INVERSE TROGONOMETRIC FUNCTIONS

Chapter- 2
Inverse Trigonometric Functions

Introduction:-

In the previous chapter, we have studied the existence of the inverse of a function. In this
chapter, we shall study the restrictions on domains and ranges of trigonometric functions,
which ensure the existence of their inverse and to study their properties.

The inverse of Trigonometric Functions:-
We know that trigonometric functions are periodic functions and hence in general all
trigonometric functions are not bijections, consequently their inverse does not exist. However,

if we restrict their domains and co-domains, they can be made bijections and we can obtain

their inverses.

Domain and Range of Trigonometric functions:-

Function Domain Range
sin x R [-1.1]
COS X [-11]
tan x R- { 2n+1Enez} R

cot X R-{x:x=nmnez} R
secx R- {x =(2n+1) E n ez} R-(-11)
(

CoSec X R-— xx nnnez} R—(-

Domain and Range of Inverse Trigonometric Functions:-

The range of trigonometric functions becomes the domain of inverse trigonometric functions
and the restricted domain of trigonometric functions becomes the range or principal value

branch of inverse trigonometric functions.
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INVERSE TROGONOMETRIC FUNCTIONS

e.g let the functionf : R — R defined as f (X) =sinX. Since the domain of sine function is a set
of all real numbers and ranges [—l,l], so it is @ many-one function. If we restrict its domains to

. 3t w TTw||ln 3n .
any one of the intervals | ——,——|,| ——,— |,| —,— | etc, then it becomes one-one and onto,
2 2 22|12 2
and in each case the range is [—1,1]. Therefore we can define the inverse of the sine function in

each of these intervals and denote by sin*(arc sine function). Thus sin™* is a function whose

-3t — - 3

domain is [-1,1] and range may be any of the intervals AL L L PP
2 2 2 2|12 2

on. Corresponding to each such interval we get a branch of function sin™'. The branch with the

range [—g,g} is called the principal value branch and the value belonging to it is called

principal value. The function sin™* X whose domain is [—1,1] and range {—gg} is written as.

sin” :[—1,1]—{—%,%}

Domain, Principal value branch (Range) of inverse trigonometric function:-

Function Domain  Principal value (Range)
iVv =sin* ~11 __E,E—
(i)y=sin™x [-11] il
(ii)y =cos™x [-11] [0, 7]
i)y =tan* R _rr
(iii)y =tan™" x 5
iv)y=cot™ x R 0,m
1
(v)y=sec'x R—(-11) [0, 7] {g}
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Important Points:-

. . 4. 1 . . . .
> sin™ x#(sinx) orsin™ x # —— . These relations also hold for other inverse trigonometric
sinx

functions.

» Whenever no branch of an inverse trigonometric function is mentioned we consider the
principal value branch of that function.

> If sin™ x =Y, then x and y are the elements of domain and range of principal vale branch of
sin' x respectively.

> If siny=Xx then sin'x=y.

> For example, sinE=l =sin™ R
6 2 2) 6

Graphs of Inverse Trigonometric Functions:-
Graph of sinxandsin™ x :-

y =sinx y=sin""x
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Graph of cosxandcos™ X :-
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in U= cosx P
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1 0.5 1.5 1 -
y = COS X y =Cc0s "X

Remember:

> The graphs of y=sinxandy =sin"'x are mirror images of each other in the line mirror y =
X

> sin'X is an odd function

> c0s™ X is neither odd nor even function

> sin"'X is an increasing function in its domain

> cos ™ x is a decreasing function in its domain.

Graph of tan xandtan™ X :-
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-1
y=tanx y=tan "X
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Graph of cotxandcot™ x :-

S S N 177 SN S

arcoot{r) g

\K
M = B 1 2 3 4 °
y =cot X y=cot™x

Graph of secxandsec™ X :-

' | y
| o+ | —ed X
. , £
I [/ - ! x
I R i : e T L
: i " iy ' L an : 1 - —
| ak | | Y = arcsec x
: - i \ : >
' 1 I ’ -1 0 1 X
y =SecXx y=secx
Graph of cosecxand cosec X :-
CSC X

4 Arcese x
2w 3 g = L ;

: o ® calculatorSoup.com

Yy = COS €CX y =C0Sec X
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Note:-

The graph of an inverse trigonometric function can be obtained from the graph of the original

function by interchanging the coordinate axes.
Example:-

1. The domain of sin™ 2x is

(@) [0.] (b) [-L1] (© [—%ﬂ (A [-2.2]
2. The domain of cos™(x* —4) is

(a) [3,5] (b) [0,7]

(& [B.~8 ][5, 5] (@) [~5,—~B][3.5]
3. The domain of the function f(x)=sin™ x+cosx is

(a) [-11] (b) [-1 m+1] (c) (—o0,0) (d)

4. Find the principal values of the following

(a) sin™ (%} (b) sin{cos‘1 (%ﬂ (c) cot‘l(—%j
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Elementary Properties of Inverse Trigonometric Functions:-

Property -1

sin (sin®) =6 where 6 e {—gﬂ

cos™(cos6) =6 where 0 [0, 7]

>

>

tan’l(tan 6)=6 where 0 e(—ggj

cot™(cot8) =6 where 6&(0,n)

> sec™(secH)=6 where 6 ¢ [O,n]—{g}

> cosec’l(cosece) =0 where O e [—
Example:-

Evaluate the following

(a) cos™ cosfj:E
3
(b) sin™ sinﬁj :sin‘lsin[n—ﬁj —sin?tsint=Z
3 3 3 3
(c) tan™ tan5—nj:tan‘ltan(n+zj —tantant="
4 4 4 4
(d) sin”*(sin3) [3°~171° ]
=sin"*sin(n—(n—3)) =sin"*sin(n-3)=n-3
(e) sin*(sin4) [4°~228°]
=sin'sin(n+(4-m)) =sin"{-sin(4—n)} =sin"*sin(n—4)=n—4
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Example:-

Express the following in the simplest form

(a) tan-l( cos X j (b) sinl[—x j
1+sinx 2 +3°

Property — 2

> sin(sin’lx):x where X e[-11]

-1

» cos(cos™x)=x where x e[-11]

cos(cos™ )
> tan(tan‘l x) =X where xeR
> cot(cot‘1 x) =X where xeR

> sec(sec’lx):x where X e R—(-11)
> cosec(cosecflx):x where X € R —(-11)

Example:-

Evaluate:-

43 . . 15 . L4 4,15
(a) tan(tan Z) (b) sm(sm Ej (c) sm[cos E] (d) cos(cot Ej

Example:-

Prove that tan’ (sec™* 2)+cot” (cosec *3) =11

Example:-

Find the value of the expression sin [Cot_l {cos(tan‘l 1)}}

Example:-

) 3
Solve cos(tan‘l x) —sin (cot‘1 Zj
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Property - 3

> sin™(—x)=-sin"x,x e[-11]

» cos™(—x)=n—cos " x,x e[-L1]

> tan(—x)=-tan"x,xeR

> cosec™ (—x)=—Ccosec X, X & (—oo0,—1]U[1, )
> sec(—x)=m—sec™ X, X & (—o0, 1] U[1, )

> cot™(—x)=m—cot"x,xeR

. 1
Example:- Find the principal value of SIn‘l(——J

2
Example:- Find the principal value of cot’l(—\/f:_’)

Example:- Evaluate
(a) cos{sin™ —ij (b) cot<sec™ —Ej
13 5
Property - 4
. 4(1 ,1
> sin [—]=cosec X, X € (—o0, —1] U[L, )
X

> cos™ [Ej =sec™ X, X € (—o0, 1] U[L, )
X

(1 cotx, x>0
> tanl(—j: -
X —-mt+cot™ X, X<0
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Property - 5

> sinTx+cos x==,xe[-11]

Na

> tan_1X+COt_1X=§,X€R

> sec X+cosec'x = g ,X € (=00, —1] U[L, )

Example:-
If —1<x,y<1,suchthat sin™"x+sin"'y= g find the value of cos™ x+cos™y

Example:-

1
(a) If tan"tx —cot™* x =tan™ —= find the value of x.

J3
(b) If cos (Sin‘l % +cos ™ Xj =0, find the value of x.

Example:-
. .1 3\2 132
Find the greatest and least values of (Sln X) +(Cos X)

Example:-
Solve: 4sin*x =mt—cos ™ x

Multiple Choice Questions (MCQ):-

. _ T
1. If sin"t x —cos 1x:g,then X =

1 J3 1

(a) = (b) 7 (c) —= (d) None of these
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2. If 4cosx+sin™t x =, then the value of x is

3 1 J3 2
(@) - (b) —= (c) — (d) =
2 J2 2 3
3. Thevalue of cos‘l(cos%ﬂ}tsin‘l (sin %nj is
(@) = (b) 0 (d) Zero
2 3
More Properties of Inverse Trigonometric Functions:-
Property - 6
tan™ ( j if xy<1
+y

> tan'x+tan'y =4 m+tan” [ j if x>0,y >0andxy>1

—n+tan1(x+y} if x<0,y<0andxy>1
1-xy

tan'l(lx_y], if xy >-1
+Xy

> tan'x-tan'y= n+tan1[x_y} if x>0,y <0andxy < -1
1+xy

—n+tan1(1x_yj, if x<0,y>0andxy<-1
+ Xy

Example:-
Prove the following

(a) tan™ % + tan‘lé = tan‘lg (b) cot*7+cot™8+cot*18=cot™*3
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Example:-

Solve:-

(a) tan™ x-1 +tan™ 2x-1 =tan‘1§ (b) cot’lx—cot’l(x+2):£
X+1 2X +1 36 12

Property —7

> sinT' x+sin'y :sin’l(x\/gl—y2 +yV1-X2 )

> sin x—siny :sin‘l(x\/l—y2 —y\1-X? )

Example:-

Prove that

(a) sin‘1§+sin‘1£=sin‘1z (b) sin‘liJrcos*E:tam‘1§
5 17 85 13 5 16

Example:-

Solve the following

(a) sin’13—X+sin‘14—X =sin™ x (b) costx+sint>-T_g
5 5 2 6

Property - 8

> cosx+costy=cos (xy _ \/(1_)(2 )(1_ yz))

ety )

Example:-

Prove that cos™ g + cosl% =0then prove that 9x* —12xycos0+4y* =36sin’ 0
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Property -9

> 2sintx :sin*1(2xx/1—x2 )if 1 <xX<—

1
N R

> 3sintx :sin’1(3x—4x3)if —1£x sl
2 2

Example:-
Evaluate sin(23in‘10.6)

Property - 10

(a) 2cos‘lx:cos‘1(2x2 —1)if0£x£1
i i) 3 gl
(b) 3cos™ x = cos (4x —3X)IfESXS1

Property - 11

2X
1-x?

(a) 2tan‘1x:tan‘1( Jif il i

3x—x*).. 1
b) 3tan 'x =tan* if—— <x<—
o e L
] 2 —x?2
(c) 2tan‘1x:sm‘l( Xz :cosl(l ij
1+Xx 1+X
Example:-
Prove that
(a) Zs,in’lg—tan’lgzE (b) 4tan*11_tanflizﬁ
5 1 4 5 239 4

Example:-
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. 2 1-b® 2X -
If sin a2 —cos! b2 =tan™ ~ then prove that X = a-b
l+a 1+b 1-x 1+ab
Example:-
Prove that

2tan™ ,—a_btang :cos‘l(—acoseerJ
a+b 2 a+bcoso

Property - 12

(a) sin"tx = cos* y1—x? =tanl[ - Zj
1-x

=cot™*

J1—x2 1[ 1 ;{1}
=SecC =C0SsecC .
- X

X

(b) cos™ x =sinty/1—x? =tan‘1[ o

(c) tan"tx :sin‘l[

=cot™ [lj =sec” ( 1+x? |=cosec” (
X

Example:-

;/

Evaluate

(a) cos(tan‘l %j (b) sin (sec‘1 E)
7 8
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Example:-

Prove that tan (sin‘1 S +cost §) _8
13 5 16

Example:-

Solve cos(sin’lx) =

ol

Some Important Questions:-

1. Write the principal value of tant (sin(—gn
2. Evaluate cos cosec‘lE

12
3. Find the value of cot(g—Zcotl \/§j

4. |If sin(sin‘1%+cos‘l xj =1, then find the value of x.

5. If tanflx—_1+tan‘1x—+l AN , then find the value of x.
X—2 X+2 4

6. tan‘lﬁ—cot‘l(—\/g) is equal to

(a) m (b) —g (c) Zero (d) 243

7. Sin(tan’lx),|x|<l is equal to

1 1 X

X
(@) —= (b) (c) (d)
° ‘ J1+x2

1—x? 1—x? J1+x2

8. sin”(1-x)-2sin"'x = g, then x is equal to

1 1 1
(a) O,E (b) 1,5 (c) Zero (d) E

ODM Educational Group Page 15




INVERSE TROGONOMETRIC FUNCTIONS

10.

11.

12.

13.

14.

15.

16.

17.

18.

19.

20.

Prove that:- sin™* 3 —sin™* 8 _ cos™ 84
5 17 85

Prove that tan{

\/1+_x—\/1—_xj_n 1

1
=—-—=cos'x-——=<x<1
NI+x+41-x) 4 2 V2

Prove that tan™ 1 +tan™ 2_ ltan*1 4
4 9 2 3

If tan"'x+tan”'y :g;xy <1, then write the value of X+Yy+Xy
' 1
Solve for x, cos(23|n x):§,x>0

1-cosXx
Simplify tan'l" 08X, x <1
1+ Cos X

Solve for x, tan™ (x+1)+tan™ (x—1) = tanl%,o <x<1

Prove that cos’lE+sin’1 3 =sin* P
13 5 65
acosx—bsinx

bcosx +asinx

Simplify tan‘l( ) if %tanx % -1l

Simplify tan™" 2x +tan™' 3x =§

COoS X — . .
Express tan™ - ,—TE <X < T in the simplest form
l-sinx ) 2 2

Express tan™

,| X|>1 in the simplest form

1
Jx% -1
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