[CONTINUITY AND DIFFERENTIABILITY]

Chapter-5
Continuity and Differentiability

INTRODUCTION

In this chapter we will discuss two very important concepts of mathematics continuity and
differentiability of real functions. Also discuss the relation between them. In order to understand these
concepts well one should have the knowledge of the concept of limits which was in Class — XI

Limits:

Let a € R and let ‘f’ be a real-valued function in real variable x defined at the points in an open interval

containing ‘a’ except possible at ‘a’. Then we say that limit of the function f(x) is a real number ! asx

tends to ‘a’. If the value of f(x) approaches ; as x approaches ‘a’. Which is denoted by
limf(x)=1/

X—*a

Here x can approach ‘a’ on a real number line in two ways, either from left or from right of a. This leads
to two limits as left hand limit (LHL) and Right hand limit (RHL).

Left hand limit is the value of f(x) approaches F asx approaches ‘a’ from the left of a. It is denoted
lim f(x)
by x—»a

Right hand limit is the value of f(x) approaches  as x approaches ‘a’ from the right of ‘a’. It is denoted

lim f(x).

by
Existence of Limit

Whenever IImf(x)=lm f(x)=+
Then Iimf(x) exists and limf(x)=7¢

LHL = Iimf(x)=Imf(a—h)
x—»an h—»0

RHL = limf(x)= !inlt’(a +h)

* —im
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[CONTINUITY AND DIFFERENTIABILITY]

Some Important results on limit

(a) lim g (b) lim SNE 1
x ) x x —»l) x
(c) limE . =1 (d) lim2 = =loga
x—»0 x x —»0 x
. log(l+x o g
(e) IIIHL) =1 (f) lim B e
rere X b 3
s —1 -1
(@) lim3™ X _ (h) lim 22X _
X —»un x ~»0 x

lfacR and butf, g be real valued function then

(a) !imk.f(x]:k!irpf‘xl (kisconstant)  (b) hmlif{xltg(x)]:hmf(x)ilimg(x)

. i [f(x)] lmf(x)
(c) imf(x).g{x)=lmf(x).img(x} (d) lim} — | ==—limg(x}=0
. 4 14 y.,lgul“ llmg“l

Intuitive Idea of continuity

Let ‘f" be a real valued function in any interval and let y = f(x) . Then we can represent the function by a
graph in xy —plane. The function ‘f’ is continuous when we try to draw the graph in one stoke, i.e
without lifting pen from the plane of paper. Roughly, a function is continuous if its graph is a single

unbroken curve with no holes or jumps.

o g I r
0| o | ol
Figure 10.1 Figure 10.2 Figure 10.3

From the above idea the function shown in figure 10.1 is continuous.
The function shown in fig 10.2 has a hole at a point and hence not continuous.

The function shown in fig. 10.3 has a jump at a point and hence is not continuous.
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Different types of Discontinuity

f(x) - 7 ) st finitedy
p Lan [{x) > cxist fimitely Lim f(x} ~=» cxuls linilely

/ X4

1(2) > does mot exist
|
|
| — sl

]
'
) >\
d

Jix) 4
i) = exisiy
But, Lim fix)# Ha)
Loy

X

E\‘)-—o

58—

Imssing point discontmuity L x =1 Isolnted pomt discontmmity 2t x = 2

Ay /(X)

Lim f(x)—>does not exists
X—rd

non-removable discontinuity at x=a

Mathematical definition of Continuity

A function f:D — Ris said to be continuous at x=c

Le.if limf(x)=limf(x)=f(x)

X—C x—c*

i.e. LHL = RHL = Functional value

Otherwise the function will be discontinuous at x = ¢

Conclusion

As the function f (x) is continuous at x=a if LHL = RHL = f(a)

But we know that when LHL=RHL= £ (say)
Then limf (X) exists and !(ig;f(x):f

X—a

Thus the function f(x) will be continuous at x=a if

!(m;f (X) =f (a) i.e. Limiting value = Functional value.
_)
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Example
Examine the continuity of the function f (x) =2x%—latx=3
Solution:-
given f (X) =2x*-1
LHL = ‘li1.111 f(x)=1limf(3-h)
=g‘ixp)[2(3—h)"’—1:[ =2[(3—0):—1]=17
RHL = lm‘l f(x)= !}ilplf('}r h)
=!liq3[2(3+-ll)3—l] =2(3) -1=17
As LHL=RHL=f(3)

So f is continuous at x =3

Example:(Exemplar)
3X+5 if x>2

& if x<2

Check the continuity of the function f(x) ={ at x=2
Solution:

Given that f(2)=3.2+5 =11

L= " tog= "™ fom= " @ hf = (2-07 =4
X2 " h—0 " h—>0 a =
lim lim lim
RHL = f(x)= f(2+h)= 3(2+h)+5 = =
X—2" () h—0 ( ) h—0 ( ) 3(2+0)+5=11

As |LHL = RHL so fisnotcontinuous at x=2.

Example:

Show that the function f(X)=1" x_2 is continuous at x =2
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Solution:

Given that f(2)=5

Now lim £(x) = lim 2x*-3x—2 lim 2x*—4x+x-2
X—2 X—>2 X-2 X—2 X—2
lim - lim
_ (x 2)(2x+1): 2x+1:2.2+1:5
X—2 X—2 x—>2 1
lim ) .
As ) f(x)=1(2) so fis continuous at x=2.
Example:
1-cos 2x it 0
Discuss the continuityoff(x) when f(Xx)= NG ATX=D atx=0
5 Jifx=0
Solution:
Given that f(o):5
- i 2
limf (x) = lim 2 0% 2X _ jj 251" X
X—0 x—0 X X—0 X
I. . 2
=2£ im smxj 22(1)222
Xx—>0 X
Im
Since 5 f(x) # f(0) Hence fis not continuous at x=0
Example:
’ i LI
Find the value of k so that the function f(X)z 4% -16 ' is continuous at x=2.
Solution: K, Ifx=2
Given that f(2):k
x+2_ X 2_ .
Iirgf(x)zlin;ﬁ _limZ2 20 im 42 -4) LAz -g)
X—> X—> — _ = T2 v =lm
P A1 w2 F oy TR (2 )2 -4)
4 4 1

:Iim = > = —
x>22%+4 2744 2

As f(x) is continuous at x=2
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limf (x)=f (2)

X—2

1 1
:>E:k So, kZE (Ans.)

Definition :
A real function ‘f’ is said to be continuous if it is continuous at every point in the domain of ‘f’.

Suppose ‘f’ is a function defined on a closed interval [a,b], then for ‘f’ to be continuous, it needs to be
continuous at every point of [a,b] including the end points a and b.

Example:- Prove that the constant function f(x) = k is continuous.
Solution:- Let ‘c’ be any real number
Here f (C) =Kk forevery ceR

and limf (x)=limk =k

X—C X—>C

since lIMTf (X) =} (C) for any real number ‘¢’ the function ‘f’ is continuous.
X—C

The function f is continuous at every real number.
List of some continuous functions

Function f(x) Intervalin which

f(x) is continuous

1. constant ¢ {(—o,x0)
2 X", nis an integer =0 (—o, o0)
3. x ", n is a positive integer (—oo. o) — {0}
4. Ix—al (—oo,a0)
~ R Pi{x)=a x"4+a x4+ +a_ (—oo, a0)
p(x)
6. . where p (x) and (—wo, mp—ix :q(x)y=0|
q(x)
q (x) are polynomial in x
7. Sin X (—x.o)
s. CcOs X (—o. o)
O. tan x (—u'_‘f)f-{(ln'lb%:nell
10. cot x (—o. ) inmt:nel}
11. SeC X (—o,.x)—{(2n+ 1)
w2 :nel}
12, cosec X (—o,xc)— {nm:n e 1}
13. e’ (—oo.o0)
14. Iog:.\' (0. )
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Algebra of Continuous Functions:

Suppose ‘f and ‘g’ be two real functions at a real number ‘c’, then
(a) f +g is continuous at x =c¢
(b) f—g is continuous at x =c

(c) f.g is continuous at x=c
(d) (é] is continuous at x =c (provided g(c)=0)

(e) If f and ‘g’ be two functions such that fog is defined at ¢ and if f is continuous at g(c). Then

(fog) is continuous at C.

Example:- Show that the function defined by f(x)= ]cos x| is a continuous function.
Solution:- The function f' may be thought of as a composition gof of the two functions ‘g' and ‘h’,

where g(x)=[x|and h(x)=cosx

goh(x)=g(h(x))=g(cosx)=|cosx|=f(x)

Since both ‘g’ and ‘h’ are continuous functions so ‘f' is continuous.

Example:

3az +b ifzx>1
If the function f(z) = 11 ifz — 1 iscontinuous atx = 1, find the values of a and b.

S5ar —2b ifzx <1

’Continuity atz = 1, We have, f(1) = 11.

zl—i-gl+ [f(z)] - zl—iHl+ [30,1‘ = b] z:l-igl— [f(x)] - a:l—igl— [5a:z: - 2b]

) By putting By putting
= lim [3a(1 + h) + b = li —n)— 7P :
= 3a + b. = 5a — 2b.

So, f is continuous at zz = 1 if

| Jim [f(@)] = lim [f(2)] = £(1)

ie., 3a+b=5a—2b=11

.1.e., 3a+b=11and 5a — 2b = 11

le., a=3,b=2, o
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Example:

k sin %(.’l-’ +1) ifz<0
Find k, if f(x) =

is continuous at x = 0.
>0

tan r —
3

sin @

it x
@

Sol:

k sin g(:v +1) ifz<0
Given f(z) =
tanx — sinx

ifz >0
23

Continuity at = 0| We have, f(0) = £.

lim [f(z)]

r—0+
tanx —sinz
23

[tan h — sin h] By putting
h3 z=0+h

lim
r—0+

= lim
h—0 !

= lim

h—0 I

= lim
h—0

[tan k(1 — cos h)
13

tan h (2 sin? g)

h‘3

= lim
h—0

-

s 2
tan A 2sin

roft | 3

1

= — nimm
2 h—0

<
h 4}1
2

[tan h] .
lim
h h—0

h
sin? —

(3)

1
5
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Nim [f(2)]

= lim [ksin g(:z: + 1)]

z—0—

; . T By putting
— f i —'h 1
iy [esn (0= +] [Prres
o
—ksan
=k,

So, f is continuous at z = 0 if

Jim [f(@)] = lim [f(2)] = £(0)

. 1
1.€C., '2‘ =k = k
1
ie., k= —.
1.€ 5
Example:(NCERT Ex4.1,Qno.19)
19. Show that the function defined by g(x) = _\:—-[_\'] is discontinuous at all integral

points. Here [1] denotes the greatest integer less than or equal to x

Ans.Letn€ ]
Then, lim [z] =n -1
Tr—m
sgl=n-1Vz€[n-1,n]
andgm)=n-n=0 [, [n] = n because n € I

Now, lim g(z) = lim (z — [z]) = lim 2 — lim [z]
Tm z—n T-mn T—n-

=n—(n—-1)=1

Also, lim g(z) = lim (z — [z])
z—m’ z—n’

=lmez— limz]=n—-—n=0
z—n’ z—n'
Thus, lim g(z) # lim g(x)
T z—n'
Hence, g(x) is discontinuous at all integral points.
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Example:
1 ,ifx<3
If f(x)=qax+b ,if3<x<5.
7 Jf 5<x Determine the values of a and b so that the function f(x) is continuous.
Sol:

The given function is continuous at each x in R so at x=3 and x=5.

At x-3
i i
™ tx= T f0=1()
X—>3 X —> 3"
i i
= "M ft@=hy= " f@E+h=1
h—0 h—0

lim lim

= il — ai3+h)+b=1
h—>0 h—0

=1=3a+b=1

=3a+h=1 ... (1)

At x=5

lim lim
f(x)= L F(x)=1(5)
X—>5 X—>5
lim lim
= f(5-h)= f(b+h)=7
-0 h—0

lim lim
= a(d-h)+b= 7=7
h—0 h—0

=ba+b=7=7
=ba+b=7 ... (2)

Solving equation (1) and (2) we havea=3 and b = -8
Example:
Determine the value k so that the function f(x) is continuous at x=0, Where

\/l+k.\'—\/l—l\:\'. f—1<x<0

f(x)= 2 r : at x =0.
xt)  foswsi

x—1
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[CONTINUITY AND DIFFERENTIABILITY]

Solution:

LHL:lim‘/”k"“_*/l“k"

x—0" X

_ lim(\/l-f-kr—«/l—}ocJ{\/l+k\-+\/1—er

\/1+k.1‘+\/1—kr

X

T 1+ Akx—1+kx
=0 1+ kx +/1—kx
= lim e
=0~ xJ1+ ko +~/1—kx

. 2k
=lim

=0 1+ k(0—h) +/1—k(0—h)
= lim 2k _ﬁ =

=0 \[1— kh +~/1+ kh 2
2x0+1

0—1
—k=—1[."LHL=RHL= f(0)]

k

and f(0) =
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