. Find the area under the curve and the like

X=0andx =4

2 4
Area = [(2-x)dx+ [ (x—2)dx = 4squnits
0

2
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The area between tow curves:-

Suppose two curves are given by y=f(x)andy=g(x) and their points of intersection are

given by x=aandx =b, then for finding the area between these two curves we have two
A

conditions. Y
(a) When f(x)>g(x)in[a,b] . Suppose f(x)>g(x)in[a,b] then
take a vertical strip whose width is dx and length is f (x)—g(x).

Then the area

b

A= _[[f (x)-g(x)]dx

a

Note:- suppose two curves x =f (y)andx =g(y) are such that g(y)=f(y).

A
v

Area = _T(f (y)—g(y))dy

A

(b) When f(x)>g(x)in[a,c] and 0<f(x)<g(x)in[c,b] where a < ¢ < b. Suppose
f(x)=g(x)in[a,c] and f(x)<g(x)in[c,b] then we take two Y

vertical strips, one strip in [a,c]| and the second strip in [c,b].

Area =

D ey O

(f(X)—g(x))dx+I(g(x)—f(x))dx x

Working Rule:-

Suppose two curves y=f(x)andy=g(x) are given to us, then for finding the area of the

region between two curves we use the following steps
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(a) Firstly, draw the rough sketches of both given curves and identify the region bounded by
them

(b) Find the point of intersection of both curves

(c) Take the limit for the bounded region and draw the strips (one or two)

(d) Now find the area by using a suitable formula.

Examples:-

(a) Find the area of the region bounded by two parabolas y = x*and y* = x

Solution:-

We have two parabolas y = x*andy’ = x
Point of intersection y =x*,y* = x
~y?=xt
=x=x"

4
=X —-x=0

=Xx=0,x=1

A

sy=0y=1

(\/;— xz)dx s %sq units

Required area =

O e

(b) Find the area of the region {(X,y) X4y <A X+y> 2} 4

‘(o, 4)

Solution:-
Curves X* +y’ =4,X+y=2 K(A"O)

N () NP

= 1t—2squnits
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(c) Find the area of the region enclosed between the two circles X +Yy* = 4and(x—2)2 +y* =4

Solution:-

We have two circles X? +y2 = 4and(x—2)2 +y2 =4 4

Point of intersection X =1y = i\/§, (1, \/§),(1, _\/§)

Required area = area of region OACDO

2 x area of region OACO

= 2[Area of region OAMO + Area of region AMCA]
1 2

- 2[[,/4—(x—2)2jdx+.[\/4—x2dx
0 1

= 8?“—2\/§sq units

(d) Using integration finds the area of the region bounded by parabola y* =4x and circle
4X* +4y* =9.
OR

Find the area of the region {(x,y) Ly? <AX,Ax% +4y° < 9} using integration

(e) Using integration find the area of the region bounded by the lines

2x+y=4,3x-2y=6andx—-3y+5=0
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